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Finite element method for stability and free vibration analyses of
non-prismatic thin-walled beams

M. Soltani **, B. Asgarian?, F. Mohri”

4 K.N.Toosi University of Technology, Tehran, Iran
b Université de Lorraine, Laboratoire d'Etude des Microstructures et de Mécanique des Matériaux (LEM3), CNRS UMR 7239, Metz, France

In this paper, a numerical method is presented for the free vibration and stability analyses of tapered thin-walled beams with arbitrary open cross sections. The
proposed method takes the flexural-torsional coupling effect of tapered thin-walled beams with arbitrary open cross sections into account. The total potential
energy is derived for an elastic behavior from the strain energy, the kinetic energy and work of the loads applied on the cross section contour. Free vibration is
considered in the presence of harmonic excitations. The effects of the initial stresses and load eccentricities are also considered in stability analysis. The
governing equilibrium equations, motion equations and the associated boundary conditions are derived from the stationary condition. As in the presence of
tapering, stiffness quantities are not constant; therefore, the power series approximation is used to solve the fourth-order differential equations. Displacement
components and cross-section properties are expanded in terms of power series of a known degree. Then, the shape functions are obtained by deriving the
deformation shape of tapered thin-walled member as power series form. Finally, stiffness and mass matrices are carried out by means of the principle of virtual
work along the member's axis. In order to measure the accuracy and check the validity of this method, the natural frequencies and buckling loads of non-
prismatic thin-walled beams with web and flange tapering and various boundary conditions are obtained and compared to the results of finite element analysis
using Ansys software and those of other available numerical and analytical ones. It can be seen that the results of present study are in a good agreement with

other available theoretical and analytical methods.

1. Introduction

The use of thin walled beams with open variable cross sections
has been increasing in steel structures due to their ability to utilize
structural material more efficiently and optimize the distribution of
weight. With the development of manufacturing process, tapered
beams are now adopted with other materials such as wood and
concrete. However, prediction of the flexural-torsional buckling loads
and vibration of thin walled beams with arbitrary cross-section is
complex because of coupling of torsion and bending. The task seems
to be more complicated in the presence of non-prismatic thin walled
beams where the cross section properties are not constant. The
accurate prediction of the buckling load and natural frequencies is
one of the important points in the design of thin-walled structures.
Meanwhile correct evaluation of stability and free vibration of non-
prismatic thin-walled beam with non-symmetric cross-section are of
interest to many researchers.

* Corresponding author. Tel.: +98 21 88779623; fax: +98 21 88779476.
E-mail address: msoltani2@yahoo.com (M. Soltani).

The Timoshenko and Vlasov models [1,2] constitute a powerful
background of the rich extensive literature on the elastic flexural-
torsional buckling behavior of thin walled beams. Chen, Liu and
Bazant, Cedolin evaluated buckling loads either by closed-form
solutions of the fourth-order differential equations governing the
twisting and bending of the thin-walled beams or by using of
complementary energy principle [3,4]. However, these studies are
mainly focused on the stability analysis of uniform cross-section
beams. Different numerical methods as finite element methods
have been developed by many researchers in the case of stability
and vibration analyses of prismatic thin walled beams with mono
symmetric or arbitrary cross section shapes [5-21]. Most of these
studies have been concerned on the stability and vibration
analyses of thin-walled beams with uniform cross sections. How-
ever, in the last decades, the thin-walled with variable cross
sections have been used in different steel constructions; therefore,
studying their vibration and stability behavior has gained more
attention by many authors [22-36]. The investigations of elastic
flexural, lateral-torsional buckling load and natural frequency of
tapered thin-walled with the recourse to finite element method in
the validation process has been attracted by many researchers.
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O: Centroid
C: Shear Center

Fig. 1. (a) Thin-walled beam with non-symmetric cross-section and (b) coordinate system and notation for displacement parameters of the non-prismatic beam.

Among the first investigations on this topic, the most important
ones are the study of Brown [22] who used shell elements in
mesh process of tapered I beams and carried out their buckling
loads accordingly. This work was followed by the studies of
Yang [23] who used the updated Lagrangian approach to for-
mulate a finite element model for geometrical non-linear
analysis. Pasquino [24] used a variational approach to derive
the Euler-Lagrange equations to evaluate the buckling loads of
non-prismatic thin-walled beams with arbitrary cross-section. A
3D beam finite element model for large torsion context applied to
the case of doubly symmetric tapered cross-sections was devel-
oped by Ronagh [25,26] in which effects of non-linear terms such
as flexural-torsional coupling in the presence of cubic terms of
torsion angle were considered. Chen [27] obtained the motion
equations governing of non-prismatic thin-walled beams with
arbitrary cross-sections by using Hamilton's principle. A finite
element approach was introduced by Kim [28] to investigate the
linear stability and free vibration behavior of doubly symmetric I
tapered thin-walled beam. Li [29] used the Chebyshev polyno-
mial method to solve the equilibrium differential equation of
tapered beams under constant axial load and by considering the
effect of shear deformation.

The elastic and geometric stiffness matrices of the non-uniform
beam element with I section subjected to torsional load is deter-
mined by Yau [30]. In the mentioned study, the effects of the non-
uniform torsions and the second-order of warping torsions are
pondered. Lei [31] established beam strain energy and equilibrium
equations considering deformation compatibilities of two the
flanges and web of the I-section and investigated the linear stability
behavior of the tapered beams. Improved solutions were obtained.
More recently, based on the Rayleigh-Ritz method combined with
shell element, a general variational formulation to analyze the
lateral-torsional buckling behavior of simply supported and canti-
lever tapered thin-walled beams with singly symmetric cross-
sections was presented by Andrade [32-34]. Effects of load position
were also modeled in these studies. The lateral stability of thin-
walled tapered beams with singly symmetric I cross-sections by
means of the power series method was investigated by Asgarian
[35]. The previous method has been extended to stability and free
vibration behavior of tapered beams with non-symmetric cross-
sections and arbitrary boundary conditions using power series
expansions by Soltani [36]. Most of the previous works devoted to
tapered beams have been limited to doubly or singly symmetric
cross-sections in both stability and vibration analyses.

In the present paper, power series method is combined with a
finite element approach and applied to tapered beams with
arbitrary cross sections. After discretization steps, the stiffness
and mass matrices needed in stability and free vibration analyses
are determined for non-prismatic thin-walled beams subjected to
constant eccentric axial and variable bending loads. The contents
of this study are summarized as follows:

1. The equations of motion are derived from the energy principle of
the thin-walled beam subjected to bending and axial loads. Load
positions on the cross section contour are also taken into account.

