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Effects of heterogeneous elasticity coupled to plasticity
on stresses and lattice rotations in bicrystals:
a Field Dislocation Mechanics viewpoint

T. Richetonl*, S. Berbenni'
! aboratoire d'Etude des Microstructures et de Mécanique des Matériaux (LEM3), UMR CNRS 7239,
Université de Lorraine, lle du Saulcy, 57045 Metz Cedex 1, France

Abstract

In the present paper, the static Field Dislocation Mechanics (FDM) theory is first recalled
and next formulated for heterogeneous elasticity and plasticity with respect to a reference
homogeneous medium. The issue of an infinite bicrystal with planar boundary undergoing
piecewise uniform plastic distortions and elastic properties is then considered. The static
FDM theory is accordingly used to derive explicit closed-form solutions of stress and
lattice misorientation fields in the general context of heterogeneous anisotropic elasticity.
These expressions are validated by Crystal Plasticity Finite Element simulations performed
on a bicrystal with periodic boundary conditions. As a result of analytical expressions, it is
possible to quantify the contribution of the different incompatibility sources, namely the
contribution arising from elastic incompatibilities alone, that due to plastic
incompatibilities alone and the one due to couplings between elastic and plastic
incompatibilities. Besides, residual stresses and lattice misorientations are accordingly
calculated in elastic/plastic bicrystals for different orientations of the elastic crystal.
Results are compared with the corresponding homogeneous isotropic elasticity
approximation. It is shown that elastic-plastic coupling incompatibilities may have
consequent effects on residual stresses and lattice misorientations depending on the degree
of elastic anisotropy of the material and the relative orientation of both crystals. As a
conclusion, the consideration of coupling incompatibilities in multiscale plasticity models
when predicting internal stresses and texture developments is discussed.

Keywords: Bicrystals; Incompatibilities; Internal stresses; Lattice rotations; Field
Dislocation Mechanics; Jump conditions

1. Introduction

Many studies coupling experiments and theoretical investigations (e.g., Gemperlova et
al., 1989; Hirth, 1972; Liang and Dunne, 2009; Mayama et al., 2009; Ohashi et al., 2009;
Rey and Zaoui, 1980; 1982; Saada, 2006; Sun et al., 1998; Sutton and Balluffi, 1995;
Vehoff et al., 1987; 2004) have been carried out on bicrystals in order to get a better
understanding of the specific role of grain boundaries during the deformation of
polycrystals. At a material surface of discontinuity (grain, twin or phase boundary),
incompatibility stresses can develop due to material elastic anisotropy. Much theoretical
work (e.g., Gemperlova et al., 1989; Qamar and Husain,1989; Tewary et al., 1988),
including Finite Element simulations (e.g., Schick et al., 2000; Vehoff et al., 2004), has
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been devoted to estimate these elastic incompatibility stresses in order to predict crack
initiation and propagation path. When plasticity enters into play, plastic strain
incompatibilities add to the picture and yield additional stresses and lattice rotations.
Among these fields, it may actually be distinguished between those uniquely due to a
difference in plastic distortions and those arising from a coupling between elastic and
plastic heterogeneities. Many models make an assumption of homogeneous isotropic
elasticity or of pure rigid viscoplastic behavior (no elasticity) and thus overlook the
contribution of both elastic and elastic-plastic coupling incompatibilities. The present
paper aims notably at underlying the potentially significant role of coupling
incompatibilities. For this purpose, explicit closed-form solutions of stress and lattice
misorientation fields are derived for two semi-infinite crystals undergoing uniform plastic
distortions in the general context of heterogeneous anisotropic elasticity. The derivation is
performed by means of the concepts of the elastic theory of continuously distributed
dislocations (ECDD) initiated by Kroner (1958, 1981) and Willis (1967). It deals with the
Nye’s tensor a (Nye, 1953) which reflects only the so-called geometrically necessary
dislocations (GND) densities following Ashby (1970), also referred to as “excess” or
“polar” dislocation densities in the literature. The Nye’s tensor a is a continuous rendition
of the collective arrangements of dislocations and the associated lattice incompatibility.
This theory was rethought some years ago by Acharya (2001) (see also Acharya, 2004;
Acharya and Roy, 2006) in considering the permanent deformation arising due to
dislocation motion. In the Field Dislocation Mechanics (FDM) theory of Acharya (2001),
the elastic distortions are uniquely decomposed into compatible and incompatible parts
whereas the evolution equation for the GNDs (Mura, 1963) is added within an efficient
numerical set-up.

Incompatibility problems constitute a long-standing issue of materials mechanics (see
the pioneering works of Bilby, 1955; Frank, 1950; Indenbom 1966; Kroner, 1958; Willis
1967). Different techniques have been envisaged to address these issues and determine
stresses and lattice rotations: Green functions (Berveiller and Zaoui, 1980; Berveiller et al.,
1987; Kroner, 1989), stress potential functions for plane problems (Kroner, 1981;
Berveiller, 1978) or Fourier Transforms (Berbenni et al., 2008; Rey and Saada, 1976;
Saada, 1979). In the case of bicrystals, Gemperlova et al. (1989) imagine the total stresses
as a sum of the applied and compatibility stresses and the total strains as a sum of elastic
strains in relation with applied stresses, elastic strains in relation with compatibility
stresses and plastic strains. Then, they consider boundary conditions for stresses and
compatibility conditions for strains at the interface to find out the stresses. For three-
dimensional heterogeneous elasticity problems, Michelitsch and Wunderlin (1996) have
extended the Kroner stress function method. It is also noteworthy that some
homogenization schemes for laminates microstructures were derived to calculate the
stresses using elastic stress concentration and influence tensors (e.g., Franciosi and
Berbenni, 2007, 2008; Stupkiewicz and Petryk, 2002). Netherveless, to the authors’
knowledge, no explicit closed-form formulas of stresses have been given for bicrystals
with completely anisotropic elasticity and heterogeneous plasticity. In addition, the context
of the present paper is different from the preceding approaches since it aims at directly
applying the FDM theory (Acharya, 2001) in its static form.

The paper outline is as follows. In Section 2, notation conventions are settled. The static
FDM theory is recalled in Section 3 and formulated for heterogeneous elasticity and
plasticity with respect to a reference homogeneous medium. Conventional continuity
conditions at surfaces of discontinuity are also recalled in this section, in addition to the
expression of the surface-dislocation density tensor and the jump condition ensuring the
conservation of the Burgers vector. Section 4 deals with the issue of an infinite bicrystal



with planar boundary undergoing piecewise uniform plastic distortions and elastic
properties. The static FDM theory is accordingly used to derive analytical expressions of
stress and lattice rotation fields in the general case of heterogeneous anisotropic elasticity.
The validations of these explicit formulae are checked in Section 5 from Crystal Plasticity
Finite Element simulations on a bicrystal with periodic boundary conditions assuming each
crystal has a cubic symmetry (fcc metals). The contribution of the different sources of
incompatibilities is further analyzed. In Section 5, analytical expressions of residual
stresses and lattice misorientations are also used to perform comparisons with results
derived from the isotropic approximation. Finally, concluding remarks follow.

2. Notations

A bold symbol denotes a tensor and v®w the tensorial product of tensors v and w .
We denote Av the action of the second-order tensor A on the vector v, producing a
vector. The symbol AB represents tensor multiplication of the second-order tensors A
and B and a “:” denotes the contracted product between two tensors. The operation x is

the tensorial cross product, defined as: Ve, (Ax v)T c= (AT c)x v, the symbol V being

shorthand for “for all” and the superscript T denoting the transpose of a matrix. If A and B
are second-order tensors, C a fourth-order tensor and v a vector, we have in rectangular
Cartesian coordinates

Av) = Ajvj
(AB)iI = AJBN
(C :A)n = Cilmn an
(grad V)iI =V,

(1)
(curl A), =€y Ay

(Axv)” =€ AjVi

(Vxw). = €5 VW,

where €, is a component of the third-order alternating Levi-Civita tensor.

