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Finite element method for stability and free vibration analyses of
non-prismatic thin-walled beams

M. Soltani a,n, B. Asgarian a, F. Mohri b
a K.N.Toosi University of Technology, Tehran, Iran

b Université de Lorraine, Laboratoire d'Etude des Microstructures et de Mécanique des Matériaux (LEM3), CNRS UMR 7239, Metz, France

In this paper, a numerical method is presented for the free vibration and stability analyses of tapered thin-walled beams with arbitrary open cross sections. The 
proposed method takes the flexural–torsional coupling effect of tapered thin-walled beams with arbitrary open cross sections into account. The total potential 
energy is derived for an elastic behavior from the strain energy, the kinetic energy and work of the loads applied on the cross section contour. Free vibration is 
considered in the presence of harmonic excitations. The effects of the initial stresses and load eccentricities are also considered in stability analysis. The 
governing equilibrium equations, motion equations and the associated boundary conditions are derived from the stationary condition. As in the presence of 
tapering, stiffness quantities are not constant; therefore, the power series approximation is used to solve the fourth-order differential equations. Displacement 
components and cross-section properties are expanded in terms of power series of a known degree. Then, the shape functions are obtained by deriving the 
deformation shape of tapered thin-walled member as power series form. Finally, stiffness and mass matrices are carried out by means of the principle of virtual 
work along the member's axis. In order to measure the accuracy and check the validity of this method, the natural frequencies and buckling loads of non-
prismatic thin-walled beams with web and flange tapering and various boundary conditions are obtained and compared to the results of finite element analysis 
using Ansys software and those of other available numerical and analytical ones. It can be seen that the results of present study are in a good agreement with 
other available theoretical and analytical methods.

1. Introduction

The use of thin walled beams with open variable cross sections

has been increasing in steel structures due to their ability to utilize

structural material more efficiently and optimize the distribution of

weight. With the development of manufacturing process, tapered

beams are now adopted with other materials such as wood and

concrete. However, prediction of the flexural–torsional buckling loads

and vibration of thin walled beams with arbitrary cross-section is

complex because of coupling of torsion and bending. The task seems

to be more complicated in the presence of non-prismatic thin walled

beams where the cross section properties are not constant. The

accurate prediction of the buckling load and natural frequencies is

one of the important points in the design of thin-walled structures.

Meanwhile correct evaluation of stability and free vibration of non-

prismatic thin-walled beamwith non-symmetric cross-section are of

interest to many researchers.

The Timoshenko and Vlasov models [1,2] constitute a powerful

background of the rich extensive literature on the elastic flexural–

torsional buckling behavior of thin walled beams. Chen, Liu and

Bazant, Cedolin evaluated buckling loads either by closed-form

solutions of the fourth-order differential equations governing the

twisting and bending of the thin-walled beams or by using of

complementary energy principle [3,4]. However, these studies are

mainly focused on the stability analysis of uniform cross-section

beams. Different numerical methods as finite element methods

have been developed by many researchers in the case of stability

and vibration analyses of prismatic thin walled beams with mono

symmetric or arbitrary cross section shapes [5–21]. Most of these

studies have been concerned on the stability and vibration

analyses of thin-walled beams with uniform cross sections. How-

ever, in the last decades, the thin-walled with variable cross

sections have been used in different steel constructions; therefore,

studying their vibration and stability behavior has gained more

attention by many authors [22–36]. The investigations of elastic

flexural, lateral-torsional buckling load and natural frequency of

tapered thin-walled with the recourse to finite element method in

the validation process has been attracted by many researchers.
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Among the first investigations on this topic, the most important

ones are the study of Brown [22] who used shell elements in

mesh process of tapered I beams and carried out their buckling

loads accordingly. This work was followed by the studies of

Yang [23] who used the updated Lagrangian approach to for-

mulate a finite element model for geometrical non-linear

analysis. Pasquino [24] used a variational approach to derive

the Euler–Lagrange equations to evaluate the buckling loads of

non-prismatic thin-walled beams with arbitrary cross-section. A

3D beam finite element model for large torsion context applied to

the case of doubly symmetric tapered cross-sections was devel-

oped by Ronagh [25,26] in which effects of non-linear terms such

as flexural–torsional coupling in the presence of cubic terms of

torsion angle were considered. Chen [27] obtained the motion

equations governing of non-prismatic thin-walled beams with

arbitrary cross-sections by using Hamilton's principle. A finite

element approach was introduced by Kim [28] to investigate the

linear stability and free vibration behavior of doubly symmetric I

tapered thin-walled beam. Li [29] used the Chebyshev polyno-

mial method to solve the equilibrium differential equation of

tapered beams under constant axial load and by considering the

effect of shear deformation.

The elastic and geometric stiffness matrices of the non-uniform

beam element with I section subjected to torsional load is deter-

mined by Yau [30]. In the mentioned study, the effects of the non-

uniform torsions and the second-order of warping torsions are

pondered. Lei [31] established beam strain energy and equilibrium

equations considering deformation compatibilities of two the

flanges and web of the I-section and investigated the linear stability

behavior of the tapered beams. Improved solutions were obtained.

More recently, based on the Rayleigh–Ritz method combined with

shell element, a general variational formulation to analyze the

lateral-torsional buckling behavior of simply supported and canti-

lever tapered thin-walled beams with singly symmetric cross-

sections was presented by Andrade [32–34]. Effects of load position

were also modeled in these studies. The lateral stability of thin-

walled tapered beams with singly symmetric I cross-sections by

means of the power series method was investigated by Asgarian

[35]. The previous method has been extended to stability and free

vibration behavior of tapered beams with non-symmetric cross-

sections and arbitrary boundary conditions using power series

expansions by Soltani [36]. Most of the previous works devoted to

tapered beams have been limited to doubly or singly symmetric

cross-sections in both stability and vibration analyses.

In the present paper, power series method is combined with a

finite element approach and applied to tapered beams with

arbitrary cross sections. After discretization steps, the stiffness

and mass matrices needed in stability and free vibration analyses

are determined for non-prismatic thin-walled beams subjected to

constant eccentric axial and variable bending loads. The contents

of this study are summarized as follows:

1. The equations of motion are derived from the energy principle of

the thin-walled beam subjected to bending and axial loads. Load

positions on the cross section contour are also taken into account.

2. The power series expansions are used to facilitate the solution

of the fourth-order differential equation of equilibrium of non-

prismatic thin-walled member with variable coefficients.

In this regard, it is assumed that the functions which describe

the beam's variable parameters such as: flexural and warping

rigidities, density and loads are expanded into power series

form. The expressions of shape function are also determined

based on aforementioned method.

3. The terms of stiffness and mass matrices are derived by means

of the shape functions resulting from its nodal displacements

and the principle of virtual work along the beam axis. The

critical buckling loads and natural frequencies are also obtained

by solving the eigenvalue problem.

After presenting above items, several numerical examples are

presented in order to measure the accuracy and validity of the

proposed method. The results are also compared with other

available results. The present method has many advantages

including efficiency, accuracy and simplicity compared to more

complicated numerical methods. The main advantage of this

method is its simplicities in which for stability and vibration

analyses of structure, only geometry and material properties of

the members need to be defined.

2. Derivation of equilibrium and motion equations for

buckling and free vibration

2.1. Kinematic

A non-prismatic thin-walled beam with arbitrary cross-section

as shown in Fig. 1a is considered. It is assumed that the beam is

made from homogenous and isotropic material and the length of
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Fig. 1. (a) Thin-walled beam with non-symmetric cross-section and (b) coordinate system and notation for displacement parameters of the non-prismatic beam.
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the member is large enough compared to its cross-section dimen-

sion. Therefore, the shear deformation is negligible and small dis-

placement is considered. In the present study, the beam is subjected to

arbitrary distributed forces px, py and pz in structural domain in the x, y

and z direction, respectively, along a line (PP0) on the section contour

(Fig. 1a). The shear point C is known by its coordinates (yc,zc) in the

reference fixed in centroid O. Fig. 1b shows displacement parameters

of thin-walled beams defined at the non-symmetric cross-sectionwith

reference to centroid or shear points, in which the x, y and z are the

cross-section center principal axes. U, V and W are the 3D displace-

ment components of a point on the section contour. θ is the torsion

angle. Under these conditions, the three displacement components of

point M on the wall contour can be expressed as function of those of

the shear center C [36] as follows:

Uðx; y; z; tÞ ¼ u0ðx; tÞ�y
∂ðvðx; tÞþzcðxÞθðx; tÞÞ

∂x

�z
∂ðwðx; tÞ�ycðxÞθðx; tÞÞ

∂x
�ϕðy; zÞ

∂θðx; tÞ

∂x
ð1Þ

Vðx; y; z; tÞ ¼ vðx; tÞ�ðz�zcðxÞÞθðx; tÞ ð2Þ

Wðx; y; z; tÞ ¼wðx; tÞþðy�ycðxÞÞθðx; tÞ ð3Þ

In these equations, U is the axial displacement at the centroid. The

displacement components V and W represent lateral and vertical

displacements (in direction the y and z). The term ϕðy; zÞ signifies a

cross-section variable called the warping function, which can be

defined based on Saint–Venant's torsion theory.θ is twisting angle.

The Green's strain tensor components which incorporate large

displacements and include linear and non-linear parts of strain are

given by:

εij ¼
1

2

∂Ui

∂xj
þ
∂Uj

∂xi

� �

þ
1

2

∂Uk

∂xi

∂Uk

∂xj

� �

¼ εlijþεnij where i; j; k¼ x; y; z

ð4aÞ

εlij denotes the linear and εnij the quadratic non-linear parts of

strain. In the case of thin-walled beams, the components of the

strain tensor are reduced to the following ones:

εxx �U0þ
1

2
ðV 02þW 02Þ ¼ εlxxþεnxx ð4bÞ

εxy ¼
1

2

∂U

∂y
þ
∂V

∂x

� �

þ
1

2

∂V

∂x

∂V

∂y
þ
∂W

∂x

∂W

∂y

� �

¼ εlxyþεnxy ð4cÞ

εxz ¼
1

2

∂U

∂z
þ
∂W

∂x

� �

þ
1

2

∂V

∂x

∂V

∂z
þ
∂W

∂x

∂W

∂z

� �

¼ εlxzþεnxz ð4dÞ

Using relationships (1–3) and taking into account for tapering, the

linear and the quadratic non-linear parts of strain–displacement

are as following:

εlxx ¼ u0
0�yðv″þzcθ″þz″cθþ2z0cθ

0
Þ�zðw″�ycθ″�y″

cθ�2y0cθ
0
Þ�ϕθ″

ð4eÞ

γlxy ¼ 2εlxy ¼ �ðzþð∂ϕ=∂yÞÞθ
0

γlxz ¼ 2εlxz ¼ ðy�ð∂ϕ=∂zÞÞθ
0

ð4fÞ

εnxx ¼
1

2
½v02þw02þr2θ

02
þðy02c þz02c Þθ

2
�

�½ðy�ycÞy
0
cþðz�zcÞz

0
c�θθ

0
þðy�ycÞw

0θ
0

�ðz�zcÞv
0θ

0
�y0cw

0θþz0cv
0θ ð4gÞ

γnxy ¼ ðw0þθ
0
ðy�ycÞ�θy0cÞθ ð4hÞ

γnxz ¼ �ðv0þθ
0
ðzc�zÞþθz0cÞθ ð4iÞ

ε22 ¼ ε33 ¼ γ23 ¼ εn22 ¼ εn33 ¼ γn23 ¼ 0

The term r in Eq. (4g) represents the distance of point M to shear

center
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðy�ycÞ
2þðz�zcÞ

2
q

.

