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Abstract. We construct rational extensions of the Darboux—P6schl-Teller and isotonic po-
tentials via two-step confluent Darboux transformations. The former are strictly isospectral
to the initial potential, whereas the latter are only quasi-isospectral. Both are associated to
new families of orthogonal polynomials, which, in the first case, depend on a continuous pa-
rameter. We also prove that these extended potentials possess an enlarged shape invariance

property.
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1 Introduction

Since the seminal paper of Gémez-Ullate, Kamran, and Milson [23], which introduced the concept
of exceptional orthogonal polynomials (EOP), the discovery of their connection with transla-
tionally shape invariant quantum potentials (TSIP) by Quesne [41, 42], and the construction of
infinite sets of such potentials by Odake and Sasaki [39], much progress has been made in the
understanding of exactly solvable systems related to orthogonal polynomials (see [22] and refe-
rences therein). The key tool to generate such systems is the Darboux or Darboux—Bécklund
transformation (DBT), which connects pairs of intertwined Hamiltonians. Starting from one
primary TSIP, specific symmetries of this last select the quasi-polynomial formal eigenfunctions
that can be used as seed functions to build chains of rationally extended potentials. The eigen-
states of these extensions are then (up to a gauge factor) exceptional orthogonal polynomials,
which, by using Crum formulas, can be expressed as Wronskians of classical orthogonal poly-
nomials. The regularity properties of the chains, including degenerate chains (i.e., chains with
repeated use of the same seed functions), are controlled by enlarged versions of the Krein—Adler
theorem [3, 17, 22, 32, 47]. For some chains, the extended potentials share the same shape inva-
riance properties as the primary potential [24, 25, 42, 43]. With other choices of seed functions,
the resulting potentials possess an enlarged shape invariance property [26, 44, 45].

Until now, the chains of extensions were “rigid” in the sense that they were uniquely de-
termined by the tuple of associated seed functions. Very recently, with B. Bagchi [4], we ob-
tained new rational extensions of the Darboux—Pdschl-Teller potential (based on the so-called
para-Jacobi polynomials [9]), which depend on a free parameter and can then be modulated

*This paper is a contribution to the Special Issue on Exact Solvability and Symmetry Avatars in honour of
Luc Vinet. The full collection is available at http://www.emis.de/journals/SIGMA /ESSA2014.html
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continuously. The eigenstates of these extended potentials are associated to new families of or-
thogonal polynomials that are, in a broad sense, exceptional para-Jacobi polynomials and which
depend on a free continuous parameter.

In this paper, we consider the possibility of building new rational extensions of two confining
TSIP, namely the trigonometric Darboux—P&schl-Teller (TDPT) and isotonic potentials, via
confluent chains of DBT, that is chains of DBT in which the spectral parameters of the different
seed functions converge to the same value. It has to be noticed that it is precisely by using
such confluent chains applied to the constant potential and considering the associated rational
extensions that Adler and Moser built the Burchnall-Chaundy polynomials [8] in their seminal
paper on the rational solutions of the KdV equation [2].

The possibility of considering two successive factorization energies tending towards a common
real value in a chain of Darboux transformations was first considered in the framework of phase-
equivalent potential construction [5], then extended to a class of potentials defined on the
line [49]. These approaches generalized to arbitrary bound-state energies a procedure already
known for the ground state and the first few excited states [13, 31]. An independent proposal
was made wherein the terminology “confluent” algorithm was introduced and some partners
of the free particle and the harmonic oscillator were exhibited [37]. The confluent algorithm
was then studied in more general terms and applied to the free particle, one-soliton well, and
harmonic oscillator [19]. It was also considered in a general construction of all possible first- and
second-order partners of the TDPT potential [12]. The “hyperconfluent” third-order algorithm,
wherein the three factorization energies converge to the same value, was analyzed [21]. Some
Wronskian formulas applicable to the confluent case were also derived [7, 20, 48].

The present work differs from the previous ones devoted to confluent chains by the restriction
to final potentials that are rational extensions of the initial ones. As a consequence of this
condition, some parameters of the latter may have to be chosen integer.

After recalling in Section 2 the basic elements concerning the Darboux—Béacklund transfor-
mations, we review in Section 3 the concept of confluent chains of DBT. We show in particular
that the confluent chains of arbitrary order can be generated within the standard frame of
(completed) DBT chains, giving rise to multiparameter dependent extensions.

In Section 4, applying two-step confluent chains of DBT for which the seed functions are
eigenstates, we build regular rational extensions of the TDPT with appropriate parameters.
The extended potentials depend on a continuous parameter and are strictly isospectral to the
initial potential. The eigenstates form new families of orthogonal polynomials, which have a free
parameter dependence. We exhibit particular examples and prove that the extended potentials
present an enlarged shape invariance property, in which the parameter transformation acts in
a nontrivial way on the supplementary parameter.

In Section 5, we make the same construction for the isotonic system. In contrast with the
TDPT case, the regular rational extensions do not depend on any supplementary degree of
freedom and we only have quasi-isospectrality between the extended potentials and the original
one. We also furnish explicit examples of extensions and establish their enlarged shape invariance
property. Section 6 contains some final comments.

2 Darboux—Backlund transformations: basic elements

We consider a one-dimensional Hamiltonian H = —d? /dx?+V (z), z € I C R, and the associated
Schrédinger equation
UA(@) + (Ex = V(2))iha(z) =0, (2.1)

¥x(x) being a formal eigenfunction of H for the eigenvalue E). In the following, we suppose
that, with Dirichlet boundary conditions on I, H admits a discrete spectrum of energies and
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eigenstates (En, ¥n)ne{o,....nmax }CN, Where, without loss of generality, we can always suppose that

the ground level of H is at zero (Ey = 0).
The Riccati-Schrodinger (RS) function wy (z) = —¢ (z) /¥ (z) associated to 1y satisfies the
corresponding Riccati-Schrodinger equation [28]

—w)(z) + wi(z) = V(z) - E. (2.2)

From any solution v, (or equivalently w, ), we can build a Darboux—Bécklund transformation
(DBT) A(w,) defined as [10, 11, 15, 16, 28]

wa(@) "% W (@) = —w, (@) + (B — B,)/(w,(z) — wr(2)),
() "8 9 (@) = exp (— / daw) <:c>) ~ Aw)n@),  A#w, (2.3)

where A\(w,,) is a first-order differential operator given by

o~

A(wy) = d/dx + w,(x).

wg\y) and wf\y) are respectively solutions of the Schrodinger and RS equations with the same
energy E) as in equations (2.1) and (2.2), but with a modified potential

VW(z) =V (z) 4 20, (z), (2.4)

that we call an extension of V(x). For the associated Hamiltonian HW = g2 Jdx? + V¥ (2),
we have the factorizations

~ ~

HY) = A(w,) A% (w,) + B,y H=A%(w,)A(w,) + By,
with
(@) ~ A (w, )0l ().