Besides, the following reduction convention is adopted concerning the writing of the
Hooke’s law in matrix notation

Oy Ci Gy C3 Gy G5 Cg |l &, & St S Sz Sy S5 S || On

Oy Ch Cpn Cy Cy Gy Cyl &, &5 Sp Sy S;3 Sy Sy Sy || On

(2) O |_ Ci Cy Gy Cy Gy Gyl &5 5 _ Sz S; Siz Sy S35 Sy || O
Oy Cy Cy Gy Cuy Cus Cy || 26 2¢;, Sy Su Sy Su Sis S || On

03 Cs Gy Gy Cui G Cy || 26, 2¢;, Sis S5 S35 Sus S5 Sse || O3

| O Cis Cx Gy Cu G5 Gy | _25;‘3 i _25263 1 LSis S S Sis Sss Ses [ O3

where o, are the symmetric Cauchy stresses, 55 the elastic strains, Cy the elastic

stiffnesses and s;; the elastic compliances.

3. FDM static theory for heterogeneous elasticity and plasticity



3.1. Field equations

The initial static elastic theory of continuously distributed dislocations (ECDD) as
initiated by Kroner (1958, 1981), Indenbom (1966), Willis (1967), and reworked by
Acharya (2001) includes the following set of field equations (Acharya, 2001; Acharya,
2004; Acharya and Roy, 2006)

grad u=p =p° +p" (a)
P* =P +BL; B* =P’ +PI (b)
3) curl B5 =curlp’ =0 (c)
a = curl B$ =—curlp’ (d)
c=C:¢° (e)
dive=0 (f)

where u is the displacement field and B the total distortion field (i.e., the displacement

gradient) which decomposes into its elastic B° and plastic part B* (Eq.(3)a). Due to lattice
incompatibility, the elastic and plastic distortion tensors are not gradients and thus not curl
free. They have compatible (B°, B°) and incompatible parts (B, B} ) (Eq.(3)b). While the
compatible part is a gradient and thus curl free (Eq.(3)c), the incompatible part results from
geometrically necessary dislocations (GNDs) distribution @, and is solution to the
incompatibility equation (Eq.(3)d) (see for instance Acharya (2001 or 2004) for a
mathematical definition of second-order tensor fields A, and A, and the associated

unique orthogonal decomposition A=A +A ). As a consequence of the Stokes-

Helmholtz decomposition of the elastic and plastic distortions (Eq.(3)d, see also Acharya
and Roy (2006)' for a more complete description), the incompatible elastic distortion must
offset exactly the incompatible plastic distortion to ensure the continuity of matter (i.e. p

is curl free, Eq.(3)a)

(4) By +BL =0 < B=p:+p*

The stress tensor ¢ is obtained from the tensor of elastic stiffnesses C (Eqgs.(2) and (3)e)
and satisfies the static equilibrium equation without body forces (Eq.(3)f). The elastic and
plastic strain tensors (&°, €”) are the symmetric parts of the elastic and plastic distortion
tensors (B¢, B*), respectively.

3.2. Navier-type equation and incompatibility sources
The fluctuations of elastic moduli 8C(x) and of plastic distortions 8f°(x) are now
introduced with respect to an infinite homogeneous reference medium (CO, BPO) such that

the following decompositions hold
(5) C(x)=C"+8C(x) ; B*(x) =P +5p" (x)

' In Egs.(3)a-b, Acharya and Roy (2006) explicitly used the following unique Stokes-Helmholtz
decomposition for the elastic distortion tensor: B¢ = grad(u —Z) + 7 where u is the total displacement

field, u—z is a vector field whose gradient forms the compatible part of B° (denoted B)and ¥ is the

incompatible part of B° (denoted B ) such that @ = curl % to be consistent with Eq.(3)d.
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Let us anticipate that in the case of a bicrystal, the reference medium will be chosen later to
be one of both crystals. Due to the space uniformity of B in infinite media, its curl is zero

so that B* is compatible (its incompatible part B?° vanishes). The Stokes-Helmholtz
decomposition previously invoked still holds for the fluctuating part 8" (x):

(6) O’ (x)=op" (x)+8p" (x)

And the following unique decomposition can be written

% B” (x) =P +8p° (x)+5p% (x)

Egs.(5) and (7) can be introduced in Egs.(3)a-f to determine the Navier-type equation

(8) div[(C0 +8C(x)) : (grad u(x)—p2° —op’ (x)—op° (x))} =0
which reads

C’ div(grad u(x)) —C° div 8p] (x) —C’ div 8p" (x) +diV(8C(x) : grad u(x)) -
diV(SC(x) i ) -~ diV(ﬁC(x) : Op° (x)) —div(ﬁC(X) :p° (x)) =0

Eq.(9) can be recast as
(10) C’ div(grad u(x))+f(x)=0

)

where f(x)=f"(x)+f?(x) is the total fictive body force due to incompatibility sources
in the material. f*(x) is a fictive body force containing the compatible total distortion (
grad u ) and the compatible parts of B” (x)

f9(x)= diV(ﬁC(x) : grad u(x))—CO divop’ (x)—div(ﬁC(x) : }’())—
diV(ﬁC(x) 0P’ (x))

(11)
£0 (x) is a fictive body force containing the incompatible part of B* (x)
(12) £ (x)=—C" divap (x)—div(8C(x):3p" (x))

Eqgs.(11) and (12) show that the general case where plastic and elastic properties are both
heterogeneous give rise to coupling incompatibility effects through —diV(SC (x) :8p° (x)) .
The effects of these elastic-plastic coupling incompatibilities on stresses and elastic
rotations will be analyzed and discussed in Section 4 through analytical derivations in the
case of an infinite bicrystal with planar boundary and piecewise uniform elastic and plastic
properties.

Interestingly, two particular cases can be derived from Egs.(11),(12). The first case
corresponds to homogeneous plastic fields. This case yields " (x)=0 and following

Eqgs.(4), (7) and (11)
(13) f(x)=f(x)= diV[ﬁC(x) : (grad u(x)—pr° )] = diV(SC(X) i (x))
The second case corresponds to homogeneous elastic properties and yields from

Eqs.(6),(11) and (12)
(14) f(x)=f(x)+f?(x)=-C" div 8p" (x)



3.3. Burgers vector conservation at surfaces of discontinuity

Let us now consider a fixed plane interface | separating two crystals (crystal I and
crystal II) in the current configuration of a continuous medium, with unit normal vector n
oriented from crystal I to crystal II (Fig.1). The limit of continuous fields approaching the

interface | from crystal I is assigned the superscript , and that of fields approaching |

from crystal II the superscript . Hence, the jump of a field g at a material surface of

discontinuity is denoted [g]=g —g. Conventional continuum mechanics requires

continuity of both the traction vector en and the displacement u across the perfectly
bonded interface

(15) [c]n=0 ; [u]=0

A consequence of the displacement continuity is Hadamard’s kinematic compatibility
condition (Hadamard, 1903). For small displacements and in the absence of interface
motion, it states that

(16) [grad u]xn =[B]xn =0

Thus, for any unit vector t lying in the interface I, Eq.(16) can also be written in the form
(17) Vtel, [gradu]t=[p]t=0

Hadamard’s condition reflects the “tangential continuity” of the total distortion § across

the interface seen as a material surface of discontinuity.

