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This paper presents a new one-dimensional finite elements’ family for the analysis of wrinkling in stiff thin films resting on a thick elastic substrate. Euler–
Bernoulli’s theory is used for the thin film, whereas the substrate is ideally divided into two parts: 1. a core layer in the neighbourhood of the film where 
the displacement field presents high gradients (where an higher-order approximation is required) and 2. the remaining part of the substrate or bottom 
layer where displacements change very slowly. Low-order models allow an accurate yet efficient description of this latter part. Due to its versatility and 
generality, Carrera’s Unified Formulation is used to develop the proposed elements’ family. Governing equations’ weak form is derived by means of the 
principle of virtual displacements and discretised in a finite ele-ment sense. The asymptotic numerical method is used to solve the resulting non-linear 
equations’ sys-tem. Numerical investigations show that the proposed one-dimensional elements are able to capture the instability phenomena in film-

substrate systems. In order to validate the proposed finite element models, the critical loads and half-wave numbers predicted by the one-dimensional 
elements are com-pared with those obtained via two-dimensional finite element analyses and a very good agreement is found.

1. Introduction

Wrinkling instabilities of different shapes (stripes, labyrinths, or

herringbones) are very common in several structural configura-

tions. In particular, they very likely to occur in thin stiff films or

coatings resting on compliant substrates and subjected to in-plane

mechanical or thermal loads, see Bowden et al. [1]. These systems

find several applications in several engineering fields spanning

from optics and electronics to aeronautics and space as, for

instance, optical and acoustic devices or skin layers in sandwich

composites. Furthermore, the interest on soft polymeric substrates

is more and more increasing, see Volynskii et al. [2] and Cao and

Hutchinson [3]. For these reasons, an accurate yet effective model-

ling of wrinkling instabilities is a very important and up-to-date

research topic.

A brief literature follows. In the framework of sandwich panels

design, Allen [4] investigated wrinkles in very stiff thin films when

compared to the substrate they resting on. Niu and Talreja [5]

determined the critical membrane force and the wrinkles wave-

length in sandwich panels on the basis of a linear perturbation

analysis. A unified analytical expression for single-sided face, in-

phase and out-of-phase wrinkling was presented. Huang et al. [6]

proposed a spectral method for modelling wrinkles’ evolution

where a Winkler foundation (a foundation made of linear springs)

was accounted for. The model was extended to the case of a thick

elastic foundation in Huang et al. [7] where wavelength and ampli-

tude for various moduli and thicknesses of the substrate in the case

of wrinkles (a pattern that is invariant in one direction) were inves-

tigated. Audoly and Boudaoud [8–10] studied the straight and her-

ringbones wrinkles as well as the evolution form the former type

(due to a moderate load) to the latter one (large buckling) as the

external load is increased. Wang et al. [11] investigated both global

and local buckling in thin films and membranes resting on elasto-

meric substrates. An analytical expression for the critical condition

separating these two buckling modes was presented and compared

with experimental and numerical results. The post-buckling evolu-

tion of surface wrinkles was studied by Zang et al. [12] by numer-

ical (finite elements) and analytical models. Several higher-order

wrinkling modes were observed. Experiments were also carried
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out. Stemming form the work by Damil and Potier-Ferry [13], Hu

et al. [14] and Xu et al. [15] studied the global and local buckling

of long beams resting on a non-linear elastic foundation by means

of a multi-scale approach. A Fourier series approximation with

slowly varying coefficients was coupled to a refined model by

means of the Arlequin method. In such a manner, accurate solu-

tions were obtained at the structural boundaries where the

approximated approaches are known to provide poor results.