Then, the stress components for homogenous and isotropic

materials are:

sxx ¼ Eεxx; τxy ¼ Gγxy; τxz ¼ Gγxz;

syy ¼ szz ¼ τyz ¼ 0; ð5Þ

where G and E are shear and Young's modulus.

The most general case of normal and shear stresses associated

with axial force N, bending moments My and Mz, and shear forces

Vy and Vz are considered as:

s
0
xx ¼

N

A
�
My

Iy
z�

Mz

Iz
y

τ0xy ¼
Vy

A
; τ0xz ¼

Vz

A
ð6Þ

where τ0xy and τ
0
xz represent the mean value of the shear stress and

s
0
xx signifies initial normal stress in the cross section.

2.2. Equations of motion and elastic equilibrium equations

The equations of motion for non-prismatic thin-walled beam

are derived by variation of total potential energy which is:

δðUlþU0þUM�WÞ ¼ 0 ð7Þ

In the last formulation, δ denotes a virtual variation. Ul and U0 are

the elastic strain energy and the strain energy due to effects of the

initial stresses, UM the kinetic energy under harmonic forces, and

Wthe external load work. Their relationships for each term of the

total potential energy are developed separately in the following:

δUl ¼

Z

L

Z

A
ðEðεlxxδε

l
xxÞþGðγlxyδγ

l
xyÞþGðγlxzδγ

l
xyÞÞ dA dx ð8Þ

δU0 ¼

Z

L

Z

A
ðs0

xxδε
n

xxþτ0xyδγ
n

xyþτ0xzδγ
n

xzÞ dA dx ð9Þ

δUM ¼ω2

Z

L

Z

A
ρðUδUþWδWþVδVÞ dA dx ð10Þ

δW ¼

Z

L
ðpxδuPþpyδvPþpzδwPÞ dx ð11Þ

In which, L and A denote the element length and the cross-section

area, respectively, ρ and ω are the material density and the natural

frequency (circular). In Eq. (11), uP , vP and wP are axial, lateral and

vertical displacements of point P, respectively. According to kine-

matics used in reference [18] and by adoption the quadratic

approximation, the displacements of the point P are:

vP ¼ v�ezθ�ey
θ
2

2
wP ¼wþeyθ�ez

θ
2

2
ð12a; cÞ

uP ¼ u0�yPv
0
0�yPz

0
cθ�yPzcθ

0
�zPw

0
0þzPy

0
cθþzPycθ

0
�φPθ

0

For simplicity, ðez ¼ zP�zcÞand ðey ¼ yP�ycÞ are defined to imply

the eccentricities of the applied loads from the shear center C of

the cross-section.

Substituting the variation of the strain–displacement relations

defined in Eq. (4) and initial stresses (6) into Eqs. (8) through (11),

and integration over the cross-section in the context of principal

bending and warping axes conditions, the following equations are

obtained:

δUl ¼

Z

L
ðEAu0

0δu
0
0þEIzv″δv″þEIyw″δw″þEIϕθ″δθ″þGJθ

0
δθ

0
Þ dx

þ

Z

L
EIyð�y2cθ″δθ″þy″2

c θδθþ4y02c θ
0
δθ

0
�y″

cθδw″�y″

cw″δθ�2y0cθ
0
δw″

�2y0cw″δθ
0
þ2y0cy

″

cθ
0
δθþ2y0cy

″

cθδθ
0
Þ dx

3



þ

Z

L
EIzð�z2cθ″δθ″þz″2c θδθþ4z02c θ

0
δθ

0
þz″cθδv″þz″cv″δθ

þ2z0cθ
0
δv″þ2z0cv″δθ

0
þ2z0cz

″

cθ
0
δθþ2z0cz

″

cθδθ
0
Þ dx ð13Þ

U0 ¼

Z

L
ðNðv0δv0þw0δw0þr2cθ

0
δθ

0
þz02c θδθ

þy02c θδθ�ðzcz
0
cÞ

0θδθ�ðycy
0
cÞ

0θδθþzcθ
0
δv0

þzcv
0δθ

0
þz0cv

0δθþz0cθδv
0�ycθ

0
δw0

�ycw
0δθ

0
�y0cw

0δθ�y0cθδw
0Þ�Mzw

0δθ
0

�Mzθ
0
δw0þMyv

0δθ
0
þMyθ

0
δv0�M0

zw
0δθ

�M0
zθδw

0þM0
yv

0δθþM0
yθδv

0

�ðMzy
″

cþM″

zycÞθδθ�ðMyz
″

cþM″

yzcÞθδθ

�ðβyMzþβzMyÞθ
0
δθ

0
Þ dx ð14Þ

δUM ¼ω2

Z

L
ðρðAu0δu0þAvδvþAwδwþ IsθδθþAzcvδθ

þAzcθδv�Aycwδθ�Aycθδwþ Iφθ
0
δθ

0
� Iyy

2
cθ

0
δθ

0
� Izz

2
cθ

0
δθ

0

þ Izv
0δv0þ Iyw

0δw0þ Izz
02
c θδθþ Iyy

02
c θδθ

þz0cIzv
0δθþz0cIzθδv

0�y0cIyw
0δθ�y0cIyθδw

0Þ dxÞ ð15Þ

δW ¼

Z

L
ðpxδu0þpyδvþpzδw�Mz0δv

0�Mz0z
0
cδθ�Mz0zcδθ

0

�My0δw
0þMy0y

0
cδθþMy0ycδθ

0
þBϕ0δθ

0
þM̂tδθ�MtθδθÞ dx

ð16Þ

In the previous expressions (13)–(16), Iϕ, Iy and Iz denote warping

constant and the second moments of inertia. Jis the Saint–Venant

torsion constant. βy and βz are Wagner's coefficients in which the

exact formulations of these parameters are presented in Asgarian

[35]. Mz0 ¼ pxyP , My0 ¼ pxzP and Bϕ0 ¼ �pxϕP are external bending

moments and bimoment. M̂t ¼ qzey�qyezand Mt ¼ qyeyþqzez
denote the first and second order torsion moments due to load

eccentricities. The following geometrical relations are also used:

r2c ¼
Iy
A
þ
Iz
A
þy2c þz2c ; Is ¼ Iyþ IzþAðy2c þz2c Þ ð17a;bÞ

In the case of the constant axial load N applied at the beam

supports and according to Eq. (7) with respect to u0; v;w and θ,
the equations of motion for a non-prismatic thin-walled beam

with non-symmetric cross-section are derived as:

ðEAu0
0Þ

0þρω2Au0 ¼ px ð18Þ

ðEIzv″Þ″þðEIzz
″

cθÞ″þ2ðEIzz
0
cθ

0
Þ″�ðMyθÞ″

�NðvþzcθÞ″þρω2Avþρω2Azcθ

�ω2ðρIzv
0Þ0�ω2ðρz0cIzθÞ

0 ¼ pyþðMz0Þ
0 ð19Þ

ðEIyw″Þ″�ðEIyy
″

cθÞ″�2ðEIyy
0
cθ

0
Þ″þðMzθÞ″�Nðw�ycθÞ″þρω2Aw

�ρω2Aycθ�ω2ðρIyw
0Þ0þω2ðρy0cIyθÞ

0 ¼ pzþðMy0Þ
0 ð20Þ

ðEI
ϕ
θ″Þ″�ðGJθ

0
Þ0�4Eððy02c Iyþz02c IzÞθ

0
Þ0þEðy″2

c Iyþz″2c IzÞθðxÞ

þ2Eðy0cIyw″Þ0�2Eðz0cIzv″Þ
0�Eðy″cIyw″ÞþEðz″cIzv″Þ

�2Eðy0cy
″

cIyþz0cz
″

cIzÞ
0θðxÞþMzw″�Myv″�ðMzy

″

cþM″

zycÞθðxÞ

�ðMyz
″

cþM″

zzcÞθðxÞþððβzMyþβyMzÞθ
0
Þ0�Nðr2cθ

0
Þ0

�Nzcv″þNycw″�Nðzcz
″

cþycy
″

cÞθðxÞþρω2IsθðxÞ�ω2ðρI
ϕ
θ
0
Þ0

þρω2ðy02c Iyþz02c IzÞθðxÞþρω2AzcðxÞvðxÞ�ρω2AycðxÞwðxÞ

þρω2Izz
0
cv

0�ρω2Iyy
″

cw
0 ¼ M̂t�MtθðxÞþðM0

z0zc�M0
y0ycÞ�ðBϕ0Þ

0

ð21Þ

In what follows, a numerical method based on the power series

expansions is adopted for solution of the system of coupled

differential equations of motion (18)–(21). According to this

technique, all geometric properties of a beam with variable

cross-section, the torsion angle θ, the vertical and the lateral

displacements are expanded into power series form. This method

was used by different authors to derive the critical buckling loads

of the beam column members [37–41] and evaluate the stiffness

and mass matrices of thin walled beams [14–16]. Its application to

non-prismatic thin-walled stability and free vibration analyses is

presented in the following section.