Surfaces of discontinuity such as grain or sub-grain boundaries are conventionally
described in terms of surface-dislocations belonging to the interface (Bilby, 1955;
Bullough and Bilby, 1956; Christian and Crocker, 1980). The components of the surface-
dislocation density tensor a° in the interface | are expressed as a non-dimensional ratio of
a Burgers vector length over a segment length. The surface-dislocations are confined to the

interface (asn = 0) and form a two-dimensional array. For small displacements, they allow

accommodation of a discontinuity of the elastic distortion tensor B°across the interface

(Beausir et al., 2009; Bilby, 1955; Bullough and Bilby, 1956; Christian and Crocker, 1980;
Sutton and Balluffi, 1995)

(18) Vtel, us(nxt):[ﬁe]t or equivalently o® :—[Be]xn

Eq.(18) can be thought as generalized Frank-Bilby relations (Bilby, 1955; Frank, 1950).
Using the standard elastic-plastic decomposition of the total distortion (Eq.(3)(a)) and the
Hadamard’s condition (Eq.(16)), the surface-dislocations density tensor can also be
formulated as

(19) vtel, o (nXt):—[Bp]t or equivalently o :[Bp]xn

Eqgs.(18) and (19) state that any jump in the elastic (or plastic) distortion tensor between the
two lattices can be accommodated by an appropriate singular surface-dislocation
distribution supported by the interface. Some recent analyses (Acharya, 2007; Acharya et
al., 2008; Mach, 2009; Beausir et al., 2009; Mach et al., 2010; Puri et al., 2011; Richeton et
al., 2011; Taupin et al., 2012) suggest that a more consistent description of the boundary
area can be obtained if continuity of the incompatible elastic (or plastic) displacement
across the interface is postulated, i.e. if there is conservation of the Burgers vector content



across the interface (according to Kroner (1981), the true Burgers vector b of all
dislocation lines threading a surface S of the deformed material configuration, surrounded

by a contour C is defined for small displacements as b dj; pedx (integral form of the
C

incompatibility law)). In such continuous modeling, the boundary area is seen as an
extended region supporting a continuous density of bulk GNDs, and the singular
description of the incompatibility between crystals through surface-dislocations is
surrendered. Hence, the surface-dislocation density tensor is zero and Eqgs.(18) and (19)
reduce to (Mach, 2009; Beausir et al., 2009; Mach et al., 2010; Puri et al., 2011, Richeton
etal., 2011)

(B ]t=0 [B*]xn=0
(20) Vtel, or equivalently

(B ]t=0 [B" |xn=0

4. Analytical derivations for infinite bicrystal with planar boundary

4.1. Piecewise uniform plastic distortions

Here, we follow the static theory of continuously distributed dislocations described in
Section 3. The objective is to give the stress fields and lattice misorientations (i.e., elastic
rotation jumps) in both crystals of an infinite medium assuming uniform plastic distortion
and elastic constants in each crystal. The static configuration is represented in Fig.2 where
the infinite grain boundary plane spreads in the (O,x;,x3) plane. To be consistent with the
Frank-Bilby procedure (Frank, 1950; Bilby, 1955), crystals I and II are separated by the
discontinuity interface S with unit normal n directed toward crystal II from crystal I along
the (O,x;) direction. It is noteworthy that the present calculations would also work for any
permutation in the choice of the coordinate axis along the normal to the interface. In

consistency with Section 3, the superscript |I| is used for fields referring to crystal I and

for fields referring to crystal II. The static problem of Fig.2 is invariant along (O,x;)
and (O,x3). As a result, for any field g referring to the bicrystal properties, we have

21) g,=8,=0

The linear theory of small perturbations is considered and the set of field equations set out
in Section 3 (Eq.(3)a-f) is solved. In the following, the reference homogeneous infinite
medium is chosen as crystal I. Linear elasticity is considered with piecewise uniform
elastic moduli

(22) Cijkl = Cijkl + I:Cijkl ] H (Xz)

where H (Xz) is the Heaviside unit step function along (O,x,)

(23) H (x,) = 1if x,>0
2770000f x, <0

The total volume of the bicrystal is denoted V . The bicrystal is submitted to tractions on
its external boundary T =Xn_, where X is assumed macro homogeneous and n_ stands

for the outward normal of the external boundary. As previously mentioned, piecewise
uniform spatial fluctuations of the plastic distortion components is considered

(24) =B+ B H(x,)



Such assumption is actually equivalent as considering an infinite planar surface-dislocation
distribution @° (and a nil density of polar dislocations a in the bulk). From Eqs.(18) and
(19), the surface-dislocations density tensor a° reads

[a] o -[a]) (-1sE] o [A]
(25) =[] 0 -[B]]=|-[85] 0 8]

Ao HA]) L] o (4]

The full development of the compatibility conditions applied to tensors B° and B°
(Eq.(3)c) is given in Appendix A. Because of the invariance along (O,x;) and (O,x3)
(Eq.(21)), we have B°, =B°, =0 and B°, =p°,=0. Thus, the compatibility conditions
(Eq.(3)) reduce to

(26) viz2, (Ay),=(85),=0

2

These equations actually apply to regions where fields are smooth, i.e. for the present
situation, respectively in crystal I and in crystal II. At surfaces of discontinuity, they have

corresponding jump conditions ([B;’ ] Xn = [B[" ] xn=0, cf. Eq.(16)). At the interface

between crystal I and crystal II, these jump conditions read

@) wie2, (][]0

As consequence of Eqs.(26) and (27), for j#2, f5and £} are thus spatially uniform in

the whole bicrystal. Considering Eq.(3)(b), it is hence possible to write
(28) Vj#2, ﬂue = ﬂLeij +ﬁjij =K; +ﬁjij

where K;j is a spatially uniform function. Then, due to Egs.(4) and (3)(b), Eq.(28)

transforms into

(29) Vj#2, ﬁ: = K;j =B = Kilj _(ﬂijp _ﬁL'i)j)

Because for j#2, ,BD?J- is spatially uniform and because B’ is assumed piecewise uniform
(Eq.(24)), Eq.(29) can finally be written
(30) Vi=2, B =Ky B [H(x,)

where K;; is another spatially uniform function.

4.1.1. Stresses
4.1.1.1 Heterogeneous anisotropic elasticity
Because of the invariance along (O,x;) and (O,x3) (Eq.(21)), stress equilibrium (Eq.(3)f)
reduces to o,,, = 0. Besides, self-equilibrium of stresses reads

1
(31) v jv oydV =3,

which actually enforces the condition



(32) Oiy = Zi

Thus, only the stress components o,,, 0;;, 0;, are unknown. They are related through the
elastic compliances s; (written in compact notation, see Eq.(2)) to the elastic strains &,
&3y &3
glel = ﬂlel = S”O-” + S13633 + S150-31 + (312222 + S142:12 + S162123)
(33) &3y = Py =830, + 533,05 + 83503 +(323222 +8,%), + 836223)
25, = B+ By =550, + 83503, + 85505, + (325222 +8,5%, + 356223)

From Eq.(30), the elastic strains &}, &;,, &, are uniform piecewise functions. Since the

elastic compliances are also uniform piecewise functions, Eq.(33) shows that the stress
components are uniform piecewise functions too and can be written

(34) oy =al+[ oy [H(x,)

with [ai2]=O from Eq.(32). Furthermore, assuming that the volume fraction of each

crystal in the infinite medium is equal (i.e., v /V =y /V ), the macroscopic stress reads
from Eq.(31)

1
(35) s =5(<7ij +Ui,-)

ij

Substituting the expressions of the elastic distortions given by Eq.(30) into the system
Eq.(33), we have
Kii _[glF;:I H (Xz ) =301 T 33033 + 5503, +(812222 +8,2, + 816223)

(36) Ky = [532] H (Xz) =530, 1533033 + 55503, + (523222 +83,2, + 336223)

Kis +K;, _2[‘93p1} H (Xz) =550 T 535033 T 55503, + (525222 +8y5%, + 556223)
It is now possible to derive the expressions of the constant functions K by writing the
former equations into crystal I (X, <0) using Eq.(35)
K, = —(slmlol@ + s,mp@ + slmso?f ) + Z(SIB,Z” + sgz33 + sEZN ) + (s]mzz22 +slz, + SEEB)

37 _
( ) K33 =—|S Gll +3 +3350 +2 Sl3zll+s33233+s35231 + S232‘22-'_8342124-536223

13 33033 1935073

-
Kis + Ky = _(S SO1L 835033 +85505) |+ 2| S5Zy; + 835253 + 85525 |+ Sps X + 84520, + 552y
and into crystal IT (X, >0)

