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This paper presents a new one-dimensional finite elements’ family for the analysis of wrinkling in stiff thin films resting on a thick elastic substrate. Euler-
Bernoulli’s theory is used for the thin film, whereas the substrate is ideally divided into two parts: 1. a core layer in the neighbourhood of the film where
the displacement field presents high gradients (where an higher-order approximation is required) and 2. the remaining part of the substrate or bottom
layer where displacements change very slowly. Low-order models allow an accurate yet efficient description of this latter part. Due to its versatility and
generality, Carrera’s Unified Formulation is used to develop the proposed elements’ family. Governing equations’ weak form is derived by means of the
principle of virtual displacements and discretised in a finite ele-ment sense. The asymptotic numerical method is used to solve the resulting non-linear
equations’ sys-tem. Numerical investigations show that the proposed one-dimensional elements are able to capture the instability phenomena in film-
substrate systems. In order to validate the proposed finite element models, the critical loads and half-wave numbers predicted by the one-dimensional
elements are com-pared with those obtained via two-dimensional finite element analyses and a very good agreement is found.

1. Introduction

Wrinkling instabilities of different shapes (stripes, labyrinths, or
herringbones) are very common in several structural configura-
tions. In particular, they very likely to occur in thin stiff films or
coatings resting on compliant substrates and subjected to in-plane
mechanical or thermal loads, see Bowden et al. [1]. These systems
find several applications in several engineering fields spanning
from optics and electronics to aeronautics and space as, for
instance, optical and acoustic devices or skin layers in sandwich
composites. Furthermore, the interest on soft polymeric substrates
is more and more increasing, see Volynskii et al. [2] and Cao and
Hutchinson [3]. For these reasons, an accurate yet effective model-
ling of wrinkling instabilities is a very important and up-to-date
research topic.

A brief literature follows. In the framework of sandwich panels
design, Allen [4] investigated wrinkles in very stiff thin films when
compared to the substrate they resting on. Niu and Talreja [5]
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determined the critical membrane force and the wrinkles wave-
length in sandwich panels on the basis of a linear perturbation
analysis. A unified analytical expression for single-sided face, in-
phase and out-of-phase wrinkling was presented. Huang et al. [6]
proposed a spectral method for modelling wrinkles’ evolution
where a Winkler foundation (a foundation made of linear springs)
was accounted for. The model was extended to the case of a thick
elastic foundation in Huang et al. [7] where wavelength and ampli-
tude for various moduli and thicknesses of the substrate in the case
of wrinkles (a pattern that is invariant in one direction) were inves-
tigated. Audoly and Boudaoud [8-10] studied the straight and her-
ringbones wrinkles as well as the evolution form the former type
(due to a moderate load) to the latter one (large buckling) as the
external load is increased. Wang et al. [ 11] investigated both global
and local buckling in thin films and membranes resting on elasto-
meric substrates. An analytical expression for the critical condition
separating these two buckling modes was presented and compared
with experimental and numerical results. The post-buckling evolu-
tion of surface wrinkles was studied by Zang et al. [12] by numer-
ical (finite elements) and analytical models. Several higher-order
wrinkling modes were observed. Experiments were also carried
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out. Stemming form the work by Damil and Potier-Ferry [13], Hu
et al. [14] and Xu et al. [15] studied the global and local buckling
of long beams resting on a non-linear elastic foundation by means
of a multi-scale approach. A Fourier series approximation with
slowly varying coefficients was coupled to a refined model by
means of the Arlequin method. In such a manner, accurate solu-
tions were obtained at the structural boundaries where the
approximated approaches are known to provide poor results.