3. Numerical approach

In the last equations, due to presence of tapered elements, all

geometric properties including bending and torsional character-

istics of the beam cross-section along the member length are

variable (IzðxÞ, IyðxÞ, I
ϕ
ðxÞ, IsðxÞ). Moreover, the non-symmetric

terms are not constant over the beam's length (zcðxÞ, ycðxÞ, βzðxÞ,

βyðxÞ). All the applied loads, bending and torsion moments can be

arbitrary along the x-axis (MzðxÞ, MyðxÞ, Mz0ðxÞ, MtðxÞ). For these

reasons, all these terms are taken as the following infinite power

series form:

IzðxÞ ¼ ∑
1

i ¼ 0

Izix
i; IyðxÞ ¼ ∑

1

i ¼ 0

Iyix
i; I

ϕ
ðxÞ ¼ ∑

1

i ¼ 0

I
ϕi
xi ; IsðxÞ ¼ ∑

1

i ¼ 0

Isix
i;

AðxÞ ¼ ∑
1

i ¼ 0

Aix
i; zcðxÞ ¼ ∑

1

i ¼ 0

zcix
i; ycðxÞ ¼ ∑

1

i ¼ 0

ycix
i;

ρðxÞ ¼ ∑
1

i ¼ 0

ρix
i ; βzðxÞ ¼ ∑

1

i ¼ 0

βzi
xi; βyðxÞ ¼ ∑

1

i ¼ 0

βyi
xi;

pzðxÞ ¼ ∑
1

i ¼ 0

pzix
i; pyðxÞ ¼ ∑

1

i ¼ 0

pyix
i; MtðxÞ ¼ ∑

1

i ¼ 0

Mtix
i

M̂tðxÞ ¼ ∑
1

i ¼ 0

M̂tix
i; MzðxÞ ¼ ∑

1

i ¼ 0

Mzix
i; MyðxÞ ¼ ∑

1

i ¼ 0

Myix
i;

Mz0ðxÞ ¼ ∑
1

i ¼ 0

Mz0ix
i; My0ðxÞ ¼ ∑

1

i ¼ 0

My0ix
i; Bφ0ðxÞ ¼ ∑

1

i ¼ 0

Bϕ0ix
i

ð22Þ

In beam stability and free vibration analyses, the axial equilibrium

equation Eq. (17) is uncoupled to flexural–torsional behavior and it

has no incidence on analyses. Therefore, in what follows, this

equation is not considered. Introducing a non-dimensional vari-

able (ε¼ x=L), the stability Eqs. (19)–(21) are written in terms of ε
as:

d2

dε2
E ∑

1

i ¼ 0

IxiL
iεi
!

d2v

dε2

" #

þE
d2v

dε2
∑
1

j ¼ 0

∑
1

i ¼ 0

jþ2ðjþ1ÞIzizcjþ 2
Liþ jþ2εiþ j

!

θðεÞ

" #

þ2E
d2

dε2
∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1ÞIzizcjþ 1
Liþ jþ1εiþ j

!

dθ

dε

" #

�ðL2Þ
d2

dε2
∑
1

i ¼ 0

MyiL
iεi

 !

θðεÞ

" #

�ðL2ÞN
d2

dε2
vðεÞþθðεÞ ∑

1

i ¼ 0

zciL
iεi
!

þðL4Þω2 ∑
1

j ¼ 0

∑
1

i ¼ 0

ρiAjL
iþ jεiþ j

!

vðεþðL4Þω2 ∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ρiAjzcmL
iþ jþmεiþ jþm

 !

θðεÞ

�ðL2Þω2 d

dε
∑
1

j ¼ 0

∑
1

i ¼ 0

ρiIzjL
iþ jεiþ j

 !

dv

dε

" #

�ðL2Þω2 d

dε
∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðmþ1ÞρiIyjzcmþ 1
Liþ jþmþ1εiþ jþm

 !

θðεÞ

" #

¼ L4 ∑
1

i ¼ 0

pyiL
iεiþL3 ∑

1

i ¼ 0

ðiþ1ÞMz0iþ 1
Liþ1εi ð23Þ

d
2

dε2
F ∑

1

i ¼ 0

IyiL
iεi
!

d
2
w

dε2

" #

�E
d
2

dε2
∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ2Þðjþ1ÞIyiycjþ 2
Liþ jþ2εiþ j

!

θðεÞ

" #

4



�2E
d2

dε2
∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1ÞIyiycjþ 1
Liþ jþ1εiþ j

!

dθ

dε

" #

þðL2Þ
d2

dε2
∑
1

i ¼ 0

MziL
iεi

 !

θðεÞ

" #

�ðL2ÞN
d2

dε2
wðεÞ�θðεÞ ∑

1

i ¼ 0

yciL
iεi
!

þðL4Þω2 ∑
1

j ¼ 0

∑
1

i ¼ 0

ρiAjL
iþ jεiþ j

!

wðεÞ

�ðL4Þω2 ∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ρiAjycmL
iþ jþmεiþ jþm

 !

θðεÞ

�ðL2Þω2 d

dε
∑
1

j ¼ 0

∑
1

i ¼ 0

ρiIyjL
iþ jεiþ j

 !

dw

dε

" #

þðL2Þω2 d

dε
∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðmþ1ÞρiIyjycmþ 1
Liþ jþmþ1εiþ jþm

 !

θðεÞ

" #

¼ L4 ∑
1

i ¼ 0

pziL
iεiþL3 ∑

1

i ¼ 0

ðiþ1ÞMy0iþ 1
Liþ1εi ð24Þ

d2

dε2
E ∑

1

i ¼ 0

I
ϕi
Liεi
!

d2θ

dε2

" #

�ðL2Þ
d

dε
G ∑

1

i ¼ 0

JiL
iεi
!

dθ

dε

" #

�4E
d

dε
∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1Þðmþ1ÞðIyiycjþ 1
ycmþ 1

þ Izizcjþ 1
zcmþ 1

Þ

 "

Liþ jþmþ2εiþ jþm
� dθ

dε
�þE ∑

1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1Þðjþ2Þðmþ1Þðmþ2Þ

ðIyiycjþ 2
ycmþ 2

þ Izizcjþ 2
zcmþ 2

ÞLiþ jþmþ4εiþ jþm
�

θðεÞþ2E
d

dε
∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1ÞIyiycjþ 1
Liþ jþ1εiþ j

 !

d2w

dε2

"

� ∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1ÞIzizcjþ 1
Liþ jþ1εiþ j

 !

d2v

dε2

#

�E ∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1Þðjþ2ÞIyiycjþ 2
Liþ jþ2εiþ j

 !

d2w

dε2

þE ∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1Þðjþ2ÞIzizcjþ 2
Liþ jþ2εiþ j

!

d2v

dε2

�2E
d

dε
∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1Þðmþ1Þðmþ2ÞðIyiycjþ 1
ycmþ 2

 "

þ Izizcjþ 1
zcmþ 2

ÞLiþ jþmþ3εiþ jþm
�

�θðεÞþðL2Þ ∑
1

i ¼ 0

MziL
iεi
!

d2w

dε2

 !

�ðL2Þ ∑
1

i ¼ 0

MyiL
iεi
!

d2v

dε2

 !

�ðL2Þ

∑
1

j ¼ 0

∑
1

i ¼ 0

ððjþ1Þðjþ2ÞMziycjþ 2
þðiþ1Þðiþ2ÞMziþ 2

ycj ÞL
iþ jþ2εiþ j

!

θðεÞ

�ðL2Þ ∑
1

j ¼ 0

∑
1

j ¼ 0

ððjþ1Þðjþ2ÞMyizcjþ 2
þðiþ1Þðiþ2ÞMyiþ 2

zcj ÞL
iþ jþ2εiþ j

 !

θðεÞþðL2Þ
d

dε
∑
1

j ¼ 0

∑
1

i ¼ 0

ðMyiβzj
þMziβyj

ÞLiþ jεiþ j

 !

dθ

dε

" #

�ðL2ÞN
d

dε
∑
1

i ¼ 0

RciL
iεi

 !

dθ

dε

 !

�ðL2ÞN ∑
1

i ¼ 0

zciL
iεi
!

d2v

dε2

þðL2ÞN ∑
1

i ¼ 0

yciL
iεi

 !

d2w

dε2

�ðL2ÞN ∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1Þðjþ2Þ zcizcjþ 2
þyciycjþ 2

� �

Liþ jþ2εiþ j

 !

θðεÞþðL4Þω2 ∑
1

j ¼ 0

∑
1

i ¼ 0

ρiIsjL
iþ jεiþ j

 !

θðεÞ ð25Þ

�ðL2Þω2 d

dε
∑
1

j ¼ 0

∑
1

i ¼ 0

ρiIϕj
Liþ jεiþ j

!

dθ

dε

" #

þðL2Þω2 ∑
1

n ¼ 0

∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðmþ1Þðnþ1Þρi Iyjycmþ 1
ycnþ 1

þ Izjzcmþ 1
zcnþ 1

� �

 

Liþ jþmþnþ2εiþ jþmþn
�

θðεÞ

þðL4Þω2 ∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ρiAjzcmL
iþ jþmεiþ jþm

 !

vðεÞ

�ðL4Þω2 ∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ρiAjycmL
iþ jþmεiþ jþm

 !

wðεÞ

þðL2Þω2 ∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðmþ1ÞρiIzjzcmþ 1
Liþ jþmþ1εiþ jþm

 !

dv

dε

� �

�ðL2Þω2 ∑
1

m ¼ 0

∑
1

j ¼ 0

∑
1

i ¼ 0

ðmþ1ÞρiIyjycmþ 1
Liþ jþmþ1εiþ jþm

 !

dw

dε

� �

¼ ðL4Þ ∑
1

i ¼ 0

M̂tiL
iεi�ðL4Þ ∑

1

i ¼ 0

MtiL
iεi

 !

θðεÞ

þðL3Þ ∑
1

j ¼ 0

∑
1

i ¼ 0

ðjþ1ÞzciMz0jþ 1
Liþ jþ1εiþ j� ∑

1

j ¼ 0

∑
1

i ¼ 0

ðjþ1ÞyciMy0jþ 1
Liþ jþ1εiþ j

 !

�ðL3Þ ∑
1

i ¼ 0

Bϕ0iþ 1
ðiþ1ÞLiþ1εi

The general solutions of three displacement parameters

(vðεÞ,wðεÞ,θðεÞ) are also presented using the following power

series:

vðεÞ ¼ ∑
1

i ¼ 0

aiε
i ð26Þ

wðεÞ ¼ ∑
1

i ¼ 0

biε
i ð27Þ

θðεÞ ¼ ∑
1

i ¼ 0

ciε
i ð28Þ

Furthermore, introducing new variables:

Inzi ¼ IziL
i; Inyi ¼ IyiL

i; In
ϕi

¼ I
ϕi
Li;

Insi ¼ IsiL
i; Jni ¼ JiL

i; Rn

ci
¼ RciL

i; An

i ¼ AiL
i

znci ¼ zciL
i; yn

ci
¼ yciL

i; ρn

i ¼ ρiL
i; β

n

zi
¼ βzi

Li;

β
n

yi
¼ βyi

Li; pn

zi
¼ pziL

i; pn

yi
¼ pyiL

i

Bn

ϕ0i ¼ Bϕ0iL
i; Mn

zi
¼MziL

i; Mn

yi
¼MyiL

i;

Mn

z0i
¼Mz0iL

i; Mn

y0i
¼My0i

Li; Mn

ti
¼MtiL

i; M̂
n

ti
¼ M̂tiL

i ð29Þ

To satisfy Eqs. (23)–(25) for all values of ε, one must have the

following recurrence formula for akþ4; bkþ4 and ckþ4:

akþ4 ¼
�1

EInz0 ðkþ4Þðkþ3Þðkþ2Þðkþ1Þ

E ∑
kþ2

i ¼ 1

Inziak� iþ4ðk� iþ4Þðk� iþ3Þðkþ2Þðkþ1Þ

!"

