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Abstract

The equilibrium of coherent and incoherent mismatched interfaces is reformulated
in the context of continuum mechanics based on the Gibbs dividing surface concept.
Two surface stresses are introduced: a coherent surface stress and an incoherent sur-
face stress, as well as a transverse excess strain. The coherent surface stress and the
transverse excess strain represent the thermodynamic driving forces of stretching the
interface while the incoherent surface stress represents the driving force of stretching
one crystal while holding the other fixed and thereby altering the structure of the
interface. These three quantities fully characterize the elastic behavior of coherent
and incoherent interfaces as a function of the in-plane strain, the transverse stress
and the mismatch strain. The isotropic case is developed in detail and particular
attention is paid to the case of interfacial thermo-elasticity. This exercise provides
an insight on the physical significance of the interfacial elastic constants introduced
in the formulation and illustrates the obvious coupling between the interface struc-

ture and its associated thermodynamics quantities. Finally, an example based on
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atomistic simulations of Cu/CuyO interfaces is given to demonstrate the relevance of
the generalized interfacial formulation and to emphasize the dependence of the inter-
facial thermodynamic quantities on the incoherency strain with an actual material
system.

Keywords: Surface stresses, interface properties, mismatch, grain boundaries.

1. Introduction

The physical and chemical properties of materials are greatly influenced by the
presence of surrounding surfaces and interfaces, whether interfaces are in the form
of grain boundaries separating two grains or in the case of a bicrystal between two
dissimilar materials (phase boundaries). Interfacial stress and interfacial energy are
quantities that play key roles in the thermodynamics of solid surfaces by providing a
continuum description of the underlying atomistic complexity of interfaces. Through
various constitutive interfacial models, the thermodynamics of interfaces has proven
to be an important factor governing the behavior of materials systems separated by
an interface or for which the surface to volume ratio is significant (?7??77?7777).

Indeed, atoms near an interface experience a different local environment than
atoms in the bulk of a material. In the direction normal to a surface or an interface,
the periodicity of the atomic lattice loses its translational symmetry over several
atomic layers as demonstrated for example by atomistic simulations (??7). In the
case of an interface between two dissimilar materials, at least one phase must be
elastically stretched due to the lattice mismatch between both phases resulting in the
formation of defects such as dislocations or vacancies. Similarly, as a consequence, the
equilibrium position and energy of atoms located in the vicinity of an interface are,
in general, somewhat different from their bulk counterparts. Both the translational

and in-plane atomic shuffling near the interface contribute to a change in the total
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energy of the interfacial system. The excess energy associated with atoms near an
interface is called interfacial excess energy.

For incoherent interfaces (e.g those between two adjacent phases), relaxation of
lattice mismatches may result in the formation of peculiar interfacial structures fur-
thering the “excess thermodynamic state” over the bulk configuration. The state
of interfacial coherency depends on the physical and chemical nature between both
phases but is also inherently dependent on external factors such as the tempera-
ture or stress field. Qualitatively, the contacting phases possess mismatching lattice
constants. For a coherent interface, the mismatch is completely accommodated by
straining both phases. In the case of a semi-coherent interface, localized misfit dis-
locations are assumed to be responsible for compensating uniform far-field elastic
fields, while an incoherent interface is the result of two rigid semi-infinite media in
rigid contact (77).

There are commonly three approaches adopted to study the properties of inter-
faces: (i) the diffuse interface model, (ii) the interphase model and (iii) the divid-
ing interface/sharp interface model. In the case of the diffuse interface, interfacial
properties are described by a smooth, but rapid transition of both fields (e.g., con-
centration or elastic fields) describing the interfacial properties (??). The interphase
approach treats the interface in a classical thermodynamic fashion, namely, an arbi-
trarily defined finite volume is attributed to the interphase region (hence treated as
a three-dimensional material system) and is assigned thermodynamic properties in
a classical manner (?77?). Finally, the concepts of dividing surface, interfacial excess
energy and interfacial stress are not new and were initially introduced by ?. In this
paradigm, the surface contributions to the thermodynamic quantities are defined as
the excesses over the values that would be obtained if the bulk phases retained their

properties constant up to a two-dimensional imaginary dividing surface embedded
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in a three-dimensional continuum. In other words, the interface (not interphase) is
a mathematical surface of zero thickness over which the thermodynamic properties
change discontinuously from one bulk phase to the other. The excess amount is
associated only with the dividing surface. This Gibbsian conceptual approach has
been widely studied in the fields of physics and chemistry (?77??2?7?272?7277277).
Despite minor differences in the formulations, all interfacial models consist of the
definition of an interfacial strain and the definition of an interfacial constitutive be-
havior linking the interfacial strain to the interface excess stress (also commonly
called “surface stress”). Apart from a few exceptions, theories based on such two-
dimensional framework cannot account for the flexural stiffness (????) nor can they
describe the transverse behavior of real material interfaces or account for the in-
terfacial mismatch. Fairly recently, for a coherent interface in an elastic solid, the
so-called Shuttleworth or Shuttleworth-Herring relation (??) relating the interfacial
excess energy I' to the surface stress 3° has been generalized by ? to account for
the three-dimensional nature of the interface in a Gibbsian context such that,

ES:%,,L“’LH’ 1)
where the surface stress 7 is not only a function of the interface in-plane strain
€’ (which is the case in the original Shuttleworth relation) but also a function of
the transverse stress . The third-order interfacial tensor H measures the inherent
Poisson’s effect in the transverse direction of the interface. However, in the case of
a semi-coherent or incoherent interface, as discussed by ?, it is necessary to define
two strain and stress measures to describe the general deformation at the interface,
rendering equation (1) inadequate since both phases can in principle be stretched

independently along the interface.

The present work proposes the use of the Gibbs dividing surface thermodynamic

4
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framework to develop generalized expressions for interfacial excess stresses and inter-
facial excess energy and to account for their variations with respect to the in-plane
surface strain, the transverse stress and the interface mismatch strain. Our goal is
to unambiguously define interface stresses and the interfacial excess strain in order
to understand the connection between the interface thermodynamic quantities and
the interface kinetic quantities to arrive at a generalized Shuttleworth relation for
mismatched interfaces. In essence, our approach is close to that of ?7; in fact, we
mostly render their formulation more general and systematic.

The manuscript is organized as follows. Section 2 starts with the definitions of
the interfacial kinematics. In sections 3 and 4, we propose a generalized formula-
tion of the Shuttleworth relationship when a structural mismatch is present at the
interface. Explicit expressions of the interfacial tensors are derived in the special
case of an incoherent interface between two dissimilar isotropic solids. The connec-
tion between the structural mismatch and elastic properties of interfaces is revealed
in the singular case of isotropic thermo-elasticity. Finally, numerical examples are
provided in section 5 for incoherent interfaces between Cu and its oxide CuyO to
illustrate the physicality and insight provided by the proposed formulation in view
of atomistic simulations. Note that in the following sections of this manuscript, the
terms interface and surface are used interchangeably. A similar remark applies to
the designation of the Shuttleworth or Shuttleworth-Herring relationship.

A list of notation and convention used throughout this manuscript is cataloged

in Appendix A.

