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Lateral forces on a magnet
falling in a conducting pipe

S. Dufour, G. Vinsard and J.-P. Brancher
LEMTA, Nancy University, CNRS, 2 avenue de la forét de Haj&1 6
Vandceuvre-lés-Nancy, France

Abstract

Purpose —The purpose of this paper is to investigate the lateral fodeging the
fall of a magnet in a conducting pipe, when the direction ofnetization of the
magnet is fixed. If the direction of magnetization is not flat#o the axis of the
pipe, lateral forces occur and a decentration of the magapgidns.
Design/methodology/approach —T he problem is studied numerically, with a

T — h 3D FE formulation well-suited for the problem. Computatibresults are
compared with experimental results.

Findings — The physical model is given and the main force coefficientdyared.
The lateral forces and the decentration phenomenon ariedtas a function of the
main parameters (thickness and radius of the pipe).

Originality/value — The direction of magnetization is a key parameter to analyze
the dynamics of a magnet motion inside a conducting pipenwvthe radii of the pipe
and the magnet are not so close. This analysis with a fixedt@ireof magnetization
allows to quantify the lateral forces and the decentratim, is a first step to
understand the complete motion which includes the rotatioich can be linked to
the decentration.

Keywords — Eddy currents, Magnets, Velocity, Finite Element Methods
MSC2010 —35Q61, 35A10, 35A20, 78M10

Paper type —Research paper

1. Introduction
The fall of a magnet in a conducting pipe is a classical acad#lstration of forces
generated by eddy currents (Lewehal. 2006, Partovet al. 2006, Royet al. 2007).
The corresponding engineering application is the buildihmagnetic dampers (Bae
et al, 2009). In these cases, the radii of the magnet and of thegp@elose.
Analytical studies of the steady-state solution have beadenover the years. All
of them consider that the magnet falls along the axis of sytmnwith a direction
of magnetization of the magnet parallel to its axis, sincalyital solutions can be
found due to the axisymmetry. Then the different parametersinalysed, such as the



conductivity (Iniguezet al. 2004, Levinet al. 2006), the pipe thickness (Donosb
al. 2009), and the excentricity with the assumption of an oftéongitudinal motion
(Donoscet al. 2011).

However when the radius of the pipe is slightly larger thandhe of the magnet,
it has been noticed by experiment, that the position of thgmat(and the direction
of magnetization) oscillates around the axis of symmetfierhaving checked many
reasons, an explanation is that a dynamical equilibriune stacurs either when the
starting direction of magnetization is not parallel to thhesaf symmetry, or when the
starting position is not on the axis of symmetry.

When the radius of the pipe is even larger, then the magnateoaround itself
at an almost constant speed and it oscillates around a mea#iopavhich is not the
axis of symmetry. The fall of a magnet near a plane repregefast the limit case of
a pipe of infinite radius (Davis 1972).

A full dynamical model of the motion of the magnet (valid ifl #iese cases)
requires to consider five degrees of freedom (dof): six fooladsninus the one of
the rotation of the magnet around its axis of symmetry, teahé three dof of the
position of the center and the two dof of the direction of met@gation. It requires
a huge amount of work to build the expression of the systene. gémeralized force,
which corresponds to the orientation of each of these daftdhbe computed, and the
crossed effects have to be taken into account.

A step in such a work is to fix the direction of magnetizatiorhigh is the case
of magnetic dampers), and to investigate only the forcesgaibe axis of symmetry
(brake forces) and the ones perpendicular to this axisrdterces): this step is the
aim of the paper. Moreover, the validity of the computatioifl ive controlled by
experiment.

As the motion of the magnet mainly occurs in the plane deedrity the axis
of symmetry and the starting position of the center of the meagthe direction of
magnetization is only considered in this plane. Lateraidsroccur when the direction
of magnetization is neither parallel nor perpendiculahi® axis (even if the magnet
is centered on the axis of the pipe).