þE ∑
kþ2

j ¼ 0

∑
j

i ¼ 0

Inziz
n

c j� iþ2ck� jþ2

 

ðj� iþ2Þðj� iþ1Þðkþ2Þðkþ1Þ

!

þ2E ∑
kþ2

j ¼ 0

∑
j

i ¼ 0

Inziz
n

c j� iþ1ck� jþ3

 

ðj� iþ1Þðk� jþ3Þðkþ2Þðkþ1Þ

!

�ðL2ÞN akþ2ðkþ1Þðkþ2Þþ ∑
kþ2

i ¼ 0

zncick� iþ2ðkþ1Þðkþ2Þ

 !

�ðL2Þ ∑
kþ2

i ¼ 0

Mn

yi
ck� iþ2ðkþ2Þðkþ1ÞþðL4Þω2 ∑

k

j ¼ 0

∑
j

i ¼ 0

ρn

i A
n

j� iak� j

!
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þðL4Þω2 ∑
k

m ¼

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i A
n

j� iz
n

cm� j
ck�m

!

�ðL2Þω2 ∑
kþ1

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

zj� i
ak� jþ2ðk� jþ2Þðkþ1Þ

 !

�ðL2Þω2 ∑
kþ1

m ¼

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

zj� i
zncm� jþ 1

ck� jþ1ðm� jþ1Þðkþ1Þ

!

�ðL4Þpn

yk
þðL3Þðkþ1ÞMn

z0kþ 1

i

f or k¼ 0;1;2; ::::::: ð30Þ

bkþ4 ¼
�1

EIny0 ðkþ4Þðkþ3Þðkþ2Þðkþ1Þ

E ∑
kþ2

i ¼ 1

Inyibk� iþ4ðk� iþ4Þðk� iþ3Þðkþ2Þðkþ1Þ

!"

�E ∑
kþ2

j ¼ 0

∑
j

i ¼ 0

Inyiy
n

cj� iþ 2
ck� jþ2

 

ðj� iþ2Þðj� iþ1Þðkþ2Þðkþ1Þ

!

�2E ∑
kþ2

j ¼ 0

∑
j

i ¼ 0

Inyiy
n

cj� iþ 1
ck� jþ3

 

ðj� iþ1Þðk� jþ3Þðkþ2Þðkþ1Þ

!

�ðL2ÞN bkþ2ðkþ1Þðkþ2Þ� ∑
kþ2

i ¼ 0

yn

ci
ck� iþ2ðkþ1Þðkþ2Þ

 !

�ðL2Þ ∑
kþ2

i ¼ 0

Mn

zi
ck� iþ2ðkþ2Þðkþ1ÞþðL4Þω2 ∑

k

j ¼ 0

∑
j

i ¼ 0

ρn

i A
n

j� ibk� j

!

�ðL4Þω2 ∑
k

m ¼

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i A
n

j� iy
n

cm� j
ck�m

 !

�ðL2Þω2 ∑
kþ1

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

yj� i
bk� jþ2ðk� jþ1Þðkþ1Þ

 !

þðL2Þω2 ∑
kþ1

m ¼

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

yj� i
yn

cm� jþ 1
ck� jðm� jþ1Þðkþ1Þ

!

�ðL4Þpn

zk
�ðL3Þðkþ1ÞMn

y0kþ 1

i

f or k¼ 0;1;2; ::::::: ð31Þ

ckþ4 ¼
�1

EIn
ϕ0

ðkþ4Þðkþ3Þðkþ2Þðkþ1Þ

E ∑
kþ2

i ¼ 1

In
ϕi

ck� iþ4ðk� iþ4Þðk� iþ3Þðkþ2Þðkþ1Þ

!"

�ðL2Þ ∑
kþ1

i ¼ 0

GJni ck� iþ2ðkþ1Þðk� iþ2Þ

!

�4E ∑
kþ1

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ðInyiy
n

cj� iþ 1
yn

cm� jþ 1
þ Inziz

n

cj� iþ 1
zncm� jþ 1

!

ck�mþ2ðj� iþ1Þðm� jþ1Þðk�mþ2Þðkþ1Þ
�

þE ∑
k

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ðInyiy
n

cj� iþ 2
yn

cm� jþ 2
þ Inziz

n

cj� iþ 2
zncm� jþ 2

 !

ck�mðj� iþ1Þðj� iþ2Þðm� jþ2Þðm� jþ1Þ

!

þ2E ∑
kþ1

j ¼ 0

∑
j

i ¼ 0

ðInyiy
n

cj� iþ 1
bk� jþ3� Inziz

n

cj� iþ 1
ak� jþ3

!

ðj� iþ1Þðk� jþ2Þðk� jþ3Þðkþ1Þ

!

�E ∑
k

j ¼ 0

∑
j

i ¼ 0

ðInyiy
n

cj� iþ 2
bk� jþ2� Inziz

n

cj� iþ 2
ak� jþ2

!

ðj� iþ1Þðj� iþ2Þðk� jþ1Þðk� jþ2Þ

!

�2E ∑
k

m ¼ 0

∑
mþ1

j ¼ 0

∑
j

i ¼ 0

ðInyiy
n

cj� iþ 1
yn

cm� jþ 3
þ Inziz

n

cj� iþ 1
zncm� jþ 3

!

ck�mðj� iþ1Þðm� jþ3Þðm� jþ2Þðmþ1ÞÞ

þðL2Þ ∑
k

i ¼ 0

Mn

zi
bk� iþ2ðk� iþ2Þðk� iþ1Þ

!

�ðL2Þ ∑
k

i ¼ 0

Mn

yi
ak� iþ2ðk� iþ2Þðk� iþ1Þ

 !

�ðL2Þ ∑
k

j ¼ 0

∑
j

i ¼ 0

ðMn

zi
yn

cj� iþ 2
ðj� iþ1Þðj� iþ2ÞþMn

ziþ 2
yn

cj� i
ðiþ1Þðiþ2ÞÞck� j

 !

�ðL2Þ ∑
k

j ¼ 0

∑
j

i ¼ 0

ðMn

yi
zncj� iþ 2

ðj� iþ1Þðj� iþ2ÞþMn

yiþ 2
zncj� i

ðiþ1Þðiþ2ÞÞck� j

!

þðL2Þ ∑
kþ1

j ¼ 0

∑
j

i ¼ 0

ðMn

yi
β
n

zj� i
þMn

zi
β
n

yj� i
Þck� jþ2ðkþ1Þðk� jþ2Þ

!

�ðL2ÞN ∑
kþ1

i ¼ 0

Rn

ci
ck� iþ2ðk� iþ2Þðkþ1Þ

 !

ð32Þ

�ðL2ÞN ∑
k

i ¼ 0

znciak� iþ2ðk� iþ1Þðk� iþ2Þ

!

þðL2ÞN ∑
k

i ¼ 0

yn

ci
bk� iþ2ðk� iþ1Þðk� iþ2Þ

 !

�ðL2ÞN ∑
k

j ¼ 0

∑
j

i ¼ 0

ðznciz
n

cj� iþ 2
þyn

ci
yn

cj� iþ 2
Þck� jðj� iþ1Þðj� iþ2Þ

 !

þðL4Þω2 ∑
k

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

sj� i
ck� j

 !

�ðL2Þω2 ∑
kþ1

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

ϕj� i

ck� jþ2ðkþ1Þðk� jþ2Þ

 !

þðL4Þω2 ∑
k

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i A
n

j� iz
n

cm� j
ak�m

!

�ðL4Þω2 ∑
k

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i A
n

j� iy
n

cm� j
bk�m

 !

þðL2Þω2 ∑
k

n ¼ 0

∑
n

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i ðI
n

yj� i
yn

cm� jþ 1
yn

cn�mþ 1

 

þ Inzj� i
zncm� jþ 1

zncn�mþ 1
Þck�nðm� jþ1Þðn�mþ1Þ

�

þðL2Þω2 ∑
k

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

zj� i
zncm� jþ 1

ak�mþ1ðm� jþ1Þðk�mþ1Þ

 !

�ðL2Þω2 ∑
k

m ¼ 0

∑
m

j ¼ 0

∑
j

i ¼ 0

ρn

i I
n

yj� i
yn

cm� jþ 1
bk�mþ1ðm� jþ1Þðk�mþ1Þ

!

�ðL4ÞM̂
n

tkþðL4Þ ∑
k

i ¼ 0

Mn

tick� i

!

�ðL3Þ ∑
k

i ¼ 0

znciM
n

z0k� iþ 1
ðk� iþ1Þ� ∑

k

i ¼ 0

yn

ci
Mn

y0k� iþ 1
ðk� iþ1Þ

 !

þðL3ÞBn

ϕ0kþ 1
ðkþ1Þ

i

f or k¼ 0;1;2;3;4; :::::::

According to the recurrence formulas (30)–(32), the general

solution of coupled system of differential Eqs. (19)–(21) can be

determined explicitly in terms of the twelve constants

(a0; a1; a2; a3), (b0; b1; b2; b3) and (c0; c1; c2; c3). Then, the solutions

of equilibrium equations can be expressed in the following matrix

form:

fCðεÞg ¼ ½BðεÞ�fAg ð33Þ

In which

fCðεÞg ¼

vðεÞ

wðεÞ

θðεÞ

8

>

<

>

:

9

>

=

>

;

fAg ¼ a0 a1 a2 a3 b0 b1 b2 b3 c0 c1 c2 c3
� 	T
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In Eq. (33), fAg is unknown vector. All terms (viðεÞ;wiðεÞand θiðεÞ,
i¼0–11) are derived using MATLAB software [42].