2. The power series expansions are used to facilitate the solution
of the fourth-order differential equation of equilibrium of non-
prismatic thin-walled member with variable coefficients.
In this regard, it is assumed that the functions which describe
the beam's variable parameters such as: flexural and warping
rigidities, density and loads are expanded into power series
form. The expressions of shape function are also determined
based on aforementioned method.

3. The terms of stiffness and mass matrices are derived by means
of the shape functions resulting from its nodal displacements
and the principle of virtual work along the beam axis. The
critical buckling loads and natural frequencies are also obtained
by solving the eigenvalue problem.

After presenting above items, several numerical examples are
presented in order to measure the accuracy and validity of the
proposed method. The results are also compared with other
available results. The present method has many advantages
including efficiency, accuracy and simplicity compared to more
complicated numerical methods. The main advantage of this
method is its simplicities in which for stability and vibration
analyses of structure, only geometry and material properties of
the members need to be defined.

2. Derivation of equilibrium and motion equations for
buckling and free vibration
2.1. Kinematic

A non-prismatic thin-walled beam with arbitrary cross-section

as shown in Fig. 1a is considered. It is assumed that the beam is
made from homogenous and isotropic material and the length of



the member is large enough compared to its cross-section dimen-
sion. Therefore, the shear deformation is negligible and small dis-
placement is considered. In the present study, the beam is subjected to
arbitrary distributed forces py, py and p; in structural domain in the x, y
and z direction, respectively, along a line (PP’) on the section contour
(Fig. 1a). The shear point C is known by its coordinates (y.z.) in the
reference fixed in centroid O. Fig. 1b shows displacement parameters
of thin-walled beams defined at the non-symmetric cross-section with
reference to centroid or shear points, in which the x, y and z are the
cross-section center principal axes. U, V and W are the 3D displace-
ment components of a point on the section contour. 8 is the torsion
angle. Under these conditions, the three displacement components of
point M on the wall contour can be expressed as function of those of
the shear center C [36] as follows:

I(V(X, t)+z(X)0(x, 1))

URX,y,z,t) =uo(x,t)—y
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In these equations, U is the axial displacement at the centroid. The
displacement components V and W represent lateral and vertical
displacements (in direction the y and z). The term ¢(y,z) signifies a
cross-section variable called the warping function, which can be
defined based on Saint-Venant's torsion theory.d is twisting angle.

The Green's strain tensor components which incorporate large
displacements and include linear and non-linear parts of strain are
given by:
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efj denotes the linear and e;; the quadratic non-linear parts of
strain. In the case of thin-walled beams, the components of the
strain tensor are reduced to the following ones:
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Using relationships (1-3) and taking into account for tapering, the
linear and the quadratic non-linear parts of strain-displacement
are as following:
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The term r in Eq. (4g) represents the distance of point M to shear
center /(Y —y)? + @z —2z0)%

Then, the stress components for homogenous and isotropic
materials are:

Oxx = E€xx, Txy = nyya Txz = nyp
Oy =02="Ty; =0, 6)
where G and E are shear and Young's modulus.

The most general case of normal and shear stresses associated

with axial force N, bending moments M, and M., and shear forces
Vy and V, are considered as:

oo N My, M
* AT AT
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where T,?y and 79, represent the mean value of the shear stress and
a9, signifies initial normal stress in the cross section.

2.2. Equations of motion and elastic equilibrium equations

The equations of motion for non-prismatic thin-walled beam
are derived by variation of total potential energy which is:

5(U1+U0+UM7W)=O 7

In the last formulation, § denotes a virtual variation. U; and Uy are
the elastic strain energy and the strain energy due to effects of the
initial stresses, Uy, the kinetic energy under harmonic forces, and
Wthe external load work. Their relationships for each term of the
total potential energy are developed separately in the following:
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In which, L and A denote the element length and the cross-section
area, respectively, p and w are the material density and the natural
frequency (circular). In Eq. (11), up, vp and wp are axial, lateral and
vertical displacements of point P, respectively. According to kine-
matics used in reference [18] and by adoption the quadratic
approximation, the displacements of the point P are:
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For simplicity, (e; =zp—zc)and (ey =yp—y,) are defined to imply
the eccentricities of the applied loads from the shear center C of
the cross-section.

Substituting the variation of the strain-displacement relations
defined in Eq. (4) and initial stresses (6) into Eqgs. (8) through (11),
and integration over the cross-section in the context of principal
bending and warping axes conditions, the following equations are
obtained:
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In the previous expressions (13)-(16), I, Iy and I, denote warping
constant and the second moments of inertia. Jis the Saint-Venant
torsion constant. §, and , are Wagner's coefficients in which the
exact formulations of these parameters are presented in Asgarian
[35]. Mo = pyyp, Myo = pyzp angl Byo = —Dpy¢p are external bending
moments and bimoment. M;=gq,ey,—q,e;and M;=gq,e,+q,e;
denote the first and second order torsion moments due to load
eccentricities. The following geometrical relations are also used:
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A

In the case of the constant axial load N applied at the beam
supports and according to Eq. (7) with respect to ug, v,w and 6,
the equations of motion for a non-prismatic thin-walled beam
with non-symmetric cross-section are derived as:
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In what follows, a numerical method based on the power series

expansions is adopted for solution of the system of coupled

differential equations of motion (18)-(21). According to this
technique, all geometric properties of a beam with variable

cross-section, the torsion angle @, the vertical and the lateral
displacements are expanded into power series form. This method
was used by different authors to derive the critical buckling loads
of the beam column members [37-41] and evaluate the stiffness
and mass matrices of thin walled beams [14-16]. Its application to
non-prismatic thin-walled stability and free vibration analyses is
presented in the following section.

3. Numerical approach

In the last equations, due to presence of tapered elements, all
geometric properties including bending and torsional character-
istics of the beam cross-section along the member length are
variable (I(x), I,(x), I; (x) Is(x)). Moreover, the non-symmetric
terms are not constant over the beam's length (zc(x), y.(x), B,(x),
ﬂy(x)) All the applied loads, bending and torsion moments can be
arbitrary along the x-axis (M(x), My(x), M;(x), M(x)). For these
reasons, all these terms are taken as the following infinite power
series form:
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In beam stability and free vibration analyses, the axial equilibrium
equation Eq. (17) is uncoupled to flexural-torsional behavior and it
has no incidence on analyses. Therefore, in what follows, this
equation is not considered. Introducing a non-dimensional vari-
able (¢ =x/L), the stability Eqgs. (19)-(21) are written in terms of &
as:
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The general solutions of three displacement parameters

(v(e),w(e),0(¢)) are also presented using the following power
series:

v(e) = AOZO:O a;é' (26)
iz

w(e) = ,OZO:O b;é! 27
i=

O(e) = 'ozojo ciel (28)
1=

Furthermore, introducing new variables:

L=LL, I=I,L, I = I%L",

=L, Ji=JL'. Ri=R,]L, Af=AL
Z::ZqLi, J’Z=yc,-Li, p;’k:pil‘i’ /}Z:ﬁzil‘i’

ﬂ;i:ﬂ)’il'i’ pZ:plnLi’ p;f:pylLi
Bjoi =Byoil. Mi=M,L, M;=M,L
M:oi = MZO,L[, M;oi = MinLi’ M: = Mt,Li, M: = Mt,Li (29)

To satisfy Eqgs. (23)-(25) for all values of &, one must have the
following recurrence formula for a4, by, 4 and ¢ 4:
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According to the recurrence formulas (30)-(32), the general
solution of coupled system of differential Eqs. (19)-(21) can be
determined explicitly in terms of the twelve constants
(ap,aq,as,as), (bg,b1,by,bs3) and (cg, c1,C2,c3). Then, the solutions
of equilibrium equations can be expressed in the following matrix
form:

{C(&)} = [B(e){A} (33)
In which
v(e)
{Cle)} = W(&)
0(e)
(Ay={a0 a a as by by by b3 co ¢ & i}



vo(e) Vvi(e) va(e) vs3(&) va(e) vs(e) ve(e) Vi(e)
[B(e)]= | Wo(e) wi(e) Wa(e) Ws(€) Wa(e) Ws(€) we(e) wq(€) ws(€) Wo(€) Wio(€) Wii(€)
Os(e)

Oo(e) 0O1(e) Ox(e) O3(e) 0Oae) Os(e) Og(e)

In Eq. (33), {A} is unknown vector. All terms (v;(e), wi(¢)and 0;(¢),
i=0-11) are derived using MATLAB software [42].

4. Boundary conditions and shape functions

It should be noted that the all undefined coefficients
(ag,aq,as,as), (bg,by,by,bs) and (cg, ¢y, 5, c3) are functions of the
displacements of degree of freedom (DOF) which can be derived
by imposing four boundary conditions for each displacement
parameter of a single-span beam (two at each end of the beam).
Fig. 2 shows the nodal displacements of the beam element in the
local coordinate.

Referring to this figure and using local coordinates at € =0 and
&£ =1, the following boundary conditions must be satisfied:

(D} =[V]{A} (35)
Where

[ vo(0)
wo(0)
00(0)
Y©
L
A0
L
A
L
vo(1)
wo(1)
6o(1)
Yo
L
wo(
L
()
L

Fig. 2. The nodal displacements of a thin-walled beam.

vg(€)  Vo(€)

0:(e)

Vio(€)  v11(€)
(34a-c)

O9(e) O10(e) B11(8)

T
{D}={v0 we 6% ve w0 g% vt ow! @' vt wl @'
(36a-b)

In the present finite element model, each element has two nodes
with six degrees of freedom per node (DOF). The DOF vector of the
element is given in Eq. (36b).

From (35), one gets:

{A} =[]~ (D} 37)
Then, the system (33) becomes:
{C(e)} =[B(e)[V]~{D} 38)

The terms of the element mass and stiffness matrices can be found
from the derivatives of the interpolation functions. The shape
functions define the deformation shape of the element from
applying unit translation, twist, warping or rotation at each of
the 12 degrees of freedom, while constraining other eleven nodal
displacements as follows

10 =100 =" =2 =w? =0 =v =w! =0 =vI =w'1=0" =0
2w0 =110 OO 0 v e =9 =T w91 =0
3.6° — 1,w0 =0 V=0 =@ =y =w' =0 =V =w'1=60"=0
40 =10 = =" =w? =9 =vi=wl =@ =vi=w'1=0"=0
50 =10 =wl =0 =v0 =0 vl =l =@ ' =v1=w1=0"1=0
60°=1, 0= =" =v0 ==yl =w!' =0 =vI=w'=0"=0
T =10 =0 =@ =0 =0 =9 = =9 = =w1=¢"=
8w =1, V0 == =v0=w? =0 =v1 =0 =v =w1=0"=0
90" =1,V =0 =0 =0 =0 =@ vl —wl=vi=w'=¢"=0
10V =1, 0 =0 =0 = =2 =0 =v' =w' =9 ' =w'=0"=0
MW =10 == =" =v2=0° v =w' =0 =v1=9" =0
=wO=vl=w!' =@ =vI=wl=0

(39)

120" =10 =0 =w? =¢° =v°

According to these twelve boundary conditions corresponding to
each shape function and using Eq. (38), 12 sets of interpolation
functions can be derived. These shape functions could be taken
any arbitrary shapes which satisfy the boundary conditions of
element and internal continuity requirements. Thus the general
displacement of the considered beam is related to four shape
functions for each displacement parameter:

{Ny)T
{Ce&) = | (Nw)T [{D} (40)
{Ng)T
Where
{Ny}T
{Nw)T
{Ng)T

Niy 0O O Np O O Ny O 0 Ny 0 O
—| 0 Ny 0 O Nyo O O Nys O 0 Ny O
0 0 Npy O O Ny O O Ngg O O Ngy

(41)



5. Stiffness and mass matrices

The equilibrium and motion equations have been derived
previously in Eqs. (18)-(21) from the principle of minimum
potential energy. With the help of the power series method, this
system has been used to perform the stability of prismatic and
tapered thin-walled beams in both buckling and lateral buckling
phenomena [35,36]. In finite element approach the principle of
minimum potential energy leads to the following system:
(K*)+[KeDh{d} ={Q} (42)

Where {d} and {Q} are the displacement and the force vectors.
They are related here to beam Degree of Freedom. [K*] and [K(] are
the elastic and geometrical stiffness matrices. These matrices are
carried out by discetization of Egs. (13) and (14), with the help of
the obtained shape functions. In the case of the non-prismatic
thin-walled beam, the terms of these matrices are the following:

[K*]=E /L (ANHNGYT + 1y (N}, } (N )T
+15{NgHN) + Lz (Ng} o) +4L:22 Ny} Np)
+LZ.({N,}{Ng}" +{Ng}{N,}T)
+2LZL (N HNGT +{NGHN )+ 21,2.2({NgHN T + (N} {Ng3T)
+1,y 2 {NgHNg)" + 4L,y > Ny HNy}"

—LYe(INy HNg) T+ {NgHN } ) — 21, Y. (N HNy, )T+ (N, NG )

+2Lyy .y ((Ng}H{Np}" + Ny} {Ng}")}

dx+G / JIN,HN, dx 43)
L

K¢ = /L INGNLJNGT 4 (N HNG )T+ ReNp} NI — 22, INg} (Ng)T

—YeVeNo}{Ng)" +2c(Ng} Ny} + (N} {Np)T)

