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extended potentials, and Laguerre exceptional polynomials

Y. Grandati'-® and C. Quesne?)

'Equipe BioPhysStat, LCP A2MC, Université de Lorraine-Site de Metz, 1 bvd D. F. Arago,
F-57070 Metz, France

2Physique Nucléaire Théorique et Physique Mathématique, Université Libre de Bruxelles,
Campus de la Plaine CP229, Boulevard du Triomphe, B-1050 Brussels, Belgium
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The power of the disconjugacy properties of second-order differential equations of
Schrodinger type to check the regularity of rationally extended quantum potentials
connected with exceptional orthogonal polynomials is illustrated by re-examining the
extensions of the isotonic oscillator (or radial oscillator) potential derived in kth-order
supersymmetric quantum mechanics or multistep Darboux-Bécklund transformation
method. The function arising in the potential denominator is proved to be a polynomial
with a nonvanishing constant term, whose value is calculated by induction over k.
The sign of this term being the same as that of the already known highest degree
term, the potential denominator has the same sign at both extremities of the definition
interval, a property that is shared by the seed eigenfunction used in the potential
construction. By virtue of disconjugacy, such a property implies the nodeless character
of both the eigenfunction and the resulting potential. © 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4815997]

. INTRODUCTION

The introduction of the concept of exceptional orthogonal polynomials (EOP)"? and the con-
struction of the first X; families of Laguerre- and Jacobi-type EOP in the context of Sturm-Liouville
theory>* have aroused a lot of interest both in mathematics and in physics. On the one hand, the
EOP families are novel systems of complete orthogonal polynomials with respect to some positive-
definite measure, generalizing the classical families of Hermite, Laguerre, and Jacobi, but differing
from these among others by the presence of gaps in the degrees n of the polynomials appearing in the
sequences (e.g., n = 0 for the X; families). On the other hand, they were shown to provide a keystone
for rationally extending some well-known (translationally) shape-invariant quantum potentials®® in
such a way that shape invariance is preserved. In this context, the usefulness of an approach based
on supersymmetric quantum mechanics (SUSYQM) or, equivalently, the Darboux transformation
was pointed out.”'°

An important step was the description of infinitely many shape-invariant potentials associated
with X,, EOP families, where the number of gaps m, called codimension (and corresponding here to
n=0,1,...,m — 1), may be arbitrarily large.''~'* The existence of two families of X,,-Laguerre
and X,,,-Jacobi EOP was also reported (thereby extending an observation made for m = 2 in Ref. 10)
and it was later on explained through Darboux-Crum transformation.'>~!” In addition, these families
were shown to be obtainable through two alternative approaches, namely, the Darboux-Bécklund
transformation (DBT)'® and the prepotential method. '

Counterparts of the classical family of Hermite polynomials have also been known in physical
applications since the early 1990s,°2" but these X,, EOP are of a slightly different nature in the
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sense that the m gaps in the degree sequence correspondton=1,2,...,m,insteadofn=0,1, ...,
m — 1. Since then, similar X,,-Laguerre and X,,-Jacobi EOP have been constructed and form the
so-called third families.!% 1819

A significant advance was then the introduction of multi-indexed X, m,.....
associated rationally extended potentials through multistep Darboux algebraic transformations.
The same concept was developed through several approaches, such as the Crum-Adler mechanism,”
higher order SUSYQM,**3! and multistep DBT.>?

In such a context, there remain two open essential questions. The first one is to know whether
the multi-indexed EOP families exhaust all the possibilities of higher codimensional complete
orthogonal polynomial systems or, in other words, whether all the higher codimensional complete
orthogonal polynomial systems are generated by the application of successive algebraic Darboux
transformations (or one of the equivalent methods quoted above). This was recently proved to be
true for codimension two.*

The second problem has to do with the existence of a well-behaved measure defining an EOP
system, which is directly connected with the regularity of the associated rationally extended quantum
potentials. In the one-indexed X, case, this problem is usually solved by showing that the classical
polynomial occurring in the denominator has no zero in the domain of the variable, which is an easy
task since the distribution of zeros of classical polynomials is well known.>*3 In the multi-indexed
X, .m....m, case, however, the denominator contains a Wronskian of functions written in terms of
classical polynomials, so that the problem becomes much more difficult to solve. While still feasible
for k = 2, the study of zeros remains outside scope for most higher k cases, hence the construction
of multi-indexed EOP is still rather formal.

A notable progress towards the solution of the regularity question was recently made’? by
making use of the disconjugacy properties of the Schrodinger equation for eigenvalues below the
ground state.>*® As a consequence of such properties, the nodeless character of the function present
in the denominator can be inferred from the signs it takes on both ends of the domain. Nevertheless
when applied to the rationally extended isotonic oscillator (or radial oscillator) potentials,*> except
in the k = 2 case, the equality of signs was obtained without exhibiting explicit formulas for the
denominator in the asymptotic regions.

The purpose of the present paper is to give such explicit expressions in the general multi-indexed
case, where each step may be associated with any one of the first two families of X,,-Laguerre EOP
(although of interest the mixing with steps associated to the third family necessitates a separate
analysis and is not considered in the present article). We then extend some results previously obtained
in Refs. 30 and 31, confirming in particular a conjecture about the structure of the polynomial factor
in the denominator. This allows a more direct proof of the regular character of the considered
extensions.