4. Boundary conditions and shape functions

It should be noted that the all undefined coefficients

(a0; a1; a2; a3), (b0; b1; b2; b3) and (c0; c1; c2; c3) are functions of the

displacements of degree of freedom (DOF) which can be derived

by imposing four boundary conditions for each displacement

parameter of a single-span beam (two at each end of the beam).

Fig. 2 shows the nodal displacements of the beam element in the

local coordinate.

Referring to this figure and using local coordinates at ε¼ 0 and

ε¼ 1, the following boundary conditions must be satisfied:

Df g ¼ V½ � Af g ð35Þ

Where

V ¼

v0ð0Þ v1ð0Þ v2ð0Þ :::::::::::::::::: v11ð0Þ

w0ð0Þ w1ð0Þ w2ð0Þ ::::::::::::::::: w11ð0Þ

θ0ð0Þ θ1ð0Þ θ2ð0Þ ::::::::::::::::: θ11ð0Þ
v0
0
ð0Þ

L

v0
1
ð0Þ

L

v0
2
ð0Þ

L :::::::::::::::::
v0
11
ð0Þ

L

w0
0
ð0Þ

L

w0
1
ð0Þ

L

w0
2
ð0Þ

L :::::::::::::::::
w0

11
ð0Þ

L

θ
0
0ð0Þ
L

θ
0
1ð0Þ
L

θ
0
2ð0Þ
L ::::::::::::::::: θ

0
11ð0Þ
L

v0ð1Þ v1ð1Þ v2ð1Þ ::::::::::::::::: v11ð1Þ

w0ð1Þ w1ð1Þ w2ð1Þ ::::::::::::::::: w11ð1Þ

θ0ð1Þ θ1ð1Þ θ2ð1Þ ::::::::::::::::: θ11ð1Þ
v0
0
ð1Þ

L

v0
1
ð1Þ

L

v0
2
ð1Þ

L :::::::::::::::::
v0
11
ð1Þ

L

w0
0
ð1Þ

L

w0
1
ð1Þ

L

w0
2
ð1Þ

L :::::::::::::::::
w0

11
ð1Þ

L

θ
0
0ð1Þ
L

θ
0
1ð1Þ
L

θ
0
2ð1Þ
L :::::::::::::::::

θ
0
11ð1Þ
L

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

fDg ¼ v0 w0 θ
0

v00 w00 θ
00

v1 w1 θ
1

v01 w01 θ
01

n oT

ð36a–bÞ

In the present finite element model, each element has two nodes

with six degrees of freedom per node (DOF). The DOF vector of the

element is given in Eq. (36b).

From (35), one gets:

fAg ¼ ½V ��1fDg ð37Þ

Then, the system (33) becomes:

fCðεÞg ¼ ½BðεÞ�½V ��1fDg ð38Þ

The terms of the element mass and stiffness matrices can be found

from the derivatives of the interpolation functions. The shape

functions define the deformation shape of the element from

applying unit translation, twist, warping or rotation at each of

the 12 degrees of freedom, while constraining other eleven nodal

displacements as follows

1:v0 ¼ 1;w0 ¼ θ
0
¼ v00 ¼w00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

2:w0 ¼ 1; v0 ¼ θ
0
¼ v00 ¼w00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

3:θ
0
¼ 1;w0 ¼ v0 ¼ v00 ¼w00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

4:v00 ¼ 1; v0 ¼w0 ¼ θ
0
¼w00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

5:w00 ¼ 1; v0 ¼w0 ¼ θ
0
¼ v00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

6:θ
00
¼ 1; v0 ¼w0 ¼ θ

0
¼ v00 ¼w00 ¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

7:v1 ¼ 1; v0 ¼w0 ¼ θ
0
¼ v00 ¼w00 ¼ θ

00
¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

8:w1 ¼ 1; v0 ¼ v0 ¼ θ
0
¼ v00 ¼w00 ¼ θ

00
¼ v1 ¼ θ

1
¼ v01 ¼w01 ¼ θ

01
¼ 0

9:θ
1
¼ 1; v0 ¼w0 ¼ v0 ¼ v00 ¼w00 ¼ θ

00
¼ v1 ¼w1 ¼ v01 ¼w01 ¼ θ

01
¼ 0

10:v01 ¼ 1; v0 ¼ v0 ¼w0 ¼ θ
0
¼w00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼w01 ¼ θ

01
¼ 0

11:w01 ¼ 1; v0 ¼ v0 ¼w0 ¼ θ
0
¼ v00 ¼ θ

00
¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼ θ

01
¼ 0

12:θ
01
¼ 1; v0 ¼ v0 ¼w0 ¼ θ

0
¼ v00 ¼w00 ¼ v1 ¼w1 ¼ θ

1
¼ v01 ¼w01 ¼ 0

ð39Þ

According to these twelve boundary conditions corresponding to

each shape function and using Eq. (38), 12 sets of interpolation

functions can be derived. These shape functions could be taken

any arbitrary shapes which satisfy the boundary conditions of

element and internal continuity requirements. Thus the general

displacement of the considered beam is related to four shape

functions for each displacement parameter:

fCðεÞg ¼

fNvg
T

fNwg
T

fNθg
T

2

6

4

3

7

5
fDg ð40Þ

Where

fNvg
T

fNwg
T

fNθg
T

2

6

4

3

7

5

¼

Nv1 0 0 Nv2 0 0 Nv3 0 0 Nv4 0 0

0 Nw1 0 0 Nw2 0 0 Nw3 0 0 Nw4 0

0 0 Nθ1 0 0 Nθ2 0 0 Nθ3 0 0 Nθ4

2

6

4

3

7

5

ð41Þ

½BðεÞ� ¼

v0ðεÞ v1ðεÞ v2ðεÞ v3ðεÞ v4ðεÞ v5ðεÞ v6ðεÞ v7ðεÞ v8ðεÞ v9ðεÞ v10ðεÞ v11ðεÞ

w0ðεÞ w1ðεÞ w2ðεÞ w3ðεÞ w4ðεÞ w5ðεÞ w6ðεÞ w7ðεÞ w8ðεÞ w9ðεÞ w10ðεÞ w11ðεÞ

θ0ðεÞ θ1ðεÞ θ2ðεÞ θ3ðεÞ θ4ðεÞ θ5ðεÞ θ6ðεÞ θ7ðεÞ θ8ðεÞ θ9ðεÞ θ10ðεÞ θ11ðεÞ

2

6

4

3

7

5
ð34a–cÞ

Fig. 2. The nodal displacements of a thin-walled beam.
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5. Stiffness and mass matrices

The equilibrium and motion equations have been derived

previously in Eqs. (18)–(21) from the principle of minimum

potential energy. With the help of the power series method, this

system has been used to perform the stability of prismatic and

tapered thin-walled beams in both buckling and lateral buckling

phenomena [35,36]. In finite element approach the principle of

minimum potential energy leads to the following system:

ð½Kn�þ½KG�Þfdg ¼ fQg ð42Þ

Where {d} and {Q} are the displacement and the force vectors.

They are related here to beam Degree of Freedom. [Kn] and [KG] are

the elastic and geometrical stiffness matrices. These matrices are

carried out by discetization of Eqs. (13) and (14), with the help of

the obtained shape functions. In the case of the non-prismatic

thin-walled beam, the terms of these matrices are the following:

½Kn� ¼ E

Z

L
fIzfN

″

vgfN
″

vg
T þ IyfN

″

wgfN
″

wg
T

þ I
ϕ
fN″

θgfN
″

θg
T þ Izz

″2
c fNθgfNθg

T þ4Izz
02
c fN

0
θgfN

0
θg

T

þ Izz
″

cðfN
″

vgfNθg
T þfNθgfN

″

vg
T Þ

þ2Izz
0
cðfN

″

vgfN
0
θg

T þfN0
θgfN

″

vg
T Þþ2Izz

0
cz

″

cðfNθgfN
0
θg

T þfN0
θgfNθg

T Þ

þ Iyy
″2
c fNθgfNθg

T þ4Iyy
02
c fN

0
θgfN

0
θg

T

� Iyy
″

cðfN
″

wgfNθg
T þfNθgfN

″

wg
T Þ�2Iyy

0
cðfN

0
θgfN

″

wg
T þfN″

wgfN
0
θg

T Þ

þ2Iyy
0
cy

″

cðfNθgfN
0
θg

T þfN0
θgfNθg

T Þ
	

dxþG

Z

L
JfN0

θgfN
0
θg

Tdx ð43Þ

KG½ � ¼

Z

L
fNðfN0

vgfN
0
vg

T þfN0
wgfN

0
wg

T þRcfN
0
θgfN

0
θg

T �zcz″cfNθgfNθg
T

�ycy
″

cfNθgfNθg
T þzcðfN

0
θgfN

0
vg

T þfN0
vgfN

0
θg

T Þ

þz0cðfN
0
vgfNθg

T þfNθgfN
0
vg

T Þ�ycðfN
0
wgfN

0
θg

T þfN0
θgfN

0
wg

T Þ

�y0cðfN
0
wgfNθg

T þfNθgfN
0
wg

T ÞÞ�MzðfN
0
wgfN

0
θg

T þfN0
θgfN

0
wg

T Þ

þMyðfN
0
θgfN

0
vg

T þfN0
vgfN

0
θg

T Þ�M0
zðfN

0
wgfNθg

T

þfNθgfN
0
wg

T ÞþM0
yðfN

0
vgfNθg

T þfNθgfN
0
vg

T Þ

�ðMzy
″

cþM″

zycÞfNθgfNθg
T �ðMyz

″

cþM″

yzcÞfNθgfNθg
T

�ðβyMzþβzMyÞfN
0
θgfN

0
θg

T �MtfNθgfNθg
T gdx ð44Þ

where Kn

ij is the usual elastic stiffness matrix and KGij
is the

geometric stiffness matrix, which accounts for secondary effect

of the variable axial force (N) and bending moments (My;Mz) on

the bending stiffness of the member.