2. Interfacial kinematics

Let us consider an incoherent planar interface between two dissimilar elastic crys-

talline phases subjected to an anisotropic and nonuniform elastic deformation. The



96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

two half spaces are assumed to be mutually insoluble so that no diffusion occurs
between them and can be ignored. In the interest of a concise analysis, we choose to
consider only processes and equilibria at constant and uniform temperature (hence
neglecting configurational and thermal entropies). Therefore, and although an ex-
plicit temperature dependence is admitted for all free energy functions and materials
parameters, we do not display the temperature as a variable (lattice constants and
materials properties may be a function of the temperature). It is also assumed that,
if more than one interface is present in the material system, these interfaces do not
interact with one another. For thin slabs and small particles, it has been demon-
strated that interfaces may interact with one another, altering interfacial properties
and showing a finite size effect (7). This size effect is more pronounced for ionic sys-
tems (long range electrostatic interaction forces) than it is for more classical metallic
systems.

We begin with the definitions of interfacial strains and incoherency. The inter-
face § is considered as an imaginary, two-dimensional surface with its location chosen
arbitrarily following the Gibbs dividing surface concept. For convenience, let the in-
terface be located at z = 0 in a Cartesian coordinate system as shown in Fig 1. In
this work we consider that the bicrystal is subjected to a homogeneous traction and
displacement boundary condition at infinity, such that far away from the interface
the deformation can be assumed homogeneous, and the transverse (second Piola-
Kirchhoff) stress and the in-plane (Lagrangian) strain tensors in the upper (z > 0)
and lower (z < 0) materials are given by o+ and €5 respectively. It has been shown
that such homogeneous deformation can be easily constructed in a bimaterial (?)
by the so-called “T-decomposition”. Although the deformation far away from the
interface is homogeneous, the stress and strain fields near the interface are disrupted

by the presence of the interface and the associated disturbance of the atomic lattice
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periodicity in its vicinity. The deformation of the interfacial system manifests itself
by displacements of the atoms ¢ which can be described by individual displacement
vectors v, In general, the deformation field gives rise to local stresses in the in-
terfacial system, which can be related by balance laws to the stress in the interface
surroundings and external forces acting on the atoms near the interface. If we as-
sume that the displacement varies smoothly at the atomic scale, the equations of
balance can be derived based on a description of the interfacial system as a contin-
uum, where the displacement field is represented by u (x), with the vector x being
a continuous position variable. The treatment of the displacement fields and strain
fields is measured from a reference state (Lagrangian measure) of one of the two half
crystals chosen arbitrarily. The reference states for medium “+” (z > 0) and for
medium “—” (z < 0) can be chosen as states of uniform composition.

As mentioned by ?, two measures of the Lagrangian interfacial in-plane strain

*,5

tensors, €° and €7 respectively, are necessary since each crystal has its own refer-

ence state. The displacement fields u, (x) and u_ (x) can be used for the standard

definition of the elastic in-plane surface strain tensor in small deformation €f and

€® in medium “+” and medium

W_»

respectively such that,
1
2

€ <V5ui + VsuiT> : (2)

where V¥ is the surface gradient. The surface nabla operator V¥ is simply defined
by the projection of the nabla operator V on the tangential plane of the interface
such that,

V8 = (I-n(x")®n(x"))V, (3)

where n(x”) is the interface unit normal upward pointing from the reference phase
(in this case the “+” half space), x° is the interfacial position vector, and I is the

second-order identity tensor. Having the medium “4” chosen as our reference phase
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and assuming continuity of displacement along the interface leads to €% = ei =€,

% is independent of u_ (x). The

Because medium “4” is chosen as our reference, €
in-plane strain tensor €° represents the interface strain measure associated with
deforming both phases by the same amount. Another assumption stemming for the
“T- decomposition” (see Appendix B for more details) leads to an interfacial normal

stress continuity condition (i.e. o+ = o1 = o).

*,5

The second strain measure €*° associated with the interface represents the inter-

face components of the strain of medium “—” relative to medium “+”. As illustrated

*9 is only defined in medium

W_»

in Fig. 2, following ? and ?, the strain tensor €

such that it can be expressed and decomposed into two components such that,

e (x) = € (x) = % (VEu = Vi) + (Vou = Vu,) | = e + ey (x) .
(4)

05 is an eigenstrain related to stress free configuration corre-

The strain tensor €

w_»

sponding to the change in molar volume between medium “+” and medium
[13 7

For cubic systems, the molar volume V? of stress free medium “—” is given in terms

of the molar volume Vfr) of medium “+” in its reference state such that,

ve—[1+ eg;f]g Ve n (L] Ve (5)

The strain tensor €™ represents the in-plane structural mismatch or deviation
from the coherency at the interface (i.e. z = 0). The spatial function g (x) defined in
equation (4) corresponds to the variation of this structural mismatch over few atomic
layers and vanishes far from the interface. As such, g (0) = 1 by definition of the
in-plane structural mismatch €™, and g (x) = 0, Vx < —h, where h is an arbitrary
distance far away from the interface (see illustrations in Fig. 1 and Fig. 2). In the

present manuscript (semi-infinite media), the function g (x) does not vary with the

interfacial material system size (as it would be the case for thin films, for example)

8
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since we are not accounting for interfaces interactions. The structural mismatch at
the interface is usually defined as (?7?):

b —0_
m,S +
; = 2 504 )

604,8 €+ (. B (6)

where ¢, and ¢_ are the crystal lattice parameters in phase “+” and “—

Y

" respectively
and d,4 is the Kronecker delta symbol.

In light of the definitions of €%° and €™°, the strain tensor €**

corresponds to
an in-plane eigenstrain related to the change of the interface structure. For example,
if we consider the interface between a crystal of finite thickness and a flat thick
substrate, changing the in-plane lattice spacing of the crystal while keeping the lattice

spacing of the substrate constant requires the introduction of misfit dislocations at

the interface to relax the interfacial system (7).

3. Thermodynamic framework for an incoherent interface

3.1. Interfacial thermodynamic framework

We now use the Gibbs dividing surface thermodynamic framework to define the
interfacial excess free energy, interfacial excess stress and interfacial excess strain for
a coherent and incoherent interface. In this continuum representation, the total free
energy JF of the interfacial system (i.e. both semi-infinite crystal 2, and 2_ and the
dividing interface §) is given by

F= \I/+(x)dV+/ \If(x)dV+/F<X)dA> (7)

where U, (x) is the bulk free-energy density per unit volume in medium “+4” and
“—7 respectively, while I' (x) is the interfacial excess free energy.

Both bulk phases are being strained by the same amount in the plane of the
interface and loaded transversely to the interface along its normal direction (“T-

decomposition”). Additionally each solid half space is subjected to eigenstrains
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€, (x) (e} (x) = 0) in medium “4” or medium respectively and the bulk con-

stitutive behavior is treated in a classical manner such that,

U, = \i/i(Vu, €,x) in Qg | (8)

dVy = op:dex=C, : (ei —e*i) dey | 9)

w_»

where o4 is the second Piola-Kirchhoff stress tensor in medium “+” or medium
respectively, C L s the corresponding elastic stiffness tensor and the elastic strain
tensor in small deformation € is defined in a standard fashion. The bulk description

is augmented by the constitutive behavior of the interface in the form,
r=r ((-:S, e, al,xs) 4 (10)

where €° is the surface strain defined in equation (2), ot denotes the transverse
stress tensor normal to the interface (based on the “T-decomposition”) and €™ is
the in-plane structural mismatch strain tensor defined in equation (4).