The paper is organized as follows. After recalling in Sec. II the disconjugacy properties of
the Schrodinger equation, we apply it to the construction of rationally extended radial oscillator
potentials and corresponding X,,,-Laguerre EOP in first-order SUSYQM. Section III summarizes the
corresponding multistep construction in kth-order SUSYQM. An improved proof of the regularity
of these extensions is then given in Sec. IV. Finally, Sec. V contains the conclusion.

m, EOP families and
28

9

Il. RATIONAL EXTENSIONS OF THE ISOTONIC POTENTIAL AND X, -LAGUERRE EOP
A. Disconjugacy

Let us briefly recall some essential elements about the disconjugacy properties of second-order
differential equations of Schrodinger type,

Y'(x)+ (E = V(X)) (x) = 0. 2.1)

To any solution ¥ (x) of Eq. (2.1) we can associate the corresponding Ricatti-Schrédinger
function w(x) = —¥’(x)/¥(x), which is a solution of

—w'(x) + w(x) = V(x)— E. (2.2)
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Equation (2.1) is said to be disconjugated on / C R (V(x) being supposed continuous on /)
if every solution of this equation has at most one (necessarily simple) zero on 1.>%37 For a closed
or open interval /, the disconjugacy of Eq. (2.1) is equivalent to the existence of solutions that are
everywhere nonzero on 13637 Tn the following we will consider I = 10, + ool.

Let us also quote the following result:

Theorem (Refs. 36 and 37). If there exists a continuously differentiable solution on I of the
Riccati inequality

—w'(x) + w’(x) < V(x) — E, (2.3)
then Eq. (2.1) is disconjugated on .

In the case we consider, the Hamiltonian corresponding to Eq. (2.1) and associated to Dirichlet
boundary conditions on 7 has an infinite bound-state spectrum {E,, ¥, },cn. Consequently, since
Yo is nodeless on I, wy(x) is a continuously differentiable solution of (2.2) on this domain and
condition (2.3) is fulfilled for every value of E not greater than Ey. The domain of values ]| — oo,
Ey] of the spectral parameter E will be called the disconjugacy sector of Eq. (2.1). In this sector,
except for E = Ej, ¥ (x) does not satisfy the required Dirichlet boundary conditions to be a bound-
state wavefunction and diverges at one or both extremities of /. To ensure that this eigenfunction
is nodeless, it is sufficient to verify that it has the same sign at both extremities of the definition
interval.

B. Isotonic oscillator and X;,,-Laguerre EOP

The isotonic oscillator potential is defined on the positive half-line x > 0 as

1 I(+1)
Vi(x) = —w?x? + ——.
1) = Jo'x® + =
The spectrum of the associated Schrédinger equation has an infinite number of bound states,
whose (unnormalized) wavefunctions are given by

yP(x) o m(z)L (),  veN, 2.5)

where 7z = wx?/2, ¢ =1 + 1/2, and

(2.4)

m(z) = L« (26)
L®(z) being a generalized Laguerre polynomial.** The associated energies are
ED = wQv+a+1). 2.7)

In first-order SUSYQM, the superpartner Hamiltonians are defined as’

2
H® = ATA= -4 4 y& ) - E,
dx

(2.8)

- t d? )

HO = AA"= -4 4+ VOx) - E,
dx
with

At =L ww,

J (2.9
A=+ W),

where the superpotential W (x) satisfies the Riccati equations

FW )+ Wx) = VH(x) — E. (2.10)

W (x) is obtained from a solution ¢(x) of the initial Schrédinger equation

HP¢(x) =0, 2.11)
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via
W(x) = —¢'(x)/p(x). (2.12)

The new potential V{7 (x) = VP (x) + 2W’(x) is regular as soon as the “seed” solution ¢(x) is
nodeless on ]0, 4 oo[. This can be achieved if we choose the factorization energy in the disconjugacy

sector of H'™), that is, when E is not greater than the ground-state energy Eg’L) of V) (x). This is

true in particular if we choose as seed solution the ground-state wavefunction wél)(x) = n(z) itself.

For E < E(()+) , as discussed above, the analysis of the sign of ¢(x) at 0™ and + oo is then sufficient
to control the regularity of W(x).

Suppose that we are in this case. Then we have three possibilities (up to a global change of
sign), namely,

I:¢(0") =0, ¢(+00) = +o00,
I:¢p(0") = 400, ¢(+00) =07, (2.13)

I : p(07) = +00, ¢P(4+00) = +00.

In the first two cases, 1/¢(x) diverges at one extremity of the positive half-line and, although we

have
HY (L> =0, (2.14)
$(x)

it is not a bound-state wavefunction of H~). Then H'*) and H(~) turn out to be isospectral. If we
are looking for seed functions which are polynomials (up to some gauge factor), we obtain them
from the eigenstates by applying the following discrete symmetries acting on the parameters of the
initial potential (2.4):'®

I':(w,a) = (—w,a),
I'p:(w,a) > (v, —a), (2.15)
IN'p: (w,0) > (—o, —a).

By applying the symmetry I';, i = I, IL, II, to ¢V, we obtain a seed eigenfunction ¢,, which
satisfies boundary conditions of type i (see (2.13)). In particular, for i = I or II, we obtain

Iy D) — ¢, (x0) = X/ QL@ (—2),

(2.16)
Ti s Y0 (0) = @, (0) = % L, (),
where
x(z) = 2@H1/21263/2,
2.17)
x(z) = =@ 12312,
for the corresponding energies
Ellm = —w(a+2m + 1),
(2.18)

EN = —w(a —2m — 1).