The load vector Q is given by:

fQg ¼

Z

L

fpyfNvgþpzfNwg�Mz0fN
0
vg�My0fN

0
wg

�Mz0z
0
cfNθg�Mz0zcfN

0
θgþMy0y

0
cfNθg

þMy0ycfN
0
θgþBω0fN

0
θgþM̂tfNθggdx ð45Þ

At this stage, it is important to mention that the elastic and

geometric stiffness matrices [Kn] and [KG] investigated for a

tapered beam with arbitrary cross-section can be used to derive

the similar stiffness matrices for a beam with uniform cross-

section. In this situation, the shear position is constant and the

flexural–torsional stiffness matrices are reduced to:

½Kn� ¼ E

Z

L
fIzfN

″

vgfN
″

vg
T þ IyfN

″

wgfN
″

wg
T þ I

ϕ
fN″

θgfN
″

θg
T g dx

þG

Z

L
JfN0

θgfN
0
θg

T dx ð46Þ

½KG� ¼

Z

L
fNðfN0

vgfN
0
vg

T þfN0
wgfN

0
wg

T þRcfN
0
θgfN

0
θg

T þ2zcðfN
0
θgfN

0
vg

T Þ

�2ycðfN
0
wgfN

0
θg

T Þ

�2MzðfN
0
wgfN

0
θg

T Þþ2MyðfN
0
θgfN

0
vg

T Þ�2M0
zðfN

0
wgfNθg

T Þ

þ2M0
yðfN

0
vgfNθg

T Þ�ðβyMzþβzMyÞfN
0
θgfN

0
θg

T �MtfNθgfNθg
T g dx

ð47Þ

In [KG] matrix, the load eccentricity contribution is present in the

last term of (47). These matrices can be easily derived from the

linear stability models developed in [8,43,44] where the second

variation of the potential energy is employed.

By applying the principle of virtual displacement along the

member with distributed mass, the mass matrix terms are derived

as:

M½ � ¼ ρω2

Z

L
fAfNvgfNvg

T þAfNwgfNwg
T þ IsfNθgfNθg

T þAzcðfNvgfNθg
T

þfNθgfNvg
T Þ�AycðfNwgfNθg

T þfNθgfNwg
T Þ

þ I
ϕ
fN0

θgfN
0
θg

T þ IzfN
0
vgfN

0
vg

T þ IyfN
0
wgfN

0
wg

T

þ Izz
02
c fNθgfNθg

T þ Iyy
02
c fNθgfNθg

T

þz0cIzðfN
0
vgfNθg

T þfNθgfN
0
vg

T Þ�y0cIyðfN
0
wgfNθg

T

þfNθgfN
0
wg

T Þgdx ð48Þ

The stiffness and mass matrices of the whole structure can be

obtained by assembling each element stiffness and mass matrices

according to its nodal displacements. The process of assemblage is

described in detail in most stability analysis textbooks [3,4].

The equilibrium Eq. (42) is non-linear, since the stiffness matrix

is not constant. The solution is obtained using classical incremen-

tal iterative methods. It becomes:

ð½Kn�þ½KG�ÞfΔdg ¼ fΔFg ð49Þ

In which fΔdg and fΔFgare displacements and force increments.

In general, the solution is not unique near bifurcation and limit

points and an efficient control method must be adopted in the

solution of (49). Moreover, near bifurcation points the structure

behavior becomes unstable and very sensitive to imperfections.

Small perturbations result in large responses. One way to view this

is that the stiffness matrix becomes singular when the loads reach

the critical values. A study of instability would require suppression

of all prebuckling deformation in the analysis and right hand side

of the system (49). In linear stability, the geometric stiffness

matrix is proportional to the initial stress forces. The buckling

loads are obtained from the solutions of the following eigenvalue

problem:

ð½Kn�þλ½KG�Þfϕg ¼ 0 ð50Þ

In which λ are the eigenvalues and fϕg are the related eigenvec-

tors. Under compressive loads, they lead to buckling loads and

related buckling modes. In the case of lateral stability, one gets the

buckling moments and lateral buckling modes.

For free vibration, the problem is similar to Eq. (50), where the

mass matrix is put in place of the geometric stiffness matrix. The

eigenvalue problem to be solved is:

ð½Kn��μ½M�Þfϕg ¼ 0 ð51Þ

Here μ is related the eigenpulsation of the structure (μ¼ω2) and

fϕg is the related eigenmodes of vibration. It is well known that for

a system with n degrees of freedom, n buckling modes and n

vibration modes are existed, but in practice only the lower ones

are of interest in buckling and vibration analyses.

6. Numerical examples

The aim of this section is to demonstrate the accuracy and the

validity of the proposed finite element method in the lateral

buckling stability and the flexural–torsional buckling analyses

of tapered thin-walled beams with arbitrary cross-sections and

8



boundary conditions under an eccentrically axial or lateral load

and in the free vibration analysis. In order to achieve this goal,

some numerical examples are performed. The LTB and FTB loads

and natural frequencies provided by the numerical results

obtained by aforementioned method are compared to other

available analytical or numerical solutions and to finite element

method analysis results using ANSYS software [45]. In this code,

each studied thin-walled beam is modeled using shell elements

(SHELL63). Shell63 has both bending and membrane capabilities.

And both in-plane and normal loads are permitted for this

element. The element has 6 degrees of freedom at each node,

3 translations in the x, y and z directions and 3 rotations about the

3 axes. In the studied examples, effects of axial and lateral loads

eccentrically, the tapering parameter and beam slenderness on

FTB and LTB strength are also investigated.

6.1. Example 1

This example has been prepared to verify free vibration and

stability analyses of thin-walled members. The present method

can be applied for the buckling analysis of various forms of tapered

and uniform thin-walled beams with arbitrary cross-section. So to

check the accuracy and the validity of proposed method, four cases

involving instability analysis of cantilever and simply supported

beams with constant cross-sections are presented in this example.

In Case a, the buckling moment (Mcr) of a simply supported

beam subjected to bending moment is investigated (Fig. 3a). This

case deals with web tapered thin-walled beam. The web height

(the distance between the flange mid-lines) of the beam varies

linearly along the length from 300 mm at the right support to

180 mm at the other. The Case b is on the estimation of the critical

flexural–torsional buckling load of a tapered thin-walled cantilever

beam under a compressive axial load at the top flange of the free end

section (Fig. 3b). The web height is made to vary linearly from

375 mm at the fixed-end to 300 mm at the smaller end section.

In Case c, the lateral stability of a simply supported prismatic beam

with doubly symmetric cross-section under lateral uniform distrib-

uted load is presented. Table 1 gives the values of the buckling

moment (Mcr ¼ qzL
2=8) of the aforementioned beamwhen loads are

acted at the centroid of the considered I section (Fig. 3c). Case d

represents the critical buckling load of a prismatic cantilever beam

with non-symmetric channel section subjected to an axial compres-

sion force on the centroid of the free end section (Fig. 3d).

All the considered thin-walled members and cross-sections are

depicted in Fig. 3 with loading, boundary conditions, material

properties and geometric dimensions.

Table 1 gives the critical buckling of the tapered and uniform

beams with various types of cross-sections. Effect of degree of

the power series and number of elements on convergence is also

displayed in Table 1. In this table, the critical buckling moments

and flexural–torsional buckling loads are carried out from the

present finite element method, numerical approach proposed by

Asgarian [35] and Soltani [36], finite element method by Kim [15],

the analytical solution proposed in [8] and commercial code using

Ansys software [45].

As can be seen in Table 1, the satisfactory results for engineer-

ing requirements can be reached when the taken number of terms

of the power series exceed over 10. Note that in finite element

procedure, beam mesh with 4 elements is a good compromise for

equivalent accuracy of the accurate buckling loads. In all devel-

oped Ansys models in this example, the number of the elements

used in the longitudinal direction is selected in each case so that

the aspect ratio of the element (length-to-maximum width) is

close to unity at the largest cross-section.

hmin=300mm 

10.7 

150 

7.1 

Uniform cross- section 

qz

L=8 m 

P 

L=2 m 
40 mm 

20 mm 

100 mm 5 mm 

Uniform cross- section 

L=4 m 

hmax=300mm 

Bigger-end section 
 75 

150 

10.7

7.1 

Smaller-end section 

hmin=180mm 

75 

150 

7.1 

hmax=375mm 

Free-end section Fixed-end section 
L=8 m 

P 

150 

10.7

7.1 
hmin=300mm 

150 

7.1 

Fig. 3. Cantilevers and simply supported beams with different cross-sections shapes: geometry, loading and material data.
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6.2. Example 2

This section concerns the flexural–torsional buckling and free

vibration analyses of prismatic and web tapered simply supported

beams, as shown in Fig. 4. In this example, both analyses are made

for two types of cross-section. The first one is a doubly I-section

and the second is a singly symmetric I section, with the top flange

longer than the bottom flange. In the case of web tapered beam,

the top and bottom flanges remain constant along the beam's

length while, the web height of the cross-section is varying

linearly from (hmax) at the left support to (hmin) at the other

support. Thus, the tapering parameter (α¼ hmin=hmax) has been

ranged from 0.4 to 1. The compressive axial load is applied at the

top flange of the bigger end section. The Beam lengths (L) vary

from 6.0 to 12.0 m. The geometrical and the material data are

shown in Fig. 4.

Table 2 depicts the elastic buckling loads for the considered

simply supported tapered beam illustrated in Fig. 4 which is

subjected to constant compressive axial load at the top flange of

the larger cross-section. Also, the lowest values of natural

frequency computed for all mentioned cases are shown in Table 3.

In these tables, the obtained results of the described cases in

the stability and vibration by the present finite element method

based on power series expansions have been compared with those

obtained by finite element method using SHELL63 element of

Ansys software [45]. Moreover, in the case of stability analysis,

a comparison with PSM, investigated by Soltani [36] is made.

For more information, the relative errors (Δ) between the present

Table 1

Effect of number of elements (n) and power series number (N) on linear critical

buckling load and natural frequencies of web tapered and prismatic thin-walled

beam (Fig. 3a–d).

Case Number of elements (n) Present method References

Number of terms of power

series, N

5 10 15

Case a 1 51.59 69.61 72.5 50.33[45]

2 50.35 50.89 50.91 49.03 [35]

3 50.08 50.09 50.09

4 49.99 49.93 49.93

5 49.96 49.88 49.88

6 49.93 49.86 49.86

7 49.88 49.85 49.85

8 49.86 49.85 49.85

9 49.86 49.85 49.85

Case b 1 43.94 44.03 44.21 43.41 [45]

2 43.64 43.62 43.73 42.62 [36]

3 43.62 43.59 43.59

4 43.59 43.59 43.59

5 43.59 43.59 43.59

6 43.59 43.59 43.59

7 43.59 43.59 43.59

8 43.59 43.59 43.59

Case c 1 64.7 65.06 65.06 64.66 [8]

2 64.52 64.54 64.54 63.9 [45]

3 64.48 64.48 64.48 64.46 [35]

4 64.47 64.47 64.47

5 64.47 64.47 64.47

Case d 1 16.54 16.54 16.63 14.07 [45]

2 14.32 14.32 14.38

3 13.94 13.94 13.94 13.8 [15,18]

4 13.93 13.93 13.93 13.93 [36]

5 13.93 13.93 13.93

hmax = 600, b =150mm 

tf =12.7, tw = 9.5 mm 

E = 210 GPa 

G = 80.77 GPa 

= 7800 kg/m3 

L= 6, 9, 12m ;

b

b/ 2

hmax

b

hmaxh
max

x

L

hmin

tw

t
f

tw

t
f

Fig. 4. Simply supported tapered beam under axial compression load: geometry and material properties, (a) doubly symmetric section and (b) singly symmetric section.