This can be understood qualitatively in terms of equivalérgs where the magnet
is considered as the superposition of two coils, one withadtsnal directed along the
axis and the other with orthogonal normal. In the motion gltre axis the normal
directed coil induces circular loop currents with a nornisbalirected along the axis.
The value of the mutual inductance between these last dsreonsidered as coils)
and the coil directed orthogonally depends on the positidhemagnet with respect
to the axis; and in particular its derivative, which variedfze lateral force exerted on
the magnet when the currents are fixed, is not zero on the axis.

Computing the forces may be done by different ways, analyior numerically.
On the one hand, when the direction of magnetization is petipalar to the axis of
the pipe, full analytical solutions are quite elaborate mal fbecause of the complex
paths of the current lines (Fig. 3, current lines obtainemarcally).



On the other hand, a finite element classical magnetodyrmaodel may be used.
However, it is a bit difficult to handle the computations ay aeale of magnet and
pipe, to take into account the lateral motion, and the dffiedirections of magnetiza-
tion, as they are linked to the limitations of the FE packdmge is used (in particular
the mesh generator).

Thus, a mixed approach, with suitable 3D finite element fdations, valid for
low induced magnetic fields, has been searched, in orderrtsiager only the pipe.
These formulations have been used with Taylor expansiorigd the dependencies
of the brake and lateral forces as functions of the speedallolys to find the co-
efficients of the Taylor expansion with successive compurat like with analytical
methods.

The different parameters of the problem are for the pipeniter radius, thick-
ness and conductivity, and for the magnet its radius and stamgtion intensity. The
dependence of the forces with respect to the conductivityraagnetization inten-
sity is linear. The radius of the magnet will be fixed, and tipe|s inner radius and
thickness will be the effective studied parameters, to idemshe lateral and brake
forces of a magnet falling in a pipe as a function of the deeatioh and direction of
magnetization.

Figure 1.

Geometry and notations

2. Position of the Problem

The axis of the pipe (interior and exterior radili and R,) is along thez—direction
(Figure 1). The position of the center of the spherical magreliusR) is in a fixed
frameY (t) and its direction of magnetizatiah

The motion of the magnet generates magnetic flux variatinddtzen electromo-
tive forces that drive eddy currents in the pipe. For congpless it would be necessary
to take into account both the longitudinal and lateral mugias source of eddy cur-



rents; and then it would be impossible to find an expressioth®fforce that only
depends on the state variables of the motion.

Fortunately, the essential part of the motion is the lordjital motion with a speed
almost constant; then the lateral motion or the fluctuatayosind this constant speed
are low and the corresponding eddy currents are negligible.

The source field of a spherical magnet (Jackson 1999) issritt@d frame:

MR3 (d- (y-Y(t) d)
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3
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wherey andY are respectively the considered position and the posifitimeocenter
of the magnetM is the magnetization intensity andlits direction in space. The
position of the center of the magnet is and its speed are:

Y=k, +2k, and v=a1 k, + 2k, (2)

As the speed in the vertical direction is almost constaitt jiitteresting to consider
a moving frame by displacing vertically the center of the dikeame at speed of

Y(t) k. = —ik. )
In this moving frame the current pointis linked toy by:
w:y_(Y'kz)kz (4)

and then the position of the magnetXs = z; k.. The magnetic source field of the
magnet is (outside the magnet):

3 . —
ho= <d|$(”f 2o x) - g) ©)
d is assumed to be in the, =) plane as the motion itself:
d=sinpk, +cospk, (6)
The source electric field (EMF) corresponding to the magratan is
es = o v X hs=po (1 kg +2 k) x h, @)
whereh is the magnetic field generated by the eddy currents depsihat is:
Vxh=j ;: V-h=0 (8)

the current density verifies:
V.j=0 9)



then it is linked to the EMF by the Ohm law:
j=o(es+e +Vog) (10)

whereo is the conductivity,¢ the electrical scalar potential (needed to insure the
free-divergence of the induced current density) anthe EMF corresponding to the
induced current motion:

6i:u02kz><h (11)
Thereis noterming & k. x h, in (11) since the induced current only moves in the
z—direction. The rotational of (10) in the pipe leads to:

Vx%zu()Vx(vxhs)qLMon(ékth) (12)

And finally, the force exerted on the magnet is the opposite®{Laplace) force
exerted on the pipe:

f:fuo/jxhsdazg (13)
D

where the induced magnetic field is not considered becaedadiced currents have
no global effects on themselves. The steady-state assumgitows to express this
force as a function of the state variables #;, z, # of the magnet (in addition to
the geometrical parametefs and R, of the pipe and of its electrical conductivity).
And the next section explains the used method to obtaindisiglirthrough numerical
computations.

3. Numerical Model
We use the current functidfl in the conducting regio® such as:

j=VxT (14)
(to satisfy the free-divergence gfin D), submitted to the conditions

vV-T=0 in D

Txn=0 on 0D (15)

which insurej - n = 0 on9D and the uniqueness @f.
The magnetic vector potential (MVP) is computed by usingBla-Savart law:

ala) ~ 10 [ VXTW)

== dy® (16)
dr Jp |mfy|

The induced magnetic fielld solution of (8) is then obtained with:

h=1/u V xa (17)



3.1 Electromagnetic fields
In a certain sense, the use of both current funciioand magnetic field is a mixed
formulation (Dularet al,, 1997). It is in fact possible to compute the values of these
variables in one step (strong coupling), with classiEat 2 or a — ¢ methods. The
main advantage to consider separately the computatiah ahd h (Dufour et al,,
2007) is that only the conducting domain can be considerbéreas other methods
need to mesh the domains outside the conducting domain rircydar the magnet
(which raises numerical difficulties to get the approprfatees when the magnet has
a lateral motion).

Let us consider the solutioll, which depends on a given vector fid#l, of the
generic variational problemy T” verifying (15)

/D(VXU—U,uOW)-VXT’d:B320 (18)

under the constraint:
V.-U=0inD; (29)

This dependence df/ with respect toW is summarized by the introduction of a
shorthand notation (functional operatgrjhat associates the solutidhof (18-19) to
the considered vector field:

U=G(W) (20)

Then the current functio” defined by (14) with (15) and (12) is
T=Gvxhs+2k,xh) (21)

Nodal finite elements with a penalty method (Ribakal., 1990) to enforce the free-
divergence (19) are used to compdfe The MVP a is a function of the current
function T' with the help of the Biot-Savart law (16). Thenis computed on the
nodes of the tetrahedral mesh Bf The Gauss quadrature rule may be used but has
the drawback that the integral contains singularities liertetrahedron belonging to
the node where is computed. A treatment with locally-corrected quadmtutes for
these tetrahedrons may be done (Strain, 1995) but we hafern@eto separate and
treat analytically (with formulae issued from a symboliaygautation) the singular
parts of the integrals to keep simultaneously a low order afi$s quadrature and
enough accuracy.

The next step is to compute the induced magnetic field: itiainbd as piecewise
on the element vector field by the direct differentiation)(@7the linear approxima-
tion of the MVP in the element obtained by the Biot-Savart (44). These operations
are summarized once again by the introduction of the shiodthatation:

(@) = FP(@)) = Vi« [ TUETW gy (22)



The processes whefE is computed for a giveh with (21) (electric step) ané
for a givenT" with (22) (magnetic step) may not converge. Such lack of ecgence
occurs if the magnetic fiel#h play a major role in the EMF. Fortunately in the case
where the speed of fall corresponds to a low magnetic Regnultnbero .o R ||
(less than unity for speeds bel@®vm/s), the convergence happens and moreover is
quick.