In this paper, a family of one-dimensional finite elements for

the analysis of sinusoidal wrinkling in stiff films resting on thick

elastic substrates is presented. A variable through-the-thickness

kinematics is implemented by means of Carrera’s Unified For-

mulation (CUF), see Carrera [16], Carrera and Giunta [17–19],

Catapano et al. [20] and He et al. [21]. The main aim is to

exploit the features of the problem under investigation to pro-

pose a family of finite elements that yields accurate results with

a number of degrees of freedom as reduced as possible. In par-

ticular, the thin film is modelled via Euler–Bernoulli’s kinemat-

ics. The substrate is ideally divided into two parts where a

variable kinematics based upon Taylor’s polynomial series

expansion is used. The displacement fields expansion order is

not a priori fixed but it is a free parameter. The idea of subdi-

viding the substrate aims at effectively and efficiently modelling

the substrate mechanical behaviour that plays a very important

role in the formation of instability patterns. In a limited neigh-

bourhood of the thin film within the substrate, the displacement

field presents a very high through-the-thickness gradient. On

the contrary, the remaining part of the substrate is almost

unstrained. It is, then, clear that for the former part, called

‘‘boundary or core layer’’, a higher-order kinematics is necessary,

whereas a low-order kinematics is sufficient for the substrate

‘‘bottom layer’’. The governing equations are obtained by the

virtual work principle and their discrete form is obtained within

the framework of the finite element method. The Asymptotic

Numerical Method (ANM) is used to solve the non-linear prob-

lem, see Damil and Potier-Ferry [22], Cochelin et al. [23,24], Hu

et al. [25] and Liu et al. [26]. ANM offers several advantages in

terms of computation time and reliability when compared to

classical non-linear solution strategies such as Newton–Raph-

son’s and arc-length methods. Analysis investigates the critical

wrinkling loads and pattern (in terms of the half-waves num-

ber). The effectiveness of different kinematics is studied. Some

parametric analyses are carried out to obtain some indications

on the appropriate thickness of the core layer. This latter has

been related to the wrinkles’ wavelength. The proposed ele-

ments are assessed towards numerical simulations performed

by the commercial finite element software ABAQUS using two-

dimensional elements. Very accurate results are obtained and

the computational effort is considerably reduced.

2. Model kinematics

A two-dimensional elastic stiff film bound to an elastic soft

compliant substrate is considered, see Fig. 1. Skin’s and substrate’s

thickness are addressed by hf and hs, whereas h is the total thick-

ness. The substrate is ideally divided into a core and a bottom layer

of thickness hc and hb. This division allows to describe the rapid

variation of the displacement field in the neighbourhood of the

thin film by means of high-order kinematic theories, whereas

low-order polynomials are used to model the slowly varying kine-

matics far away from the top membrane. The length and the width

of the structure are denoted by L and b. The longitudinal, the

through-the-width and the transverse coordinate are x; y and z.

The displacement field is:

uTðx; zÞ ¼ uðx; zÞ;wðx; zÞf g ð1Þ

where u andw are the components along x- and z-axis, respectively.

T as superscript stands for the transposition operator. According to a

one-dimensional modelling approach, the variation along the

through-the-thickness direction of the displacement field is a priori

assumed. Classically, a polynomial variation of a fixed order n is

considered. Within CUF framework, a family of refined beam mod-

els can be systematically obtained considering the polynomial

approximation order as a free parameter of the formulation, that

is, it can assume an arbitrary value. The displacement field in Eq.

(1) is approximated as a linear combination of the following mono-

mial terms:

u x; zð Þ ¼ Fs zð Þus xð Þ s 2 0;n½ � � N ð2Þ

Fs represents the through-the-thickness approximating function

and, in general, it can be an element of a generic approximation

base. Within this work, Mac Laurin’s polynomials zn are adopted

as approximation or expansion function. Function us accounts for

the variation along the beam axis. This latter term depends upon

the method used to solve the governing equation. Einstein’s com-

pact notation has been used in Eq. (2): a repeated index implicitly

implies summation over its variation range:

u ¼ u0 þ zu1 þ z2u2 þ � � � þ znun

w ¼ w0 þ zw1 þ z2w2 þ � � � þ znwn

ð3Þ

A different kinematic model is independently defined for the

thin-film and the substrate core and bottom layers:

u x; zð Þ :