Im

If ¢,Im is always in the disconjugacy sector, for ¢,Il£1 to reach it we need to assume the condition

a > m . Starting from the isotonic potential V) (x) = V;(x), the SUSYQM partnership based on
seed eigenfunctions ¢, or ¢}, with, respectively, / =1 — 1 and /' = + 1 gives then rational
extensions of the form?!

VOW) = Vi(x) + Vix) + C, (2.19)



073512-5 Y. Grandati and C. Quesne J. Math. Phys. 54, 073512 (2013)

- (@) ;(a) (@)
Vl,rat(x) = { + 2 [ (@) ( (01)) } } (220)
g 8m 8m

(the dot denoting a derivative with respect to z = wx?/2), with in the first case

where

§9) =L"~2, C=-ow 2.21)
and in the second case
9 =L""7, C=o. (2.22)

Due to disconjugacy properties, the regularity of these extensions on the positive half-line is
ensured for every m = 1, 2, ... (and « large enough for type II).

The bound-state wavefunctions of the superpartner potential V(=) (x) are obtained by applying
the operator A (with W(x) = —¢}/ (x)/@}, (x),i=1,1I) on those of V) (x) (¥ (x) o< ny(2) L (z)
with o’ =1 + 1/2). We can write

O x) g}ZLEZ) Y ), v=01,2,..., (2.23)

where ym+,,(z) is a polynomial of degree n =m + v,

Ly..(@ifi=1,
ysla)(z) — (2.24)
Lgm () if i =11,

satisfying the second-order differential equation

(@)

42 @\ (4
1=+ a+l—z—2zg’" —+(z—a)g’"
dz 2’

(o)
gm o o
d (a) g(a):| yi(nv)Lv(Z) _vyr(nJ)rv(Z)' (225)

The set of polynomials y,(,f‘iv(z) (v=0,1,2,...),defined on the positive half-line, is orthogonal
and complete with respect to the positive-definite measure of density

e/ (g9(2)". (2.26)

lll. LAGUERRE EOP AND REDUCIBLE kTH ORDER SUSYQM

In kth-order SUSYQM, the first-order differential operators A and A’ are replaced by kth-order
ones A and A".?>2%39#! The correspondence between the initial and final Hamiltonians H" and
H®? is determined by the intertwining relations

AHV =H®A,  A'H® =HOA". 3.1

In the reducible case, the operators A and A" can be factorized into products of first-order
differential operators as

A= AR AGD 40 (3.2)
where
AD = % + W), WO (x) = —(log p®(x))', (3.3)
the seed eigenfunctions being given by Crum’s formula*?
6O (x) = ¢§{)2,...,i(x) _ W(p1, ¢2, ..., ¢i | x) , (3.4)

W1, ¢2, ..., di—1 | X)
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with W(¢1, ¢2, ..., ¢;|x) denoting the Wronskian of ¢;(x), ¢2(x), ..., ¢;(x). Here we have in-
troduced lower indices 1, 2, ..., i to specify which seed functions have been used. The partner
potentials are then linked by the second Crum’s formula

2
VAx)=vDOix) — 2;17 logW(1, b2, . . ., Pl x). (3.5)

As in Sec. II, we start from the isotonic potential V(V(x) = V;(x) to get an extended potential
of the form

VO (x) = Vi(x) + Vi ga(x) + C. (3.6)

The final potential is of type I“IIF ~ ¢ if the chosen set of seed eigenfunctions includes ¢ < k
seed functions of type I and k — ¢ seed functions of type II. The order of the seed functions being
irrelevant, we can assume that (z = wx?/2)

B, ) = XpDLE(=2), i =1,...,4q,
¢i(x) = / 3.7)
B, (V) = XP QLG @), i =g+ 1, k,

withl =1 4+ k — 2g (hence o’ = + k — 2¢9),0 <m; < -+ <mg,and 0 <my 4| < ---
< my, these functions being nodeless for o’ >  sup (m;). In Ref. 31, it has been shown that the

Wronskian appearing in Crum’s formula (3.5) é:ggé“;\fritten as
W(¢1, b2 p | X) = (sz)k(k_l)/4z_q(k_q)(X;Ir)q(X,I/I)k_qg,(f)(z)v (3.8)
where
857)(1) = 7= k=k=g=1) got f‘;(f)7 (3.9
with
Lﬁs;t;:)(—z), I<i<g+1,1<j<gq,
(mj + D12 L), lsisq+lg+l<jsk
(F), =y Lo, g+2<i<kl<j<q. (3.10)
(m;+Dgmj —a' —i+q+2)i_g1
x AL ), g+2<iskg+lsj<k

and (a), = a(a + 1)---(a + n — 1) denoting the usual Pochhammer symbol.**
Observe that on taking (3.5) and (3.8) into account, we can express V; ., (x) and C of Eq. (3.6)

as
5 (@) (@) @\ 2
Virar(x) = —20 % +2z % - (%) . C=(k-29wo. (3.11)
w 8u 2
In Ref. 31, it has been proved that
gff’)(z) = Cff‘)z“ + lower order terms, (3.12)
with

w=Y"% mi—qlg—1)/2——q)k—q—1)/2+qtk—q),

Cl(f‘) = (—1)“A(m1, veay mq)A(mq_H, ey mk)/(ml' . .l’f’Ek!), (313)

o= Z;{:q-‘rl m; + q(k - Q),
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A(ny, ..., n) being a Vandermonde determinant of order /,
Ay, ...ony =[] @;—no. (3.14)
1<i<j<l