The function wgy) in equation (2.3) can then be rewritten as the Darboux—Crum formula

) W (b, Ya | @)
o)~ =y 2.5
where W (y1,...,ym | ) denotes the Wronskian of the family of functions yi, ..., ym,
A T |

The eigenfunction v, is called the seed function of the DBT A(w,) and V) and 1/15\'0 are
the Darboux transforms of V' and 1y, respectively.

Note that A(w,) annihilates 1, and, consequently, equations (2.3) and (2.5) allow to obtain
an eigenfunction of V) for the eigenvalue Ejy only when A # v. Nevertheless, we can readily
verify that 1/1,(x) is such an eigenfunction. By extension, we then define the “image” by A(w,)
of the seed eigenfunction 1, itself as

1
Yy ()

i (@) ~ (2.6)
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At the formal level, the DBT can be straightforwardly iterated and a chain of m DBT can
be simply described by the following scheme

g ) o) Afuiz") P09 Al ) ),
w(N ) wl(,Nm_l)
A(:f:l) v A(ﬁl ) (N2 L A( NN ) V(Nm),

where N; denotes the j-uple (v1,...,v;) (with Ny = vq), which completely characterizes the
chain. We denote by (Np, Vi1, - -y Vi) the chain obtained by adding to the chain N, the

DBT associated to the successive eigenfunctions Q,Z)l,m +1 yees ,wym"‘*k v,

@ZJ X Nm) is an eigenfunction associated to the eigenvalue Ej of the potential (see equation (2.4))
% N
- !/
VO (@) = V(e) +2 (wh (@) (2.7)
j=1

and can be written as (cf. equations (2.3) and (2.5))

PV (@) = A(wNm=0) VD () = A(wNm) - Awy, )9a (). (2.8)

VUm

A chain is non-degenerate if all the spectral indices v; of the chain N, are distinct and is
degenerate if some of them are repeated in the chain. For non-degenerate chains, Crum has
derived very useful formulas for the extended potentials and their eigenfunctions in terms of
Wronskians of eigenfunctions of the initial potential [14].

Crum’s formulas. When all the v; and X are distinct, we have

Dy = W)
T/J(N (z) = W () (2.9)
and
VO (2) = V(x) — 2(log W) (2))", (2.10)

where W(N’”)($) =Wy, %, | 2).

3 Confluent chains of DBT

The single-confluent limit of a chain of DBT Ny, is obtained when all the spectral indices v;
tend simultaneously to the same value v; — v, Vj € {1,...,m} (in the following, we consider
only single-confluent chains and than omit the adjective “single”).

3.1 Two-step confluent chains

We consider a chain of two DBT Ny = (v1, 1), which, in the non-degenerate case v, # vo, gives
(see equations (2.7), (2.8), (2.9), and (2.10))

V(VhVQ)(x) - V(x) - 2(10g W(Vlvyz)(x))” = V<$) - 2[(EV2 - EVl)/(wV2 (x) — Wy, (l’))]/,
YU (@) = (Wi () = Wiy (€))8huy () = W (s, Yy | 2) /00, (). (3.1)

Note that in the degenerate case 1 = 1o, we have (see equation (2.6))

1/1('/1)( ) = 1/¢V1 (Jj)v wlglfl)(x) = Wy ($)7
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and by applying the DBT A( (Vl)) = A(—w,,) to V") we recover simply the initial potential V,
V) () = VO (z) — 2w, () = V(z).

The confluent case corresponds to the limit v9 — v1. As proven by Ferndndez et al. [7, 20],
the confluent extended potential and its eigenstates admit the following integral representations

VO (z) = V(z) - 2 <10g < /m : dt? (t) — W0>)” (3:2)

and
(1/1,111 _ 31 (':U) (I/l)

Both depend on an arbitrary real parameter Wy and for an adapted range of Wy values, the
extended potential is regular. In fact, the formula for the potential (3.2) already appears in
many previous works, for instance in a 1986 paper of Luban and Pursey [33] and a few years
later in [31]. The Matveev formulas [27, 34, 35] for the two-step case

‘7(,/1,1/1)(%,) =V(z) -2 [logW (1/1111, <8TguE(j’)> B |x>] )

G ) =W (w (%) ,m\x) Jw (w (%) |a:> SCE

which express the confluent extension and its eigenstates in terms of generalized Wronskians
(which are in fact two-way, or double Wronskians [51]) can be viewed as associated to a particular
choice of the W constant. Indeed, if we consider the indexed family of RS functions w,(z) as
satisfying a prescribed initial condition in xg, we have, in the confluent limit, w,, (z) — w,, (x).
It results from equation (3.1) that

Yo (g) = v _2<1/ (awu > _u>,'

But we can readily verify that

y (awy(y ))Wl _ llogW (1/} (ag%(jc))y_yl |$>]

and since in this case we also have [36]

("5e )> -G >/x At (1)

we see that equation (3.4) corresponds to equations (3.2) and (3.3) with Wy = 0.

It has to be noticed that the degenerate extension V121 (z) can be recovered from the
confluent one V¥ 1”’1)(3:) by taking the singular limit value Wy — oc.

Fernandez et al. used these formulas to generate new second-order SUSY partners of the free
particle, the Kepler-Coulomb, and the single-gap Lamé potentials [7, 20].