—[er T T T P Ty AT (u] |
K= [‘911]"'311 Opp +83035; 8505, +| 83 20y +8j3 2, + 8523

38 —[ep
(38) Kss _[‘933:|+513 Ol 853033 +83503) (83320, + 83,2, + 8362

- p
Kis + Ky, = 2[531]"'315 Op + 835033 +85503) +(Sy5 2y 84521, + 85623

By summing the two expressions of each constant function and by introducing the notation

§ij = Sijm + sij, the system writes also



1
_ p & & &
K11 _5([511:|+[511]011 +[s13]033 +[515]031 +512222 +Sl4212 +Sl()223 + S112'11 +513233+515231

39 1 ~ ~ -
(39) Ky = 5([‘%@}"’[513]0— "'[533]0_%l +[S35]O- +8532, + 85,2, + 836223)+(5211 + 5233 + S3m5231)

1
—[ep (1] & & &
Kl3 + K31 - |:g31 :| + 5(5150-11 + S3SO.33 + S550-31 + S25222 + S45212 + S56223 + S15211 + S35233 + S55231

From Eq.(33), the unknown elastic distortion components in crystal II are expressed as

el _ [ m m

811 _Sll O-ll +Sl3 633 +S]5 0-31 + Slz Z:22 +Sl4 212"'516223
40 e [11] M
( ) ‘933 = S13 O-ll +S33 0-33 +S35 0'31 +(S23 222 +S34 Z:12 +SS6 Z23)

_
26210 = sl 4 sy g0l (52.5222 +slly, + 35.6223)
and from Eqs.(30) and (39) they also read
1 1, . ~ <
5161@ = E(—[«Sﬁ :‘ + [811]0'1@ + [313]‘73@ + [515 ] O'zlzfl ) + 5(512222 +8,%p + 56Xy ) + (SE[ZU + 51[;[233 + SEZH)

(41) | |
5363]m = E(_[53%:|+[513]O-1@ +[S33]O-3@ +[S35]U)+E(§23222 +5.2, +§36223)+(SE211 +SE33 +5231)
. 1 1. < ~
2831@ = 5(_2[53;)1:|+[315]01@ +[S35]O- +[sss]a)+5(szszzz +8452, +356223)+(Slﬂ5211 +5233 +35m5231)
The combination of Eqs.(40) and (41) leads then to the following linear system
§llo- + §13O- + §156 = _(|:€1pl :' + [512]222 + [314]212 + [316]223 ) + 2(8211 + 5233 + 5231)

33
(42) §130'1@ + §330'3@ + §350.3E; = _([532] 8] 20 +[54] 202 +[S36]223)+2(51]ﬂ3211 + ngsa + S3m5231)
§150- + §350' + §550' = —(2[€3ﬁ]+[825]222 +[S45]212 +[556]223)+2(8211 + 5233 + 8231)

The expressions of the stress components in crystal II follow directly from the resolution of
this linear system of 3 equations with 3 unknowns. Then the stresses in crystal I are given
from Eq.(35) by

(43) o0 =22, -0,V

Let us now adopt the following notations
[51*1] = [‘%ﬁ]"’ [512]222 + [314]212 + [516]223 _2(3211 + 5233 + 5231)

(44) [5;3] - [53‘)3]"' [323]222 + [334]212 + [836]223 _2(3211 + 3233 + SZ31)

2[5_:1} = 2[53'31]"'[325]222 +[S45]212 +[556]223 _2(51%[211 + S3D2233 + Ssmszm)

In the general case of piecewise uniform anisotropic elasticity with non zero macroscopic
stress, we have then
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(45) ol =

It is interesting to notice that these solutions are independent of compliances S,,, S

24

S

22 262

Su» Si» S and of plastic strains &), €),, €. It can be seen that the stresses contain
different sources of incompatibilities as highlighted in the general static FDM theory
considered in Section 3.2. If one writes § =2$ijm +[Sij} and considers crystal 1 as the

reference medium, it is indeed possible to decompose the stress field into the following
way

AsAg?

(46) oy =Z;+ aijAs + GijASP +0;

with

L, =0y ([s] = [sp ] = 0) , resulting term when all sources of incompatibilities are set

to zero (in this case, one rightly retrieves that the stress equals the macroscopic
uniform stress),

ij
(As),

- O'ij“p =05 ([s] = 0)—2ij , internal stress term due to plastic incompatibilities alone (
Ag”),

P P . .
- o™ =0y —(Zij +o," +0y" ), internal stress term due to couplings between

- o= ept ([sp ] = 0)—Zij , internal stress term due to elastic incompatibilities alone

elastic and plastic incompatibilities (AsAe" ) .

4.1.1.2 Heterogeneous isotropic elasticity
In the case of piecewise uniform isotropic elasticity (i.e heterogeneous elasticity)

characterized for crystal I (resp. crystal II) by Young modulus =0 (resp. E) and
gl

. ) . E
Poisson’s ratio v (resp. V) with shear modulus ,u =——— (resp. ,u =
) 2(1+017)

2(1+v
), the system of Eq.(42) reads
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1 1 ylo b yu )l s 2 5 21/Z
+ Oy~ +E@ O3 _[511:|+ FEr=) zz+ 0T Rl <
(47) — V_m_l,_ O-“_}_[_{_L@Jgﬁ: [83’)3 + V_@ V_m 222_%2“_}_%233
EY EM EY E E E E E
11 )
("')031 2_2[‘931]"'231
and its resolution leads to the following solutions
R e R R e I R iy 2(/ ) 27 - 1T)
[ET+E7@][533]+(ET+E7EJ[6”}_E[ﬁJr,ui@J[Ei@_Eimjzﬂ+ /‘:mEm+ Elgm | gmem v
ol
) EC[L L
gl gl gl gl
| V@ » 1 1 o 1 1 1 V@ [ 1 -1 Z(VEV@ —1) 2 Vm —V]m)
[ET+EWJ[5"]+(EE+EW][ J 5[ﬁ+7@][?@_ém] N
ol -
" v ﬂz,[L =
gl gl gl gl
_ 24" 240
(48) b ”m+#ﬂ[%]+#m+u@

4.1.1.3 Homogeneous isotropic elasticity
In the case of homogeneous and isotropic elasticity now characterized by uniform

Young modulus E = EY = E™ and uniform Poisson’s ratio v =1 = (the shear

modulus being given by = 28 = ;1 = ﬁ), Eq.(48) simplifies to
ot =%, ;5 ([en]ev[et))
) o =2y 7 (et ] Lol )
oy =%y, - pl &l |
Finally, using Eq.(35) we have
o, z“—lf‘v([gg]w[gg])sgn(xz)
e o =y =75 (o8 J v et ])sen(x)
oy =Xy, - u| & Jsen(x,)

where sgn(xz)zl when X, >0 (i.e. in crystal II following Fig.2) and sgn( Xz): —1 when

X, <0 (i.e. in crystal I).
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4.1.1.4 Comparison with other works and techniques

To the authors’ knowledge, the explicit stress formula obtained in the general context of
heterogeneous anisotropic elasticity with plastic strains (Eq.(45)) had never been
formulated in a closed-form solution before. However, the explicit expression in the
particular case of isotropic elasticity (Eq.(50)) was already derived by other techniques:
Fourier transforms (Rey and Saada, 1976), second order Beltrami stress function (see
Kroner, 1981) for plane problems in the real space (Berveiller, 1978; Rey and Zaoui, 1980)
or from consideration of boundary conditions for stresses and compatibility conditions for
strains at the interface (Gemperlova et al., 1989). Note however that the present
calculations do not require the assumption of plastic incompressibility (i.e. our calculations
are also valid in the case of dilatant plasticity) in contrast with the calculations performed
by Berveiller (1978). Furthermore, it is noteworthy that the linear system of equations
(Eq.(42)) giving the full solutions was actually written by Gemperlova et al. (1989) for the
most general case. It can be noted however that the form is somewhat different than in
Eq.(42) and that there is a typographic error in the published expression. A correct
expression can be found in the book of Sutton and Ballufi (1995, p.707). Gemperlova et al.
(1989) also formulated the solution in the case of heterogeneous isotropic elasticity and
found expressions equivalent to Eq.(48) (Sutton and Ballufi, 1995). The most noticeable
difference between the approach of Gemperlova et al. (1989) and the present one is that
they consider boundary conditions for stresses and compatibility conditions for strains at
the interface whereas we consider stress equilibrium and the compatibility conditions for
B: and B° in the bulk (Eq.(28)). Hence, the proof is given from Eq.(30) that elastic strains
and stresses are piecewise uniform functions whereas it is an implicit assumption in the
work of Gemperlova et al. (1989).