The variables (es ot €™’ ) being defined, the next task is to identify their appro-
priate interfacial conjugate variables through the generalized thermodynamic frame-
work for the interface free energy density for which the interfacial power density of

internal forces takes the form in the most general case,
p’ =2+ Dot Y5 e (11)

In this context, the surface tensor £ can be identified as the interfacial stress, ther-
modynamic conjugate of the in-plane strain field €, the surface tensor Y can be
identified as the incoherent interfacial stress, thermodynamic conjugate of the inter-
facial mismatch strain €™°, and the tensor D' can be associated with the interfacial
excess strain, thermodynamic conjugate of the transverse stress field o*. For coher-

m,S

ent interfaces the last term is missing since €™ = 0. The term in Y : €™ can

10
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be viewed as a correction to the interfacial energy due to deviation from coherency.
Expressions for tensor 3°, D+ and Y stated as a function of the interfacial excess
energy and its derivatives with respect to the state variables ((—:S Lot em® ) constitute

the generalized Shuttleworth relationship (see section 3.5).

3.2. Interfacial excess energy

The interfacial excess energy I' of a mismatched interface is defined using the
standard Gibbs definition of the interfacial excess energy per unit of undeformed
area combined with the “T-decomposition” (see Appendix B) such that,

o0 0
= /0 (U(x) — U, )dx + /OO(\II(X) — V¥ _)dx, (12)

where

W (x) =¥y + 79 (x): [eF — € (x)]

+% €5 — €5 (x)] :gs (x) ¢ [¢¥ — 5 (x)] +%O_L M (x) - ot (13)
and
Lo ~s. s 1 1 oo 1
v, = 3¢ :C e +§O'+-M+'O'+, (14)
U = %(es—eo’s):g‘i:(es—eo’s)+%aL-ML-al. (15)

Keep in mind that equations (14) and (15) are the result of having medium “+” as

b2

the reference medium. As such, the eigenstrain €>° appears only in medium “—” and

not in medium “4”. Making use of equations (13), (14) and (15) in equation (12),
it follows that the interfacial excess energy I' can be expressed as,
W..s . Ls ne..s, L 1 @ 1
=Ty+T" e+ :I'V:e+-0 A7 -0
+ T(l) . em,S + _em,S :£(2) . 6m,S . em,S . 2 : ES ’

11
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b e[, a7)
0 = [Teec [ e[ -eax, (13)
i = [(ew-gles [ [Cw-cle,
= - [ Bwgmas [ S Cmgod, @)
X = / lg%x)g?(x)dx, (21)
A® = [Tt -mddxr [ e -max,(22)

P = / gs (x) g (x)dx . (23)

Note that, even though the range of the integrals defined in equations (17)—(23)
is infinite, the convergence of these integrals is satisfied. Indeed 79 (x) and g (x)
both vanish far away from the interface so that the integrals only need to be car-
ried out over a finite thickness in the interphase region (see Fig. 1(b) and Fig. 2).
Equation (16) expresses the interfacial excess energy as a function of the in-plane
strain €, the transverse stress o and the interfacial mismatch €™°. As illustrated
in equation (24), note the explicit dependence and correction of the residual inter-
facial excess energy I'g and some of the interfacial elastic tensors due to the state of

0,S

coherency of the interface through the eigenstrain €’ and the short range function

g (x):

1
r =T+ YWD e+ §€m,s :L(z) €™ (24)

€5=0,01=0 -

12
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3.3. In-plane interfacial excess stress

We now define the in-plane interfacial excess stress by decomposing the second
Piola-Kirchhoff stress tensor in its in-plane component and transverse component

(see equation (B.9) in Appendix B), so that we obtain

(x) . (25)

Q
P
X

Il

<

n
®

_l’_

@)

n
®
o

W0

|

('h*

n
x

_l’_

Q

=
[

(13 2

Furthermore in the bulk of medium “+4” and medium “—",

ol = gi:€i+al'l+> (26)
o = Qf:(ef—eo’s)ﬁtaL-'_y_. (27)

Again equations (26) and (27) are the result of having medium “+” as the reference

medium. Following ?, we can define the (second Piola-Kirchhoff) interfacial excess

stress by,
00 0
s :/ (05(x) —ai)dx+/ (0(x) — o) dx . (28)
0 —o0
It results from strain compatibility (e% = €7 = €%), traction continuity (o = o3 =
o!) and equations (25)—(27) that,
=TV -d: e +I?: e’ +0"-H, (29)

where T'(), 2(2), @ are given by equations (18)—(23) and H reads
o0 0
ﬂ:/o [l(x)—'_dex—i—/_oo [Z(X)—’yi]dx. (30)
The first term I'D) represents the internal residual excess stress of the interface. This
component of the surface stress exists even when a remote interfacial deformation
is absent. Note that two factors contribute to this residual surface stress (see equa-

tion (18)). Omne can be attributed to the pure elastic behavior of the interface (see

13
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term in 7°

in equation (18)). This contribution has been discussed and derived in a
similar fashion by others (?7). The second contribution can be ascribed to the cou-
pling between the state of coherency, the change in molar volume between the two
media and the elastic stiffness of the interface (see term in €% in equation (18)). The
term @ describes the intrinsic coupling between the surface stress and the structural
interfacial mismatch. The third term 2(2) represents the interface in-plane elastic
stiffness tensor, while the tensor H measures the Poisson’s effect of the interface in
the direction normal to the interface. Note that the interface coherency does not af-
fect the surface stiffness (surface elastic tensors 2(2) and H), but does have an effect
on the residual surface stress I'") and the coupling with the structural mismatch .
As such the first two terms of equation (29) could be viewed as a correction to the

coherent residual surface stress due to the mismatch at the interface, while the last

two terms are solely due to the elastic stiffness and compliance of the interface.

3.4. Transverse interfacial excess strain

Similarly, if we consider the transverse interfacial excess strain by decompos-
ing the transverse Lagrangian strain according to the “T-decomposition” (see equa-

tion (B.7) in Appendix B), we get,

e (x) =€ (x) —M"(x) 7" (x) + M" (x) - 0" — v (x): [¢° — €77 (x)] . (31)

with the transverse strain in the bulk of each medium given by,

€ = Mi-al—’_er:eS, (32)
ef = €'+M-ot—y (€7 —€"7) . (33)

Here again equations (32) and (33) are the result of having medium “4” as the

reference medium.

14
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The excess transverse interfacial strain is defined by,

0

A= [N —ehixs [ (00— ehax (34)

o
which becomes,

At =AD L K: €™+ AD .ol —H: €, (35)

with the tensors A and K defined by,

AW = /_0 (el’* (x) — eL’O) + (’7 (x) — '7_) : €M% dx

- /_00 M*(x) - 7H(x)dx | (36)

K — / 7 (x) g (x) dx (37)

The transverse interfacial excess strain tensor Al measures the interfacial excess
deformation in the direction transverse to the interface. The first term A® repre-
sents the part of transverse interfacial deformation that exists even when a remote
interfacial deformation is absent. Its physical interpretation could be viewed as an
“intrinsic relaxed thickness” of the interface as compared with an interface which
would retain a perfect bulk lattice arrangement up to the dividing surface. Similarly
to the residual surface stress, two elements compose the “intrinsic relaxed thickness”
of the interface. One comes from the elastic transverse compliance across the in-
terface (see term in M+ in equation (36)) and the other stems from the coupling
between the interface elastic behavior and the interface state of coherency (see term

0.5 in equation (36)). The tensor A describes the transverse compliance of the

in e
interface, while the tensor K represents the coupling between the transverse loading
and the structural mismatch at the interface. Analogously to the remarks made for
the in-plane interfacial excess stress, note that the first two terms of equation (35)

could be viewed as a correction to the “intrinsic relaxed thickness” for a coherent

15
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interface due to the mismatch at the interface, while the surface coherency does not

affect the interface elastic compliance (tensor A(?)).