In this paper, a family of one-dimensional finite elements for
the analysis of sinusoidal wrinkling in stiff films resting on thick
elastic substrates is presented. A variable through-the-thickness
kinematics is implemented by means of Carrera’s Unified For-
mulation (CUF), see Carrera [16], Carrera and Giunta [17-19],
Catapano et al. [20] and He et al. [21]. The main aim is to
exploit the features of the problem under investigation to pro-
pose a family of finite elements that yields accurate results with
a number of degrees of freedom as reduced as possible. In par-
ticular, the thin film is modelled via Euler-Bernoulli’s kinemat-
ics. The substrate is ideally divided into two parts where a
variable kinematics based upon Taylor’'s polynomial series
expansion is used. The displacement fields expansion order is
not a priori fixed but it is a free parameter. The idea of subdi-
viding the substrate aims at effectively and efficiently modelling
the substrate mechanical behaviour that plays a very important
role in the formation of instability patterns. In a limited neigh-
bourhood of the thin film within the substrate, the displacement
field presents a very high through-the-thickness gradient. On
the contrary, the remaining part of the substrate is almost
unstrained. It is, then, clear that for the former part, called
“boundary or core layer”, a higher-order kinematics is necessary,
whereas a low-order kinematics is sufficient for the substrate
“bottom layer”. The governing equations are obtained by the
virtual work principle and their discrete form is obtained within
the framework of the finite element method. The Asymptotic
Numerical Method (ANM) is used to solve the non-linear prob-
lem, see Damil and Potier-Ferry [22], Cochelin et al. [23,24], Hu
et al. [25] and Liu et al. [26]. ANM offers several advantages in
terms of computation time and reliability when compared to
classical non-linear solution strategies such as Newton-Raph-
son’s and arc-length methods. Analysis investigates the critical
wrinkling loads and pattern (in terms of the half-waves num-
ber). The effectiveness of different kinematics is studied. Some
parametric analyses are carried out to obtain some indications
on the appropriate thickness of the core layer. This latter has
been related to the wrinkles’ wavelength. The proposed ele-
ments are assessed towards numerical simulations performed
by the commercial finite element software ABAQUS using two-
dimensional elements. Very accurate results are obtained and
the computational effort is considerably reduced.

2. Model kinematics

A two-dimensional elastic stiff film bound to an elastic soft
compliant substrate is considered, see Fig. 1. Skin’s and substrate’s
thickness are addressed by h; and hs, whereas h is the total thick-
ness. The substrate is ideally divided into a core and a bottom layer
of thickness h. and h,. This division allows to describe the rapid
variation of the displacement field in the neighbourhood of the
thin film by means of high-order kinematic theories, whereas
low-order polynomials are used to model the slowly varying kine-
matics far away from the top membrane. The length and the width
of the structure are denoted by L and b. The longitudinal, the
through-the-width and the transverse coordinate are x,y and z.

The displacement field is:

u'(x,2) = {u(x,z),w(x,z)} (1)

z
. Top thin stiff film
hy
hc Core substrate
hs
hy Bottom substrate
1 x

L

Fig. 1. An elastic thin stiff film on a thick elastic compliant substrate ideally divided
into core and bottom layers.

where u and w are the components along x- and z-axis, respectively.
T as superscript stands for the transposition operator. According to a
one-dimensional modelling approach, the variation along the
through-the-thickness direction of the displacement field is a priori
assumed. Classically, a polynomial variation of a fixed order n is
considered. Within CUF framework, a family of refined beam mod-
els can be systematically obtained considering the polynomial
approximation order as a free parameter of the formulation, that
is, it can assume an arbitrary value. The displacement field in Eq.
(1) is approximated as a linear combination of the following mono-
mial terms:

u(x,z) = F(2)u (x) Tel0,ncN (2)

F. represents the through-the-thickness approximating function
and, in general, it can be an element of a generic approximation
base. Within this work, Mac Laurin’s polynomials z" are adopted
as approximation or expansion function. Function u, accounts for
the variation along the beam axis. This latter term depends upon
the method used to solve the governing equation. Einstein’s com-
pact notation has been used in Eq. (2): a repeated index implicitly
implies summation over its variation range:

U=Ug+2ZU +Z°Uy + - + Z"Uy 3)

W =W+ 2w + 22wy + - + Z'W,

A different kinematic model is independently defined for the
thin-film and the substrate core and bottom layers:

W (x,2) = wh(x) — (2= "5 )wh, ()
W (x,2) = wp(x)

ll(X,Z) : AS [hs, hs + hf} (4)

[ u(x,2) = Frug(x)

u(x,z) : { We(x,2) = Fwe (%) z € [hp, hs] T € 0,0 (5)
| ub(x,z) = Faub(x)

u(X,Z) . { Wb(x,z) _ FIWl;(X) zZ€ [Ovhb] S [0/ nb] (6)

where superscripts f,c and b stands for film, core and bottom,
respectively. Euler-Bernoulli kinematics’ is used to model the top
film. Through-the-thickness shear and normal deformations are,
therefore, disregarded there. This assumption is justified by the
thinness of the film. Subscript x preceded by comma stands for dif-
ferentiation versus the axial coordinate. A CUF variable order kine-
matics is used for the substrate core and bottom layers where the
expansion order is n. and n,, respectively.