As shown in Ref. 32, the Wronskian (3.8) has no node on the positive half-line, which ensures the
regularity of the rationally extended potential V) (x) on this domain. The bound-state wavefunctions
of the latter are then given by"!

pOm = Dy o) v =012, (3.15)
8 (2)
where y,(f‘lv(z) is a polynomial of degree n = u + v satisfying the second-order differential equation

4?2 g(a) d g(a) g(a) " o
[zd—2 + <a -G ) oGt g Vi@ = —@.  (.16)
8n 8u I

The y,(fﬁv (v=0,1,2,...)polynomials constitute a complete orthogonal family on the positive

half-line with respect to the positive-definite measure of density

e/ (89)’ (3.17)

IV. POLYNOMIAL CHARACTER OF g,(f‘) AND BEHAVIOUR NEAR THE ORIGIN

In Ref. 31 it has been conjectured that gff‘)(z) is a polynomial, which can be directly checked
in the k = 2 case, but is not obvious for higher k values whenever k — ¢ > 2 (see Eq. (3.9)). In the
following we will give a complete proof of this assertion. In Ref. 32 the regularity of the extended
potential, which is equivalent to the absence of node of gff‘), has been established without giving
the exact highest and lowest degrees coefficients of this polynomial. We will also determine the
value of the lowest degree coefficient and then verify explicitly the nodeless character of the Crum
Wronskian.

First note that from Eq. (3.8) we can write fork — g > 2

W1, @2, ..., i | X) = Qo) E=DRz7aE D ()1 (1Y~ (2),

4.1
W@1. ¢2. ... it | X) = Qaog)EDE=D/Agakma=D(y lya(yllyk=a=1 g @),
where !/ =1 + k — 2g (hence o’ =« + k — 2g) and
=Y mi—qlg—1/2—k—q)k—gq—1/2+qk—q),
W=3iimi—qlg=12-k=-qg-Dk—-qg=2/2+qk—-g-1  “2)
=pu—mg+k—29—1.
Inserting these expressions in Eq. (3.4), we arrive at
(rx)(z)
(k) - -
12, kX) = Quz)* VPl () (a+1>( )
= (Qap)k V2~ kg 14 22 gu @) 43)

8o )

On the other hand, we can obtain a different expression for ¢>Yg « by using some properties of
Wronskians. Indeed, from Sylvester’s theorem,* we can write

WOV, ..., ka1 | X)WV, iz, 1 | X) | X)
W(r, ..., -2 | X)

W(P1, ..., k-1, ¢ | x) = 4.4)



073512-8 Y. Grandati and C. Quesne J. Math. Phys. 54, 073512 (2013)

and using
Wb, ..oy fr | X) = V@1, ..., x| x), 4.5)
we have
W, ..., -1, 0 | X) = W(d1, ..., P2 | X)
W (W(¢>1,~-,¢k2,¢k1 |x)’ W(P1, ..., ¢x—2, P | X) x), 4.6)
W, ..., P2 | x) W(@1, ..., k-2 | x)
that is
w(p®h 7¢(k
¢(k) ) = ( 1ok=2k=10 Pl k- Zk‘ ) 47

.....

From the Wronskian theorem,** it follows that the Wronskian in the numerator of this expression
satisfies the property

....................

..........

vanish for £ — oo, which ensures the vanishing of the1r Wronsklan in the same 11m1t Hence
Eq. (4.8) reduces to

.....................

WO 2 9 i) = ~E B0 | @0l 6, @)
or, on taking Eq. (4.3) into account and defining { = wé& 2/2,

W(¢(k k—2.k—1° ¢1k lk) 21(‘ ) = _(2w)k_5/2(Ek—l - Ek)

..........

‘oo (a+1) (a+1)
X/ {k 2q o' =2 7{-8;1/ (;)g (;) ;_’ (410)

(gffff”)(;“))

where
=p—me_+k—29—1,
“4.11)
w=p—mp_y —my + 2k —2q) - 3.

Inserting Egs. (4.3) and (4.10) in the right-hand side of Eq. (4.7), we get the search for second
expression of ¢(1]2,m’k(x),

Y,(%,...,k(x) = —Qw)* V(B — Ep)
+00
X/ é.k 2g—a'—2 7(gl(LaJrl)(é.)g(a+1)(§)/(gLLDf/+2)(§))2d§

/ ~1
« [Z(2k—4q—2a —3)/4e—z/2g/(f5+1>(Z)/g(“+2)(z)] , (4.12)

/L,/
which can also be rewritten as a recursion relation for the g(“)(z) functions,

Ey — Ex1 _ _ 2
gfft)(z) — T (k—2g—a’ l)ezg(ol/-k )(Z)

400
< / Ck—2q—a’—26—{ +1)(§)g(¢¥+1)(§-)/( +2)(§)) . (413)
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(a+1)
w

(a+1)
Y
gl(fffrz), k' = k — 2. The polynomial character of gif‘)(z) can be easily obtained by induction. This is
already verified for k = 1 and k = 2. Assuming that for ¥’ < k, gff‘) is a polynomial with a non-zero
constant term, it turns out that in the neighbourhood of the origin, the right-hand side of Eq. (4.13)
has a well-defined value given by

On the right-hand side of this relation, g and g correspond to ¥ = k — 1, while for

o myg — Mj—1 o o o
89(2) = ——————¢ 5050/ 0)1 + 0(2)),

o —k+2q+1°" W (4.14)

where we have used E; = — w(a’ — 2my — 1).