+Z:((NyH{Ng} + (Ng}H N =y (I} INGY T + (N HN,, )

— YNy HNgY +{NgHN,, ) — M (N, NG +{NpHN,, 1)

+My({NgHNy I +{N HNp) ') — ML (N, H{Ng}

+ {NgHNy, ")+ M;, (N, }{Ng} "+ {Ng}{Ny}T)

—(Mzy+M,y ) (NgHNg)" — (Myz; +M,zc){Ng}(Ng)"

—(ByMz+,My){Ng}{Ny)" — M(Ng}{No}" }dx (44)
where K}’;- is the usual elastic stiffness matrix and Kg; is the
geometric stiffness matrix, which accounts for secondary effect
of the variable axial force (N) and bending moments (M, M,) on

the bending stiffness of the member.
The load vector Q is given by:

Q)= /L Dy Ny} + D, (Nw) — Moo (N, } — Myo (N}
—M0z.{Ng} — M0z {Ny} +Myoy.{Ng}
+My0y Ny} +Buo{Ny} +M¢(Ng}ydx (45)

At this stage, it is important to mention that the elastic and
geometric stiffness matrices [K*] and [K¢| investigated for a
tapered beam with arbitrary cross-section can be used to derive
the similar stiffness matrices for a beam with uniform cross-
section. In this situation, the shear position is constant and the
flexural-torsional stiffness matrices are reduced to:

K1 = E [ NN+ L N H N+ NG NpIT) e

+G /L JINGHN)T dx 46)

K¢l= /L {NGN,HNDT 4+ (N HNL T +ReANpHN) T +22({Np}N;}T)
—2y({N;, {Np}")

—2M({N}, HNp}")+2My ({NHN,}T) — 2M,({N;,} {Ng}T)
+2M;,({N,}{Ng}") = (B, M + B, My){NpHNp}" — Mc(Ng}{No}'} dx
(47)

In [K] matrix, the load eccentricity contribution is present in the
last term of (47). These matrices can be easily derived from the
linear stability models developed in [8,43,44| where the second
variation of the potential energy is employed.

By applying the principle of virtual displacement along the
member with distributed mass, the mass matrix terms are derived
as:

M] = pw? /L {AINVNGY +ANWHN W} +L{Np}{Np)T +Azc({NyHNg}"

+{NgHNy}") — Ay ({(Nw}{Ng}" + {No}HNu}")
+IGINGHNG) T+ LANGHNGY + 1 AN HN, )

+1.z2{Ng}{Ng}" +1,y2{Ng}{Ng}"
+Z.L({N,}{Ng}" + {Ng}{Ny}") — yiIy({Ny, }{Ng} "

+{NgHN,, }")}dx (48)

The stiffness and mass matrices of the whole structure can be
obtained by assembling each element stiffness and mass matrices
according to its nodal displacements. The process of assemblage is
described in detail in most stability analysis textbooks [3,4].

The equilibrium Eq. (42) is non-linear, since the stiffness matrix
is not constant. The solution is obtained using classical incremen-
tal iterative methods. It becomes:

(K*1+[KcD{Ad) = {AF} (49)

In which {Ad} and {AF}are displacements and force increments.
In general, the solution is not unique near bifurcation and limit
points and an efficient control method must be adopted in the
solution of (49). Moreover, near bifurcation points the structure
behavior becomes unstable and very sensitive to imperfections.
Small perturbations result in large responses. One way to view this
is that the stiffness matrix becomes singular when the loads reach
the critical values. A study of instability would require suppression
of all prebuckling deformation in the analysis and right hand side
of the system (49). In linear stability, the geometric stiffness
matrix is proportional to the initial stress forces. The buckling
loads are obtained from the solutions of the following eigenvalue
problem:

(K*1+AKcD{¢} =0 (50

In which 1 are the eigenvalues and {¢} are the related eigenvec-
tors. Under compressive loads, they lead to buckling loads and
related buckling modes. In the case of lateral stability, one gets the
buckling moments and lateral buckling modes.

For free vibration, the problem is similar to Eq. (50), where the
mass matrix is put in place of the geometric stiffness matrix. The
eigenvalue problem to be solved is:

(K*)—piMD{g} =0 ()Y

Here u is related the eigenpulsation of the structure (x4 = @?) and
{¢} is the related eigenmodes of vibration. It is well known that for
a system with n degrees of freedom, n buckling modes and n
vibration modes are existed, but in practice only the lower ones
are of interest in buckling and vibration analyses.

6. Numerical examples

The aim of this section is to demonstrate the accuracy and the
validity of the proposed finite element method in the lateral
buckling stability and the flexural-torsional buckling analyses
of tapered thin-walled beams with arbitrary cross-sections and
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Fig. 3. Cantilevers and simply supported beams with different cross-sections shapes: geometry, loading and material data.

boundary conditions under an eccentrically axial or lateral load
and in the free vibration analysis. In order to achieve this goal,
some numerical examples are performed. The LTB and FTB loads
and natural frequencies provided by the numerical results
obtained by aforementioned method are compared to other
available analytical or numerical solutions and to finite element
method analysis results using ANSYS software [45]. In this code,
each studied thin-walled beam is modeled using shell elements
(SHELL63). Shell63 has both bending and membrane capabilities.
And both in-plane and normal loads are permitted for this
element. The element has 6 degrees of freedom at each node,
3 translations in the x, y and z directions and 3 rotations about the
3 axes. In the studied examples, effects of axial and lateral loads
eccentrically, the tapering parameter and beam slenderness on
FTB and LTB strength are also investigated.

6.1. Example 1

This example has been prepared to verify free vibration and
stability analyses of thin-walled members. The present method
can be applied for the buckling analysis of various forms of tapered
and uniform thin-walled beams with arbitrary cross-section. So to
check the accuracy and the validity of proposed method, four cases
involving instability analysis of cantilever and simply supported
beams with constant cross-sections are presented in this example.

In Case a, the buckling moment (M) of a simply supported
beam subjected to bending moment is investigated (Fig. 3a). This
case deals with web tapered thin-walled beam. The web height
(the distance between the flange mid-lines) of the beam varies
linearly along the length from 300 mm at the right support to
180 mm at the other. The Case b is on the estimation of the critical
flexural-torsional buckling load of a tapered thin-walled cantilever

beam under a compressive axial load at the top flange of the free end
section (Fig. 3b). The web height is made to vary linearly from
375 mm at the fixed-end to 300 mm at the smaller end section.
In Case c, the lateral stability of a simply supported prismatic beam
with doubly symmetric cross-section under lateral uniform distrib-
uted load is presented. Table 1 gives the values of the buckling
moment (M, = q,L%/8) of the aforementioned beam when loads are
acted at the centroid of the considered I section (Fig. 3c). Case d
represents the critical buckling load of a prismatic cantilever beam
with non-symmetric channel section subjected to an axial compres-
sion force on the centroid of the free end section (Fig. 3d).