The continuity of the displacements along the thickness direc-
tion is ensured by the following congruency equations:

W (x, hs) = uc(x, hy)

w (x, hs) = we(x, hy)
ue(x, hy) = ub(x, hy)
wE(x, hy) = WP(x, hy)

Vx € [0,1) (7)



By replacing Egs. (4) and (5) into Eq. (7), the displacements con-
tinuity at the interface between the film and the substrate core
layer results in the following relations:

u§ = +1hew! — Fue

0 0 z_f 0.x My e [1,n (8)
wh = wh — Fwf
where F; = h! and Eq. (5) read:

—ul + 5w, + (F; - F)u

02 °="_(‘ i ze[hy,hyie[1,n] (9)
W= W)+ (R~ Fw

The congruency of the displacements at interface
I'={(x,y,2): x€[0,L],y € [-b/2,+b/2],z= hy} between core and
bottom layers is enforced by accounting for Eqgs. (7)c and (7)d
through the Lagrange multiplier u" = {y,, 1, }. This results in the
constrain term % (u,u):

E(p,u) = /r {py [u€ (%, hp) — uP (x, hp)] + o [WE (X, ) — WP (x, hy)] }dT
(10)

This term is considered within the principle of virtual displace-
ment when deriving the weak form of the problem governing
equations.

3. Governing equations
3.1. Geometric equations and constitutive law

A non-linear geometric equation in a Von Karman sense is con-
sidered for the thin film:

o=t +5 (W) (11)

whereas the substrate is considered to undergo small displace-
ments and rotations:

Six = u,sx
&, = W, (12)
yfcz = u,sz + VV.Sx

Superscript s in Eq. (12) generically indicates a substrate layer
(either the core or the bottom one).

As far as the material constitutive behaviour is concerned,
Hooke’s law is assumed. The material is, therefore, linear and elas-
tic. Furthermore, isotropic films and substrates are considered. The
displacement field in Eqgs. (4)-(6) results in the plane strain
condition:

=0 (13)

The following full three-dimensional Hooke’s law is, then, used
for the substrate:

&y =&y =&z

o’ S oS S 8
xx:CII8 +C13822

- C§3‘Oxx + C33Fzz (14)
O-xz = CSSS ,swz
with:
S _ S _ 1-v S
Ci=Cs =i e’k
s _ Ve S
Co =TI 2wt (15)
ES
Css

T2+ w)

where E° and v are the substrate material Young modulus and Pois-
son ratio. A reduced form of Hooke’s law has to be assumed for the
thin film since Euler-Bernoulli’s kinematics accounts for the strain
components &, only. This clearly violates the strain coupling:

e, =¢e, =V #0 (16)

due to Poisson’s ratio. This phenomenon is commonly known in lit-
erature as Poisson locking, see Carrera and Brischetto [27]. In the
case of one-dimensional modelling, Hooke’s law should be cor-
rected as outlined in Giunta et al. [28], resulting in the following
constitutive equation:

ol = E'él, (17)

where F is the Young modulus of the film.
3.2. Virtual work equation

The weak form of the governing equations are obtained by
means of a constrained variational problem through the Principle
of Virtual Displacement where the displacement congruency on
I' is enforced by means of a Lagrange multiplier:

0Lint + 06 = 0L et (18)
where ¢ stands for a virtual variation, .Z;, is the internal work, %

the work done by external forces and % has been defined in Egs.
(10).

3.2.1. Internal virtual work
The internal virtual work is expressed as:

0L e = 0L+ 8L 5 + 0L, (19)
The virtual internal work of the film is:
sl - / e olav (20)

where V/ is the volume of the film (V and V” are those of the core
and bottom substrate layers). After replacing Eqs. (17) and (11) and
integrating over the thin film cross-section, Eq. (20) reads:

0L = / [N (o, + wh 0w, ) -

int

M ow,,|dx (21)

where N and M are the resulting axial force and bending moment:

4b

hsthy pt3 f 1 p
/ oL, dy dz = bhyE u{lxﬁw{M

h (22)
hs+
Mff/’1 f/n < hf+2h> of dy dz— Efngx
Eq. (21) can be written in the following matrix form:
5 = / ovi [T+ A" (v) | dx (23)
where:
V}- ={lUox Wox Wou} (24)
10 O
H= 2
[0 0 —1} (25)
0w, 0
Af Vr) = 0.x 26
(vy) [0 o 0} (26)
and:
g={N M} (27)



The film resultant vector 7 in Eq. (27) can be rewritten in
terms of displacements by considering Eq. (22):

s -0 {H+%Af (vf)}vf (28)

where D/ being a diagonal matrix accounting for the membrane and
bending stiffness term typical of the Euler-Bernoulli kinematics:

bhy 0
D-F { ! } (29)
0 Lbh

As far as the substrate is concerned, its internal virtual work is
the sum of two contributes since it has been ideally divided into
core and bottom layers:

é)gfm - bgfm + by?ﬂt (30)

075, is defined as:

5 = / (665,05, + 665,0¢, + 75,05,)dV (31)
VE

After replacing the geometric relations in Eq. (12), the displace-
ment field approximation in Eq. (9) and by integrating over the
beam cross section, Eq. (31) reads:

53[15“[,/ <Nf(x05u)r xxOévvf)xx x205W6x+M)C<x16u +M§zul C
+MC 5W +1V1>C(zwx i,x)dx (32)
The core stress resultants are:
c hs
Moo "otz J”C<%x+hf‘/"{axx> s -+ s
b
M)C(xo hf f c hf xxO
b 2 ), ¥

Tc hg
T [ otz = 3wl S I,
hy,
My [ h
%: /h (F F)dz jllc (u(),x +§fW{)XX> 11[ +-]I}3ZC
b

c hs
M,l;zwi:/ (F F)dz ]SSch 55c
hy

JSSCVVC

uz
Mg ™ 1 h
zzi c _ q13c f 13c 33c
b /h O-zzFi,Zd‘Z _]i,zO u{)‘x + ng.xx izj jX zz;z
Jhy

M. s 55
Xzui __ C L. _ C 55¢ 55c
b - / O-szLZdZ 7]i.ZOVV{),x +-]i,ZjZ +]1 zj

hy

(33)
where:

e _ / Condz=C5,uh

i,m'"C:/h Coun (Fi = Fi) (F; = Fj)dz
b

N
ML+ E+H+T1)F

P M\
hb{hs hlsj+1>+hb i+j+1i+1> }

<h1+j+1 -~ h;’)+j+1)
—I

h e
’ Y
= | ConFicFizde= o
mnc i1
Joi /h | i}

w- [ G (a-ﬁ)dz:c;ni%{hb [ERIAAR S

o (Fy = Fy) 2= G 1 {m[d+1m

hs . .
JS}ZC:/I CrnFizdz=H,—
e _ / C Fidz=h —h

e _ / Con(Fi — Fi)Fiztlz = Ciy
hy

ijz

{rﬂb[ i+j)ht —Jh'} —zh”f}

-

By accounting for Eqs. (33) and (32) can be rewritten in a com-
pact matrix form in terms of displacements:

w i) 7} (34)

hs o
mr«w:/h Cfnn(ijFj)F,‘_de:CC
b

55, = / VTR vedx (35)

where v, € R***3 is vector whose components are the core general-
ised displacement unknown functions and their derivatives versus
the axial coordinate. It is organised as follows:

T _ c c c
Ve = {ng W)fc)‘x W)(c)xx up - u iy

ne x Ne X

wE Wi o W) (36)

ne

K. € R@+3)xn+3) jg the core layer stiffness matrix and it is not
here explicitly reported for the sake of brevity. Its terms K 4 are the
coefficients of the products §q.q, in Eqs. (32) and (33).

The internal virtual work of the bottom layer:

oL = / (deb,0b, + el a0, + &8, ab)dV (37)
Vb

is treated in a manner similar to that of the core. After replacing Eq.

(6) and integrating over through-the-thickness and -width coordi-

nates, it reads:

aub + M, ”)dx (38)

3L = [ (Mol Mot 4 M,
The stress resultants in the bottom layer are:

M)t:xri & 11b b 13b
= o Fedz = ub  + 0w
0

Mc hy
zzr:/ O' Fzde ]13b b J33b Wl,’,
0

b 1,20 UX+ 1,202
M, o 550 55b 59
)l;zur :/ O-)b(ZFT-ZdZ :.]r.zrrzu +.]rza' X
0
Moo = [ ot e = i +
0
with:
mnb / Cb F F dz = o ; — Cb hf+a+1
?Qob,z = / CZmFTJFJ-ZdZ = mcfnnthPI
(40)
Jm = / Ch Fo Fodz = hit?
Jom = / cbF Foalz = —— cb e

The compact matrix form in terms of generalised displacements
of Egs. (38) and (39) is:

5, = / SVIK,vydx (41)

where v, € R*™*1 is organised as follows:



b b b b b b
unb uO,x ul,x unb,x Wo Wy

Wix - ng,x} (42)

and K, € R*m+Dx4m+1) is the bottom layer stiffness matrix.