The preceding results can be in fact integrated within the standard DBT scheme simply
using the DBT in its completed form (see equation (2.6)) as in [13, 31]. Indeed, by applying the
DBT A(w,), we generate first the one-step (possibly singular) extension

VI (2) = V(x) + 2w, (z) = V(z) — 2(log ¢ (x))".
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Since w,(f/) = 1/, is an eigenfunction of V") for the eigenvalue F,,, the most general eigen-
function (up to a multiplicative factor) of V®) for the same eigenvalue is

@ A+ [ dtg(t)
U (5 \ () | A dt— A ER 3.
(#300) =957 )< 1+/:ro t(w,(,y)(t))2> %Z)u(x) ’ rew (35)
and the corresponding RS function is
A1+ f dtp>(t) W2 (x)
(W) (o - _ - _
Wu (l'»)\l) = 10g< ¢y(.%') )] = ’LU,,(ZL‘) )‘1+f dtd)Q )

We can now use this general solution as seed function for the second DBT. Then ap-

plying A( IEV)) to V), we obtain the following second extension

VO (2 01) = VO () — 2(log ) (3 01))" = V(z) — 2[log (¢ (2) TP (25 M1))]"

—V(2) -2 [log (Al + / dtz,bﬁ(t))]” —V(2) -2 (Al +?2(dzwy )>/, (3.6)

and we recover the first Ferndndez formula (3.2) with A\; = —Wy. As for the eigenfunctions
of V%) they are given by (1 # v)

W(Tl)uﬂﬁu | )

W) (e — A(WEN @) - _ _
d}“ ('1"7 )\1) - A(Wl/ )¢,u (l’) - (EV Eﬂ)wﬂ(x) \Ill(,y)(gc’ )\1) .

(3.7)

3.2 General multi-step confluent chains

Fernandez and Salinas-Hernandez [21] have also considered the so-called “hyperconfluent” case
corresponding to a three-step confluent DBT, for which they have extended the previous for-
mulas, equations (3.2) and (3.3). For these three-step extensions, the potential depends on two
arbitrary real parameters.
In fact, the preceding analysis allows to obtain integral formulas “a la Ferndndez” for chains
of arbitrary order in a very simple way. In the following, the symbol (') means (v,...,v).
—_——

l times
2 (see equation (3.5)) by the DBT A(WZSV)) being
2
m(,y ) = 1/‘111(,'/), the general eigenfunction of V(”z)(x; A1) (see equation (3.6)) associated to the
eigenvalue F, is

In the three-step case, the image of ¥

o+ [2dt(U) (8 M)
U9 (25 0)

W0 (25 Ag) = ; A1, A2 € R,

where we have used the notation A,, = (A1,...,\;,). The next extension generated by the DBT
2

A(WV(V )) is then

VO (25 Ag) = V() — 2[1og (1, () U (25 M) U (2 As))]”

= V(x) —2(log ¢, (z))" — 2 <)\2 + / dt (W) (t; )\1))2) .

We recover the “hyperconfluent” third-order superpartner of V' (z) as obtained by Fernandez
and Salinas-Hernandez [21]. Within this scheme, the generalization is immediate and repea-
ting the procedure m times, we obtain for the hyperconfluent m'"-order extension of V(z) the
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expression

"

m—1 m—1
V(@5 Am—1) = V(z) =2 [log [T ¥&) (x5 A;) )—2>  (log U (a3 A4))",
‘ =

m

7o

with the following recurrence relation for the successive seed functions

M+/]ﬁ@$kanln2
zo

l,k:—l) ’

vl (s A) = ;
vy (-T;Ak—l)

where \IJ,(jo)(x;Ao) = Y, ().
In other words, whenever m is even (m = 2k)

_ "
X7(V2k)(:13; A2k—1) = V {log [H </\2[+1 —|—/ dt(\I/(VV2l)(t; Agl))2>] }
xo

and whenever m is odd (m = 2k + 1)

~ (,2k+1 b v 21-1 !
VI @ Ap) = V() =2 {10% [wv(fﬂ) II ()\zz +/ dt (Wl )(t;Azl—l))2>] } :

=1

(™ . . . . " !
The eigenstates of V™) can be obtained by successive applications of the A(WZEV )) operators
(the product being ordered in decreasing order),

AW )¢k( ).

s

QZ](CVM) ({L‘; Am—l) =

~

1

A direct application of the Crum Wronskian formulas [14] to these general, parameter-
dependent, confluent extensions is obviously not possible and, as mentioned above, the Matveev
formulas [27, 34, 35] correspond only to a particular choice of the A; parameters. Nevertheless,
these extended potentials are amenable to other (standard) Wronskian formulas [7, 20, 48].

In the following, we limit our analysis to the case of two-step DBT. We are interested in
the possibility of building regular and rational extensions with such confluent chains, which
turns out to be possible for the trigonometric Darboux—P6schl-Teller (TDPT) potential and the
isotonic potential.

4 Two-step confluent rational extensions of the trigonometric
Darboux—P&6schl-Teller (TDPT) potential

4.1 General scheme

The trigonometric Darboux—P&schl-Teller (TDPT) potential (with zero ground-state energy) is
defined on z € ]0,7/2[ by

Vo) = YD =1/2) | BB -1/

sin® x cos? z

—(a+B+1)?

with o, 5 > 1/2.
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Its physical spectrum, associated to the asymptotic Dirichlet boundary conditions

$(0%a,8) = 0=y ((g);a,ﬁ) ,

is given in terms of Jacobi polynomials [18, 29, 50]

ped(zy = CUTO+A+1) Z":(_l)k<n> TntatB+1+k) g  w

nI'(n+a+8+1) — k 260(B+ 1+ k)

En(a,B) = (an+ Bn+1)* = (a+ B+ 1) =dn(a+ B+ 1+n),
Yn(@; 0, B) = (w50, HPI)(2),  meEN,

with z = cos 2z € |—1,1[, (ap, Bn) = (« +n, 8+ n), and
Yol a, B) = (1 — 2)@T12/2(1 4 2)(F+1/2/2

In the following, in order to get rational extensions, we consider the case where o and § are
integers: a =N >1, =M > 1.

If we choose as initial seed function an eigenstate 1, (z; N, M) of V(z; N, M), by taking
xg =m/2 (20 = —1), the quantity

xT 1 4
Q) = [ et N = =3 [ aci -0V 0+ (P
is a polynomial of degree N + M + 2n + 1 in z with [18, 50]

1
QNN (1) = -3 /1 A1 = ON (1 + QM (PN ()’

oN+M (n+ N){(n+ M)!