Table 2

Simply supported tapered beam an axial load at the top flange of the bigger cross-

section (Fig. 4): flexural–torsional buckling loads (Pcr ) and their relative errors (Δ).

L (m) α Present

method

FTB of simply supported beam (kN), load on top flange

Equal flanges Unequal

flanges

FEM [45]

(Ansys)

Soltani

[36]

Δ(%) Present

method

FEM [45]

(Ansys)

Soltani

[36]

Δ(%)

6 0.4 338.64 343.30 334.326 1.36 231.45 232.98 230.25 0.66

0.6 345.03 346.58 344.093 0.45 231.44 229.81 229.403 0.71

0.8 350.61 350.81 353.534 0.06 226.94 229.56 229.18 1.14

1 358.21 354.93 362.704 0.92 219.60 220.10 217.985 0.23

9 0.4 163.72 164.84 162.641 0.68 103.42 103.65 103.157 0.22

0.6 165.14 165.58 165.286 0.27 103.49 103.54 102.666 0.05

0.8 166.19 166.57 167.909 0.23 102.89 103.07 102.5 0.17

1 168.81 167.54 170.51 0.76 101.77 102.29 101.312 0.51

12 0.4 96.08 96.43 95.764 0.36 58.19 58.27 57.516 0.14

0.6 96.62 96.72 96.78 0.10 58.23 58.15 57.55 0.14

0.8 97.05 97.08 97.79 0.03 58.06 57.94 57.577 0.21

1 97.44 97.42 98.798 0.02 57.61 57.61 57.601 0.00

Table 3

Natural frequenciesω (rad=s) and relative errors (Δ) for simply supported web

tapered beam.

L (m) α Equal flanges Unequal flanges

Present

method

FEM [45]

(Ansys)

Δ(%) Present

method

FEM [45]

(Ansys)

Δ(%)

6 0.4 43.47 43.12 0.81 30.83 31.82 3.11

0.6 41.96 41.64 0.77 28.91 29.95 3.47

0.8 40.6 40.29 0.77 27.04 28.28 4.38

1 39.35 39.05 0.77 25.23 26.79 5.82

9 0.4 19.31 19.18 0.68 14.83 14.8 0.2

0.6 18.65 18.52 0.70 14.1 14.08 0.14

0.8 18.04 17.92 0.67 13.43 13.43 0.00

1 17.5 17.37 0.75 12.73 12.83 0.78

12 0.4 10.49 10.79 2.78 8.48 8.47 0.12

0.6 10.87 10.42 4.32 8.11 8.09 0.25

0.8 10.15 10.08 0.69 7.76 7.75 0.13

1 9.84 9.77 0.72 7.44 7.44 0.00

10



model and shell predictions of Ansys [45] are also reported in

Tables 2 and 3.

The variation of flexural–torsional buckling load of the simply

supported web tapered column with singly symmetric cross-

section subjected to axial compression load at two different

positions (a) on centroid point and (b) on the top flange of the

beam depicted in (Fig. 4), versus the tapering coefficient α is

illustrated in Fig. 5. For comparison, the same figure shows result

obtained by Soltani [36] and Ansys software. As it is seen, results

of the present method and Ansys simulations are very close.

According to Soltani [36] the results are in good agreement and

the difference with finite element simulations is less than 3%.

According to Tables 2 and 3, an excellent agreement is observed

with the values of FTB loads and the first natural frequencies

derived from this finite element method and the results obtained

from numerical analyses and Ansys software.

6.3. Example 3

The third example deals with the lateral–torsional buckling

behavior of two sets of doubly symmetric simply supported

tapered beams under a concentrated load applied at mid-length,

as shown in Fig. 6. In the web tapered beams, the cross-section of

top and bottom flanges is usually constant along the length of the

beam while, the web height at both supports (hmin) is made to

reduce by 40%, 50%, 60% and 80% of the highest value (hmax). In this

example, the tapering coefficient (α¼hmin/hmax) has been varied

from 0.4 to 1.0. It is also assumed that the beam's geometrical and

material parameters are symmetric relative to the x-axis that

means the both segments have the same tapering ratio and

cross-section. Beam lengths (L) have been varied from 6.0 to

12.0 m. In this example, the buckling loads are carried out for

two different load positions: the concentrated lateral load applied

at the shear center and on the top flange of mild-span cross-

section, as shown in Fig. 6.

In Table 4, the values of Q cr obtained by the proposed FEM

based on the expansions of the power series method and finite

element results by means of Ansys software [45] are presented.

Some other benchmark solutions are also reported: 1D model

introduced by Andrade [33] and power series solution investigated

by Asgarian [35] for the two load positions and finite element

results available in Yang [23] for load position on centroid.

The relative errors (Δ) is computed according to Δ¼

ðQ cr�Q FEM
cr Þ= Q FEM

cr � 100.

As shown in Table 4, the values of lateral–torsional buckling

loads derived from this method are in good agreement with

the numerical results obtained using Ansys code [45] and some

other available studies proposed by Yang [23], Asgarian [35]

and Andrade [33]. The difference between various solutions is

acceptable.

6.4. Example 4

This section concerns the stability and free vibration analyses of

two sets of non-prismatic thin-walled beams. In this example, two

cross-sections are assumed, a doubly and a singly symmetric I

section. In the depicted beam, the flanges' width for both types of

cross-sections are made to vary linearly from the fixed end to the

tip end. The analyzed beam also exhibits a linear web tapering.

The web height is ranging along the beam's length and it is made

to reduce to the half at its free end, as shown in Fig. 7. The material

data are shown in Fig. 7. The buckling loads are derived when the

beam is subjected to a compressive axial load at the top flange of

the free end section (point B). Buckling and free vibration analyses

are carried out for different beam slendernesses L¼6, 9 and 12 m.

Tables 5 and 6 represent the flexural–torsional buckling loads

and the natural frequencies of the cantilever column with non-

uniform cross-section computed by the proposed procedure and

compared to those obtained by finite element method using Ansys

software [45].
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Fig. 6. Simply supported web tapered I-beam under a concentrated load: geometry, material and loading positions.

11



The lowest two critical buckling loads variations with length L

for both types of cross-sections are shown in Figs. 8 and 9, for the

cantilever non-prismatic beam loaded at the top flange. In the case

of the first elastic buckling load, the obtained results by the

present finite element method have been compared with those

obtained by the closed form solutions using power series expan-

sions [36] and Ansys's shell element [45].

From the comparable cases in example 4 dealing with both free

vibration and stability analyses of non-prismatic beams, the

efficiency and sufficiency of the proposed finite element method

can be concluded.

6.5. Example 5

In this section, the linear lateral torsional buckling behavior of

two sets of thin-walled tapered cantilever beams is addressed. In

the first case, the LTB load of doubly symmetric web tapered beam

is investigated. In this case, the top and bottom flanges are

Table 4

Simply supported web tapered I-section under a concentrated load (Fig. 6): linear critical loads comparisons and errors.

L (m) α Critical buckling loads (kN)

Top flange loading Centrodial loading

Present Study QFEM
cr Ansys QAndrade

cr [33] QAsgarian
cr [35] Δ(%) Present Study Q FEM

cr Ansys QAndrade
cr [33] QAsgarian

cr [35] QYang
cr [23] Δ(%)

6 0.4 61.74 60.05 65.84 59.73 2.81 107.07 100.67 109.75 108.51 109.42 6.36

0.6 73.35 73.85 72.55 72.81 0.68 120.58 111.50 118.42 122.90 114.04 8.14

0.8 85.73 83.06 85.07 86.23 3.21 134.73 125.51 133.26 137.23 118.5 7.35

1.0 98.68 98.78 100.75 99.66 0.10 149.28 139.84 151.28 151.4 151.42 6.75

9 0.4 28.92 29.94 31.03 28.04 3.41 43.75 43.87 45.45 43.95 42.62 0.27

0.6 32.33 32.23 32.81 31.94 0.31 47.48 46.47 47.55 47.96 44.38 2.17

0.8 35.88 35.72 36.06 35.89 0.45 51.36 50.21 51.31 51.98 45.95 2.29

1.0 39.79 39.92 40.24 39.91 0.33 55.38 54.47 55.99 55.99 55.98 1.67

12 0.4 17.12 17.89 18.22 16.703 4.30 23.8 24.22 24.67 24.01 22.67 1.73

0.6 18.62 18.86 19.03 18.415 1.27 25.36 25.30 25.61 25.53 23.5 0.24

0.8 20.15 20.26 20.36 20.134 0.54 26.99 26.81 27.10 27.23 27.87 0.67

1.0 21.83 21.95 22.03 22.047 0.55 28.67 28.57 28.94 28.94 28.92 0.35
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tf =12.7, tw = 9.5 mm 600 

100 

tf
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144 

300 
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80

Fixed end  Free end 

E = 210, G = 80.77 GPa 

= 7850 kg/m3

L= 6, 9, 12m 

t

t

w
tw

tw
tw

f t
f

Fig. 7. Tapered I-section cantilever thin-walled beam under axial compressive load: geometry and material properties.

Table 5

Critical buckling load Pcr(kN) for the non-prismatic beams with different lengths.

(Example 4).

L (m) Mode

number

FTB of a cantilever beam (kN), loaded on top flange

Equal flanges Unequal flanges

Present

method

FEM [45]

(Ansys)

Δ(%) Present

method

FEM [45]

(Ansys)

Δ(%)

6 1 100.93 99.01 1.94 64.58 64.55 0.05

2 652.02 633.28 2.96 482.86 448.12 7.75

9 1 47.51 47.52 0.02 29.01 28.92 0.30

2 312.38 310.84 0.50 225.34 226.40 0.47

12 1 27.49 27.56 0.25 16.38 16.32 0.37

2 188.03 188.02 0.01 123.66 129.04 4.17

Table 6

The natural frequency ωðrad=sÞ for non-prismatic thin-walled beams with doubly

or singly symmetric I-section. (Example 4).