T_ f.b b
Vb*{“o Uy

3.2.2. Displacement continuity constraints between core and bottom
layers

The congruency of the displacement field at core and bottom
layers’ interface I" is enforced by means of the Lagrange multiplier
p through the term 6% in Eq. (18). This latter is obtained by apply-
ing the virtual variation operator to Eq. (10):

06 (pu) =% (op,u)+%(u,ou)
- /r {014 [uc (X, hy) — uP (X, hp)] + Sty [WE (x, hy) — WP (x,hy)] }dT

+/r Ly [ouc (%, hy) — ouP (%, )] + pty [oWF (%, hy) — OWP (x, hy) ] }dT

(43)
After replacing Eqgs. (6), (9) and (43) reads:
% - /L St {u@ +%W{).x + <F}‘ - I?j)uj? - Faulg} dx
+ /L Sty [W{) + (F,- - I_:,-)wj? - F(,w’;]dx
h - .
+ /L i {&t{) + %5\/\»6’)< + (Fj - Fj)éujc - Faéu‘;} dx
+ / 1 [aw{) + <I-"j —I_-"j) ows — I?géw’;] dx
JL

(44)

with F, = hj. Eq. (44) can be written in a matrix compact form:
56 (uu) = / SVI K vdx (45)
JL

upon introduction of the vector v, e R*(c+m)+9;

v ={ve [vy '} (46)

3.2.3. Weak form of the governing equations
In order to obtain the weak form of the governing equations for
the whole thin film/substrate system, the vector v e R4(e+m)+11
containing all the unknown functions and their derivatives should
be defined:
vT: {u{) u{).x Wg VV{J.X ngx Ug Uﬁc ug.x uflg.X Wq
b
np.X

Wﬁb.x /J1 ,“2} (47)

Furthermore, the dimension of the unknown vectors in Egs. (24,
36, 42) and (46) should be expanded to be coherent with the global
approximation space:

C C C b b b 11b
Wnc Wl,x e W Ug uy --- Wy Wy -

b b b
Ne X unb U« u],x e U

b b b
Wnb Wox Wix -

Vf — RfV . Rf c R3><4(nc+nb)+ll
Ve = RCV . Rc c R4nc+3x4(ng+nb)+ll
Vp = va . Rb c R4(nb+1)x4(nt+nb)+ll

v, = chV . R'é’ c R4(nc+nb)+9x4(n5+nb)+ﬂ

(48)
where Ry, R¢, R, and Ry, are approximation spaces expansion matri-
ces. The total internal virtual work is finally expressed as:

0L = /L ov" [Rf (H+A7)S/ + (RIKR. + R)K,R, + R{ KR, )v]dx

- /L o' [RY (W7 + A")S + Kov]dx (49)

with:
Sf:Df<H+%Af>Rfv (50)
and:
K; = R'K.R. + RIK,R; + RT KR, (51)

This latter term has been introduced for the sake of brevity. A
generalised load vector Af per unit length and width is considered
for determining the external virtual work:

0P oxt = Ab/ v fdx (52)
JL

3.3. Finite element discretisation

Egs. (49) and (52) are discretised using the finite element
method. Two-node one-dimensional elements are considered.
The axial displacement components and the Lagrange multiplier
are approximated by means of Lagrange linear shape functions
L,(¢), whereas Hermite quadratic polynomials H,(¢) are used for
the transverse displacement components and its derivatives, see
Bathe [29]. Subscript [ ranges in [1,2] and ¢ € [-1,+1] is the ele-
ment natural dimensionless coordinate. The generic shape function
is addressed by N(¢) such that the approximation of the generic
component v, of v can be expressed as:

v(x) = Ni(E)gt 1€ (1,2 C N (53)

gk is a generic component of the vector of degrees of freedoms
(DOFs) q; € R3"*™)*8 for node I:

Wy whowh, g Goowh W
qT:{q,"qz”qf“’ G g g g
b b b b

we ub uoowh wh Wn,  Wox W Whox 1t
A R AR e R e R R (54)

Element’s vector of DOFs q € R2B(cm)+8] jg:

q ={qi | q;} (55)
Eqgs. (53) can be written in the following compact matrix form:
v=Gq (56)

where G e RUMm)+111x2B(+m)+8] jg 3 matrix containing the shape
functions and their derivatives versus the axial coordinate. Finally,
the principle of virtual displacement at element level is:

/Le GT{ {R}(HT +AfT)Df<H n %Af>Rf N I?s} G}dxq

=b [ G'fdx (57)
Le
where L, is the length of the element.

The governing equation for the entire structure is obtained
upon assembling the element matrices for each element using clas-
sical finite element procedures. This results in a global non-linear
algebraic problem:

R(©;/) =0 (58)

where @ is the global unknown vector whose dimension is N. The
problem is solved by means of the asymptotic numerical method.
Solution details are provided in the next section.