= - . 4.1
2n+N+M+1 nl(n+ N+ M)! (4.1)

Note the following recurrence
(N+LM+1) ) _ an (N,M) (1 4.9
QTP (1) = QN (1), (42)

From equation (3.6), we then obtain for the confluent two-step extension V),
V) (25 N, M, Ay) = V(3 N, M) — 2[log (A1 + QM) (2))]”

12 d ((1 7Z)N+1/2(1 JrZ)M+1/2(P7SN,M)(Z))2>
dz A+ QMM () 7

=V(x; N, M) +4(1-2°)

where V(") (2; N, M, A1) constitutes a rational extension of V() (in the z variable). gN’M)(z)
is strictly decreasing on the interval |—1,1[ and keeps a negative value, varying from 0 to

%N’M)(l) < 0 when z runs through |—1,1[. Consequently, when

A €] — 00,00 U]-QMM (1), +00], (4.3)

then A\; + Q,&N’M)(z) keeps a constant sign, strictly negative or strictly positive respectively, and
V("Q)(x; N, M, \y) is regular.
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In this case, its eigenfunctions for k # n are given by (see equations (3.5) and (3.7))

U (5 N, M, Ny

D" (23 N, M, \) = [E(N, M) — Ey(N, M)y (x) —

with
) ) AL+ QM ()
n . _ N+1/2)/2 M+1/2)/2 M1
W N M M) = (L= 2) "I )/
and

W (n, | 7) = —(1 = 2)N (1 + )M P (),
where (Pg’ﬁ)(z) =0)

PO (2) = (k+ N + M + 1) PN () pN AT ()

n,k n

— (n+ N+ M+ 1PN M ) pNAD )

is an exceptional Jacobi polynomial in the broad sense of the term.
Hence, for k # n,

D) (@ Ny M, M) = [Ea (N, M) — Ex(N, M)]obg (25 N, M)

(N, M) (N,M)
4 (1 — 2)BNH8/2)/2(1 4 5)(BM+5/2)/2 P (2) P (2)

A+ QM) (2)

9

that is
~(0n2
ng&,k(z; A1)

~(12
B @ N ) = (1= 2) VYRR g ) (2 7
A+ QY (2)

where

P](\;i\/)[,k(z; M) =4 —k)n+k+ N+ M+ 1PN A+ QN (2)]
+ (1= 2)NF(L 4 2)MHLPUIAD () PN (),

Moreover

O (s N, M A = 1/ 00 (N, M, )
P(z)

_ (1 _ Z)(N+1/2)/2(1 + Z)(M+1/2)/2 ,
A1+ Qq(zN’M)(Z)

which is a normalizable eigenstate of ‘7("2)(;8; N, M, \1). This corresponds to defining

n2
P](V’A/)[,n(z; A1) = PVM) (),

@Z,(CHQ)(:L‘;N, M, A1) tends to zero at z = —1 and z = 1 (i.e., z = 7/2 and =z = 0) and is then
an admissible eigenstate of V("z)(:v; N, M, \y) for every k > 0. The potentials V(x; N, M) and
V("Q)(x; N, M, \;) are therefore strictly isospectral.
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~(n2
The orthogonality conditions between eigenstates imply that the P](Vn]\z,k(z;)\l) constitute

a family of orthogonal polynomials (indexed by k € N) on |—1, 1] with respect to the measure

1(L—2)N(1+ )M
2 (A + QD ()%

(n?) ) =
IU’N,M(Z’ 1) =

It is worth observing here that the confluent two-step extension Y7<n2)(x; N, M, ) may be
considered as a special case of one of those with general parameters that have been built by
Contreras-Astorga and Ferndndez in [12, Section 3.2.3(b)] (namely the third one given in equa-
tion (3.43)), whenever their parameters A, v assume the half-integer values A = N + 1/2 and
v=M+1/2.

4.2 Examples n =0
We consider the n = 0 case. Then

. N oN—k—1(_1\k
Q™) =5 [ - 0¥k oM =~ )M > il <J,€V ) (2 4+ 1)F

and

(1 — 2)2NHL(1 4 2)2M+1

(M +Q(()N,M)(Z))2

uM—-—N—-—(N+M+1)z
A+ Q)

VO (2N, M, A1) = V(; N, M) +2

+4(1—2)N1 + 2)

Moreover

P](V,]\Zl,k(z; A1)

~(02
O @ NN = (1= 2) NP1 g ) ()2 ,
M+ Qg (2)

where

ﬁl(\fo,j&,k(z; M) = —4k(k+ N+ M+ 1PN ) (A + QM (2))
+ (1= )N 14 M PN (), k20,

4.2.1 The N = M =1 case

The results read

Q) = 5617 (1- 3 +).
z(l - 22)

VO (2:1,1,0) = V(z;1,1) — 12
(x 1) (:C ) )\]_ —%(Z+1)2+%(Z+1)3
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(1-2)°
+ 2 N i 5
A1 —3(z+1)2+ §(2+1)3]
or
~ 3 3 sin? 2z cos 2z
VO (2:1,1, ) = —9—12
( ) 4sin’z  4cos?w A — 2costz + %cosz
49 sin® 22

()\1 —2costx + %cos6 x)2
with Ay € ]—00,0] U2, +00[, and
~ 02
Pl(,l,lz(z5)‘1)
M=LE+1)?+ iz +1)3

PO (@1,1,00) = (1= 2)Y/* (14 2)3/4
where

~ 1 1

P (A1) = —4k(k + 3)P{V(2) [ A — S+ D+ c(+1)°
+(k+3)(1— 221+ 2)2P2P(2),  k#£0,

~(Nn2

Pl(g%(z; A1) =1

4.2.2 The N =2, M =1 case

The results read

Q@ =~ 41 (1= Je+ 0+ 56412

3
(14+42)(1 - 2)%(1 + 2)
M—(z4+1)2+2(z+1)3 = Lz + 1)

(1-2)°(1+2)°

VO (22,1, M) = V(2;2,1) — 4

+2 2 2 3_1 4)2
A= (z+1)2+2(z4+1)% — 3(z + 1)4]
or
~ 15 3 (1 — 4cos2z)sin? x cos® x
VO (2:2,1,0) = + —16 — 32
( ) 4sin?x  4cos?x )\1—4cos4zc+13—6<3086x—2cossx
4512 sin'® z cos® ;
()\1 —4dcostx + 1—?? cosb z — 2 cos® 9:)
with A; € ]—00,0] U]%, +00], and
~(Nn2
_ PO (2 )
0%, .. _ 5/4 3/4 2,1,k\7) AL
z;2,1,M)=(1—z 14z ,
v b = o e v - e O

where
~ 2 1
P (A1) = —4k(k + 4PV (2) <)\1 R R R N 1)4>

+(k+ 41— 221 +2)2P2P(2),  k+#£0,
~(Nn2
P (2 h) = 1.
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4.2.3 The N =1, M = 2 case

The results read

Q) =1 (3 - 5+ ).