From a practical point of view, the iterative finding @Gf’, k) which is done by
(21)-(22) is eased by a Taylor expansion of the vectors fiakla function of the
speedsgy, 2):

T = ) "(Tpeiy+Th2)
e (23)
ho o= Y #"(hna @ + b 2)
n=0
Then the zero-order fields verify:
To: = g(kl X hb) and ho: = ‘F(TOI) (24)

TOZ = g(kz X hé) and hOz = .F(TOZ)

They correspond to the case where the induced EMF is nedledtee next order
terms verify: forj € {z,z} andn >0

T(n+1)j = g(kz X hn]) and h(n+1)] = f(T(n+1)j) (25)

3.2 Force components

The iterative computation df" allows to find directly the force as a function of the
speeds, since the force (obtained with (13)) is linear witspect tdl" and then is
(formally) a series as:

n=0
where the coefficients depend gprandz. The components of the Laplace force (26)
are such as: fofi, j) € {z,2}? andn > 0
1
fm'ij/—VxToj-Vmeda:3 (27)
DO
Forn > 1, these components can also be written as:

Fui ks = o / (hiueryi % (V x Toy) - iy da® (28)
D

The advantage of (28) with respect to (27) is that only the- 1)-order field
components are needed for the computation ofitleeder force components.



The Taylor expansion of the force as a function of the spegdeell suited to
analyse the dependencies of each coefficienp@ndz;. Since the laterat; and
longitudinal z speeds are low, (26) is limited to the second order only agetion
of 2 andd+: higher orders have been investigated and are negligitie. fifst order
components are computed with (27) and the second order 28f¢rn = 1: only
the computation of the zero-order fieldBo.., ko, To-, ho-) iS necessary.

As the source field (5) is a sinusoidal function pfthese components depend
sinusoidally on2¢. The dependence om; is more complicated, however as our
objective is to determine the tendencies of the motion rreacéntered position; =
0, we bound the dependence to the first order: priVe obtain then

Fy o~y au(1 - B, cos(29)) +7sin(2p) £ — ray 22 (29)

F, ~ —zoa,(1+ B.cos(2¢)) + vysin(2¢) &1 — ka4 &2 (30)

whereF, = f -k, andF, = f - k., are the lateral and axial forces and where the
constant§a,, 8, @z, 2,7, k) can be computed by witfily;, ko, ).

The terms—a. (1 + 8, cos(2¢)) and—a,. (1 — B, cos(2¢p)) are exactlyfo. - k.
and fo, - k., computed with (27); the. /., 3./, coefficients are identified by using
two computations with two directions of magnetization: am¢he fall (» = 0) and
the other in the lateral{ = 7 /2) directions. We obtaio < j3.,, < 1 (in accordance
to the fact that the fall speed is lower for= 0 thany = =/2 for the z coefficient).
Sinced,hg|,—0 = 0:hs|,—r /2, the fieldsT,,.|,—o andT',,.|,—~/» are the same. It
leads to the relation, (1 — 8.) = a, (1 — Ba).

The term~ysin(2y) is fo. - k. or equivalentlyf,. - k. due to the symmetry
of (27); it is the source term of the decentration. It happghen the set direction
of magnetization is neither parallel nor perpendicularhte &xis of the tube, even
if the magnet is centered in the pipe. To explain the presehtkis term, we can
consider that the main component 6§, is its radial componenty,.., theny ~
1o fD 82T01T|%hsrlgdm 3 (hs being the radial component &f,) can be computed
by:

Y= ,U/O/ (azTOw7'|%hs7'|0 + 8ZT0I’I'|OhST|%)d:B3 (31)
D

Figure 2 shows the different fields of (31) with their direcis (in the inner radius of
the pipe|x - k,| = Ry). Due to the symmetries of the fields,(|,—o andTo.r|p—r 2
are symmetric with respect to the plane= 0, whereash; |,—/» andTy.,|,—o are
anti-symmetric) f oz | ,—0- k-, which is approximately equal tfb 0. Tozr|ohsr|odx 3,
vanishes. For the same reasgfis|,—/> - k. is also null. It is not the case for the
termazTOM|% hsr|o: it has two vortices, centered an= 0. The term&zToMg hsrlo
has four vortices in the opposite direction, thus the irdegftheir sumy is not zero.