From Eq. (4.14) we immediately deduce that gff‘)(z) cannot have a pole at the origin and is then
a polynomial with non-zero constant term.

To completely describe the behaviour of g}f‘)(z) at the origin, we need to determine the exact
expression of this constant term. For such a purpose, we will proceed by induction again. Consider
first the pure case I* (k= q), where o' = ¢ — k. From (3.9) and (3.10), we have

L) (—z) L) (—z)
§9() = 4.15)
Lo o Lt
On using**
D
L0) = (ot D (4.16)
m!
we easily get
g,(ﬂ)(()) = (Ot/ + k)ml—k-‘rl to (0‘/ + k)mk—k-‘rl
ml! ce mk!
@+ @ +k—1) @+ (@ +k—1)
(@' +2)--- (@ +k—1m (' +2)---(a +k — Dmy
X , (4.17)
my(my —1)---(my —k +2) my(mg — 1)~ (mg —k +2)
that is (see Eq. (3.14)),
" Dy (@ A K
g@(0) = & Dm @ Okt gy
m1! s mk!
— k4 1)y - (@)

_ @kt D @t A(my, ..., mp). (4.18)

my!--omy!

Consider now the first mixed case IF = "Il (k=¢q + 1), where '’ =a — k + 2.3! We then get

L@ (=2)

L%)(—Z) @ ZkflL’(nfka')(Z)

gW(2) = ,

"+k—2 "+k—2 —o'—k+2
LY () LD () (my + Dozl 20

(4.19)

(o' +k—1) (o' +k—1) (—a'—k+1)
Lmlkarl (=2) Lmk_lkarl(_Z) (my + 1)k_1Lmk+k71 (2)
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which leads to

L@©O) ... LW (0)
8(0) = (my + Dy LY 5V (0) : : : (4.20)
(o' +k—2 o +k—2
LUHD0) L. L@ )

The right-hand member determinant is exactly the constant term of the g polynomial in the pure
case I* = ! and we deduce from the previous result that

(0‘/ + 1)m1 e (05/ +k— 1)mk,1—k+2

90 = A(my, ... ,m_y)
* ml!-~-mk,1!
(0 = mp)mqk—1
Dy (=1)ymeth-t 2RI 4.21
X (g + -1 (=1) s (@21)
or
@ A Dy (0 Ak = Dy —kg2(@ = My )y k-1
() 0) = (—1 my+k l(a i My —Kk+ mi+
89(0) = (1) T
x A(my, ..., m_1)
— (_1)mk+k71 (a - k + 3)m1 tee ((X + 1)mk_17k+2(a - k + 2 - mk)mk+k71
ml‘mk'
x Amy, ..., my_1). (4.22)

For the general mixed case III* ~ ¢, we now make the following hypothesis:

g;(;_a)(o) = (=1) A(my, ..., mq)A(mq_H, coL,my)

mp!---my!
X ((a+k_2q+1)m1 "'(a"_k_Q)mqfqul)

X ((0[ +k— 261 - mq+1)inq+|+q T (Ot +k— 26] - mk)mk-‘qu—k-‘rl) s (423)

with o defined in Eq. (3.13), and prove it by induction over k.

This conjecture is verified in the k = 1 and k = 2 cases. Since it is also valid for the two previous
examples (k — g = 0 or 1), it only remains to prove it whenever k — ¢ > 2. In such cases, the last
two seed functions ¢ — 1 and ¢y, used in kth-order SUSYQM, are necessarily of type II. Suppose
that Eq. (4.23) is verified for ¥ < k. We may therefore write

" A(ml, ey mq)A(mq_H, ey mk_z)

g%(0) = (—1)° , :
myi---Mp_n.

x (o +k=2g+ D, - (@ + k= Qmy—g11)

X ((@ 4k =2¢ = mysDmyorg - @+ k =2¢ = Mg s42g-k13) > (424)

’ A(ml, N ,mq)A(mq+1, ey mk_l)

(a+1) o
0 =(—1
g0 = (1) P B

X ((O[ +k— 2C] + l)ml o '(Ol +k— Q)mqqurl)
X ((O[ +k— 26] - mq+1)mq+|+q e (0[ +k— 26] - mk—l)mk7|+2q—k+2) s (425)
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and
g (0) = (—1y B o - F?Zf;},;;,; E—
X ((+k—=2q4 D, -+ (@+k—@m,—qg41)
X (@ +k =2 —mgDmpitq (@ +k =2 — M) _r12g-k43) -
X (& +k —2q — mp)m+2g—k+25 (4.26)
with

o' =Y m gtk —q = 1),
o =Y ami+qk—q-2), (4.27)

&' =02 mi A my+ gtk —q —1).