(1—42)(1 - 2)(1+ 2)?
M—2(+1)3+Lz+1)4
(1—2)3(1 + 2)°

VO (21,2, M) = V(2;1,2) + 4

+2 1 1 2
(A1 = 3(z+1)3 + g(z + 1)4]
or
~ 3 15 (1 — 4cos2z)sin® z cos* x
VO (21,2, 0) = + —16 + 32
( ) 4sin®x  4cos?x A — cos6 z+2cosdx
4512 sin® z cos!0 2

()\1 — %COS6 z + 2 cos8 x)2

with A; € ]—00,0] U]%, 400l and

~(02
P1(,2,3g(2§/\1)

(0%, . — 3/4 5/4
x;1,2, A 1-2 1+=2 )
1b ( 1) ( ) ( ) Al %(Z 1)3_'_%(2_’_1)4

where

1 1
PO (A1) = —4k(k + 4P (2) </\1 SECR IR G 1)4>

+(k+ 41— 220+ 2PP2Y(),  k+#£0,
~(2
Pz M) = 1.
4.3 Shape invariance of the two-step confluent rational extensions
of the TDPT potential

V(x; N, M) is a translationally shape invariant potential with a SUSY partner
and (the coefficient is readily established by a direct calculation)

W (4o, ¥n | 7) (_En(N, M)

(0) (- = rnie)

>%4WN+LM+U

Since Y(”z)(x;N, M, A1) and V(x; N, M) are strictly isospectral, it is natural to wonder
whether V(”Q)(a:; N, M, A1) shares the same invariance property as V' (z; N, M).
Consider the SUSY partner of V(”Q)(x; N, M, \). Tt is given by
VS(GQS)YOB? N7 M7 )\1) = ‘7(”2)(‘%7 N, M7 )‘1) - 2(10g{/;(()n2)(x7 N7 M7 A1)),/
= V(23 N, M) — 2[log (n(x; N, M)T™ (z; N, M, A (23 N, M, M)
where, for n > 1,

W(l/}na ¢0 ‘ {E)

D) (@ N, M, A) = En(N, M)o(z; N, M) — )
Uy (s N, M, M)




Confluent Chains of DBT: Enlarged Shape Invariance and New Orthogonal Polynomials 13

and, for n = 0,
1

7(0%)
¢ (LL‘7N,M, )\1) = .
° \I’((]O)(x,NaMa)‘l)

Consequently, in the n = 0 case, we have
VO (25 N, M, Ay) = V(a; N, M)
— 2[log (tho(x; N, MYT (2 N, M, A)G (@ N, M, A
= V(a; N, M) — 2[log 1o (a; N, M)]",
that is
VO (25N, M, Ay) = VO (2, N, M) = V(N + 1, M + 1) + Ey (N, M).
Furthermore, in the n > 1 case, we get

V) (23 N, M, Ay) = V(23 N, M) — 2[log (3 N, M)]"

9 {log KEn(N, MYT™ (2 N, M, Ay + m) dn@i N, M)} }//

=V(&;N+1,M+1)+ E (N, M)

E, (N M)

— 2{log [(EN(N, MYS™ (2 N, M) — =2 1 (a; N +1, M + 1))]

"
+log (e N
More precisely

‘75(8;)\((55%1\7’]‘/—’ M) =V(e; N+ 1L, M+ 1) = 2[logpp—1(a; N +1,M +1)]" + E1 (N, M)

g (10g M Q@) — (ot N MY (N + 1M 1) 4
Yp—1(z; N+ 1, M +1)

=V (N +1,M+1)+ E (N, M)

"
o (100 M QM () — (@i N M) (@i N + 1M +1)/4n
& Gn1(x;N +1,M +1)

If, for an appropriate constant C, the following condition

wn(x§N>M)¢n—1( N +1, M+ )
4dn

A\ + Q%N’M)(Z) o ( + Q N+1 M—i-l)(z)) (44)

is satisfied, then

A4 QMM (2) = (s N, M)ty (23 N + 1, M + 1) /dn
Ibn_l(%; N + 1, M + 1)

=cv" V(@ N +1,M+1,X)
and we obtain an enlarged shape invariance property

() (o — (=1 (. !

Vausy (@ N, M, Ay ) =V (; N+1,M +1,\}) + E1(N,M). (4.5)

The preceding condition (4.4) can be rewritten as

A(z) = B(z) =CN, =\, Vze]-1,1] (4.6)
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with
A(z) = QM (z) — eI ()

—5 [ afea-o¥ras ot p e )
1

— (1= QN+ QM (PN 0))?]
and

B(2) = Yp(x; N, M)tpp—1(x; N + 1, M + 1) /4n

1 — 5 )N+ M+1
= B2 D plan (o) p 41 )

Equation (4.6) is equivalent to

where L A(2) is given by

2 d
1= 2)N{I+ )7 dz

A(z) = C(1 - 22) (PN (2))% — (PNAD ()2,

=

As for £ B(z), using the derivation formula [18, 50]

diPTgN,M)(Z) _ N+ MAn+ 1P(N+1,M+1)(Z)’
z

it can be expressed as

9 n—1

4n iB
(1=2)N(1+2)M dz
N+ M 1
+ (1 _ 22) —+ 2—1— n+ (P(N+1,M+1)(Z))2
+[(M = N) = 2(N + M +2)] POV (2) pOVFEMED ()

that is

4dn d
T—avar e P@ == (-

+ (1 2) PV () L PV )

(M = N) = 2(N + M + 2)] P () PO LMD (),

But the differential equation satisfied by the Jacobi polynomials is [18, 50]

(1—2)5213( M(z) + (M~ N)—Z(N+M+2)]CZP(N’M)(2)

= —n(N + M +n+1)PNM (),
which, combined with equation (4.8), gives

(1= )2 PO @) 4 (M = N) = oV + M+ 2)] P40 () = —20PVAD(),
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Consequently

4n d
- A+ a2

_ —QH(PT(LN’M)(Z))2 + (1 . 22)N + M2+ n + 1 (Prgjjii»l,M+1)(Z))27
or
2 d
—B
T a

N+M+n+1
4n
To satisty the equality (4.7), we then must choose

= (1-2?) (P ()2 — (PN (2))2,

n—1

N+M+n+1
C = .
4dn
In this case, equation (4.6) simply becomes
N+ M 1
A(z) = B(z) = 22220 H 2\
4an
In the limit z — 17, we obviously get
B(1) =0,
and (see equations (4.1) and (4.2))
N+M+n+1_(Nt1.MmM+1
A1) = QM) - == =@, ") =0,
which implies
4dn
Al AL (4.9)