And last, the term-x z; % is f1.-k,; On the contrary to the previous coefficients
which can be found withl’, /., and (27), the computation ef needshy, ., and
(28). The term—rx x4 22 is analogous to a restoring force that tends to center the
magnet on the axis.
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Figure 2.
+ Fields used for the
computation of the
0. Towr|ohsr] z+ 3zT0m=|g Pisrlo decentration term
4. Results
A spherical Nd-Fe-B magnet (of radids= 6.35 mm, massn = 8 g, magnetization
woM = 0.7 T) and copper pipe (of radiu8; = 8 mm, length”H = 1 m, conductivity
o = 5107 S/m) is considered.
The accuracy of th& — h formulation has been verified by a comparison with
a classicall' — Q2 formulation: the agreement is good. The power loss has been
computed in both cases (with the same mesh¥rfor several thicknessl(mm
< e < 8 mm): the difference is less thanb%.
4.1 Centered Magnet
The magnet is supposed to be centered in this section, ami/dgstigated parameters
are the thickness and the inner radius of the pipe 0.5 —8 mm, R; = 8 — 16 mm).
@ = 7T/2 Y= p = 7'('/2 o=
Figure 3.

Lines fields ofTo. - k,
(main component
of the current function)
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Figure 3 shows the current lines ©§..., the main component (along the radial
direction) of Ty, for two directions of magnetization on one half of the tuber &
small thicknessd = 0.5 mm), Ty, is almost constant as a functionsoflf the direc-
tion of magnetization is in the fall directidip = 0), the field lines are axisymmetric.
Forp = 7/2, the cut plane is parallel to the direction of magnetizatidy..,. is an
odd function ofz and even function of. For a large thicknese (= 8mm), Ty, de-
creases as a function ef and it is almost negligible for > 3 mm. The thickness of
the pipe is an important factor: the problem is three-dirierad for large thickness,
whereas a model reduction in thalirection may be acceptable for lower thickness.
In this case a shell current approximation may be used, wthersnduced current is
assumed to be concentrated in a shell and the thicknesses tato account in an
average treatment of (12).

3 - Current shell approx. 0.8
R 706
z2r a. (1+8.)
P o 9
= 04
<
1 i 'N .\/,10 mm
< 0.2
———————————— 12 mm
2 S —
0 | | | J 0 | |
0 2.5 5.0 7.5 10.0 0 /2 T
_ thickness e (mm) direction of magnetizatiop (rd)
pipe radiusi; = 8 mm thickness = 1 mm

Figure 4 (left) shows the brake force coefficients of (80)1 + 8. cos(2¢)), for
v = 0andp = 7/2, versus the thickness of the pipe, for a constant inner sagfithe
pipe. For small values, the coefficients are almost line#r vaspect to the thickness:
ther—dependence of the currents is low. In this case the shekrtapproximation
(small dots) may be used: it valid for a thickness smallen thenm.

Above a thickness of mm the brake force coefficients are almost constant: the
induced currents vanish at the outer radius for these depths

The brake force coefficients of (30) are investigated as atioim of the direction
of magnetization for several pipe radii (Fig. 4 (right)). The variation of the brake
force between maximum and minimum as a function of the doeaf magnetization
is about one third.

The computation has also been compared to experiment. Tasurement of the
brake force for a given direction of magnetization has baeestigated. The problem
is to insure a fixed direction of magnetization. Instead o&la & system of rope

Ry =8mm

Figure 4.