3.5. Generalized Shuttleworth relationship

Based on the thermodynamic derivations presented above, the generalized form
of the Shuttleworth relationship for a mismatched interface can be obtained. By
combining equations (11) with equations (16) and (29), the relation between the

coherent surface stress 3 and the interfacial energy I is given by,
»S ﬂ

= 55 +ot H, (38)

e”m,S70-L

while the relation between the interfacial strain A+ and the interfacial energy I is
simply obtained by combining equations (11) with equations (16) and (35) such that,
or
do+

Note that equations (38) and (39) are consistent with that of ? in the above equa-

Dt = At — AW = —H:e®+K:e™d. (39)

6S’Em,S

tion (1) and reduce to the original formulation of Shuttleworth-Herring when o+ = 0
and €™ = 0. The term AW +K : €™ corresponds to a correction due to the struc-
ture of the interface (through the mismatch strain) to the intrinsic “relaxation width”
of the interface accounting for the relative movement between the top and bottom
“surfaces” of the interfacial region, even when o+ = 0 and €® = 0 (i.e., when the
remote traction the in-plane strain vanishes). Additionally, the coherent residual

surface stress comprises a correction due to (i) the change in molar volume between

(13

0,5

medium “4+” and medium “—” through the eigenstrain €’ in the two-dimensional

tensor '™ and (ii) the intrinsic misfit structural coupling through the tensor .

Finally, by integrating the interfacial power density of internal forces in equa-

tion (11) in conjunction with equation (16) and equations (38) and (39) such that,

r= / (2% :de’ + (AY = AW) - dot + X5 de™®] (40)
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we obtain a complementary Shuttleworth equation relating the incoherent surface

stress Y° to the interfacial excess energy I' such that,

or
= sms| . —o K+2:e (41)
T €S oL -

All together, equations (38), (39) and (41) constitute the generalized Shuttleworth

'rS

relationship for incoherent interfaces. The coherent surface stress % and the trans-
verse excess strain A' represent the thermodynamic driving forces deforming the
interface while the incoherent surface stress X represents the driving force of stretch-
ing one crystal while holding the other fixed and therefore altering the structure of the
interface. This generalized formulation not only accounts for the three-dimensional
nature of the interface in a Gibbsian sense (2D mathematical object as opposed to
an interphase model) but also explicitly considers its interfacial structure. The three
thermodynamics quantities described above fully characterize the elastic behavior of
coherent and incoherent interfaces under general loading conditions. The extension
to curved interfaces will be briefly discussed in section 3.6.

Several differences between the present formulation and that of ? are observed.
Equation (41) is consistent with the incoherent stress introduced in ? when o+ = 0
and €° = 0. The absence of the in-plane strain in their formulation is essentially due
to the fact that they expanded the excess free energy I' in terms of € and €™ only
to the first order (no surface elasticity).

From a surface stress point of view, three major differences need to be noted.
First, the coherent and incoherent surface stresses derived in equations (29), (38)

and (41) reduce in the case of ? to the residual surface stresses such that,
»5, =TW and Y2, =YW (42)

where the subscript “CL” denotes the ? formulation. Second, the expression for the

two-dimensional tensor T' in ? does not account for the contribution attributed to
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the coupling between the state of coherency, the change in molar volume between
the two media and the elastic stiffness of the interface (see second integral in equa-
tion (18)). Finally neither the intrinsic coupling between the surface stress and the
structural interfacial mismatch (tensor @) nor the transverse interfacial behavior
(tensors D+, H and K) are accounted for.

From an interfacial energy point of view, the interfacial power density derived in

equation (11) simplifies in the case of ? to,
ply =TW &5+ 1M ems (43)

in which neither the surface elasticity (£(2)) nor the couplings both in terms of struc-
tural mismatch and transverse behavior are accounted for (see equation (29)). This
simplification makes the interfacial excess energy I'cp simply quadratic in terms of
the in-plane surface strain €° and mismatch strain €™, while it is shown in equa-

tion (16) that the evolution of the interfacial excess energy as a function of the loading

path (eS , O'L) and the structural mismatch strain €™° is not that straightforward.

3.6. Discussion on the equilibrium condition of incoherent curved interfaces

We have intentionally limited ourselves to planar interfaces between two semi-
infinite media when dealing with surface excess stresses and surface excess strain
in the formulation described above. However, in quite a few practical engineering
applications (e.g. composites reinforced with nanoparticles), interfaces can be curved
surfaces, not planar. In that case, and in the limit where the interface characteristic
length scale is much smaller than the interface radius of curvature, the constitutive
relationships describing the interface behavior not only need to account for the in-
plane and transverse behavior (i.e. interfacial Poisson’s effect) as well as the interface

structural mismatch (as it is described in this manuscript), but also the intrinsic
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flexural resistance. As mentioned in section 1, few models have been presented
in the literature to account for the flexural stiffness (???7?). In this context, the
interfacial excess energy is a function of the local in-plane deformation and also
comprises a dependence on the curvature introducing an intrinsic flexural resistance
of the interface. As described very recently in 7, the interfacial power density of

internal forces for curved interfaces takes the form,
p’=%%:+M": i, (44)

where M? is the interface bending moment conjugate of the relative curvature k.
While accounting for the curvature dependence, these interfacial flexural formulations
do not account for the interfacial mismatch or the interfacial transverse behavior (see
equation (11)). For curved interfaces, the present formulation would need to include
the last term of equation (44) and the interfacial kinematics presented in section 2
would need to be revisited in order to account for the curvature dependence (see for
example section 2.2 in 7). Additionally, as discussed elsewhere (see equation (5.76)
in 7), due to the “T-decomposition” used in the present formulation, supplemental
conditions for the displacement jump across the curved mismatched interface would
need to be considered. In other words, an additional incoherent thermodynamic
driving force (which could be called the incoherent interfacial bending moment) cor-
responding to flexural deformation of the interface would need to be introduced for
curved interfaces. Such an extension of the formulation is beyond the scope of the
present manuscript but will be presented in a subsequent study by the authors.
Besides the constitutive relationships describing the interface behavior, the equi-
librium condition of curved coherent interfaces is expressed by the generalized Young-
Laplace equation and describes the equilibrium relationship between the interface

(coherent) stress and the stress in the bulk. For incoherent mismatched curved
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interfaces, the principle of minimum potential energy can be used to derive the gen-
eralized Young-Laplace equation by accounting for (i) the interfacial excess energy,
which would depend not only on the interface strains (coherent and incoherent) but
also on the interface curvature; (ii) the elastic strain energy of the bulk, which would
include the residual elastic field induced by the interfacial excess energy and eigen-
strains due to the mismatch across the interface; and (iii) the potential of the external
loads. The generalized Young-Laplace equation will also be complemented by the
displacement jump condition described in the above paragraph. Again, such an ex-
tension of the formulation is beyond the scope of the present manuscript but will be
presented in the aforementioned study by the authors. Such a paradigm could be
used to fully describe heterogeneous solids containing incoherent curved interfaces

and inhomogeneities.