From Eq. (4.14), we obtain the recurrence relation

@) — Mg — Mg
8, (0) el

g (085 0)/85(0), (4.28)
which combined with the previous expressions yields

(=D H = mye — my_y)

(a+ Dmy!---my!

g(0) =

» Almy, ..., m)Amyyr, ..., m_)Amg 1, ..., M2, My)

Almgyr, ..., mp_2)

X ((O[ +k —26] + 1)m1 (0[ +k _q)mqfqul)

X ((05 +k—2q— mq+1)tnq+|+q (e +k—2q— mk—Z)mk—2+2q—k+3)
X (@ +k =2 —m_1)m_ 12g—k+2(ct +k =2 — M), 129 —k+2- (4.29)

Here we note that

k—2
o' +& —o" =Y m+m_+m+qk—q)=o. (4.30)
I=g+1

(@ +k —2q — m)m+2g—k+2

o + 1 = (a + k — 2q - mk)mk+2q7k+ls (431)
and
A(mq+la L) mk—])A(m(]+la e, M2, mk)
(my —my_y)
A(mq+l’ R mk—z)

k=2  k—1 k—2
=m—me) | [T ] oi—mo || [T one—mo

i=q+1 j=i+1 i=q+1

k—1 k

= ]_[ ]—[ (mj—mi) = A(mgyi, ..., mp). (4.32)

i=q+1 j=i+1

The final result for gff‘)(O) is therefore given by Eq. (4.23), showing that the conjecture is still verified
for k, which ends its proof.
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Let us observe that in terms of «’, Eq. (4.23) can be rewritten as

Ay, ..., m)Amgqy, ..., my)
A0 =y B e
X ((ot/ =+ l)ml . (a/ + q)mq—q+l)
X ((05/ - mq+])mq+1+q R mk)mk+2q—k+]) . (4.33)

Since the angular momentum /' in the starting potential V(V(x) is necessarily nonnegative, the

inequality o’ > — 1/2 is fulfilled. Furthermore, we have assumed 0 <m; < --- <mgzand 0 < my 4 |
< ... <my < . As a consequence, the two Vandermonde determinants in Eq. (4.33) are positive
and

(Ol/ + l)ml te (Ol/ + q)mqqurl(a/ - mq+1)ﬂlq+1+q e (a/ - mk)mk+2q7k+1 > 0. (434)

We conclude that the sign of ¢{(0) is given by (— 1)7, hence is identical with the one of C{* (see
Eq. (3.13)). The combination of this result with the disconjugacy theorem of Sec. II ensures the
regularity of the extended potential V®(x).

V. CONCLUSION

In the present work, we have established some further properties of the function gl(f‘)(z) ap-
pearing in the denominator of rationally extended isotonic oscillator (or radial oscillator) poten-
tials constructed in kth-order SUSYQM?! or using the multistep Darboux-Biicklund transformation
method.*?> We have first confirmed that gff‘) (z) cannot have any pole at the origin and is a polynomial
with non-zero constant term, a property that was conjectured in Ref. 31. We have then determined the
value of this constant term by induction over k and shown that it has the same sign as the coefficient
of the previously determined highest degree term z*.3!

These results have been combined with the disconjugacy theorem applied to Schrodinger
equation®® to prove the absence of zeros of g{'(z) on the positive half-line and, therefore, the
regularity of the corresponding rationally extended potential. This has provided a demonstration of
the latter property, which is more explicit than that already given in Ref. 32.

Our work has illustrated the power of the disconjugacy properties of second-order differential
equations of Schrodinger type to check the regularity of rational extensions of well-known quantum
potentials. Other examples of application might be found in cases where no direct information on
the denominator zeros is available. This will be the object of further investigations.

I'D. Gémez-Ullate, N. Kamran, and R. Milson, “The Darboux transformation and algebraic deformations of shape-invariant
potentials,” J. Phys. A 37, 1789 (2004); e-print arXiv:quant-ph/0308062.

2D. Gomez-Ullate, N. Kamran, and R. Milson, “Supersymmetry and algebraic Darboux transformations,” J. Phys. A 37,
10065 (2004); e-print arXiv:nlin.SI1/0402.052.

3D. Gémez-Ullate, N. Kamran, and R. Milson, “An extended class of orthogonal polynomials defined by a Sturm-Liouville
problem,” J. Math. Anal. Appl. 359, 352 (2009); e-print arXiv:0807.3939.

4D. Gomez-Ullate, N. Kamran, and R. Milson, “An extension of Bochner’s problem: Exceptional invariant subspaces,” J.
Approx. Theory 162, 987 (2010); e-print arXiv:0805.3376.

3 C. Quesne, “Exceptional orthogonal polynomials, exactly solvable potentials and supersymmetry,” J. Phys. A 41, 392001
(2008); e-print arXiv:0807.4087.

L. E. Gendenshtein, “Derivation of exact spectra of the Schrédinger equation by means of supersymmetry,” JETP Lett. 38,
356 (1983).

7E. Cooper, A. Khare, and U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys. Rep. 251, 267 (1995); e-print
arXiv:hep-th/9405029.

8]. F. Carifiena and A. Ramos, “Shape-invariant potentials depending on n parameters transformed by translation,” J. Phys.
A 33, 3467 (2000); e-print arXiv:hep-th/0003266.

B. Bagchi, C. Quesne, and R. Roychoudhury, “Isospectrality of conventional and new extended potentials, second-order
supersymmetry and role of P7 symmetry,” Pramana, J. Phys. 73, 337 (2009); e-print arXiv:0812.1488.