Besides, Eq.(45) can also be derived in terms of elastic stress concentration and
influence tensors following the homogenization techniques described in Stupkiewicz and
Petryk (2002), and in Franciosi and Berbenni (2007, 2008). Thus, after some algebra
manipulations on these tensors, we can recast the stresses as follows

ofl = BRLT, +BUE, + Fon [ 0]

(1)
G = BP'ZP' + BAZA —Fep. [glg:l

where P, P’ denote plane components 11, 33, 13 (corresponding resp. to 1, 3, 5 in the
reduction convention settled by Eq.(2)), and A denotes anti-plane components 22, 12, 23

Ed

(resp. 2, 4, 6 in the reduction convention) and [gé’} = [53"3] . BP, (resp. B,), BA

2[51‘;]

(resp. B) are the elastic stress concentration tensors for crystal I (resp. crystal II), and
F... 1s the non zero part of the elastic stress influence tensor. From overall stress

equilibrium (Eq.(35)), the elastic stress concentration tensors verify
B, + B,

= lpp.

2
(52)
BA + B — 0
2
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with 1, the PP’ part of the unit tensor 1y, . So, finally Eq.(50) simplifies to
op =BRZ, +BRE, + Fop [ 20 ]

(33) apm - (ZIPP' - B;DL,)ZP, - BEEA ~Fer, [g'f']

The expressions for the components of B, , B and F,,. are obtained from the explicit

Eq.(45) and are given in Appendix B. Using the general homogenization technique
recently developed in Stupkiewicz and Petryk (2002), Franciosi and Berbenni (2007,
2008), the explicit formulas for bicrystals with general elastic anisotropy are given by
Eq.(53) together with Egs.(B.1), (B.2) and (B.3). These explicit formulas were not reported
in the literature to our knowledge.

4.1.2. Elastic energy density
The volume density of elastic energy is computed as

1
54 =—0,&;
(54) 0=3

ij<ij
where the elastic strains & can be deduced from the Hooke’s law (Eq.(2)). Thus
1
(55) @ zzo-ijsijklo-kl
where o are given by Eqs.(43) and (45) for both crystals.

4.1.3. Lattice rotations
4.1.3.1 Heterogeneous anisotropic elasticity
The lattice rotations are linked to the elastic rotation ®°, defined as the skew-symmetric
part of the elastic distortion tensor

(56) o = (8 -()')

In addition, the equivalent elastic rotation vector Q° is introduced such that
(57) V1, ol=9Q°xI

In the following, only an analytical formula for its jump, [Qe} , 1s derived, which allows

giving further insights on the lattice misorientation angle between two crystals, assuming
their initial orientation is known. From Eq.(25), the jump of the tangential elastic
distortions is known

(58) Vi#2,[ B ]=-[ 8]

The normal components can be deduced from the jump of elastic strains which are known
from the Hooke’s law (Eq.(2)). In particular, we have

AR CAR VAR EAN
AR CARPA R TN

Then the jumps of lattice rotations are accordingly derived

(59)
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]
() [03]=[er]=5([A2]-[42))

with

[ ] 2( (n 11)+s(a -2, )+s'(a§—231))
+[Sl4]o- +[S34]O-33 +[S45]O- +[824]222 +[S44]212 +[S46]223
(61)
2es]=2(sh (ol —=,, )+ b (oW -0 )+ sl (o4 -2, )

+[Sl6]6+[S36]0+[556]O-+[826]222+[S46]212+[S66]223

In comparison with the stresses, the present solutions are only independent of compliance
s,, and of plastic distortions 45, ), B, It is also possible to decompose the elastic
rotation vector jump components into the following way

(62 [Qﬂ = [Qf ]AS + [Qf}w + [Qf]mw '
with
- [Qf ]AS _ [Q,e ] ([Bp] = 0) , term due to elastic incompatibilities alone (As),

2

[ i }ABP - [Qﬂ([AS] =0), term due to plastic incompatibilities alone (AB®),

[Qf]mw :[Qf]—([Qi&]As +[Qf]w), term due to elastic-plastic coupling
incompatibilities (ASAB") .
We can notice in Eq.(60) that only [Qf] and [Qﬂ depend on the three sources of

incompatibilities. [Q;} is independent of elastic constants and results only from plastic

incompatibilities (see in Appendix C the full expressions of the spin vector jump
decomposition).

It is interesting to relate Eq.(60) to the well-known relation established by Kroner
(1981) which expresses the gradient of elastic rotation vector in function of elastic strains
and Nye’s tensor a

(63) grad Q° = (curls° )T —a' +%tr(a)l

where I is the unit tensor. Indeed, this equation is expressed in the bulk but in the limit of
a vanishing thin planar interface of discontinuity with unit normal n, it becomes (see the
proof of this argument in Appendix D)

(64) [ﬂe]®n=—([se]xn)T—(as)T+%tr(as)I
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The result of Eq.(60) is then exactly retrieved from Eq.(64) when the former is applied to
the configuration of Fig.2 (the expression of a® being given in Eq.(25)).

4.1.1.3 Heterogeneous isotropic elasticity
In the case of heterogeneous isotropic elasticity, many compliance tensor components

(]3] L]
65 (o] 5 (0t ]-[2)
- (Y]

and the solutions do not depend anymore on coupling incompatibilities.

4.1.1.3 Homogeneous isotropic elasticity
In the case of homogeneous isotropic elasticity, Eq.(60) further simplifies into

[ar]=[£2]
(66 [o]=3 (s ]-42])
[25]=-[A]

All the components are then independent of elastic constants.

4.2. Consequence of plastic distortion tangential continuity
If the tangential continuity of the plastic distortion, as described in Section 3.3
(Eq.(20)), is assumed to be satisfied at the interface of Fig.2, we have

(67) [Br =85 =85 ]=[B2]=][B5]=[B2]=0

In the case of piecewise uniform plastic distortions, it conducts to
As
{au = Zij +0;

[or)-[2]"

which means that jump of internal stresses and lattice misorientations should be related to
elastic incompatibilities only. As a consequence, stresses and lattice misorientations should
only develop in an elastic way and thus should recover to zero when the macroscopic
uniform stress X is unloaded to zero (no residual stress and no residual lattice

(68)

misorientation). In addition we should have in particular [Q;J =0.

In homogeneous elasticity, the tangential continuity of the plastic distortion leads to

=
(69) {Gu ij

[01]=0

Hence, it introduces the continuity of both stresses and lattice rotations. Mach et al. (2010)
already showed that the tangential jump condition of Eq.(20) can lead to the continuity of

16



lattice rotations but in the case of a pure viscoplasticity. This result is indeed retrieved from
Eqgs.(60) and (67) if jumps of elastic strains are neglected. In their paper, Mach et al.
(2010) noticed also that in the presence of elastic strains, rotations are no more continuous.
Concerning the prediction of texture evolution, it thus appears that an assumption of
homogeneous elasticity may actually be equivalent to the hypothesis of a pure
viscoplasticity (also true without considering the tangential continuity of the plastic
distortion, cf. Eq.(66) and Eq.(60) without elastic strains).