4. Interfacial isotropic elasticity formulation

As an illustration of the general formulation presented above, we consider in
this section a special case in which both semi-infinite crystals are isotropic elastic

materials with the following bulk elastic moduli,
Cijrr,+ = A6i50m + pis (Oirdji + 6udji) (45)

Using the “T-decomposition” derived in Appendix B through equations (B.8)
and (B.10) along with equation (45), we obtain the following expressions for the

elastic tensors characterizing the behavior of the bulk phases in the case of elastic
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36 isotropic materials,

Carzjr = (Ax + pa) d3ds; + paby; (46)
Yiagt = )\:I:j\'—iQ,u:l:é?’iéaﬁ ) (48)
Copre = )\i)\j—gf&éaﬁé’“ + px (Oanpr + 0ardsr) (49)
&gﬂ + = 7'55 - T;ﬁ5aﬁ . (50)

sr 4.1. In-plane interfacial excess stress

©

308 Regarding the in-plane interfacial excess stress X, by using equations (28)

o and (46)—(50), we immediately find

3

©

Ziﬁ = F((Xlﬁ) — (I)a,Bn)f;n)zS + F((X2B)H>\€§)\ + O'l-J_Hiaﬁ , (51)

wo  with the elastic surface tensors defined by,

= [ [ S T o

—00

/O KA( )<+>2AE>(C)) A2A+g )5a/3605+2(u( )—u)eg’g] dx52)

F((fﬁ)n)\ = )‘850455%)\ + /“LS (5a/465)\ + 5a)\55/£> y (53)
2K 515
Hiaﬁ T&’)idaﬁ ) (54)
" T 2 () ()
Poger = SRS OVCRC SO + Oax dx .
o = [ b+ 100 Gundn + a9 ). (55)

a01 Taking equations (52)—(55) together with equation (51) gives the in-plane inter-
w2 facial excess stress as follows

K5°

m 2
256 = F( — NG, — 205 ™S 4 N5, 565+ 200 eaﬂ +

= 03045 , (56)
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where the two new terms compared to ? are the ones containing the in-plane struc-
tural mismatch embodied by e;"és. In the case of coherent interfaces, i.e. e;"és =0,
following 7, the formulation developed by ? would be sufficient only if both mate-
rials have same stress-free molar volumes for which eg’ﬂs vanishes. In equation (54),
K% = X 4 15 and the surface elastic constants are defined by,

W = [ oo — g [t —pax, (57)

—00

S — /OOO )\”‘(X)M(X) 2A 4 iy )dx

[
2RSS A N
B Z: <A(X)+2M(X) ‘XF+2M+)d

' /1 <A <x>A+(X2)u (x) A izu_) . (61)

Through this exercise several points are noteworthy:

e In equation (56), A% and p°, which could be defined as the surface Lamé
constants, are consistent (in terms of their definition and analytical expressions)
with other classical formulations derived by many authors for surface stress in

solids (?72777).

e The effective transverse surface “Poisson’s ratio” 2K v°/E+ in equation (61)
is consistent with the formulation for an interface containing no mismatch and

stress-free strains (7).
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e The present formulation introduces two new surface constants p*° and \*°
defined in equations (59)—(60). These constants are solely related to the inter-
facial incoherency and the in-plane structural mismatch strain GZES and corre-
spond to a correction to the interfacial residual stress F(alg. To our knowledge,
their expressions and physical origins are presented for the first time in the

literature.

With this in mind, the in-plane interfacial excess stress components yield

ES _ F(l) - )\*,S m,S —9 *S mS )\S S 9 2KSI/S 1 62

n = Lt €rk I kT H 11 + FL O3 (62)
2KS S

N5y = D5y — ASSemS oy mSenS L NSS4 9yges, + —Ef ot (63)

Efz = F%) —2u™7e s 15 T 2,“ 612 . (64)

Thus, from equations (62)—(64), u° and p** are in-plane interfacial shear moduli as-
sociated with in-plane interfacial shear strain €7, and in-plane incoherent mismatched
shear strain 671712’5 respectively. The surface elastic moduli ¥ and A\*° are in-plane
interfacial Lamé constants. Furthermore, the in-plane biaxial hydrostatic stress is
given by ¥5_ /2 where

AKS S
T o3 (65)

Saa = Tha = 2K%60:5 + 2K 5, +

where K = ;1% 4+X*% can be interpreted as the in-plane bi-axial surface modulus of
the incoherent interface associated with the structural mismatch (or deviation from

coherency) €™,

4.2. Transverse interfacial excess strain

Regarding the transverse interfacial excess strain, using equations (35) along

with (46)—(50), we find the interfacial excess strain,
A A + KWBE —|- A( o ngegﬁ s (66)
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with the transverse surface tensors defined by,

oo [T A 1]
W= {<A<x>+2u<x>>u<x>5“” u(X)Z()}d

! /_OJ A(X)Af;)u e i%) 5;;,;2;5} dx

+ / [l (x) — ] dx | (67)

1 1 4K55° 1
A(2) — (_ - _ —V> (531(533' + Iu_dz] ) (68)

[ A(x)
Kiog = /wmg (x) 03i0apdx . (69)

[e.e]

Similarly to the formulation for the surface stress, taking equation (66) together

with the expressions for the transverse surface tensors yields

1 2K 5%
03105 +—107 —
303 Mial EL

S

KK )

(531'6
(70)
where the transverse elastic constant associated with the structural mismatch can

be defined as,

22}#:/_: ﬁg(@d& (71)
and,
- /ooo{%@‘ﬂd”/_l{%x)—%}dx (72)
5,52 00
B p - / [A<x>+12u<x>1++12ujdx
- [ v me ] (73)

It follows that the components of the interfacial transverse excess strain can be
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a1 expressed as,
1
1
Af = A+ M_LUIL ; (74)

1
Ay = Aél)JrM—LUzL» (75)

*,5 S 1
AF = AP 42K ( - %) end + =7 (o =05 (25, = T0)) - (76)

442 It is again noteworthy to point out that Al(-l) and the second term in Az are
a3 new when compared to 7. Their origin stems from the (stress-free) eigenstrains and

4

S

+ structural mismatch for incoherent interfaces, i.e. for €™ £ 0.

ws  4.3. Interfacial thermo-elastic properties

446 Of particular interest (see for example the Levin’s formula and Hill’s connections

a7 problems in ?) is the case for which we assume that the interfacial incoherency is

kS

ws due to thermal strains associated with an isotropic in-plane interfacial coefficient of

wo thermal expansion (CTE) denoted o, i.e.
ens® = a%6,5AT (77)

0 where AT is the temperature difference. In the bulk of both media, assuming an

0,5

i1 isotropic CTE, the eigenstrain €’ can simply be expressed by,

[

eg’ﬁs = (o — ay) dapAT (78)

«_»

2 where a_ and a are the bulk CTEs for media and “+” respectively while the

w3 reference medium is assumed to be the medium “+”.

o1

454 Thus, the expression for the isotropic surface stress in equation (56) reduces to
2K51°
255 = T) — di0upAT + X80se5, + 2055, + Taééaﬁ : (79)
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and,

dy =2 (N + %) o = 2K"5a5 . (80)

The present formulation sheds light on the in-plane thermal-mechanical connection
of the interface and its elastic origin assuming a resulting incoherent interface due
to temperature difference. This thermal-mechanical relationship is however different
from that of 2?7 and ?. For instance, ? reported the following equation (see equation

(3) in their paper):
2‘25 = )\Séalgefﬂ + 2MS€§5 - d05a6AT ) (81)

where dj is assumed by the authors to be dy = 2 ()\S + u’ ) a®. Several differences
are observed. First, the contribution of the residual surface stress F((llﬁ) and the
contribution of the transverse stress are not taken into account in ?. This is due
to the choice of the interfacial constitutive behavior used in their paper. Second,
the contribution due to the interfacial mismatch through the term (/\*’S + s ) (as
defined by our equations (59) and (60)) is arbitrarily taken as (A% 4 p%) in ?. In
the present formulation, the interpretation of the thermal-mechanical connection
d; is unambiguously and explicitly associated with the structural mismatch at the
interface coming from temperature change. In turn, this can ultimately be related
to interfacial defects and associated deformation fields. This is not the case for dy
in the formulation of ? which appears to be empirically introduced. Note here that
the thermo-elastic coupling is spatially defined at every vector position starting from
x = 0 to a few atomic distance close to the interface in medium “—7.