10C, Quesne, “Solvable rational potentials and exceptional orthogonal polynomials in supersymmetric quantum mechanics,”
SIGMA 5, 084 (2009); e-print arXiv:0906.2331.

1S, Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal polynomials,” Phys. Lett. B 679,
414 (2009); e-print arXiv:0906.0142.


http://dx.doi.org/10.1088/0305-4470/37/5/022
http://arxiv.org/abs/quant-ph/0308062
http://dx.doi.org/10.1088/0305-4470/37/43/004
http://arxiv.org/abs/nlin.SI/0402.052
http://dx.doi.org/10.1016/j.jmaa.2009.05.052
http://arxiv.org/abs/0807.3939
http://dx.doi.org/10.1016/j.jat.2009.11.002
http://dx.doi.org/10.1016/j.jat.2009.11.002
http://arxiv.org/abs/0805.3376
http://dx.doi.org/10.1088/1751-8113/41/39/392001
http://arxiv.org/abs/0807.4087
http://dx.doi.org/10.1016/0370-1573(94)00080-M
http://arxiv.org/abs/hep-th/9405029
http://dx.doi.org/10.1088/0305-4470/33/17/305
http://dx.doi.org/10.1088/0305-4470/33/17/305
http://arxiv.org/abs/hep-th/0003266
http://dx.doi.org/10.1007/s12043-009-0126-4
http://arxiv.org/abs/0812.1488
http://arxiv.org/abs/0906.2331
http://dx.doi.org/10.1016/j.physletb.2009.08.004
http://arxiv.org/abs/0906.0142

073512-13 Y. Grandati and C. Quesne J. Math. Phys. 54, 073512 (2013)

128, Odake and R. Sasaki, “Another set of infinitely many exceptional (X;) Laguerre polynomials,” Phys. Lett. B 684, 173
(2010); e-print arXiv:0911.3442.

13S. Odake and R. Sasaki, “Infinitely many shape-invariant potentials and cubic identities of the Laguerre and Jacobi
polynomials,” J. Math. Phys. 51, 053513 (2010); e-print arXiv:0911.1585.

14C.-L. Ho, S. Odake, and R. Sasaki, “Properties of the exceptional (X;) Laguerre and Jacobi polynomials,” SIGMA 7, 107
(2011); e-print arXiv:0912.5447.

I5R. Sasaki, S. Tsujimoto, and A. Zhedanov, “Exceptional Laguerre and Jacobi polynomials and the corresponding potentials
through Darboux-Crum transformations,” J. Phys. A 43, 315204 (2010); e-print arXiv:1004.4711.

16D, Gémez-Ullate, N. Kamran, and R. Milson, “Exceptional orthogonal polynomials and the Darboux transformation,” J.
Phys. A 43, 434016 (2010); e-print arXiv:1002.2666.

17D, Gémez-Ullate, N. Kamran, and R. Milson, “On orthogonal polynomials spanning a non-standard flag,” Contemp. Math.
563, 51 (2012); e-print arXiv:1101.5584.

18y, Grandati, “Solvable rational extensions of the isotonic oscillator,” Ann. Phys. (N.Y.) 326, 2074 (2011); e-print
arXiv:1101.0055.

19C.-L. Ho, “Prepotential approach to solvable rational potentials and exceptional orthogonal polynomials,” Prog. Theor.
Phys. 126, 185 (2011); e-print arXiv:1104.3511.

208, Yu. Dubov, V. M. Eleonskii, and N. E. Kulagin, “Equidistant spectra of anharmonic oscillators,” Sov. Phys. JETP 75,
446 (1992).

218 Yu. Dubov, V. M. Eleonskii, and N. E. Kulagin, “Equidistant spectra of anharmonic oscillators,” Chaos 4, 47 (1994).

22V. G. Bagrov and B. F. Samsonov, “Darboux transformation, factorization, and supersymmetry in one-dimensional quantum
mechanics,” Theor. Math. Phys. 104, 1051 (1995).

23B. F. Samsonov, “New features in supersymmetry breakdown in quantum mechanics,” Mod. Phys. Lett. A 11, 1563 (1996);
e-print arXiv:quant-ph/9611012.

24G. Junker and P. Roy, “Conditionally exactly solvable problems and non-linear algebras,” Phys. Lett. A 232, 155 (1997).

25G. Junker and P. Roy, “Conditionally exactly solvable potentials: A supersymmetric construction method,” Ann. Phys.
(N.Y.) 270, 155 (1998); e-print arXiv:quant-ph/9803024.

263 F. Carifiena, A. M. Perelomov, M. F. Rafiada, and M. Santander, “A quantum exactly solvable nonlinear oscillator related
to the isotonic oscillator,” J. Phys. A 41, 085301 (2008); e-print arXiv:0711.4899.

273, M. Fellows and R. A. Smith, “Factorization solution of a family of quantum nonlinear oscillators,” J. Phys. A 42, 335303
(2009).

28D. Gémez-Ullate, N. Kamran, and R. Milson, “Two-step Darboux transformations and exceptional Laguerre polynomials,”
J. Math. Anal. Appl. 387, 410 (2012); e-print arXiv:1103.5724.