All the considered thin-walled members and cross-sections are
depicted in Fig. 3 with loading, boundary conditions, material
properties and geometric dimensions.

Table 1 gives the critical buckling of the tapered and uniform
beams with various types of cross-sections. Effect of degree of
the power series and number of elements on convergence is also
displayed in Table 1. In this table, the critical buckling moments
and flexural-torsional buckling loads are carried out from the
present finite element method, numerical approach proposed by
Asgarian [35] and Soltani [36], finite element method by Kim [15],
the analytical solution proposed in [8]| and commercial code using
Ansys software [45].

As can be seen in Table 1, the satisfactory results for engineer-
ing requirements can be reached when the taken number of terms
of the power series exceed over 10. Note that in finite element
procedure, beam mesh with 4 elements is a good compromise for
equivalent accuracy of the accurate buckling loads. In all devel-
oped Ansys models in this example, the number of the elements
used in the longitudinal direction is selected in each case so that
the aspect ratio of the element (length-to-maximum width) is
close to unity at the largest cross-section.



6.2. Example 2

This section concerns the flexural-torsional buckling and free
vibration analyses of prismatic and web tapered simply supported
beams, as shown in Fig. 4. In this example, both analyses are made
for two types of cross-section. The first one is a doubly I-section
and the second is a singly symmetric I section, with the top flange
longer than the bottom flange. In the case of web tapered beam,
the top and bottom flanges remain constant along the beam's
length while, the web height of the cross-section is varying
linearly from (hpmax) at the left support to (hy,) at the other
support. Thus, the tapering parameter (@ = hy,/hmax) has been
ranged from 0.4 to 1. The compressive axial load is applied at the
top flange of the bigger end section. The Beam lengths (L) vary
from 6.0 to 12.0 m. The geometrical and the material data are
shown in Fig. 4.

Table 2 depicts the elastic buckling loads for the considered
simply supported tapered beam illustrated in Fig. 4 which is
subjected to constant compressive axial load at the top flange of

Table 1

Effect of number of elements (n) and power series number (N) on linear critical
buckling load and natural frequencies of web tapered and prismatic thin-walled
beam (Fig. 3a-d).

Case  Number of elements (n) Present method References
Number of terms of power
series, N
5 10 15
Casea 1 51.59 69.61 72.5 50.33[45]
2 50.35 50.89 5091 49.03 [35]
3 50.08 50.09 50.09
4 49.99 49.93 49.93
5 49.96 49.88 49.88
6 49.93 49.86 49.86
7 49.88 49.85 49.85
8 49.86 49.85 49.85
9 49.86 49.85 49.85
Caseb 1 43.94 44.03 44.21 43.41 [45]
2 43.64 43.62 43.73 42.62 [36]
3 43.62 43.59 43.59
4 43.59 43.59 43.59
5 43.59 43.59 43.59
6 43.59 43.59 43.59
7 43.59 43.59 43.59
8 43.59 43.59 43.59
Casec 1 64.7 65.06 65.06 64.66 (8]
2 64.52 64.54 64.54 63.9 [45]
3 64.48 64.48 64.48 64.46 [35]
4 64.47 64.47 64.47
5 64.47 64.47 64.47
Cased 1 16.54 16.54 16.63 14.07 [45]
2 14.32 14.32 14.38
3 13.94 13.94 13.94 13.8 [15,18]
4 13.93 13.93 13.93 13.93 [36]
5 13.93 13.93 13.93
by
hmax Ihmin
777777 . a

A
A

L=6,9,12m; a =0.4,0.6, 0.8, 1.0

the larger cross-section. Also, the lowest values of natural
frequency computed for all mentioned cases are shown in Table 3.

In these tables, the obtained results of the described cases in
the stability and vibration by the present finite element method
based on power series expansions have been compared with those
obtained by finite element method using SHELL63 element of
Ansys software [45]. Moreover, in the case of stability analysis,
a comparison with PSM, investigated by Soltani [36] is made.
For more information, the relative errors (A) between the present

Table 2
Simply supported tapered beam an axial load at the top flange of the bigger cross-
section (Fig. 4): flexural-torsional buckling loads (P, ) and their relative errors (4).

L(m) « Present FIB of simply supported beam (kN), load on top flange
method

Equal flanges Unequal

flanges
FEM [45] Soltani A(%) Present FEM [45] Soltani A(%)

(Ansys) [36] method (Ansys) [36]
6 04 338.64 34330 334326 1.36 23145 23298 230.25 0.66
0.6 345.03 346.58 344.093 045 231.44 229.81 229.403 0.71
0.8 350.61 350.81 353.534 0.06 226.94 229.56 22918 1.14
1 35821 35493 362.704 0.92 219.60 220.10 217.985 0.23
9 04 163.72 164.84 162.641 0.68 103.42 103.65 103.157 0.22
0.6 165.14 165.58  165.286 0.27 103.49 103.54  102.666 0.05
0.8 166.19 166.57  167.909 0.23 102.89 103.07 1025 0.17
1 168.81 167.54 17051 0.76 101.77 102.29  101.312 0.51
12 04 96.08 96.43 95.764 036 58.19 58.27 57.516 0.14
0.6 96.62 96.72 96.78 0.0 58.23 58.15 57.55 0.14
0.8 97.05 97.08 97.79 0.03 58.06 57.94 57.577 0.21
1 9744 9742 98.798 0.02 57.61 57.61 57.601 0.00
Table 3

Natural frequenciesw (rad/s) and relative errors (A) for simply supported web
tapered beam.

L(m) « Equal flanges Unequal flanges
Present FEM [45] A(%) Present FEM [45] A(%)
method (Ansys) method (Ansys)
6 04 4347 4312 0.81 30.83 31.82 311
0.6 41.96 41.64 0.77 28.91 29.95 3.47
0.8 40.6 40.29 0.77 27.04 28.28 4.38
1 3935 39.05 0.77 25.23 26.79 5.82
9 04 1931 19.18 0.68 14.83 14.8 0.2
0.6 18.65 18.52 0.70 14.1 14.08 0.14
0.8 18.04 17.92 0.67 13.43 13.43 0.00
1 175 17.37 0.75 12.73 12.83 0.78
12 04 1049 10.79 2.78 8.48 8.47 0.12
0.6 10.87 10.42 432 811 8.09 0.25
0.8 10.15 10.08 0.69 7.76 7.75 013
1 9.84 9.77 0.72 7.44 7.44 0.00
b b
—— 4 ) B= 600, b =150mm
>l t, >l
Doy J/ . t=12.7, t,= 9.5 mm
L — l tf L -
t D) E=210 GPa
b G=80.77 GPa

p="1800 kg/n’

Fig. 4. Simply supported tapered beam under axial compression load: geometry and material properties, (a) doubly symmetric section and (b) singly symmetric section.
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applied at the centroid (a) and on the top flange (b).