Finally, it should be recalled here that Eqs.(68) and (69) were established in the peculiar
case of piecewise uniform plastic distortions. Hence, the tangential continuity of the plastic
distortion actually induces the tangential uniformity of plastic distortions, which further
leads to a development of stresses and lattice misorientations due only to elastic
heterogeneous properties. In the more realistic case of tangentially continuous but not
necessarily uniform plastic distortions (which is not the scope of the present paper), stress
and lattice misorientation evolutions should be very much related to the limiting values of
the tangential plastic distortions at the interface as seen for instance from numerical
simulations in Richeton et al. (2011) and Taupin et al. (2012).

5. Application to bicrystals deformation

The first part of this section aims at checking the correctness of the analytical formulas
established in Section 4 from Crystal Plasticity Finite Element simulations and then at
showing the relative contribution of the different sources of incompatibilities. The second
part of the section deals with elastic/plastic bicrystals and displays the values of residual
stresses and residual lattice misorientations for different orientations of the elastic crystal.
Systematic comparisons with the isotropic approximations are also performed.

5.1. Finite element modelling of a bicrystal with infinite planar interface
5.1.1 Description of the crystal plasticity model

A 3D finite element mesh of 20-node brick elements with reduced integration
(C3D20R) is used for the discretization a bicrystal bar (10 x 100 x 10 elements, see Fig.3).
This bicrystal bar is designed to mimic the configuration of Fig.2. Periodic boundary
conditions are indeed imposed along the lateral sides. The two crystals are thus separated
by an infinite planar interface with normal along (O,x;) (Fig.3). Fixed velocities are
prescribed on the upper and bottom face (Fig.3). Besides, a simplified single crystal
plasticity model inspired by the work of Peirce et al. (1983) is implemented at small strains
within a Finite Element commercial software (ABAQUS/Standard). For the sake of further
analyses’clarity, our model assumes that plasticity results solely from the possible
activation of a single slip system (hence, there is no consideration of latent hardening). The
plastic velocity gradient tensor L’ is then conventionally expressed as
(70) L, =7s®m

where s and m are the slip direction vector and glide plane normal, respectively. The
plastic slip rate on the single slip system y is given by the Orowan’s law, y = p bV, . p,

is the density of mobile dislocations, which is here assumed to remain constant. b is the
magnitude of the Burgers vector and V, is the averaged collective dislocation velocity on

the slip system. V, is assumed to follow the power law relationship
id

(71) V, =V, sgn(z‘)[—j

Oy,
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where 7=s®m:o is the resolved shear stress on the glide plane, with reference velocity
V, and stress exponent N as material parameters. sgn(z') =1when >0 and sgn(z') =-1

when 7 <0. The reference shear stress o, reflects short range obstacle overcoming for

dislocations. In this simplified model, the reference shear stress is allocated a stationary
value, meaning that no isotropic hardening is considered. The implementation of this
model is made through the use of the rate tangent modulus method developed by Peirce et
al. (1984). A linear interpolation within the time increment At is thus employed to define
the increment of plastic shear strain Ay

(72) Ay =At[ (1= 2) 7, + 2o |

where the time integration parameter y ranges from 0 to 1 with y = 0 corresponding to

the Euler forward explicit integration scheme. Here, a classical value of 0.5 is chosen (see
Peirce et al., 1984).

Cubic symmetry elastic stiffnesses for copper are given in Table 1 and are considered to
run the simulation. Other material parameters are given in Table 2. On the upper and
bottom face, the following material velocities are prescribed

(73) v,=+LT and v, = v, =0 along X, = *L

where I' =107 5™ is the initial applied macroscopic strain rate and L =50 pm is the initial
length along (O,x;) of each crystal. It should be noted that this loading test does not
correspond to a pure tensile test since all the components of the macroscopic stress tensor
are non zero. Indeed, constraining the cross-sectional contraction of the material by
prescribing zero transverse velocities at the sample ends (v, = v, =0) leads to transverse

reaction forces. The component X,, remains however the prevailing one close to a pure

uniaxial tensile load. The crystals orientations are indicated in Table 2. Crystal I has the
crystallographic direction [123] along the tensile axis, which corresponds to a typical

single slip orientation for a fcc single crystal (Takeuchi, 1975), therefore justifying our
model’s simplifying assumption (Eq.(70)). Plasticity in crystal I thus solely results from

dislocation glide on the system <101>[T1 1] . The threshold shear stress o, is affected by a

very huge value in crystal II, so that the behavior of crystal Il remains purely elastic during
the small range of tensile strains (< 0.2 %) investigated in the FE simulation. This
consideration is justified by the chosen orientation for crystal Il (Table 2). In the elastic
domain, crystal I exhibits much lower resolved shear stresses on its slip systems than the

shear stress on system <101>[T1 1] in crystal I. As a consequence, crystal II should

normally be in a plastic state much later on than crystal I.

5.1.2  Validation of the explicit closed-from solutions
The infinite planar interface under study thus separates a crystal undergoing elasticity
and single slip plasticity from a crystal of the same composition but with a different
orientation and which undergoes only elasticity. Fig.4 exhibits a comparison between the

stresses in crystal II provided by the FE simulation (o} ) and those directly derived from

j
theo

the expressions of Eq.(45) (o
whereas the FE calculations are a consequence of an incremental procedure based on an

evolving viscoplastic strain as defined in Eqs.(70) to (72). oo™ is actually computed from

ij

). It is noteworthy that the former formulas are static
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Eq.(45) with the overall stress X and the jumps of plastic strain jump [sp] taken from the
FE calculations and updated after each time increment. In the same way, Fig.5 shows a

comparison between the lattice misorientations provided by the FE simulation ([Qf]num)

and those directly derived from the analytical formulas ([Qf]meo computed from Eq.(60)

with X and the jump of plastic distortions [ﬁp} as inputs). For both cases, it can be seen

that the FE solutions match perfectly the analytical ones (the differences being within the
numerical precision of the computer) thus giving a proof of the correctness of the formulas
established in Section 4.

5.1.3 Relative contribution of the different sources of incompatibilities
From the evolution of X and [BPJ provided by the FE simulation, our analytical

developments enable to quantify the contribution of the different incompatibility sources
on stresses and lattice misorientations as exposed in Egs.(46) and (62). Examples of these

decompositions are given in crystal II for o, and [Qf} in Figs. 6 and 7, taking the plastic
crystal (crystal 1) as the reference medium. For the present elastic/plastic bicrystal, the

major contribution arises from the terms due to plastic incompatibilities alone (JijAsp ,

ApP : s sAgP As
[Qle] ). However, it can be observed that the other terms (o™, o™, [Qf’] )

AsABP . . . . o
[Q,e] ’ ), which would be absent in homogeneous elasticity, still represent a significant

part. It can notably be inferred that the coupling term between elastic and plastic
incompatibilities might exhibit huge contributions for some peculiar configurations. For

instance, in Fig.7, contribution of coupling incompatibilities on [Qf] 1S quite consequent

and opposite in sign with respect to the one due to plastic incompatibilities alone.
Therefore, heterogeneous elasticity may influence strongly on texture developments in the
course of plastic deformation in polycrystalline aggregates. This aspect is often neglected
in the crystallographic texture developments simulated by polycrystalline models (Self-
Consistent models, Crystal Plasticity Finite Element models or FDM models restricted to
pure viscoplastic behaviour or elastic-viscoplastic behaviour with homogeneous isotropic
elasticity).