" N+M+n+1
We conclude that for n > 1, the two-step confluent rational extensions of the TDPT potential
satisfy the enlarged shape invariance property (4.5) with \| given in equation (4.9). Note that
the latter relation ensures that the domain of Ay values for which ‘7(”2)(37; N, M, 1) is regular
corresponds exactly to the domain of A} values for which 17<(n—1>2>(:c; N+1,M +1,))) is also
regular (see equations (4.2) and (4.3)).
In the n = N = M =1 case, such a property can be directly verified as follows. We get

PP =1, PMV(z) =22
C =1, N =\, as well as

A =@ - QP =5 [ de((- )P - e - ¢)

1 [* E
:2/1dg‘(1—6§2+5§4):

z(l — z2)2

N — =

and

(1-=2)°
4

Hence the identity

A(z) = B(2), Vzel-1,1],

B(z) = 2z.

is satisfied, which implies that

VA (1, 1,00) = VIO (2,2, M) + By (1, 1),
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5 Two-step confluent rational extensions
of the isotonic potential

5.1 General scheme

The isotonic oscillator potential (with zero ground-state energy Ey = 0) is defined on the positive
half-line |0, +o00] by

w? a+1/2)(a—1/2
P2 fat /a2

V(z;w,a) = —w(a+1), la] > 1/2.

If we add Dirichlet boundary conditions at zero and infinity and if we suppose a > 1/2 it
has the following spectrum (z = wx?/2)

E,(w) = 2nw, (5w, ) = 2OFY2/2e=212 10 (5, n >0,

where
n
L3(z) =
k=0

(-D*(n+a)---(k+1+a) ,
k! (n—k)!

(5.1)

is the usual Laguerre polynomial [18, 50].

In the following, in order to get rational extensions, we consider the case where « is an integer:
a=N >1.

If we choose as initial seed function an (unnormalized) eigenstate ¢, (x;w, N) of V(z;w, N),
by taking x¢ = 0 we get

x —+oo
/ 42 (650, N) = [[da? — / 42 (0, )
0 x

ol = —— [ e (L (0)) exp(=0)-
NI n
But
EN ) =~ [T e (E¥(0) exp(—0) = —— exp(—2)QY (2), (5.2)
n m ; n \/ﬂ n
where
N+2n d]
Q) =~ (L)) (5.3)
j=0

is a polynomial of degree N + 2n.

In contrast with what happened in the TDPT case, to obtain a rational extension we need
now to eliminate the exponential factor, which necessitates fixing \; = —||1,||>. Equation (3.6)
then becomes

VO (50, N, =0 ]2) = V (30, N) — 2[1og (FY ())]"

d [ ZN+1/2 LN (2) 2
=V(z;w,N) —4wz1/2% ( ergf(z) ) )

where V") (z;w, N, —||1,||2) constitutes a rational extension of V (z;w, N). Since FN(z) is a
negative, strictly increasing function of z, such that

lim FN(z) =0,

T—+400
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QN (2) keeps a constant strictly negative sign, i.e., QY (2) has no zero on the positive half-line.
This shows that V™) (z;w, N, —|[¢n|?) is also regular
Let us note too that [18, 50]

Ny L N N2 1 (n+N)!
YO0 =~ [ ac (L (0) ep(-0) = -2 <0, (5.4)
or
QX (0) = -t (5.5)
n!
The eigenfunctions of v(”z)(x;w, N, —|[¢,||?) are given by (see equation (3.7))
B0 (a0, N, ~[[6n?) = [Bnw) — E o, V) - — WV Wntilz) ,
wk (‘T w Hw H ) [ (w) k(w)}wk(x w ) \I!%n)(x;w,N,—HwnHQ)
where
\I/(”) (20, N, =4 I12) = Jo dtpn(t;w, N) — [[¢al?
" Up(x;w, N)
EN(2) L (Nt _ QN ()
™ )—mz * exp( Z/2)L7]:’(z) (5.6)
and
W (n, ¥ | ) = V202N exp(—2) Ly (2),
with
Lyx(2) = Ly () LY (2) = Ly (2) L2 (2).
Consequently
O (o, N =llnl2) = [Bu(w) = Bu(w)ln(aiw, N)
Ly (2) LY (2)
B e = g
that is,
T (500, N, — ) = 2200 /D iy
: ' ) k)
where

L) = (n = LY (2)QY (2) — 2N PLY L (2) LY (2).

@Z,(CHQ)(:L‘;w,N , —|l"n|?) decreases exponentially to zero at infinity and also tends to zero at
the origin (see equation (5.5)). It is therefore an admissible eigenstate of V") (z;w, N, — ||t ||2)
for every k # n.

Note that in this case

. N
T (i N, ) = 190 (560, N, =) ox 5522 oxpe/) 85 (5)
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is not an eigenstate since it is not normalizable. This implies that V(") (z;w, N, —|[¢,]/2) and
V(x;w, N) are only quasi-isospectral, the two-step confluent DBT A(W,EV)) o A(w,) being now
state-deleting.

The orthogonality conditions between eigenstates imply that the set of Ek N (2) with k # n,
constitute a family of orthogonal polynomials, indexed by k € N, on the positive half-line with
respect to the mesure

(n?)

2N exp(—2)

™) () = .
R YIRS

5.2 Examples
5.2.1 The n = 0 case

The n = 0 case gives no new extended potentials with respect to previously known results.
Indeed, the corresponding confluent two-step DBT is obtained by applying successively the one-

step DBT A(wp) and A(Wéo)). The first one is the usual SUSY partnership and, due to the
shape invariance property of the isotonic potential, we have

VO (z;w, N) = V(z;w, N +1) + 2w,
where V() (z;w, N) admits the following eigenstates
U (@, N) ~ (5w, N + 1),

for the respective energies Ey(w), k > 1.