Q 0 b,
’, A By0= 600, b =150mm
1 [ 4=127, =95 mm
Iri
’ E=210 GPa
t G-180.77 GPa
Equal flanges

L=6,9,12m; =0.4,0.6,0.8, 1.0

Fig. 6. Simply supported web tapered I-beam under a concentrated load: geometry, material and loading positions.

model and shell predictions of Ansys [45] are also reported in
Tables 2 and 3.

The variation of flexural-torsional buckling load of the simply
supported web tapered column with singly symmetric cross-
section subjected to axial compression load at two different
positions (a) on centroid point and (b) on the top flange of the
beam depicted in (Fig. 4), versus the tapering coefficient a is
illustrated in Fig. 5. For comparison, the same figure shows result
obtained by Soltani [36] and Ansys software. As it is seen, results
of the present method and Ansys simulations are very close.
According to Soltani [36] the results are in good agreement and
the difference with finite element simulations is less than 3%.

According to Tables 2 and 3, an excellent agreement is observed
with the values of FTB loads and the first natural frequencies
derived from this finite element method and the results obtained
from numerical analyses and Ansys software.

6.3. Example 3

The third example deals with the lateral-torsional buckling
behavior of two sets of doubly symmetric simply supported
tapered beams under a concentrated load applied at mid-length,
as shown in Fig. 6. In the web tapered beams, the cross-section of
top and bottom flanges is usually constant along the length of the
beam while, the web height at both supports (hu;) is made to
reduce by 40%, 50%, 60% and 80% of the highest value (h,qy). In this
example, the tapering coefficient (@=hmin/hmax) has been varied
from 0.4 to 1.0. It is also assumed that the beam's geometrical and
material parameters are symmetric relative to the x-axis that
means the both segments have the same tapering ratio and
cross-section. Beam lengths (L) have been varied from 6.0 to
12.0 m. In this example, the buckling loads are carried out for
two different load positions: the concentrated lateral load applied
at the shear center and on the top flange of mild-span cross-
section, as shown in Fig. 6.
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In Table 4, the values of Q. obtained by the proposed FEM
based on the expansions of the power series method and finite
element results by means of Ansys software [45] are presented.
Some other benchmark solutions are also reported: 1D model
introduced by Andrade [33] and power series solution investigated
by Asgarian [35] for the two load positions and finite element
results available in Yang [23] for load position on centroid.
The relative errors (A) is computed according to A=
Qer—QEM)/ QEM x 100.

As shown in Table 4, the values of lateral-torsional buckling
loads derived from this method are in good agreement with
the numerical results obtained using Ansys code [45] and some
other available studies proposed by Yang [23], Asgarian [35]
and Andrade [33]. The difference between various solutions is
acceptable.

6.4. Example 4

This section concerns the stability and free vibration analyses of
two sets of non-prismatic thin-walled beams. In this example, two
cross-sections are assumed, a doubly and a singly symmetric [
section. In the depicted beam, the flanges' width for both types of
cross-sections are made to vary linearly from the fixed end to the
tip end. The analyzed beam also exhibits a linear web tapering.
The web height is ranging along the beam's length and it is made
to reduce to the half at its free end, as shown in Fig. 7. The material
data are shown in Fig. 7. The buckling loads are derived when the
beam is subjected to a compressive axial load at the top flange of
the free end section (point B). Buckling and free vibration analyses
are carried out for different beam slendernesses L=6, 9 and 12 m.

Tables 5 and 6 represent the flexural-torsional buckling loads
and the natural frequencies of the cantilever column with non-
uniform cross-section computed by the proposed procedure and
compared to those obtained by finite element method using Ansys
software [45].



Table 4

Simply supported web tapered I-section under a concentrated load (Fig. 6): linear critical loads comparisons and errors.

L(m) « Critical buckling loads (kN)
Top flange loading Centrodial loading
Present Study ngM Ansys Q/Cirndr‘ﬂde [33] Qé\rsgﬂriﬂ" [35] A(%) Present Study foM Ansys Q/Cirndmde [33] Q?rsgﬂriﬂ" [35] Qg’,fmg [23]  A(%)
6 04 61.74 60.05 65.84 59.73 2.81 107.07 100.67 109.75 108.51 109.42 6.36
06 7335 73.85 72.55 72.81 0.68 120.58 111.50 118.42 122.90 114.04 8.14
0.8 85.73 83.06 85.07 86.23 3.21 134.73 125.51 133.26 137.23 118.5 7.35
1.0 98.68 98.78 100.75 99.66 0.10 149.28 139.84 151.28 1514 151.42 6.75
9 04 28.92 29.94 31.03 28.04 341 43.75 43.87 45.45 43.95 42.62 0.27
06 3233 32.23 32.81 31.94 0.31 47.48 46.47 47.55 47.96 44.38 217
08 35.88 35.72 36.06 35.89 0.45 51.36 50.21 51.31 51.98 45.95 2.29
1.0 39.79 39.92 40.24 39.91 0.33 55.38 5447 55.99 55.99 55.98 1.67
12 04 1712 17.89 18.22 16.703 4.30 23.8 2422 24.67 24.01 22.67 1.73
06 18.62 18.86 19.03 18.415 1.27 25.36 2530 25.61 25.53 235 0.24
0.8 2015 20.26 20.36 20.134 0.54 26.99 26.81 27.10 27.23 27.87 0.67
1.0 21.83 21.95 22.03 22.047 0.55 28.67 28.57 28.94 28.94 28.92 0.35
A
Fixed end E=210, G=80.77 GPa
= Free‘ end p=17850 kg/m’
% section 1=6,9, 12m
| L :
180 180
— 144 f 144
t N T —— tw > T
oo U =127, 4295 mm 600 Ll
600 w 300 > 300
3 IR N 1 I
ly T— — ty — Dimensions in mm 100 80
Fixed end Free end Fixed end Free end
Doubly symmetric Singly symmetric
Fig. 7. Tapered I-section cantilever thin-walled beam under axial compressive load: geometry and material properties.
Table 5 Table 6

Critical buckling load P(kN) for the non-prismatic beams with different lengths.
(Example 4).

The natural frequency w(rad/s) for non-prismatic thin-walled beams with doubly
or singly symmetric I-section. (Example 4).