Brake force coefficients
fo- - k. as afunction of
the pipe thickness (left)
and the direction of
magnetization (right)
without decentration
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3 r . Currentshell approx. 0.8
T 06 b
(2]
o . .
< 04 F inner radiusk; = 8 mm
3
~ P N Figure 5.
509 7 S~ Lateral force
=~ ~ 10 mm coefficientsfo; - kz
__/\ as a function of
________________ %(25 MM he thickness (left)
0 | mm . .
and the direction of
0 2.5 5.0 7.5 10.0 0 77/2 ™ magnetization (right)
 thickness: (mm) direction of magnetizatiop (rd) without decentration
pipe radiusk; = 8 mm thickness: = 1 mm

pulley and counterweight has been built to lift the magned, @ontrol the speed. The
frictional force of the pulley has been measured with the leéla non-magnetized
sphere. It is then possible to get the brake force as a fundifidhe direction of
magnetization. These experimental values are displayé&dthve larger dots. The
model predicts quite well the variation of the brake forca &snction of the direction
of magnetization for different inner radii of the pipge€ 10 — 16 mm).

Figure 5 (left) shows the lateral force coefficients of (291 — 3. cos(2¢)), for
¢ = 0 andp = 7/2. The same current shell approximation can be made for values
of thickness lower tha@ mm. If the lateral speed is of the same order of magnitude
as the vertical speed, then the main term of the lateral figritethis casef, - k,: it
is of the same order of magnitude as the brake force (Figghtjji The decentration
force (term inyy) is about one tenth of the brake force {oe= 7 /4, which corresponds
to its maximum value.

4.2 Decentration of the magnet

For a constant decentration, the lateral forces are thentieatien termy sin (2¢)2
balanced by the restoring forees:%z;.

This first-order approximation of the restoring force onwas made in section
3.2 to obtain a simple expression of the restoring force tieanxis: it comes from
the Taylor expansion di, (5) to the first order as a function of. The computations
can also be made by using an effective decentratiofor h, (i.e. by entering the
effective lateral positiotX in (5)).

The comparison between the first-order approximation aedetts approximated
model is shown (Fig. 5) for some values of internal radiusefpiipe. The first-order
approximation is valid for low decentrations (in partiaular the pipe withR; = 8
mm). For higher decentrations, the restoring force becamasbic function, and a
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third-order approximation could be more accurate.

The linear approximation gives as computed lateral equiiib positionz; = 8
mm for R; = 12 mm (beyond the validity of the first-order approximation bét
restoring force) an@.3 mm for R; = 16 mm fory = /4. The experimental values
arer+ = 5.5 mm for R; = 12 mm (the magnet hits the pipe) afidnm for R; = 16
mm.

1.25

Ri=8mm 12mm 16 mm
1.00

0.75 7/
0.50 [ 4 _ - kg

0.25 H =
Figure 6.
0 ! ‘ ! | | Restoring force coefficients
f1- - k. as afunction ofe;
0 2 4 6 8 10 (e =1 mm)

decentration (mm)

f1--ks (1072kg. m~1)
AN

5. Conclusion

The force exerted on a magnet which falls in a conducting,pyith a fixed direction
of magnetization, depends on this direction of magnetraind has two components.
The first componentis directed along the symmetry axis opthe and tends to brake
the fall. The lowest speed is found when the direction of neéigation is parallel to
the symmetry axis and the highest when it is perpendicule:rélative difference
between them is about one third.

The second component, labelled lateral, is perpendicoltdret axis of symmetry,
and tend to decentrate the magnet when the direction of niagtien is neither par-
allel nor perpendicular to the axis of symmetry, even if #rert of decentration in the
lateral force is less thatD% of the brake force. The decentration increases with the
increase of the radius of the pipe with respect to the oneeofitagnet.

The chosen model of computation has allowed the quantificaif these force
components and their parametric analysis as a functioneobgieeds. It has been
verified by experiment as far as possible.

The validation of this model when the direction of magnetmais fixed will
allow to study the full motion of the magnet, i.e. its fall tvilecentration and rotation,
with the same methodology. The current density and magfietits will be found
iteratively, as a function of the speeds (rotating speedsided), and the analysis of
the forces and torques with respect to the decentration iaaction of magnetization
will allow to find the ordinary differential set of equatiotisat the motion of the
magnet verifies.
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