L (m) Mode

number

The natural frequency ωðrad=sÞ

Equal flanges Unequal flanges

Present

method

FEM [45]

(Ansys)

Δ(%) Present

method

FEM [45]

(Ansys)

Δ(%)

6 1 19.47 19.45 0.07 14.85 15.16 2.04

2 52.97 51.60 2.66 42.88 42.98 0.23

9 1 8.65 8.65 0.00 6.83 6.87 0.58

2 29.75 29.71 0.13 24.47 24.46 0.06

12 1 4.87 4.87 0.00 3.91 3.90 0.26

2 20.23 20.31 0.39 16.42 16.46 0.24
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remained constant along the beam's length while, only the web

height has been varied linearly from (hmax) at the clamped support

to (hmin) at the free end (Fig. 10). The web height is reduced at the

free end with different tapering ratio α¼ hmin=hmax ranging from

0.2 to 0.8. In the second case, elastic buckling loads of the flange

tapered beam have been carried out. The flange width is varying

along the beam length with different relative values of

β¼ bmin=bmax varying from 0.2 to 0.8. For each cantilever beam,

a doubly I-section is considered and a concentrated load is applied

at the free end, in the cross-section centroid. The analyzed beams

exhibit a tapering coefficients α and β ranging from 0.2 to 0.8. The

beam lengths (L) have been varied from 6 to 12 m. The material

and geometrical properties of the considered beam are shown in

Fig. 10.

Table 7 provides the values of the lowest three buckling loads (Pcr)

computed by the present solution using power series expansions,

those obtained by Ansys software [45], the Rayleigh-Ritz method used

in Lei [31] and also the results of the proposed finite element method

using 3D beam elements by Ronagh [25,26]. The illustrated beamwas

modeled using SHELL63 of Ansys [45]. The relative errors (Δ) between

the present method and Ansys results are also presented.

An excellent agreement is observed with the values of LTB

loads derived from this method and all numerical and analytical

aforementioned methods. The difference between the various

solutions is within acceptable range.

The variation of the lateral-torsional buckling loads of the web

and flange tapered beams with doubly symmetric I-section sub-

jected to lateral load at its shear center point (Fig. 10) versus

tapered coefficients are shown in Fig. 11(a)–(b). For comparison,

the same figure shows the results obtained by Asgarian [35] and

Ansys software. According to Asgarian [35], the results are in good

agreement.
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6.6. Example 6

The examples in Table 8 are presented to show the accuracy

and the exactnesses of presented study to obtain the lowest three

natural frequencies of different cases of tapered beams compare to

those obtained by Ansys software [45].

Case 1 gives the first three natural frequencies of a web tapered

cantilever column under free vibration analysis. The web height

is made to vary linearly along the beam length. So the web

height is made to reduce into half at the free end of member.

Case 2 denotes a thin-walled cantilever beam with doubly

symmetric cross-section. In this case, the web height remains

constant along the beam's length but the flange is varying

linearly which has a tapering ratio of bmin=bmax ¼ 0:8.

Case 3 signifies the free vibration behavior of a web tapered

cantilever with singly symmetric I section. In the case of web

tapered beam, the web height of the member varies linearly

along the length from 600 mm at the fixed end to 300 mm at

the free end.

Case 4 represents the values of natural frequencies of the

lowest three vibration modes for the tapered thin-walled beam

Table 7

The elastic critical loads and relative errors for tapered cantilevers with equal flanges (Fig. 10).

L (m) α or β Mode number LTB of cantilever beam (kN)

Web tapered Flange tapered

References Present method Δ(%) References Present method Δ(%)

8 0.2 1 21.145 [45]

20.95 [31]

20.95 0.92 7.31 [45]

6.5 [25,26]

7.37 0.82

2 64.31 [45] 62.97 2.08 23.19 [45] 23.42 0.99

3 122.65 [45] 125.94 2.68 43.66 [45] 45.07 3.23

0.4 1 21.51 [45]

21.61 [31]

21.56 0.22 10.89 [45]

10.6 [25,26]

11.11 2.02

2 65.38 [45] 66.82 2.2 34.94 [45] 35.45 1.46

3 128.89 [45] 136.9 6.21 67.98 [45] 71.29 4.87

0.6 1 21.75 [45]

22.27 [31]

22.15 1.84 14.63 [45]

14.58 [25,26]

14.98 2.39

2 66.92 [45] 70.42 5.24 45.93 [45] 48.47 5.53

3 131.76 [45] 147.09 11.63 90.57 [45] 100.44 10.90

0.8 1 22.047 [45]

22.92 [31]

22.72 3.05 18.45 [45]

17.93 [25,26]

19.03 3.14

2 68.32 [45] 73.83 8.07 57.53 [45] 62.36 8.40

3 134.71 [45] 156.75 16.36 113.96 [45] 132.05 15.87

10 0.2 1 12.33 [45]

12.32 [31]

12.29 0.33 4.43 [45]

3.92 [25,26]

4.46 0.68

2 36.51 [45] 35.76 2.04 13.73 [45] 13.79 0.44

3 68.24 [45] 69.42 1.72 25.28 [45] 25.77 1.94

0.4 1 12.57 [45]

12.67 [31]

12.6 0.17 6.54 [45]

6.08 [25,26]

6.61 1.07

2 37.32 [45] 37.72 1.07 20.13 [45] 20.42 1.44

3 72.61 [45] 74.98 3.27 38.41 [45] 39.79 3.59

0.6 1 12.77 [45]

13.03 [31]

12.91 1.09 8.71 [45]

8.99 [25,26]

8.83 1.38

2 38.64 [45] 39.62 2.54 26.81 [45] 27.55 2.76

3 75.864 [45] 80.36 5.93 52.46 [45] 54.98 4.80

0.8 1 12.98 [45]

13.38 [31]

13.22 1.85 10.93 [45]

10.22 [25,26]

11.12 1.74

2 39.89 [45] 41.42 3.84 33.75 [45] 35.13 4.09

3 78.713 [45] 85.3 8.37 66.73 [45] 72.08 8.02
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Table 8

Effects of tapering and boundary conditions on the lower natural frequencies ω ðrad=sÞ of thin-walled beams.

Data case Mode number (Type) FEM [45] (Ansys) Soltani [36] Present study

Case 1

1 (Pure bending (v)) 11.06 11.12 11.09

2 (Pure torsion (θ)) 33.98 33.98 33.93

3 (Pure bending (w)) 65.001 64.13 65.85

Case 2

1 (Pure bending (v)) 9.43 9.5 9.456

2 (Pure torsion (θ)) 21.93 22.06 22.06

3 (Pure bending (v)) 54.56 55.08 54.87

Case 3

1 (Bending-torsional (v�θ)) 8.86 9.03 8.68

2 (Bending-torsional (v�θ)) 29.41 29.53 30.87

3 (Bending-torsional (v�θ)) 50.545 49.94 49.98

Case 4

1 (Bending -torsional (v�θ)) 7.14 7.62 7.19

2 (Bending-torsional (v�θ)) 19.93 19.05 19.96

3 (Bending-torsional (v�θ)) 37.31 36.28 37.56

Case 5

1 ( Pure bending (v)) 18.52 18.65 18.65

2 ( Pure torsion (θ)) 44.3 43.62 43.63

3 ( Pure bending (v)) 73.98 74.71 74.77
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with singly symmetric I-section. This case deals with flange

tapered cantilever. The flange width is varying linearly along

the beam's length; therefore, it is made to reduce at the free

end, while the web height is remained constant.

Case 5 gives the first three natural frequencies of a simply

supported tapered beam under free vibration. The web height

is made to vary from bigger end section at the left support to

the smaller one at the other.

Case 6 displays the free vibration behavior of a non-prismatic

simply supported beam with singly symmetric I section. The

beam exhibits a linear web tapering varying from 600 mm at

the left support to 360 mm at the other support.

Case 7 concerns the fundamental natural frequencies of a steel

simply supported non-prismatic beam with a doubly symmetric I

section. The considered beam is composed of two tapered

elements, in which the web height is made to increase linearly

from 360 mm at the supports to 600 mm in the mid-span while,

the top and bottom flanges remain constant along the beam.

Case 8 gives the natural frequencies of a pinned end non-

prismatic thin-walled beam with unequal flanges I section

under free vibration which was studied in the last case. But

in this case, the mentioned beam has a singly symmetric

section.

The geometrical and sectional properties of all cases are shown

in (Table 8). For all the study cases, a steel material is assumed. The

elastic constants and the mass density are the same as previously.

After observing the results displayed in the Table 8, it can be

concluded that there is an excellent agreement between the

natural frequencies calculated by present study and those com-

puted by finite element method, using shell element of Ansys

software [45] and numerical method based on power series

expansions by Soltani [36].

7. Conclusions

In this paper, a numerical model combining the finite element

method and the power series expansions is adopted for the

buckling stability and free vibration analyses of tapered thin-

walled beams with arbitrary cross-sections. The boundary condi-

tions can be arbitrary and effect of load eccentricities has been

Table 8 (continued )

Data case Mode number (Type) FEM [45] (Ansys) Soltani [36] Present study

Case 6

1 (Bending-torsional (v�θ)) 14.08 14.89 14.12

2 (Bending-torsional (v�θ)) 42.5 41.5 42.56

3 (Bending-torsional (v�θ)) 50.62 48.81 50.8

Case 7

1 ( Pure bending (v)) 10.12 10.21 10.21

2 ( Pure torsion (θ)) 26.21 26.03 26.05

3 ( Pure bending (v)) 41.64 41.95 41.87

Case 8

1 (Bending-torsional (v�θ)) 7.96 8.12 7.52

2 (Bending-torsional (v�θ)) 26.07 25.7 27.57

3 (Bending-torsional (v�θ)) 29.96 30.37 29.75
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taken into consideration. The total potential energy principle

considering the effects of strain and initial stress, the kinematic

energy and the work of the applied loads is used to derive the

equilibrium equations of motion of thin-walled members. Power

series expansions method is used to solve the system of fourth

order differential equations with variable coefficients and to

determine the exact twelve sets shape functions for the non-

uniform element with 12 degrees of freedom. In turn, based on the

principle of internal virtual work along the element axis, the

element stiffness and mass matrices for the buckling and free

vibration analyses of non-prismatic thin-walled members are

obtained. The proposed method can be applied in various forms

of non-prismatic member under axially concentrated loads and

variable mass per unit length. Furthermore; it can be used to

evaluate both natural frequency and buckling load concurrently.

In order to present the accuracy and efficiency of the proposed

computations, some comparable numerical examples are pre-

sented and compared with other analytical and numerical solu-

tions. The present model is more efficient and leads to more

accurate results. It requires a few elements in mesh process.

Furthermore, the method can be applied in prediction of the

buckling loads and natural frequencies of uniform members as

well as non-prismatic members.
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