L (m) Mode FTB of a cantilever beam (kN), loaded on top flange L (m) Mode The natural frequency w(rad/s)
Equal flanges Unequal flanges Equal flanges Unequal flanges
Present FEM [45]  A(%) Present FEM [45]  A(%) Present  FEM [45] A(%) Present FEM [45] A(%)
method (Ansys) method (Ansys) method  (Ansys) method  (Ansys)
6 1 100.93 99.01 1.94 64.58 64.55 0.05 6 1 19.47 19.45 0.07 14.85 15.16 2.04
2 652.02 633.28 2.96 482.86 448.12 7.75 2 52.97 51.60 266 42.88 42.98 0.23
9 1 4751 47.52 0.02 29.01 28.92 0.30 9 1 8.65 8.65 0.00 6.83 6.87 0.58
2 312.38 310.84 0.50 225.34 226.40 0.47 2 29.75 29.71 0.13 24.47 24.46 0.06
12 1 2749 27.56 025 16.38 16.32 0.37 12 1 4.87 4.87 0.00 3.91 3.90 0.26
2 188.03 188.02 0.01 123.66 129.04 417 2 20.23 20.31 0.39 16.42 16.46 0.24

The lowest two critical buckling loads variations with length L
for both types of cross-sections are shown in Figs. 8 and 9, for the
cantilever non-prismatic beam loaded at the top flange. In the case
of the first elastic buckling load, the obtained results by the
present finite element method have been compared with those
obtained by the closed form solutions using power series expan-
sions [36] and Ansys's shell element [45].

From the comparable cases in example 4 dealing with both free
vibration and stability analyses of non-prismatic beams, the

efficiency and sufficiency of the proposed finite element method
can be concluded.

6.5. Example 5

In this section, the linear lateral torsional buckling behavior of
two sets of thin-walled tapered cantilever beams is addressed. In
the first case, the LTB load of doubly symmetric web tapered beam
is investigated. In this case, the top and bottom flanges are
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Fig. 10. Tapered I-section cantilever beam: geometry, material and loading properties.

remained constant along the beam's length while, only the web
height has been varied linearly from (hmax) at the clamped support
to (hpin) at the free end (Fig. 10). The web height is reduced at the
free end with different tapering ratio a = hyn/hmax ranging from
0.2 to 0.8. In the second case, elastic buckling loads of the flange
tapered beam have been carried out. The flange width is varying
along the beam length with different relative values of
P = bmin/bmax varying from 0.2 to 0.8. For each cantilever beam,
a doubly I-section is considered and a concentrated load is applied
at the free end, in the cross-section centroid. The analyzed beams
exhibit a tapering coefficients o and f ranging from 0.2 to 0.8. The
beam lengths (L) have been varied from 6 to 12 m. The material
and geometrical properties of the considered beam are shown in
Fig. 10.

Table 7 provides the values of the lowest three buckling loads (P)
computed by the present solution using power series expansions,
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those obtained by Ansys software [45], the Rayleigh-Ritz method used
in Lei [31] and also the results of the proposed finite element method
using 3D beam elements by Ronagh [25,26]. The illustrated beam was
modeled using SHELL63 of Ansys [45]. The relative errors (A) between
the present method and Ansys results are also presented.

An excellent agreement is observed with the values of LTB
loads derived from this method and all numerical and analytical
aforementioned methods. The difference between the various
solutions is within acceptable range.

The variation of the lateral-torsional buckling loads of the web
and flange tapered beams with doubly symmetric I-section sub-
jected to lateral load at its shear center point (Fig. 10) versus
tapered coefficients are shown in Fig. 11(a)-(b). For comparison,
the same figure shows the results obtained by Asgarian [35] and
Ansys software. According to Asgarian [35], the results are in good
agreement.



Table 7

The elastic critical loads and relative errors for tapered cantilevers with equal flanges (Fig. 10).

L (m) aorf Mode number LTB of cantilever beam (kN)

Web tapered

Flange tapered

References Present method A(%) References Present method A(%)
8 0.2 1 21.145 [45] 20.95 0.92 7.31 [45] 7.37 0.82
20.95 [31] 6.5 [25,26]
2 64.31 [45] 62.97 2.08 23.19 [45] 2342 0.99
3 122.65 [45] 125.94 2.68 43.66 [45] 45.07 3.23
04 1 21.51 [45] 21.56 0.22 10.89 [45] 11.11 2.02
21.61 [31] 10.6 [25,26]
2 65.38 [45] 66.82 2.2 34.94 [45] 35.45 1.46
3 128.89 [45] 136.9 6.21 67.98 [45] 71.29 4.87
0.6 1 21.75 [45] 2215 1.84 14.63 [45] 14.98 2.39
22.27 [31] 14.58 [25,26]
2 66.92 [45] 70.42 524 45.93 [45] 48.47 5.53
3 131.76 [45] 147.09 11.63 90.57 [45] 100.44 10.90
0.8 1 22.047 [45] 22.72 3.05 18.45 [45] 19.03 314
22.92 [31] 17.93 [25,26]
2 68.32 [45] 73.83 8.07 57.53 [45] 62.36 8.40
3 134.71 [45] 156.75 16.36 113.96 [45] 132.05 15.87
10 0.2 1 12.33 [45] 12.29 033 443 [45] 4.46 0.68
12.32 [31] 3.92 [25,26]
2 36.51 [45] 35.76 2.04 13.73 [45] 13.79 0.44
3 68.24 [45] 69.42 1.72 25.28 [45] 25.77 1.94
04 1 12.57 [45] 12.6 0.17 6.54 [45] 6.61 1.07
12.67 [31] 6.08 [25,26]
2 37.32 [45] 37.72 1.07 20.13 [45] 20.42 1.44
3 72.61 [45] 74.98 3.27 38.41 [45] 39.79 3.59
0.6 1 12.77 [45] 12.91 1.09 8.71 [45] 8.83 1.38
13.03 [31] 8.99 [25,26]
2 38.64 [45] 39.62 2.54 26.81 [45] 27.55 2.76
3 75.864 [45] 80.36 5.93 52.46 [45] 54.98 4.80
0.8 1 12.98 [45] 13.22 1.85 10.93 [45] 11.12 1.74
13.38 [31] 10.22 [25,26]
2 39.89 [45] 41.42 3.84 33.75 [45] 3513 4.09
3 78.713 [45] 85.3 8.37 66.73 [45] 72.08 8.02
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Fig. 11. Variation of the elastic lateral-torsional critical buckling load of the web and flange tapered beam (L=10 m) versus tapering ratio (a,f).

6.6. Example 6

The examples in Table 8 are presented to show the accuracy
and the exactnesses of presented study to obtain the lowest three
natural frequencies of different cases of tapered beams compare to
those obtained by Ansys software [45].