5.2. Analytical predictions of residual stresses and lattice misorientations

The same bicrystal than in Section 5.1 is used as a starting configuration. While the
plastic crystal (crystal I) remains fixed, the elastic one (crystal II) is subsequently
authorized to rotate around (O,x;) by an angle . Indeed, in case of a tensile test, the
resolved shear stresses on slip systems remain unchanged when the crystal is rotated
around the tensile axis. It can thus be assumed that crystal II undergoes pure elastic
distortions for any value of &, providing that the tensile strain remains low enough. Then,
assuming a given low value of plastic slip (results are shown for y = 0.01) for the system

<101>[T1 1] in crystal I, the analytical formulas of Section 4 enable to derive directly the
residual stresses and the residual lattice misorientations of the elastic/plastic bicrystal (i.e.
Egs.(45) and (60) are used with £=0, i.e. [81*1] :[81‘;], I:&‘;:' :[83"3], [5;] = [83’)1] in
Eq.(44)). In the case X =0, we have precisely
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(74)

Figs. 8, 9 and 10 display respectively the evolution of residual stress components o,,, o;;,

o, , stored elastic energy density ¢ and residual lattice misorientation vector components
[Qf} and [Q;] in function of @ for y = 0.01. Results derived from the general

consideration of heterogeneous anisotropic elasticity are compared with solutions derived
from isotropic approximations (the isotropic average elastic constants are computed from a
Voigt average (Hirth and Lothe, 1982), see Table 1) which involves the dying out of the
coupling terms in Eq.(74). Results are also displayed for two fcc materials, Cu which is
strongly anisotropic (anisotropic coefficient a =2c,, / (C11 _Cu) =3.26), and Al which is

quite less (a =1.22, see Table 1). The difference between Cu and Al in stresses and in the
density of stored elastic energy (Figs. 8 and 9) arises solely because of different values of
elastic coefficients in crystal 1. Isotropic assumption leads however to the same solutions
for Cu and Al concerning the lattice misorientation vector, since the former do not depend
on elastic constants in this case (Eq.(66)). In the general heterogeneous anisotropic case,
lattice misorientations do depend on elastic constants, as it is illustrated in Fig.10 where a
consequent difference between Cu and Al is observed. In the same way, concerning
stresses and stored elastic energy density, Figs. 8 and 9 show that the discrepancy between
isotropic and anisotropic solutions is much more pronounced for Cu than for Al. From the
insets of Figs. 8, 9 and 10, it is seen that the relative error made by the isotropic
approximation is strongly dependent on the orientation of crystal II and can reach values
above 40% in Cu. Strong discrepancies can occur for both stresses and lattice
misorientations. For 1% slip, the rotation of the elastic crystal around the tensile axis can
lead in Cu to a stress variation reaching 50 MPa (Fig.8) and a lattice rotation variation
reaching 0.1° (Fig.10).

As a consequence, considering elastic anisotropy is crucial not only to predict stresses
with good accuracy but also to predict correct texture evolution. Besides, several crystals
may display higher elastic anisotropy than pure Cu (e.g., a=8.91 for B-brass or a =12.5
for a Cu-14wt.% Al-4.2wt.% Ni alloy, see Suezawa and Sumini, 1976). This study also
illustrates the role that elastic anisotropy may have on strain path dependence in
polycrystals. In the course of a Bauschinger test for instance, fields due to pure elastic
incompatibilities will recover to zero when X =0 (Yaguchi and Margolin, 1986) but fields
due to elastic-plastic coupling incompatibilities will remain in addition to fields due to pure
plastic incompatibilities. It must be noted that elastic incompatibilities may nevertheless
influence the Bauschinger effect by contributing to the selection of slip systems and
affecting their activity around the grain boundary (Vehoff et al., 1987; Yaguchi and
Margolin, 1986). Furthermore, in fatigue tests, elastic incompatibilities alone can induce
some plasticity near the grain boundary (Vehoff et al., 1987; Yaguchi and Margolin, 1986).
As a result of cumulative plastic strain, plastic and coupling incompatibilities also develop
and provoke stress concentrations which may finally lead to crack initiation.

6. Conclusions

The present paper considered the issue of bicrystal elasto-plasticity assuming an
infinite planar grain boundary. The bicrystal is considered as a heterogeneous elastic-
plastic solid undergoing piecewise uniform plastic distortions (where plasticity is not
restricted to be incompressible) and elastic properties. Explicit closed-form solutions of
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stress and lattice misorientation fields in the general context of heterogeneous anisotropic
elasticity (with and without plastic distortion tangential continuity) were derived by use of
the concepts of Field Dislocation Mechanics in the context of Frank-Bilby interfacial
dislocation. The obtained expressions were validated by Crystal Plasticity Finite Element
simulations on a bicrystal with periodic boundary conditions. Analytical solutions made it
possible to quantify the contributions of the different incompatibility sources, namely the
contribution arising from elastic incompatibilities alone, that due to plastic
incompatibilities alone and the one due couplings between elastic and plastic
incompatibilities. Applications were performed on infinite elastic/plastic bicrystals for
different orientations of the elastic crystal. Values of residual stresses and lattice
misorientations were compared with the isotropic approximations. In most situations,
plastic incompatibilities had the most prominent effects but elastic and even more coupling
incompatibilities showed significant contributions depending on the material elastic
constants, the relative orientation of both crystals and the external loading. However, it
must be recalled here that the study was conducted in single slip plasticity only as it was
restricted to small value of plastic slip. With increasing plastic slip, allowing for multiple

slip systems activity and latent hardening will strongly affect the evolution of X and [Bp} .

The validity of the obtained analytical expressions will still remain under the assumptions
considered (i.e. linear anisotropic elasticity and homogeneous plastic distortion within each

crystal) but the relative part of the different incompatibility terms of ¢ and [Qe] may

evolve differently from the results exposed in Figs.6 and 7. In the same way, plastic
accommodation on different slip systems could modify the discrepancy between the
anisotropic solutions and the isotropic approximations (Figs.8, 9, 10) with increasing
plastic slip.

Only plastic and elastic-plastic coupling incompatibilities do contribute directly to
residual fields. Under load however, all incompatibility types may affect the selection of
slip systems and therefore the distribution of plastic strains. Because of elastic-plastic
coupling incompatibilities, the necessity to consider elastic anisotropy in models for
accurate prediction of residual textures is also demonstrated. Actually, it has been shown in
the present paper that an assumption of homogeneous elasticity restricts to the hypothesis
of pure viscoplasticity. Finally, as discussed by Gemperlova et al. (1989), it must be
underlined that the expressions of stresses and lattice misorientations obtained in an
infinite bicrystal should be valid in a finite bicrystal only in a thin region adjacent to the
interface and far from the finite boundaries and edges like free surfaces. In polycrystalline
aggregates, these field expressions might give some correct estimates close to grain
boundaries and far from triple junctions. In addition, it should be mentioned that they
remain valid if the interface considered is a twin or a phase boundary. Therefore, the
derived formulas are expected to be also of some use in dealing with twinning or
multiphase alloys deformation and fatigue issues.
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Appendix A. Development of the compatibility conditions

The full development of the compatibility conditions (curlp’ = curl B} =0, Eq.(3)c) writes
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Appendix B. Full explicit component expressions of the elastic concentration and
influence tensors obtained from Eq.(45)

Following Eq.(45), the elastic stress concentration tensor components of B. present in

Eq.(53) are first formulated (with the same notations as in the main text)
2|:S (§33§55 - §352 ) + S (§15§35 =538 ) + S (§13§35 —538;s ):|

-
Bl =— D
(s & a2V dl(ss _sc\adlias _&s
m| 2[513 (533555 =S5 )+ 533( 15535 _513555)"' S35 ( 13935 ~ S335‘15)
Bl = D
[ (s 2\, ol (& & & Vool (s s & ]
2_515 (533555 — S5 )+ S35 (515535 _5|3555)+ S5 (513535 _533515)_
Biiis =Bz =~ D
(s s _saaVedl(ss _a2\.dl(ss _&s
21's)) (515535 ~ 513555 )+ Si3 (311555 —Sis )+ Sis (313515 _511335)
By =—— D
(s s _s (& N,dl(s s _ss
m 2|55 (315335 - 313555)+ S33 (311555 =S5 )+ S35( 13515 _511335)
By =—— D

gl _pil __~

3313 = P33z =
D

(B.1) |gil _gl

1311 — P T
D

g _ gl

1333 3133 D

3131
D

gl _ gl _ gl _ gl

1313 = 1331 3113 —
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where D=5, 5,.> +5§,,5,° +5,,5,,” — 5,555 — 25,55,55;; is the common denominator term in

Eq.(45).