The second DBT A(Wéo)) is associated to the seed function \I/(()O) (25w, N, —||1o]|?), which
is a formal eigenfunction of V() (z;w, N) for the eigenvalue Ey = 0 and which is then in the
disconjugacy sector of V(O (z;w, N). But

z 1
g (x;w, N, A1) = w(o) (3w, N) | M1 +/ dt ,
‘ 0 v (P (tw, N))?

where

PO (@i w, N) ~ 1/t (0, N) = 2~ NF1/2)/20+2/2,

By taking 2o = 0 and \; = — ||¢)||, we obtain
0),.. n_ L (N2 N
Uy (x;w, N, — = —x exp(—z/2 z), 5.8
o ( 1%0ll%) o p(—2/2)Qy (2) (5.8)
where
N N g N N
Qo (2) = _Zj(z ) = _N!Zﬁ’
§=0 1=0
which gives
(0) 2 N ~(N+1/2)/2 X4
Uy (z5w, N, —||vo?) = — exp(—z/2)z Z —. (5.9)

V2w e [!
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Equation (5.9) shows that \Iféo) (z;w, N, —||0]|?) is a formal eigenfunction of V() (z;w, N) =
V(z;w, N+1)42w that tends to zero at infinity and diverges at the origin. Such an eigenfunction
is unique (up to a constant multiplicative factor) at a given eigenvalue (here Ey = 0) [6, 30].

Consequently \I»'éo) (w50, N, —||1o||?) coincides necessarily (up to a constant multiplicative
factor) with a type II seed function [22] of V(z;w, N 4+ 1) + 2w, which is a formal eigenfunction
for the eigenvalue F_; + 2w, namely

\IJ((]O) (z;w, N, —|]1/)0H2) ~on_(z;w,N+1) = zf(N+1/2)/267Z/2L&N_1(z),
where ¢, _ is defined by
On— (3w, @) = Y (235w, —).

Note that this result can be recovered directly by using the identity (see equation (5.1))

LNl

Mz

’i
I’
1=0

in equation (5.9).
Applying then the DBT A(Wéo)) = A(vy,— (73w, N + 1)) (vn,- = —¢)y_/¢n,-) to VO (g,
w,N) =V (z;w, N+ 1) 4+ 2w, we arrive at a two-step confluent extended potential

VO (@0, N, ~[l9oll”) = VO (@0, N +1) + 2w,
which coincides (up to a constant shift) with the usual extensions obtained with type II seed

functions [22].
Explicitly, we get

N
V(OQ)(x;w,N, —Hw()HZ) =V(z;w,N)+ %Zlﬂdi;: [zN+1/2/ (Z zl/l!)]

1=0
and
~(02 2 Z(N+1/2)/2ex —2z/92
B0 (s, N = oll?) ~ L0 () SR sy
32t
=0

In the N =1 case, this gives

2

-~ 02 . 2 w 2 3 4w 160&.) 17_ .

V! )(:U,w,l,—||w0|| ) = + o + e En i (wa? 1 2)? =y )(:L',w,2) + 2w
and

~ 202374 —2/9) ~

1/)]202)(56;(,0, 1? _Hw()HQ) ~ wz exp( Z/ )L](goi)(z)’ k > 17

z+1 )

with

L (2) = kLL(2) (= + 1) + 22 L3_y (2).
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5.2.2 The n = 1 case

We have in this case

N .
J
M) = N2 N (VY S
- J-
7=0
and
- NN +1-
V) (@50, N, —|[¢1]|?) = V (230, N) —4WW[(N+ 3)(N+1) = (N +3)2]
1
N+1 N 1— 2 N-1 J
[Q1(2)] =0 7!
The eigenstates of V1) are (k # 1)
~ LN (2) LN (2
O (@30, N, = [[n]2) = (1= k)0, N) — 2CN+5/D 2 exp(—2/2) I’IZSN)( 1> =
(2
that is,
~12), 2wz INHY2/2 exp(—2/2) ~
wk (xv("-}?N’_”wl”Q) - Q{V(Z’) k,N(z)7
where
L) = 2N 41— 2L (2)
N Z‘j
+ [ BN = (NE+ DT (k= DN+ DD | LY (2).
—J
7=0
In particular, for N =1
Ql(z)= -2 +22-22-2
and
v (z;w,1, =¥ ||2) =V(r;w,1) + 6w G 20w 527~z =2 + 2w
edlk )= [ 23— 2242242 (23—z2+22+2)2 7

or

2
3
:U + — + 12w

24— 16

~ (12
V(l )(a:;w,l, ||¢1|| ) )
3900 Sw?zt — 8wa? — 8

w3xb — 2w2x4 + 8wx? + 16

(w3:c6 — 2w2xt + 8wx? + 16)2'

Moreover (k # 1)

~(12) 2 Qw234 exp(—2/2) ~(12)
1/% (fUaW,l,_”%Z)l” ) - 23— 22492742 k,1 (Z)’
where
LID(z) = [k — (k4 1)2% + 2(k — 1)z + 2(k — 1)] Li(2) + 22

(2= 2)°Li 4 ().
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The polynomial
E&f)(z) = —(22 + 2z + 2)
is associated to the ground state of v (ac; w, 1, —Hw1|]2) and
L8 (z) = ;(z +42% —12),
which has a single zero at v/2 on |0, +o00[, corresponds to the first excited eigenstate.
5.3 Shape invariance of the two-step confluent rational extensions

of the isotonic potential

V(xz;w, N) is a translationally shape invariant potential with a SUSY partner
Vsusy (73w, N) = VO (250, N) = V(z;w, N + 1) + By (w)
and (the coefficient is readily established by a direct calculation)

W(qp()a wn | 'ZE)

W N) = S e )

= V2, 1(z;w, N +1). (5.10)

Considering the SUSY partner of ‘7("2)(33;01,]\7, — ||wn|\2 ), let us deal separately with the
n > 1 and n = 0 cases. For n > 1, this partner is given by

~n2 ~7L2
VAR (5w, N, —[[¢n]|?) = VO (30, N, — [ ]1?) = 2(log & (25w, N, —[|¢a]|?))” (5.11)
= V(z30, N) — 2[log (tn (x50, N)TD (30, N, — a2 (@30, N, = [|10n|2))]”,
where

W(i/fnﬂ/fo ‘.T) )
W (250, N, —[[n]?)