Case 1 gives the first three natural frequencies of a web tapered
cantilever column under free vibration analysis. The web height
is made to vary linearly along the beam length. So the web
height is made to reduce into half at the free end of member.
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Case 2 denotes a thin-walled cantilever beam with doubly
symmetric cross-section. In this case, the web height remains
constant along the beam's length but the flange is varying
linearly which has a tapering ratio of by, /bmax = 0.8.

Case 3 signifies the free vibration behavior of a web tapered
cantilever with singly symmetric I section. In the case of web
tapered beam, the web height of the member varies linearly
along the length from 600 mm at the fixed end to 300 mm at
the free end.

Case 4 represents the values of natural frequencies of the
lowest three vibration modes for the tapered thin-walled beam



Table 8

Effects of tapering and boundary conditions on the lower natural frequencies w (rad/s) of thin-walled beams.

Data case Mode number (Type) FEM [45] (Ansys) Soltani [36] Present study
> 1 (Pure bending (v)) 11.06 11.12 11.09
: 2 (Pure torsion (¢)) 33.98 33.98 33.93
A 2 B 3 (Pure bending (w)) 65.001 64.13 65.85
Z
Z
Z
1
case1 180mm 8 m 180mm
8 =>f+ 600 8>k« 1300
10 10
Section A Section B
4 1 (Pure bending (v)) 9.43 9.5 9.456
: 2 (Pure torsion (0)) 21.93 22.06 22.06
A 2 B 3 (Pure bending (v)) 54.56 55.08 54.87
A4
Z
180mm A 144mm
Case 2 <> 8m ]
8 >+ 1600 8 600
10 10
SectionA Section B
> 1 (Bending-torsional (v —0)) 8.86 9.03 8.68
: 2 (Bending-torsional (v—0)) 29.41 29.53 30.87
A g B 3 (Bending-torsional (v—0)) 50.545 49.94 49.98
Z
Z
4
180mm A 180mm
Case 3 8m | < >
8 = 600 8= 300
10
— 10 —>
100 100
Section A Section B
> 1 (Bending -torsional (v—0)) 7.14 7.62 7.19
Z 2 (Bending-torsional (v—0)) 19.93 19.05 19.96
Aé B 3 (Bending-torsional (v—0)) 37.31 36.28 37.56
g
Z
180mm ~ 8 ; 144mm
Case 4 <+—> m 1 <+—>
8 600 8 600
10 10
— -—
100 100
Section A Section B
1 ( Pure bending (v)) 18.52 18.65 18.65
A B 2 ( Pure torsion (9)) 443 43,62 43,63
3 ( Pure bending (v)) 73.98 74.71 74.77
7//77
c 5 - »
ase 150 150
9.5 = 600mm 9.5 = 360mm
12.7 12.7
Section A Section B
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Table 8 (continued )

Data case Mode number (Type) FEM [45] (Ansys) Soltani [36] Present study
1 (Bending-torsional (v—0)) 14.08 14.89 14.12
A B 2 (Bending-torsional (v—0)) 42.5 41.5 42.56
3 (Bending-torsional (v—0)) 50.62 48.81 50.8
o,
Case 6 4—5> 4&
9.5 - 600mm 9.5 = 360mm
12.7 12.7
-— >
75 75
Section A Section B
1 ( Pure bending (v)) 10.12 10.21 10.21
2 ( Pure torsion (0)) 26.21 26.03 26.05
3 ( Pure bending (v)) 41.64 41.95 41.87
A JAN
| 6m I 6m I
Case 7 150 150
+—> e
9.5 - 360mm 9.5—> 600mm
12.7 12.7
Section Ends Mid-span section
/\ 1 (Bending-torsional (v —0)) 7.96 8.12 7.52
2 (Bending-torsional (v—0)) 26.07 25.7 27.57
3 (Bending-torsional (v—0)) 29.96 30.37 29.75
A
Case 8 150 150
9.5—>f« [360mm 9.5 >+ [600mm
12.7 12.7
75 75

Section Ends

Mid-span section

with singly symmetric I-section. This case deals with flange
tapered cantilever. The flange width is varying linearly along
the beam's length; therefore, it is made to reduce at the free
end, while the web height is remained constant.

Case 5 gives the first three natural frequencies of a simply
supported tapered beam under free vibration. The web height
is made to vary from bigger end section at the left support to
the smaller one at the other.

Case 6 displays the free vibration behavior of a non-prismatic
simply supported beam with singly symmetric [ section. The
beam exhibits a linear web tapering varying from 600 mm at
the left support to 360 mm at the other support.

Case 7 concerns the fundamental natural frequencies of a steel
simply supported non-prismatic beam with a doubly symmetric I
section. The considered beam is composed of two tapered
elements, in which the web height is made to increase linearly
from 360 mm at the supports to 600 mm in the mid-span while,
the top and bottom flanges remain constant along the beam.
Case 8 gives the natural frequencies of a pinned end non-
prismatic thin-walled beam with unequal flanges I section
under free vibration which was studied in the last case. But

in this case, the mentioned beam has a singly symmetric
section.

The geometrical and sectional properties of all cases are shown
in (Table 8). For all the study cases, a steel material is assumed. The
elastic constants and the mass density are the same as previously.

After observing the results displayed in the Table 8, it can be
concluded that there is an excellent agreement between the
natural frequencies calculated by present study and those com-
puted by finite element method, using shell element of Ansys
software [45] and numerical method based on power series
expansions by Soltani [36].

7. Conclusions

In this paper, a numerical model combining the finite element
method and the power series expansions is adopted for the
buckling stability and free vibration analyses of tapered thin-
walled beams with arbitrary cross-sections. The boundary condi-
tions can be arbitrary and effect of load eccentricities has been
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taken into consideration. The total potential energy principle
considering the effects of strain and initial stress, the kinematic
energy and the work of the applied loads is used to derive the
equilibrium equations of motion of thin-walled members. Power
series expansions method is used to solve the system of fourth
order differential equations with variable coefficients and to
determine the exact twelve sets shape functions for the non-
uniform element with 12 degrees of freedom. In turn, based on the
principle of internal virtual work along the element axis, the
element stiffness and mass matrices for the buckling and free
vibration analyses of non-prismatic thin-walled members are
obtained. The proposed method can be applied in various forms
of non-prismatic member under axially concentrated loads and
variable mass per unit length. Furthermore; it can be used to
evaluate both natural frequency and buckling load concurrently.

In order to present the accuracy and efficiency of the proposed
computations, some comparable numerical examples are pre-
sented and compared with other analytical and numerical solu-
tions. The present model is more efficient and leads to more
accurate results. It requires a few elements in mesh process.
Furthermore, the method can be applied in prediction of the
buckling loads and natural frequencies of uniform members as
well as non-prismatic members.
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