uf x; zð Þ ¼ uf
0 xð Þ � z�

hfþ2hs
2

� �
wf

0;x xð Þ

wf x; zð Þ ¼ wf
0 xð Þ

z 2 hs;hs þ hf

� �
8
<
: ð4Þ

u x; zð Þ :
uc x; zð Þ ¼ Fsu

c
s xð Þ

wc x; zð Þ ¼ Fswc
s xð Þ

z 2 hb;hs½ � s 2 0;nc½ �

�
ð5Þ

u x; zð Þ :
ub x; zð Þ ¼ Fsub

s xð Þ

wb x; zð Þ ¼ Fswb
s xð Þ

z 2 0;hb½ � s 2 0; nb½ �

(
ð6Þ

where superscripts f ; c and b stands for film, core and bottom,

respectively. Euler–Bernoulli kinematics’ is used to model the top

film. Through-the-thickness shear and normal deformations are,

therefore, disregarded there. This assumption is justified by the

thinness of the film. Subscript x preceded by comma stands for dif-

ferentiation versus the axial coordinate. A CUF variable order kine-

matics is used for the substrate core and bottom layers where the

expansion order is nc and nb, respectively.

The continuity of the displacements along the thickness direc-

tion is ensured by the following congruency equations:

uf x;hsð Þ ¼ uc x;hsð Þ

wf x;hsð Þ ¼ wc x;hsð Þ

uc x;hbð Þ ¼ ub x;hbð Þ

wc x;hbð Þ ¼ wb x;hbð Þ

8x 2 0; L½ � ð7Þ

x

z

L

hf

hs

hc

hb

Top thin stiff film

Core substrate

Bottom substrate

Fig. 1. An elastic thin stiff film on a thick elastic compliant substrate ideally divided

into core and bottom layers.

2



By replacing Eqs. (4) and (5) into Eq. (7), the displacements con-

tinuity at the interface between the film and the substrate core

layer results in the following relations:

uc
0 ¼ uf

0 þ
1
2
hfw

f
0;x � F iu

c
i

wc
0 ¼ wf

0 � F iw
c
i

i 2 ½1;nc� ð8Þ

where F i ¼ h
i
s and Eq. (5) read:

uc ¼ uf
0 þ

hf
2
wf

0;x þ F i � F i

� �
uc
i

wc ¼ wf
0 þ F i � F i

� �
wc

i

z 2 hb; hs½ � i 2 1; nc½ � ð9Þ

The congruency of the displacements at interface

C ¼ x; y; zð Þ : x 2 0; L½ �; y 2 �b=2;þb=2½ �; z ¼ hbf g between core and

bottom layers is enforced by accounting for Eqs. (7)c and (7)d

through the Lagrange multiplier lT ¼ l1;l2

	 

. This results in the

constrain term C l;uð Þ:

C l;uð Þ¼

Z

C

l1 uc x;hbð Þ�ub x;hbð Þ
� �

þl2 wc x;hbð Þ�wb x;hbð Þ
� �	 


dC

ð10Þ

This term is considered within the principle of virtual displace-

ment when deriving the weak form of the problem governing

equations.

3. Governing equations

3.1. Geometric equations and constitutive law

A non-linear geometric equation in a Von Karman sense is con-

sidered for the thin film:

efxx ¼ uf
;x þ

1

2
wf

;x

� �2

ð11Þ

whereas the substrate is considered to undergo small displace-

ments and rotations:

esxx ¼ us
;x

eszz ¼ ws
;z

csxz ¼ us
;z þws

;x

ð12Þ

Superscript s in Eq. (12) generically indicates a substrate layer

(either the core or the bottom one).

As far as the material constitutive behaviour is concerned,

Hooke’s law is assumed. The material is, therefore, linear and elas-

tic. Furthermore, isotropic films and substrates are considered. The

displacement field in Eqs. (4)–(6) results in the plane strain

condition:

eyy ¼ exy ¼ eyz ¼ 0 ð13Þ

The following full three-dimensional Hooke’s law is, then, used

for the substrate:

rs
xx ¼ Cs

11e
s
xx þ Cs

13e
s
zz

rs
zz ¼ Cs

13e
s
xx þ Cs

33e
s
zz

rs
xz ¼ Cs

55e
s
xz

ð14Þ

with:

Cs
11 ¼ Cs

33 ¼
1� ms

1þ msð Þ 1� 2msð Þ
Es

Cs
13 ¼

ms

1þ msð Þ 1� 2msð Þ
Es

Cs
55 ¼

Es

2 1þ msð Þ

ð15Þ

where Es and ms are the substrate material Young modulus and Pois-

son ratio. A reduced form of Hooke’s law has to be assumed for the

thin film since Euler–Bernoulli’s kinematics accounts for the strain

components efxx only. This clearly violates the strain coupling:

efyy ¼ efzz ¼ �mf efxx – 0 ð16Þ

due to Poisson’s ratio. This phenomenon is commonly known in lit-

erature as Poisson locking, see Carrera and Brischetto [27]. In the

case of one-dimensional modelling, Hooke’s law should be cor-

rected as outlined in Giunta et al. [28], resulting in the following

constitutive equation:

rf
xx ¼ Ef efxx ð17Þ

where Ef is the Young modulus of the film.

3.2. Virtual work equation

The weak form of the governing equations are obtained by

means of a constrained variational problem through the Principle

of Virtual Displacement where the displacement congruency on

C is enforced by means of a Lagrange multiplier:

dLint þ dC ¼ dLext ð18Þ

where d stands for a virtual variation, Lint is the internal work, Lext

the work done by external forces and C has been defined in Eqs.

(10).

3.2.1. Internal virtual work

The internal virtual work is expressed as:

dLint ¼ dL
f
int þ dLc

int þ dLb
int ð19Þ

The virtual internal work of the film is:

dL
f
int ¼

Z

V f
defxxr

f
xxdV ð20Þ

where V f is the volume of the film (V c and Vb are those of the core

and bottom substrate layers). After replacing Eqs. (17) and (11) and

integrating over the thin film cross-section, Eq. (20) reads:

dL
f
int ¼

Z

L

Nf
duf

0;x þwf
0;xdw

f
0;x

� �
�Mf

dwf
0;xx

h i
dx ð21Þ

where Nf and Mf are the resulting axial force and bending moment:

Nf ¼

Z hsþhf

hs

Z þb
2

�b
2

rf
xx dy dz ¼ bhfE

f uf
0;x þ

1

2
wf2

0;x

� �

Mf ¼

Z hsþhf

hs

Z þb
2

�b
2

z�
hf þ 2hs

2

� �
rf

xx dy dz ¼ �
bh

3
f

12
Efwf

0;xx

ð22Þ

Eq. (21) can be written in the following matrix form:

dL
f
int ¼

Z

L

dvT
f HT þ AfT

vf

� �h i
Sfdx ð23Þ

where:

v
T
f ¼ u0;x w0;x w0;xxf g ð24Þ

H ¼
1 0 0

0 0 �1


 �
ð25Þ

Af
vf

� �
¼

0 wf
0;x 0

0 0 0

" #
ð26Þ

and:

Sf ¼ Nf Mf
	 
T

ð27Þ
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The film resultant vector SfT in Eq. (27) can be rewritten in

terms of displacements by considering Eq. (22):

Sf ¼ Df Hþ
1

2
Af

vf

� �
 �
vf ð28Þ

where Df being a diagonal matrix accounting for the membrane and

bending stiffness term typical of the Euler–Bernoulli kinematics:

Df ¼ Ef
bhf 0

0 1
12
bh

3
f

" #
ð29Þ

As far as the substrate is concerned, its internal virtual work is

the sum of two contributes since it has been ideally divided into

core and bottom layers:

dLs
int ¼ dLc

int þ dLb
int ð30Þ

dLc
int is defined as:

dLc
int ¼

Z

Vc
decxxr

c
xx þ deczzr

c
zz þ dccxzr

c
xz

� �
dV ð31Þ

After replacing the geometric relations in Eq. (12), the displace-

ment field approximation in Eq. (9) and by integrating over the

beam cross section, Eq. (31) reads:

dLc
int ¼

Z

L

Nc
xx0du

f
0;x þMc

xx0dw
f
0;xx þ Tc

xz0dw
f
0;x þMc

xxidu
c
i;x þMc

xzuidu
c
i

�

þMc
zzidw

c
i þMc

xzwidw
c
i;x

�
dx ð32Þ

The core stress resultants are:

Nc
xx0

b
¼

Z hs

hb

rc
xxdz ¼ J11c00 uf

0;x þ
hf

2
wf

0;xx

� �
þ J11c0j uc

j;x þ J13c0j;zw
c
j

Mc
xx0

b
¼

hf

2

Z hs

hb

rc
xxdz ¼

hf

2

Nc
xx0

b

Tc
xz0

b
¼

Z hs

hb

rc
xzdz ¼ J55c00 wf

0;x þ J55c0j;zu
c
j þ J55c0j wc

j;x

Mc
xxi

b
¼

Z hs

hb

rc
xx F i � F i

� �
dz ¼ J11ci0 uf

0;x þ
hf

2
wf

0;xx

� �
þ J11cij uc

j;x þ J13cij;z w
c
j

Mc
xzwi

b
¼

Z hs

hb

rc
xz F i � F i

� �
dz ¼ J55ci0 wf

0;x þ J55cij;z u
c
j þ J55cij wc

j;x

Mc
zzi

b
¼

Z hs

hb

rc
zzF i;zdz ¼ J13ci;z0 uf

0;x þ
hf

2
wf

0;xx

� �
þ J13ci;zj u

c
j;x þ J33ci;zj;zw

c
j

Mc
xzui

b
¼

Z hs

hb

rc
xzF i;zdz ¼ J55ci;z0w

f
0;x þ J55ci;zj;zu

c
j þ J55ci;zj w

c
j;x

ð33Þ

where:

Jmnc
00 ¼

Z hs

hb

Cc
mndz¼Cc

mnhc

Jmnc
ij ¼

Z hs

hb

Cc
mn F i�F i

� �
F j�F j

� �
dz

¼Cc
mn

ij iþ jþ2ð Þ

iþ1ð Þ jþ1ð Þ iþ jþ1ð Þ
h
iþjþ1
s

�

�hb h
i
s h

j
s�

h
j
b

jþ1

!
þh

i
b

h
j
b

iþ jþ1
�

h
j
s

iþ1

!" #)

Jmnc
i;zj;z¼

Z hs

hb

Cc
mnF i;zF j;zdz¼Cc

mn

ij

iþ jþ1
h
iþjþ1
s �h

iþjþ1
b

� �

Jmnc
0j ¼

Z hs

hb

Cc
mn F j�F j

� �
dz¼Cc

mn

1

jþ1
hb jþ1ð Þh

j
s�h

j
b

h i
� jh

jþ1
s

n o

Jmnc
i0 ¼

Z hs

hb

Cc
mn F i�F i

� �
dz¼Cc

mn

1

iþ1
hb iþ1ð Þh

i
s�h

i
b

h i
� ih

iþ1
s

n o

Jmnc
0j;z ¼

Z hs

hb

Cc
mnF j;zdz¼h

j
s�h

j
b

Jmnc
i;z0 ¼

Z hs

hb

Cc
mnF i;zdz¼h

i
s�h

i
b

Jmnc
ij;z ¼

Z hs

hb

Cc
mn F i�F i

� �
F j;zdz¼Cc

mn

1

iþ j
h
j
b iþ jð Þh

i
s� jh

i
b

h i
� ih

iþj
s

n o

Jmnc
i;zj ¼

Z hs

hb

Cc
mn F j�F j

� �
F i;zdz¼Cc

mn

1

iþ j
h
i
b iþ jð Þh

j
s� ih

j
b

h i
� jh

iþj
s

n o
ð34Þ

By accounting for Eqs. (33) and (32) can be rewritten in a com-

pact matrix form in terms of displacements:

dLc
int ¼

Z

L

dvT
c
eKcvcdx ð35Þ

where vc 2 R
4ncþ3 is vector whose components are the core general-

ised displacement unknown functions and their derivatives versus

the axial coordinate. It is organised as follows:

v
T
c ¼ uf

0;x wf
0;x wf

0;xx uc
1 � � � uc

nc
uc
1;x � � � uc

nc ;x
wc

1 � � �
n

wc
nc

wc
1;x � � � wc

nc ;x

o
ð36Þ

eKc 2 R
ð4ncþ3Þ�ð4ncþ3Þ is the core layer stiffness matrix and it is not

here explicitly reported for the sake of brevity. Its terms eK ckl are the

coefficients of the products dqckqcl in Eqs. (32) and (33).