4. Solution of the non-linear problem

Assuming that a solution of Eq. (58) at point j is known, the solu-
tion (®; 2Y*! at point j + 1 is obtained from this latter following a
perturbation technique. An approached solution path at step j + 1
is represented by a n-order Taylor series expansion of ® and /:



o' =@ + e,

. ) pel,n
2j+1 N R
=N +abi,

(39)
where a € Ris a solution path parameter for the non-linear problem
and n(N + 1) unknowns are present in the approximation in Eq.
(59). By replacing Eq. (59) within the non-linear problem, Eq. (58)
reads:
R(@i POy + amp) =0 (60)
Its n-order Taylor series expansion about the point (G);A)f is,
then:

i\ OR R 1|6°R &R
i) Y ap D I » S IR|
R(@’,},>+6®a® bt 57l a} +2{8® a’@,a° O +6A a7, @ s
2 3 s
J n
>R 3

O°R
a’0,a°0sa?), +
PR 90042

+— apG)paS/lsaqiq} +...=0 (61)
00 (’Mj f

where R(®'; /) = 0 since (®; 1) belongs to the solution domain. Eq.
(61) can be re-arranged in the following manner:

OR OR
R(®;2)=a {8@ 91-&-8&]’ }

a2l R, R 41 oR 2+02—R ”2+—82R 01
o) T or|? 2 0w T a2 T oean)
OR OR .

+a 8_9 ®3+8A} 3—e973(®1,®2;/q,/n2) +
OR OR .

+a" 20 @nJrO; In—=Fn(01,0,,...,0,_1;41,/2,...,/p1) =0

(62)

where, for a given order p of a, #), is a function of the unknowns @y
and 4, with k € [1,p — 1]. Eq. (62) must be valid for a generic value
of a, therefore, the following linear system of N equations in N + 1
unknowns:

OR OR

(9—@. a)b A/Lp—Jp(@] @27...
]

(63)

Op_1; 20, A2,y Ap)

is obtained from each term a? and n linear systems are obtained in
total. #, is known once the linear system derived form the orders
lower than the p-th one have been solved. The problem in Eq.
(63) is not well posed and a complementary condition for each
expansion term p should be provided. This complementary condi-
tion is obtained from the definition of the path parameter a as a
pseudo-arc-length by projecting the solution increment
(@; )" = (G) @i )’) over the tangent direction (®1; 4;):
a:(@—(w‘) @1+(;—4);1 (64)

The following equations are, then, obtained by replacing Eq.
(59) within Eq. (64):

&> +74=1 p=1

65
®;®1+;vp)»1 =0 p#l ( )

being ||| the Euclidean norm. The problem composed by Egs. (63)
and (65) is well posed since it comprises n(N + 1) unknowns as well
as equations. At each step j, the matrix 2| is the same for each
expansion term p. A relevant amount of calculation time is, there-
fore, saved since only one stiffness matrix has to be factored. Once
the values ©®, and 4, have been all computed, the path solution at

step j+ 1 is obtained by Eq. (59). Finally, as reported in Cochelin
et al. [24], the following relation between the path parameter a
and the expansion order n holds:

1
\I(')l\\)ﬂ
=€
( O]l

where € is tolerance parameter (for a fixed n, the smaller €, the
shorter the solution step length).

(66)

5. Numerical results

A film-substrate system under compressive forces as illustrated
in Fig. 2 is considered. The bottommost surface of the substrate
(z/h=0) is clamped. This kinematic boundary condition is
obtained straightforwardly by imposing the nodal DOFs corre-
sponding to u}, w§ and w} , equal to zero. The vertical displacement
w is equal to zero at x/L =0 and 1. Two concentrated forces of
equal modulus F and opposite verse are applied along the axial
direction at film through-the-thickness mid point. Table 1 presents
the material properties and the geometric parameters. Young'’s
moduli ratio E;/E; is as low as 107® and as high as 107°. The thick-
ness ratio hs/h; ranges between 6 and 6 - 10°. This first case is
addressed as “problem I”. The obtained results are assessed
towards numerical results obtained by a two-dimensional non-lin-
ear elasticity solution within the finite element code ABAQUS. The
film is meshed using 3-node beam elements, whereas 8-node
quadrilateral elements are used for the substrate. Unless differ-
ently stated, a 100 x 50 mesh is used. The total DOFs of this
numerical solution are about 3.1 - 10%. Table 2 presents the critical
load parameter /. and the corresponding half-wave number n.
Results have been computed via a n, =5 and n, = 3 model. This
kinematic model represents, for the considered cases, a good com-
promise between accuracy and computational costs (the effect of
different expansion orders is later investigated). The film-substrate
system is discretised along the axis into 120 elements. The DOFs of
the proposed solution are equal to about 3.9 - 10° (an order of mag-
nitude lower than the reference two-dimensional solution). Results
show that the proposed elements yield very good results. Some
considerations on the obtained results can be drawn. The assump-
tion of Euler-Bernulli kinematics for the thin film has been proved
to be correct, resulting in accurate results and a limited number of
degrees of freedom. As a comparison, the difference in the degrees
of freedom number between the proposed approach and a model
where a generic n; order theory based upon Mac Laurin’s polyno-
mials is used also in the film is equal to 2n; — 1. This number can
be straightforwardly obtained noticing that the two approaches