Additionally, to complete the description of the thermo-elasticity of the interface,

the interfacial constitutive behavior is also accompanied by equation (70) which

26



476

477

478

479

480

481

482

483

484

487

488

489

490

491

492

493

494

495

reduces to:

2di*S 1 1 4KSyS? 1 2K SyS
AL =AM +%53iAT+ (— - =T 53z‘U3L+—(7iL - - 53i€s .
’ 1

i i L MJ' L2 L
(82)

In particular, the transverse excess strain along the normal to the interface is given

by,

9 S 1 AKS 52 2K S S
Ar = AP ¢ é)VL AT + =1 (1 - E—; ok~ E—J_Vefﬁ . (83)

Equations (82) and (83) are extensions of ? to thermo-elastic interfaces and were

not considered in the works of 7?7 and ?.

4.4. Insight on interfacial elasticity

An important point is raised in the sections above: deforming a coherent or
incoherent interface does not always increase its interfacial excess energy. Indeed,
the interfacial excess energy decreases if a deformation path reduces the interface
coherent surface, the interfacial excess strain, or the interface incoherent stress. This
assertion can have important consequences for problems in which the incorporation
of interfacial properties play an important role (??7?). Indeed, the in-plane strain,
transverse stress and mismatch strain can be considered as three process control
variables (with the first two being associated with the deformation path and the latter
one being associated with the interface structure) that can accentuate or minimize
the role of interfacial elasticity.

For instance, in the case of thermo-elasticity provided in section 4.3, the loading
space for which the coherent surface stress £° and the interfacial excess strain A+
vanish is of particular interest. Using equation (79) for the biaxial surface stress
(67, = €5, = €°) and equation (83) for the transverse interfacial excess strain, this

configuration would correspond to the loading path (es , OL) satisfying the following
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equation:

1 QKSI/S " S
E 2K° L —dy ‘ 0
. 1 —
O B S O O S T A - (84)
A3 B EL ﬁ - ELQ E*,L AT

Equation (84) can be parametrized to obtain the loading path line in the (eS , OJ‘)
space as a function of the interfacial elastic constants (K09, E+ v*% E*+ df)
and the temperature difference AT. Clearly, this illustrates the concept that one
can construct a loading path that would minimize the impact of the interface on the
behavior of a material system separated by it or construct a loading path for which

the surface to volume ratio is significant.

5. Illustration from atomistic simulations of Cu/Cu,0O interfaces

As discussed in the previous sections, the interfacial excess energy is a function of
the in-plane surface strain, the transverse stress and the interface mismatch strain.
In this section we illustrate the formulation developed above with examples based
on atomistic simulations for incoherent interfaces between Cu and its oxide Cu,O

under various loading configurations.

5.1. Atomistic model for Cu(111)/Cus O(111) interface and simulation methodology

To demonstrate the generalized formulation of a mismatched interface from a
discrete medium point of view, we consider as an example a flat incoherent interface
between Cu and its oxide CuyO. As shown in Fig. 3, the crystallographic orientation
used for the present atomistic simulations is chosen as the most probable observed
interface between Cu and its oxide CusO (?7?7?7). As such, we consider Cu and
Cuy0 blocks oriented in the (111) direction when the interface is created. Note that

these surfaces are isotropic in the plane of the interface.
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The interatomic potential based on pairwise interactions proposed by ? is used
to describe the CuyO properties while the embedded-atom method (EAM) potential
developed by ? is employed for the Cu metallic phase. The cross atomic interactions
between Cu and CuyO is modeled through (i) a 9—6 Lennard-Jones (LJ) potential
for the interaction between copper metallic atoms and copper atoms from the oxide,
and (ii) a Morse potential linking copper metallic atoms with the oxygen atoms.
Note that there are two types of metallic bonds in this model: the Cu-Cu non-bond
interaction in the copper oxide which is modeled by the 9—6 LJ potential and the
Cu-Cu metallic bond modeled by EAM potential. The bond interaction between the
oxygen and copper species defined by the Morse potential remains the same whether
the Cu atoms belong either to the pure copper phase or the copper oxide compounds
(7).

Various interfacial structural mismatches are considered by varying the overlap
between the surface lattice vectors of each material during the matching process
between both phases. Matching Cu and Cu,O blocks presents some issues in terms
of coherency since the CuyO (111) unit cell (fou,0 = 6.04825 A) is larger than the Cu
(111) unit cell (fo, = 2.5542 A). Following equation (6), in this atomistic context,
the structural mismatch is simply defined as,

m,S nECu - mECUQO
nfcu =+ mfcmo

dap (85)

where (¢, and {cy,0 are the lattice constants of Cu and CusO respectively and (n, m)
are scaling factors (taken as integers) used to obtain various mismatch strains. To
minimize the structural mismatch, several sets of couple (m,n) have been chosen
such that the overall strain is small when the interface is formed.

The interface model dimensions and mismatch strains simulated are summarized

in Table 1. A typical computation cell contains on average 20,000 atoms composed
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of N¢, atoms in the Cu phase and N¢y,,0 atoms in the CuyO phase. Periodic bound-
ary conditions are used in all directions. Note that the use of periodic boundary
conditions in the transverse direction implicitly introduces a second interface at the
edge of the calculation box with an identical structure as the interface located at the
center of atomic assembly. Dimensions of the simulation box (W, D, L) have been
chosen such that atoms far away from the interface have energy levels correspond-
ing to the perfect bulk configuration. In other words, the two interfaces present in
the atomistic system do not interact, therefore avoiding the size effect mentioned in
section 2.

Once the initial interfacial assembly is created, a molecular statics calculation,
which employs a nonlinear conjugate gradient method, is used to determine the
minimum energy interface configuration (i.e., relaxed positions of the atoms) and
to find the self equilibrium state of the interface. Due to the in-plane periodicity,
relaxation of the structure occurs only in the direction perpendicular to the bound-
ary plane. The transverse stress in the relaxed configuration is therefore null. A
detailed discussion of interface atomistic structural rearrangement throughout the
entire simulation process and resulting interfacial point defects is beyond the scope
of the present manuscript.