298, Odake and R. Sasaki, “Exactly solvable quantum mechanics and infinite families of multi-indexed orthogonal polyno-
mials,” Phys. Lett. B 702, 164 (2011); e-print arXiv:1105.0508.

30C. Quesne, “Higher-order SUSY, exactly solvable potentials, and exceptional orthogonal polynomials,” Mod. Phys. Lett.
A 26, 1843 (2011); e-print arXiv:1106.1990.

31C. Quesne, “Rationally-extended radial oscillators and Laguerre exceptional orthogonal polynomials in kth-order
SUSYQM,” Int. J. Mod. Phys. A 26, 5337 (2011); e-print arXiv:1110.3958.

32Y. Grandati, “Multistep DBT and regular rational extensions of the isotonic oscillator,” Ann. Phys. (N.Y.) 327, 2411 (2012);
e-print arXiv:1108.4503.

3 D. Gémez-Ullate, N. Kamran, and R. Milson, “A conjecture on exceptional orthogonal polynomials,” Found. Comput.
Math. (2012); e-print arXiv:1203.6857.

A, Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher Transcendental Functions (McGraw-Hill, New York,
1953).

3G, Szego, Orthogonal Polynomials (American Mathematical Society, Providence, RI, 1939).

36 p. Hartman, Ordinary Differential Equations (John Wiley, New York, 1964).

3TW. A. Coppel, Disconjugacy (Springer, Berlin, 1971).

38 M. Bocher, Legons sur les méthodes de Sturm (Gauthier-Villars, Paris, 1917).

3 A. A. Andrianov, M. V. Ioffe, and V. Spiridonov, “Higher-derivative supersymmetry and the Witten index,” Phys. Lett. A
174, 273 (1993); e-print arXiv:hep-th/9303005.

40 A. A. Andrianov, M. V. Toffe, F. Cannata, and J.-P. Dedonder, “Second order derivative supersymmetry, g deformations
and the scattering problem,” Int. J. Mod. Phys. A 10, 2683 (1995); e-print arXiv:hep-th/9404061.

41D, J. Ferndndez C. and N. Ferndndez-Garcfa, “Higher-order supersymmetric quantum mechanics,” AIP Conf. Proc. 744,
236 (2004); e-print arXiv:quant-ph/0502098.

42M. M. Crum, “Associated Sturm-Liouville systems,” Quart. J. Math. Oxford Ser. (2) 6, 121 (1955).

43T. Muir, A Treatise on the Theory of Determinants (Dover, New York, 1960) (revised and enlarged by W. H. Metzler).

44 A. Messiah, Meécanique Quantique (Dunod, Paris, 1969), Vol. 1.


http://dx.doi.org/10.1016/j.physletb.2009.12.062
http://arxiv.org/abs/0911.3442
http://dx.doi.org/10.1063/1.3371248
http://arxiv.org/abs/0911.1585
http://arxiv.org/abs/0912.5447
http://dx.doi.org/10.1088/1751-8113/43/31/315204
http://arxiv.org/abs/1004.4711
http://dx.doi.org/10.1088/1751-8113/43/43/434016
http://dx.doi.org/10.1088/1751-8113/43/43/434016
http://arxiv.org/abs/1002.2666
http://dx.doi.org/10.1090/conm/563
http://arxiv.org/abs/1101.5584
http://dx.doi.org/10.1016/j.aop.2011.03.001
http://arxiv.org/abs/1101.0055
http://dx.doi.org/10.1143/PTP.126.185
http://dx.doi.org/10.1143/PTP.126.185
http://arxiv.org/abs/1104.3511
http://dx.doi.org/10.1063/1.166056
http://dx.doi.org/10.1007/BF02065985
http://dx.doi.org/10.1142/S0217732396001557
http://arxiv.org/abs/quant-ph/9611012
http://dx.doi.org/10.1016/S0375-9601(97)00422-2
http://dx.doi.org/10.1006/aphy.1998.5856
http://dx.doi.org/10.1006/aphy.1998.5856
http://arxiv.org/abs/quant-ph/9803024
http://dx.doi.org/10.1088/1751-8113/41/8/085301
http://arxiv.org/abs/0711.4899
http://dx.doi.org/10.1088/1751-8113/42/33/335303
http://dx.doi.org/10.1016/j.jmaa.2011.09.014
http://arxiv.org/abs/1103.5724
http://dx.doi.org/10.1016/j.physletb.2011.06.075
http://arxiv.org/abs/1105.0508
http://dx.doi.org/10.1142/S0217732311036383
http://dx.doi.org/10.1142/S0217732311036383
http://arxiv.org/abs/1106.1990
http://dx.doi.org/10.1142/S0217751X11054942
http://arxiv.org/abs/1110.3958
http://dx.doi.org/10.1016/j.aop.2012.07.004
http://arxiv.org/abs/1108.4503
http://dx.doi.org/10.1007/s10208-012-9128-6
http://dx.doi.org/10.1007/s10208-012-9128-6
http://arxiv.org/abs/1203.6857
http://dx.doi.org/10.1016/0375-9601(93)90137-O
http://arxiv.org/abs/hep-th/9303005
http://dx.doi.org/10.1142/S0217751X95001261
http://arxiv.org/abs/hep-th/9404061
http://dx.doi.org/10.1063/1.1853203
http://arxiv.org/abs/quant-ph/0502098
http://dx.doi.org/10.1093/qmath/6.1.121