From Eq.(45), the elastic stress concentration tensor components of B present in

Eq.(53) are given by

(B.2)

Lastly,
yield

B _ [512](533§55 - §352 ) + [523](§15§35 - §13§55 ) + [525 ](§13§35 - ~33§15)

B _ B _ [514](333555 - 352)+[S34](§15335 =S
B _ B@ _ [516]<§33§55 _§352>+[S36](§15§35 _SI3§55)+[SS6](§13§35 _533515)

_ [SIZ](§15§3S =535 ) + [523](§11§55 - §152 ) + [525 ](§13§15 - §11535)

121 =
D

132 =
D

B, =B

R
R

_ B _ [514](515335 - 13555)+[S34](§11§55 _§152)+[S45](§13515 - 11535)

3321
D

_ [516](§15335 _513555)+[S36](§11555 _§152)+[Sse]( 13515 _§11§35)
D

3332 T

B _ B _ [512](513535 - S33515 ) + [523](513§15 - §11§35 ) + [325]<§11§33 - §132>

3122 =
D

B _ B _ B _ B _ [514](§13§35 _§33§15)+[S34](§13§15 _§11§35)+[S45](§11§33 _§132)

1321 3112 — F3121 T D

B _ B@ _ B _ B@ _ [516](§13535 _S33SIS)+[S36](SI3SIS _§IIS35)+[556](§11533 _5132)

1332 = P3123 = B3z =
D

from Eq.(45), the non zero stress influence tensor components F,, in Eq.(53)
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Fl313 = F3113 = F1331 = F3131 =
D
Fis=Fy, =

FEis=Ki=F;,=EF,,, = D

(B.3) F3313 = F3331 = Fms = F3133 = D

Appendix C. Full explicit expressions of the spin vector jump decomposition

e [ s o oIl Slias o1l s
|:Ql:| =35i6011 +s360-33 +360'31

([Sle](211+0'11 )+[S3e](233+0'33 s)+[556](231+0'31 )+[sze]zzz+[ 46]212+[366] 23)
(C.1) o

[Qg} (Smo]@“ 53.40'.As I0'3.1As )

_%([ ](211"'0-11 ) [534](233"'0- )+[ ](231""731 )+[SZ4]222+[S44]212+[46]223)

[ ]" =l 4 sl 4 sllolh 4 [ po ]

16 11

©2) o] =2([p2]-[42])

e 1P _ (ol ghe | ol JMaer | ([ [iher p
[93] = (14611 +5305 T +84505, [1321])
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Appendix D. Proof of [Q"] ®n= —( [sejxn)T —(as )T +%tr(as)l

The starting point is the expression of the surface-dislocations density tensor a° given
for small displacements by Eq.(18). Decomposing the elastic distortion into its symmetric
and skew-symmetric parts leads to

(D.1) [coﬂxn=—[se]xn—as
Knowing that @] = -0, Q; (cf Eq.(57)), we have in rectangular Cartesian coordinates
(D.2) 0y 0y [ 5, [N =0y [ &5 [~
(D.3) _(5i|5km Im |k [Qe :'nk Oy | € [ i ] e
(D.4) —0; I:'Qi:'nk +|:Q|e:'ni = Oy [Sij]nk -
The trace of the last equation is
(D.5) -2[Q; |n, =—ag,
Subsequently, it gives
e A e S 1 S
(D.6) [Q| :Ini = Oy I:gij ] n - +§akk5il

which also writes
(D.7) ([Qe]®n)T=—[£e]xn—as+%tr(as)l

Taking the transposed of this equation, we finally retrieve the expression of Eq.(64). To the
authors’ knowledge, this expression and the attached proof was not given in the literature.
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Figures captions

Cubic stiffnesses Isotropic stiffnesses (Voigt average)
Cu | C, =170 GPa c, =124 GPa c,, =75GPa E =144 GPa v =0.33
Al | ¢, =107GPa ¢, =61 GPa c,, =28 GPa E =70GPa v =035

Table 1. Values of elastic stiffnesses for Cu and Al.

Orientation of Crystal I

n =20 Crystal directions: [123] ; [521]
V, =10"" m.s" | Global directions: [010] ; [101]
P = 1.10° m™ [ Orientation of Crystal 11
0,=4.2 MPa Crystal directions: [223] ; [332]

Global directions: [0 1 O] ; [1 0 0]

Table 2. Material parameters used in the FE simulation.
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| crystal II

v

nxt crystal I

Figure 1. Sketch of interface | between crystals I and II, with unit normal vector n. The
unit vector t is an arbitrary vector in the interface.
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Figure 2. Configuration describing an infinite planar grain boundary characterized by an
interface dislocation density tensor a°.
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Prescribed velocities
on top face

Periodic boundary _— |

conditions on lateral sides

Crystal II

Infinite planar interface

Crystal I

Periodic boundary
conditions on lateral sides

x! X,

Prescribed velocities
on bottom face

Figure 3. Sketch of the bicrystal bar used in the FE simulation.
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Figure 4. Comparison between the stresses in crystal II provided by the FE simulation (

O'i?”m ) and those directly derived from the analytical formulas (O'itjhe‘))
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Figure 5. Comparison between the lattice misorientations provided by the FE simulation (
[Qf ]num) and those directly derived from the analytical formulas ([Qf]meo ).
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Figure 6. Contribution of the different incompatibility source terms for o, in crystal II (cf.
Eq.(406)).
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Figure 7. Contribution of the different incompatibility source terms for | Q] | (cf. Eq.(62)).
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Figure 8. Evolution of the residual stress components o,,, o;;, 03, in crystal II with the
angle @ for ¥ =0.01. Crystal I remains fixed while crystal II can rotate around (O,x;) by
the angle 6. Inset: relative error made by the isotropic approximation for Cu.

34



0,45

©

E
- PR R R R SR R R R R R, A TR ORI
g e e |
0,15 | ¥ o
i 20
I Cu: = cubic ——isotropic ; 0 . .
Al: ¢ cubic ——isotropic 0 120 240 380
(L)
0,00 : 1 L 1 . ! : 1 . I .
0 60 120 180 240 300 360
6

Figure 9. Evolution of the stored elastic energy density ¢ in crystal II with the angle € for
y =0.01. Crystal I remains fixed while crystal II can rotate around (O,x;) by the angle 6.
Inset: relative error made by the isotropic approximation for Cu.

0,0 T T T T T T T — T .
Cu: = cubic ——isotropic é_ 40 ."/\
" AlL e cubic ——isotropic 2 1
M /\4
01 F ) .
w0 |l\v- A J
% o 120 240 360
L ey J
5 © 02 -
d:g. noo
o o
Pn E‘n unoncn
o 4890, o s nt
o o o a B4 o2
o o 0n nu 'ooo
-0,3 EEE ou ou o a -
Poggd
. | . | . | " . | .
0 60 120 180 240 300 360
8¢
— T T T T T . T T
020 & % -
o (=[5}
l:‘(:1 nu nuﬂ o Dn nn‘:‘n
0‘15 | DD gunnau a nﬂ Ou ]
o L 2
Lo o o
Z &_W W"“‘m""%_ 20000%%%%00g,g. |
. 0,10 g il
<) I € wf N\ /\ ]
005 [ = 1 /\ .
Cu: = cubic ——isotropic - \U \/
| Al © cubic ——isotropic . . V]
= 1] 120 240 350
0,00 L 1 1 1 L 1 L I L0, L
0 60 120 180 240 300 360
6¢)

Figure 10. Evolution of the residual lattice misorientation vector components [Qf] and

[Qg} in crystal II with the angle € for y = 0.01. Crystal I remains fixed while crystal II

can rotate around (O,x;) by the angle &. Inset: relative error made by the isotropic
approximation for Cu.
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