F F
Fig. 2. Film-substrate load and boundary conditions.
Table 1
Problem I material and geometric parameters.
Ef (10* MPa)  Es/E Mg L(107'm) b(m) hg/L  hs/hs
6.9 103-10°% 03 50 1.0 1/600 6_6.10°




Table 2

Half-wave number njs and critical load parameter /., problem I. One-dimensional solution via a n. = 5 and n, = 3 model with 120 axial elements.

hs/hy 6 6-10 6-10% 6-10°

nis 10744, nis 1034, nfs 1073, ni 1073,
Es/Ef 1D 2D 1D 2D 1D 2D 1D 2D
1073 39 56.7 57.0 29 360 367 29 361 360 29 361 360
104 23 16.6 16.6 13 75.0 75.3 13 743 74.3 13 74.5 74.3
105 13 5.05 5.05 7 17.5 17.5 6 15.9 15.9 6 15.9 15.9
106 7 1.60 1.60 5 521 5.22 3 3.38 3.38 3 3.38 3.38

would differ only in the kinematic model of the film. The instability
in the film/substrate is very similar to that in an elastic beam rest-
ing on a non-linear Winkler foundation, where the following for-
mulas holds, see Damil and Potier-Ferry [30]:

e 4/ Cs

o2 = \EL

Eslycs (67)

being the critical load parameter the global minimum point for the
curve buckling load versus half-wave number (4. = min A(ny)). Eflf
and c; are the stiffness of the thin film and the substrate, respec-
tively. For a fixed E;, hy and h, the stiffness of the film is constant

and that of the substrate depends only upon the material parameter
E,. Under these circumstances:

Je o \/Cs(Es)  ni oc v/cs(Es)

(68)
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Fig. 3. Transverse displacement 10w (
solution and (b) n.
and hy/h; = 6-10%,

m) colour map via (a) two-dimensional
5 and n, = 3 one-dimensional model. Problem I, E;/E; = 10°°

and this explain the reason why for each column of Table 2,
Je = O(c}/z) and njc = O(cg/“) decrease as E/E; is decreased. At
the limit E; /Er — 0, /. is expected to be equal to the Eulerian critical
buckling load. Furthermore, for a fixed E; /E; ratio, /. and njs become
constant after a threshold value of h/hy. This is due to the fact that
only a limited part of the substrate in the neighbourhood of the thin
film is involved by the instability phenomenon and the remaining
part of the substrate remains unstrained. This is evident from
Fig. 3 where the transverse displacement obtained by the 2D solu-
tion (60 x 30 mesh and 1.1 - 10* DOFs) and the proposed approach
(30 elements and 1.0-10° DOFs) is plotted as a colour map for
the case E;/E; = 10° and hs/h; = 6 - 102

Fig. 4 presents the variation of the transverse displacement at
point (x =L/4,z=hs+ hs/2) versus the applied load per unit
width F. The critical load computed via the 2D model is also pre-
sented. Results show a very good agreement.

5.1. Parametric investigation

The same loading and boundary conditions as shown in Fig. 2
are here considered, whereas the material properties and the geo-
metrical data are presented in Table 3. This case is addressed as
“problem II”. The instability pattern for this second problem is first
presented in Fig. 5. Results are computed through a n. =5 and
n, = 3 one-dimensional model with 110 elements along the axis.
The same axial discretisation has been used for the ABAQUS
solution. This is a limitation inherent to the solution of wrinkling
problems by means of the finite element methods. The higher
the half-wave number, the higher the number of elements to accu-

x 10~

—*—New finite element model
A Critical load obtained by 2D FEM model

»
)
;

L/4

3.5f 1

Transversal displacement (m) of film at x

2000 4000 6000 8000 10000 12000 14000 16000
Load F (N/m)

Fig. 4. Transverse displacement at (x = L/4,z = hs + hy/2) versus the load per unit
width F (bifurcation curve). Problem I, E;/E; = 10> and hs/h; = 6 - 10°.



Table 3
Problem II material and geometric parameters.

E (10°MPa)  Es/Er g L(103m) b(103m) h/L  hs/h

1.8 10°° 03 1.0 1.0 103 10°
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Fig. 5. Transverse displacement 10-w (10> m) colour map via (a) two-
dimensional solution and (b) n. =5 and n, = 3 one-dimensional model. Problem
1L, E;/Ef = 10~ and hy/h; = 6-10°.

rately model the problem. As a future perspective, a reduced-order
technique (for instance, using a Fourier-related analysis as in Liu
et al. [26]) will be developed in the framework of the present finite
elements family. The bifurcation load obtained by the two-dimen-
sional solution is also presented and a very good agreement is
observed.