After the minimum interfacial energy configuration is obtained, the interfacial

assembly is elastically deformed either by applying a transverse tensile stress o3 or

by applying biaxial strains 7| = €5, = €° of a couple percents in the interfacial plane.
Each of these stresses and biaxial strains is less than the critical load required for
defect nucleation (dislocation notably) for the interfaces considered in this work, so
that we remain in the elastic domain. In the configuration when the tensile stress

is applied, the x- and y-direction boundaries are specified as stress-free throughout

deformation.
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For each deformation process described in the above, MS simulations are per-
formed to compute the interfacial excess energy at the equilibrium state of the sys-
tem. In the case of the discrete atomistic systems used in this work, the integral of
the energy profile defined in equation (12) is discretized into a summation over a set
of atoms within each region, rigorously separating the energy profile normal to the

interface into two regions (?) such that,

1 Ncu NCuQO
D= |2 (V) —e) + 2 (V) —elo) | - (36)
=1 =1

where e is the total energy of atom i enclosed by the area A, on the interface, Ncy
and Ncy,0 are the number of atoms in the copper region and its oxide respectively,
and eg)d and 6((?320 are the total energies of an atom in a perfect lattice (bulk config-
uration) far away from the surface in medium Cu and medium CuyO, respectively.
The bulk energies, egﬁ and 68)1)1207 are determined by averaging the total energy e
of a group of atoms positioned sufficiently far away from the interface such that the

(0

presence of the boundary can be ignored. Using e 0

1)1 and eémo, an excess energy is
computed for every atom within the interface model; the sum of these excess energies
is defined as the total interface energy. Note that the factor 2 in the denominator
of equation (86) accounts for the presence of the two actual interfaces within the

atomic assembly due to the periodic boundary conditions.

5.2. Comparisons between the discrete atomistic simulations and the generalized
Shuttleworth relationships

The above procedure has been used to calculate the variation of the interfacial

excess energy under biaxial straining or transverse loading. The interfacial elastic

properties used for the comparison between the atomistic simulations and the theo-

retical model presented in the above are listed in Table 2. These interfacial elastic
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properties have been obtained numerically using a least-square method accounting
for the various loading paths used the atomistic system based on equations (87)-
(89), thus limiting the number of interfacial elastic constants that can be calculated
through this method. Note that the semi-analytical methodology developed by 7 in
the case of the EAM potential could be used as an alternative to derive the interfa-
cial properties. However this formulation would need to be modified to account for
the complexity of the two interatomic potentials and cross atomic interactions used
in this manuscript for the Cu/CuyO interfacial system. Such modifications of the
methodology are beyond the scope of the present manuscript.

Looking first at the interfacial excess energy as a function of the mismatch strain

€™ when no load is applied (€¥ = 0 and o+ = 0 MPa), equation (16) reduces to

1
I =y + TS | _em,ST(Q) mS (87)

F’ actaa 9 aa aa,@ﬁeﬁ,ﬁ

e5=0,01=0 -

The MS simulation results for the variation of the interfacial excess energy as a
function of the mismatch strain are shown in Fig. 4 together with the results from
the present continuum model. It is seen that these results agree very well with those
obtained by the generalized interfacial formulation and show a quadratic behavior.

Considering now the variation of interfacial excess energy as a function of the
transverse stress ot for various mismatch strains (no in-plane strain applied), the

interfacial excess energy I' in equation (16) reduces to

1
I, =T"+ 50§A§?a§ . (88)

€5=0

We again observe a very good agreement between the atomistic simulation results
and the present theoretical formulation as it is plotted in Fig. 5.

Similarly, in the case of the variation of interfacial excess energy as a function of
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the biaxial strain € (no transverse stress applied), equation (16) reduces to

1
P}al:o I+ TWeS 4~ S Ffo)lmegﬁ — e;”f@w[gﬁegﬂ ) (89)

[e7ege7e 2 ax

Comparison between the atomistic simulations and the theoretical models are pre-
sented in Fig. 6. The results of the present model are in good agreement with those

obtained by full-blown atomistic simulations.

6. Conclusion

The main contribution of this manuscript is the derivation of a generalized contin-
uum framework describing the elastic behavior of coherent and incoherent interfaces
under general loading conditions based on the Gibbs dividing surface concept com-
bined with the so-called “T-decomposition”. This generalized Shuttleworth-Herring
formulation considers the equilibrium of mismatched interfaces as a function of the
in-plane strain €, the transverse stress o and the structural mismatch strain ™.
This formulation not only accounts for the three-dimensional nature of the interface
in a Gibbsian sense (2D mathematical object as opposed to an interphase model)
but also explicitly considers its interfacial structure. Two surface stresses are thus
introduced: a coherent surface stress £° and an incoherent surface stress Y°, along
with a transverse excess strain A*. The coherent surface stress £° and the trans-
verse excess strain At represent the thermodynamic driving forces of stretching the
interface while the incoherent surface stress Y represents the driving force of alter-

ing the structure of the interface by stretching one crystal while holding the other

fixed. These three quantities fully characterize the elastic behavior of coherent and
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incoherent interfaces and read:

ar

¥ = +ot-H,
aes Gm’S,O'L _
or
At — A = 9oL —H:e® +K:e™
€S7€m,S
or
S i .S
X WES,UL_O- K—i_ge .

This formulation naturally introduces interfacial elastic tensors, as well as an im-
plicit coupling between the interfacial structure and interfacial stresses. Three sur-
face tensors (2(2), A® H) describe the pure elastic behavior of the interface (i.e.,
independent of the structural mismatch) while four surface tensors ('™, A, P,
K) describe and/or account for the coupling between the interface and the state of
coherency (i.e. dependent on the structural mismatch).

The isotropic case is developed in detail and particular attention is paid to the
case of interfacial thermo-elasticity resulting from the mismatch of coefficient of
thermal expansions between two dissimilar materials. This exercise provides some
insight on the physical significance of the interfacial elastic constants introduced in
the formulation and illustrates the obvious coupling between the interface structure
and its associated thermodynamics quantities.

Comparisons between discrete atomistic simulations for incoherent interfaces be-
tween Cu and its oxide CusO and the present continuum formulation demonstrate
that this generalized framework for mismatched interfaces successfully characterizes

the elastic behavior of such interfaces.

Acknowledgments

A.H. would like to thank the UMI GTL/CNRS (UMI 2958) and Pr. M. Cherkaoui

for their valuable support for part of this work along with the support from the Euro-

34



652

653

654

655

656

657

658

pean Commission for partial funding of this work under the “Nanolnterface” project
(NMP-2008-214371). S.B. would also like to thank the support of the French govern-
ment through the National Research Agency (ANR) under the program “Investment
in the future” (Labex DAMAS referenced as ANR-11-LABX-0008-01).

Sandia is a multiprogram laboratory operated by Sandia Corporation, a Lockheed
Martin Company, for the United States Department of Energy, under Contract No.
DE-AC04-94AL85000.

35



659

References

36



Table 1: Geometric parameters used to set up the atomistic simulations.

Interface | ¢™° (%) | n | m | L(A) | D (A) | Ny + Newo
1 —1.476 | 14 | 6 | 218.628 | 35.923 19696
2 1.34 12 | 5 | 217.391 | 30.479 14088
3 0.42 15| 6 | 215.181 | 37.645 21204
4 2524 | 17| 7 | 216.757 | 43.017 27964




Table 2: Interfacial elastic properties for an incoherent Cu/CusO interface.