O (250, N, —[[1n|2) = En ()5 w, N) — (5.12)

Inserting (5.12) into (5.11), we get
Ve (@30, N, = [[9ll?) = V(50, N) = 2(log Yo (a0, N))"
B ) (o e 2y W (%o, ¥ | 2) , !
2{log {(En(w)\lfn (x,w,N, l|tn ]| )+ o, N) (x50, N)
=V(z;w,N+1)+ E(w)

-2 {log {<2nw\117(1") (:c;w,N, —Hl/JnHQ) — \/ﬂwn_l(az;w, N+ 1)) U (23w, N)} }”.
More precisely, on using (5.6),

VS(GQS)Y(x;w,N, —HwnHQ) =V(z;w, N +1) — 2(log¥p_1(x;w, N + 1)) + Ey(w)

., {1Og :<Fév(z) B z/;n(:c;w,N)z\/z/nz;;?ix;w,N + 1)) s (@0, N+ 1): }//

=V (2w, N +1) + E(w)

—2 {log :<Fév(z) _ Ynliw, N)q’f/’%f;“’ N 1)) Jhn—1(z;w, N + 1): }H.
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If, for an appropriate constant C, the following condition

Noy Un (x50, N)p—1(x;w0, N + 1)

n

= CE(2)

is satisfied, then

Yn(z;w, N)Yp—1 (3w, N + 1
(F) - Lelre DL :
= 0 (230, N + 1, — s |?)

)/wn_l(x;w,m 1)

and we obtain an enlarged shape invariance property

~ (n2 ~((n—1)2
Ve (w50, Ny = [|¢n]1%) = VO D) (500, N + 1, —[|¢h1[%) + Er(w).

The preceding condition (5.13) can be rewritten as
A(z) — B(z) =0, Vzel-1,1],

with

(€))*) exp(~<)

L N(y N4l LT N+1(7N+1\2 _ N
A = B0 =R = o= [ ac(ce @ o) - ¢V e

and
B(z) = Yol Nvnar@ww N +1) _ e Ly ()11 (2)
\/%n \/ﬂn
Equation (5.15) is equivalent to the set of conditions
d d
dz (2) o (2)
and
A(0) = B(0)

Here d%A(z) is given by
VL AG) = (L5 (2))? - Cx(15(2)") " exp(—2).

As for 4L B(z), using the derivation formula [18, 50]

d
L (2) = - (2),

it can be expressed as
2wn$B(z) = —z" exp(—2)L; (2) z@Ln (z) +(N+1-2) .

— N exp(—2) (LY ()%,

The differential equation satisfied by the Laguerre polynomials is [18, 50]

d N d N N
— 1— 2)— - _
deQL’n (Z)+(N+ Z)dZLTL (Z) nLn (Z>7
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which, inserted in equation (5.18), yields

- %Z(ngll(z))Q) 2N exp(—2).

With such a choice for C, the second condition (5.17) is then also fulfilled because it is
obvious that B(0) = 0 and, from equation (5.4), it results that

We conclude that for any n > 1, the two-step confluent extension VSFG;)Y (a;;w, N, —HzanQ)
satisfies the enlarged shape invariant property (5.14).

Such a property is in particular satisfied if n = N = 1, as it can be directly verified. In this
case, we indeed have

1P =1, V) =2-

and C' = 1, so that the identity (see equations (5.2) and (5.3))

A(2) = FL(2) = F(:) = <= expl(=2)(Q1(2) — G3(:)
. 1 2 d 3 d _22(2_Z) -z _
_\/Texp ;)d Zd— 2(2 = 2) ) —We = B(z)

is fulfilled, which implies that

~ 2 ~ 2
Vavsy (@, 1= [91]%) = VIO (30,2, — [90]?) + B (w).

Let us now turn ourselves to the n = 0 case. As noted above (see equation (5.7)), the formal
eigenfunction

1

) (250, N, — |40 |?) =
o ( oll”) \y[()o)(x;w,N7—||1/’0||2)

associated to the eigenvalue Ey = 0, is not an eigenstate of V(OQ)(x;w,N, —|lw0|?) and the

ground state of this potential is actually given by 1%02)(:16;@‘;, N, —H?,/J(]HQ). The SUSY partner
therefore reads

VA%, (230, N, — [[vl|?) = VO (3.0, N, —[[00]2) — 2(1og ) (w50, N, —[[0]|2))”
~ /i
= V(z;w, N) —2[log (wo(m;w,N)\Iré)(x;w,N,—Hlbo\P) §02)(x;w,N7—||¢o||2))} ,

where

W(¢07¢1 |l’) ]
U (250, N, —|eo]|2)

S (w0, N, = o) = —Es(w)n (w0, N) -
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Using the shape invariance property of V', we can then write

Ve (30, N, = [ol[2) = V(w3 0, N +1) + Fy(w)
— 2 log (~2wpr (w30, N) B (250, N, —[[ol|%) — W (¥, ¥ |:c))}//,

that is, with equation (5.8) and (5.10),

VsSdy (w0, N, = [oll?) = V (w50, N + 1) + E1 (w) — 2[log v (a3 0, N)]"
— 2[log (LY (2)e~ V4272 exp(—2/2)QY (2) — s, N + 1)) ||
= V(O)(:U;w, N+1)+ Ey(w)

— 2{ log [+~ V422 exp(—2/2) (L ()04 (2) — V1)) } .

If there existed some constant C' such that

1 (2)Q (2) - =CQy ' (2), (5.19)

then we would get
~ N2 -
Vavgy (mw, N, = [[ol?) = VO (250, N + 1) + Ei (w).

However, it can be readily seen that equation (5.19) cannot be satisfied by any C, so that
we conclude that we do not have any strict nor enlarged shape invariance for the confluent
extension V(0%).

6 Final comments

Using two-step confluent chains of DBT, we have generated new families of orthogonal poly-
nomials, associated to novel regular rational extensions of the isotonic and TDPT potentials,
exhibiting an enlarged shape invariance property. Interestingly, in the second case, the ortho-
gonal polynomials depend on a free parameter that can be modulated continuously, a feature
already encountered for other extensions based on para-Jacobi polynomials.

Considering chains of arbitrary order and the possibility of obtaining more general families
of orthogonal polynomials subjected to multi-parameter dependence would be a very interesting
topic for future investigation.

As a final point, it is worth observing that apart from the Darboux (or differential) approach
to the construction of (quasi-)isospectral families of potentials, considered in the present paper,
there also exist the Abraham—Moses [1] and Pursey [40] (or integral) approaches to the same,
coming from the inverse scattering Gel’fand—Levitan or Marchenko technique. Relations between
both types of methods have been extensively studied by several authors (see, e.g., [5, 33, 38, 46]),
showing that they sometimes lead to the same results, but are in general inequivalent. The
differential procedure being more convenient and easier to use in quantum mechanics has been
preferred here. Studying the relation between our results and those of the Abraham—Moses
method would, however, be an interesting open question for future work.
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