In order to better outline the idea behind the present work (that
is, ideally splitting the substrate in two different parts) as well as to
stress the importance of the right choice for the value of h. out, the
through-the-thickness variation of the transverse displacement
computed by the two-dimensional model is presented in Fig. 6.
The size of the boundary layer, where w decreases from
0.8-10° m to almost zero is a small fraction of the whole sub-
strate thickness h that, for the considered case, is as wide as twice
the wrinkles wavelength ¢, = L/ns. Fig. 7 presents the transverse

0 : : : : \
-1 0 1 2 3 4 5 6
Transverse displacement (mm) along z = L/2 X107

Fig. 6. Through-the-thickness variation of the transverse displacement at x = L/2,
two-dimensional solution, problem II.
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Fig. 7. Bifurcation curves at (x = L/2.z = hs + h;/2) for different values of the core
thickness (expressed as a multiple of the wrinkle wavelength ¢,,), n. =5 and n, = 3
one-dimensional model, problem II.
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Fig. 8. Bifurcation curves at (x = L/2,z = hs + hs/2) for n. =5 and 7 and h. = 7¢,,
problem II.
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35 A Critical load obtained by 2D FE model

=L/2

1.5 1

0.5 1

Transversal displacement (mm) of film at x:

0 0.01 0.02 0.03 0.04 0.05 0.06
Load F (N/mm)

Fig. 9. Bifurcation curve at (x =L/2,z= hs + hs/2) for n. = 4,n, =1 and h. = 2¢,,
problem II.

displacement versus the applied load for various values of the core
thickness. This latter is expressed as a multiple of the wrinkle
wavelength in order to estimate the size of the “boundary layer”
in terms of the mechanics of the problem. A correct choice of h,
is very important since, for a fixed expansion order n,, its overesti-
mation is counter-productive: the refined model is used in a frac-
tion of the substrate that is too wide. Its effectiveness is, then,
compromised. In a similar manner, an underestimated h, yields
poor results since the part of the solution presenting steep varia-
tions is approximated by the higher-order kinematic model only
in part. Fig. 7 shows that h. = 3¢,, represents a good estimation
for the size of the “boundary layer”. An increase in the expansion
order n. improves the results accuracy as presented in Fig. 8 where
h. has been appositely overestimated (it equals 74,).

Finally, on the basis of Figs. 6 and 9 illustrates the bifurcation
curve for h, = 2¢,, with n. =4 and n, =1 and 55 elements along
the x direction. This solution consists of about 10°> DOFs. It demon-
strates that the proposed approach can be effective for accurately
yet effectively predicting the instability phenomena in thin film
resting on substrates.

6. Conclusions

A family of one-dimensional variable kinematic elements for
the study of local instabilities in thin films resting on compliant
substrates has been addressed in this paper. Euler-Bernoulli’s
kinematics has been used for the thin film, whereas Carrera’s Uni-
fied Formulation has been assumed for the substrate. This latter
has been divided into two mathematical layers: a boundary layer
where a higher-order model is used and a bottom layer with a
low-order displacement field. The subdivision aimed at accurately
and effectively model the mechanics of the considered structures
that is characterised by a high through-the-thickness variation of
the displacement field in a small area of the substrate in the neigh-
bourhood of the thin film while the remaining part is almost
unstrained. Results have been given in terms of critical wrinkling
load and half-wave number. The full non-linear response in the
form of bifurcation curves has been also presented. Parametric
analyses have been carried out to investigate the effect of the
material and geometrical parameters on the local instabilities. An
estimation of the size of the mathematical core layer in terms of

the wrinkles wavelength has been provided in order to better
exploit the proposed approach. Several kinematics have been
investigated with the intention to find the best compromise
between accuracy and computational costs. Two-dimensional
finite elements solutions have been also developed within ABAQUS
for the sake of validation. By the numerical investigations, it has
been shown that the present approach yields solutions very close
to the full two-dimensional finite element model at a reduced
computational cost (the degrees of freedom are an order of magni-
tude smaller). As a final remark, in the case of nearly periodic insta-
bility patterns, the proposed elements present the same drawbacks
as full two-dimensional elements do: the control of the solution
path is difficult when many equilibrium solutions and several sec-
ondary bifurcation points are present. A reduced-order technique
(for instance, using a Fourier-related analysis as in Liu et al. [26])
will be developed in the framework of the present finite elements
family as a future perspective.
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