Property Value
Ty Jm™?] 1.102
r) Jm 2] 3.00
T, +T%,  [Jm™? 2455.51

T m~?] 0.213
T+ 1%, [Jm? 526.71
D11 + Do m~?] -9.24

[
[
[
AY) [nm.GPa™] | 0.0210
[
[
[
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Figure 1: Schematic of a bicrystal interface and the distribution of a given excess thermodynamic

quantity across the interface structure along the transverse direction z.
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Figure 2: Decomposition of the in-plane eigenstrain €9 related to the change of the interface

structure.
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Figure 3: Illustration of the atomic surfaces composing the Cu/CusO interface. Details of the

setup of atomistic simulations are summarized in Table 1.
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Figure 4: Variation of the interfacial excess energy F| as a function of the mismatch

e5=0,01=0
strain €™ for an incoherent Cu/CuyO (for €¥ = 0 and o' = 0). Dashed line (— — ) is based
on the theoretical framework presented in equation (16), square symbols (W) are from atomistic

simulations. Interfacial elasticity properties used in equation (16) are presented in Table 2.
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Figure 5: Variation of the interfacial excess energy I“ES:O as a function of the transverse tensile
stress o (for € = 0) for an incoherent Cu/Cu,O interface with various mismatch strains. Dashed
line (— — —) is based on the theoretical framework presented in equation (16), square symbols (H)
are from atomistic simulations. Interfacial elasticity properties used in equation (16) are presented

in Table 2.
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Appendix

Appendix A. Nomenclature and list of symbols

We denote in boldface a vector a of the Euclidian space E only by its element a;
(i.e. a = a;€;) where we employ the use of Einstein’s convention of summation over
repeated indices. The component &; is an element of (&1, &, €3), a positive oriented
orthonormal basis of E with dimension 3. Similarly a second-rank Euclidian tensor
A designated in a boldface character is simply written as A;; (A = A;;6; ® ;). A
third-rank Euclidian tensor A designated by an underlined character is simply writ-
ten as A (A = A;j€; ® &; ® &;). A fourth-rank Euclidian tensor A designated by a
doubly underlined character is simply written as A;ju (é = A e Qe él).
A character not in boldface or not underlined indicates a scalar. The symbol “.”
between two tensors designates the product contracted once, while the symbol “”
designates the product contracted twice. Roman indices used in tensorial notations
range from 1 to 3 (three-dimensional) and Greek indices range from 1 to 2 (two-

dimensional), unless otherwise indicated.

Notation indexing:

. — denotes a variable defined in medium “4+” or “—” respectively.
+

[1° — denotes a variable defined in the plane of the interface.

[+ — denotes a variable defined transverse to the interface.

Strain and stress definitions:

€’ — interfacial in-plane strain tensor.

e — interfacial structure eigenstrain tensor.



€’ — in-plane molar volume change eigenstrain tensor.
em — in-plane structural mismatch strain tensor.

€ — eigenstrain tensor.

€ — strain tensor.

o — stress tensor.

T — residual stress tensor.

K — relative interface curvature.

es  Interfacial thermodynamic quantities:

F — total free energy.

v — bulk free-energy density per unit volume.
p° — interfacial power density of internal forces.
r — interfacial excess energy.

Iy — residual interfacial excess energy.

e — coherent surface stress.

TS — incoherent surface stress.

At — transverse excess strain.

D+ — thermodynamic conjugate of the transverse stress field o.
r® — residual surface stress.

AW — residual transverse interfacial deformation.
T — residual incoherent surface stress.

M?S — interface bending moment.

7o Bulk constants:



— Lamé constant.
— shear modulus.
— coefficient of thermal expansion.
— stiffness tensor.

— compliance tensor.

R Zla o = >

— transverse coupling tensor.

es0  Interfacial constants:

£(2) — interface in-plane elastic stiffness tensor.

A®) — interface transverse compliance tensor.

lm) — interface in-plane incoherency stiffness tensor.

@ — interface in-plane structural interfacial mismatch coupling tensor.
H — interfacial Poisson’s effect tensor.

K — interface transverse structural interfacial mismatch tensor.

A A5~ surface Lamé constants.

K*® K*% - biaxial surface moduli.

S

v 7]/*,5

— interfacial Poisson’s ratios.
E+ Bt — interfacial transverse Young’s moduli.
a’ — interfacial coefficient of thermal expansion.

do, d;; — thermal-mechanical coupling coefficient.

es1  Variables used in the atomistic model:

e — total energy of atom i.
e(0) — atomic bulk energy.
N — number of atoms.

n,m — scaling factors to obtain various mismatch strains in the atomistic model.



l — crystal lattice parameter.
W,L,D — dimensions of the atomistic simulation box.

A — surface area.

sz Miscellaneous symbols:

683
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S — imaginary, two-dimensional surface.

Q — semi-infinite crystal.

z — position across the interface.

h — arbitrary distance away from the interface.
X — position vector.

x — interfacial position vector.

u — displacement field.

\V&l — surface gradient.

n(x”) — interface unit normal upward pointing from the reference phase.
Vo — molar volume.

g (x) — variation of the structural mismatch.

Appendix B. “T-decomposition”: General anisotropic elasticity with eigen-

strains due to lattice mismatch

In the following “T-decomposition” (?7?), subscripts «, 5, k, A vary from 1 to 2,

and Roman subscripts j vary from 1 to 3 with the following conventions:

s _ s _ s _ s _
gaﬁ - O-Ozﬁ 9 Taﬁ - Ta,@ 9 Taﬁ - Taﬁ 9 6,{)\ - 6%)\ bl
(B.1)
L L 1 1_
O; =035, Tj =Tsj, €, =263, €3 =E€33,

where superscripts S and L respectively denote the in-plane and transverse parts of

stresses and strains.
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Consider an inhomogeneous linear elastic solid subjected to eigenstrains €;;, the
strain energy density per unit undeformed volume (Lagrangian approach) is given
by:

1
U =W+ 7 (Gz‘j - ffj) + §Cz’jkl (Gz‘j - EZ') (ert — €1) (B.2)

where €;; and €;; are respectively the Lagrangian total strains and eigenstrains.

The elastic (Lagrangian) strains are given by €; = ¢;; — €;;. The Piola-Kirchhoff
stresses associated to the elastic (Lagrangian) strains are given by:
ov
¢

ij

=7+ Ciju (er1 — €y) - (B.3)

Uij =

As such, the energy density W, the in-plane stresses o 5 and the transverse stresses

Ujl can be decomposed in terms of their in-plane and transverse parts:

1 . 1 «
o= U+ 5755 <€§B - Ga’[?) - 5056 (655 - %’5)

| ST L i1 a1
+ 37 <€j — 5 ) + 27 <€j Y ) ) (B.4)
‘725 = 7‘55 + Copra (6% — er) + Copsi (e,ﬁ — eZ’L> , (B.5)
UjL - TjL + Csjn (55,\ - 6:,5) + Csjsi (Eﬁ - EZ’L> : (B.6)

From equation (B.6), the transverse strains can be expressed as,
e,ﬁ = E:’l — MZTL + I\\/Jlija-L — Ykas <6§5 — 6;5) , (B.7)
where Méj and g are given by:
Mi; = Cals; + Vkas = M Csjag - (B.8)

Introducing equation (B.7) into equation (B.5), the surface stress tensor 073, is given
by:

s ~S s S *,S 1
Onp = Top T Ca,@m\ (%A - %) + Yjap0; (B.9)
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where
735 =Tas = Ti%as » Chger = Cager — CapseVewn - (B.10)

Introducing both equations (B.7) and (B.9) into equation (B.4), the energy density
U finally becomes:

- 1 . 1
U =17, +%55 <e§5 — e;ﬁs) + §C§,3m\ (egﬂ — e;ég) (ef/\ — eﬁ’f) + 50]*1\’[[3%%0%L , (B.11)

where

- 1
Uy =Wy — §Mjkrji¢,j (B.12)