The internal virtual work of the bottom layer:

dLb
int ¼

Z

Vb
debxxr

b
xx þ debzzr

b
zz þ dcbxzr

b
xz

� �
dV ð37Þ

is treated in a manner similar to that of the core. After replacing Eq.

(6) and integrating over through-the-thickness and -width coordi-

nates, it reads:

dLb
int ¼

Z

L

Mb
xxsdu

b
s;x þMb

zzsdw
b
s þMb

xzusdu
b
s þMb

xzwsdw
b
s;x

� �
dx ð38Þ

The stress resultants in the bottom layer are:

Mb
xxs

b
¼

Z hb

0

rb
xxFsdz ¼ J11bsr ub

r;x þ J13bsr;zw
b
r

Mc
zzs

b
¼

Z hb

0

rb
zzFs;zdz ¼ J13bs;zru

b
r;x þ J33bs;zr;zw

b
r

Mc
xzus

b
¼

Z hb

0

rb
xzFs;zdz ¼ J55bs;zr;zu

b
r þ J55bs;zrw

b
r;x

Mb
xzws

b
¼

Z hb

0

rb
xzFsdz ¼ J55bsr;zu

b
r þ J55bsr wb

r;x

ð39Þ

with:

Jmnb
sr ¼

Z hb

0

Cb
mnFsFrdz ¼

1

sþ rþ 1
Cb
mnh

sþrþ1
b

Jmnb
s;zr;z ¼

Z hb

0

Cb
mnFs;zFr;zdz ¼

sr
sþ r� 1

Cb
mnh

sþr�1
b

Jmnb
s;zr ¼

Z hb

0

Cb
mnFs;zFrdz ¼

s
sþ r

Cb
mnh

sþr
b

Jmnb
sr;z ¼

Z hb

0

Cb
mnFsFr;zdz ¼

r
sþ r

Cb
mnh

sþr
b

ð40Þ

The compact matrix form in terms of generalised displacements

of Eqs. (38) and (39) is:

dLb
int ¼

Z

L

dvT
b
eKbvbdx ð41Þ

where vb 2 R
4 nbþ1ð Þ is organised as follows:
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v
T
b ¼ ub

0 ub
1 � � � ub

nb
ub
0;x ub

1;x � � � ub
nb ;x

wb
0 wb

1 � � �
n

wb
nb

wb
0;x wb

1;x � � � wb
nb ;x

o
ð42Þ

and eKb 2 R
4 nbþ1ð Þ�4 nbþ1ð Þ is the bottom layer stiffness matrix.

3.2.2. Displacement continuity constraints between core and bottom

layers

The congruency of the displacement field at core and bottom

layers’ interface C is enforced by means of the Lagrange multiplier

l through the term dC in Eq. (18). This latter is obtained by apply-

ing the virtual variation operator to Eq. (10):

dC l;uð Þ ¼C dl;uð ÞþC l;duð Þ

¼

Z

C

dl1 uc x;hbð Þ�ub x;hbð Þ
� �

þdl2 wc x;hbð Þ�wb x;hbð Þ
� �	 


dC

þ

Z

C

l1 duc x;hbð Þ�dub x;hbð Þ
� �

þl2 dwc x;hbð Þ�dwb x;hbð Þ
� �	 


dC

ð43Þ

After replacing Eqs. (6), (9) and (43) reads:

dC l;uð Þ

b
¼

Z

L

dl1 uf
0 þ

hf

2
wf

0;x þ
eF j � F j

� �
uc
j �

eFrub
r


 �
dx

þ

Z

L

dl2 wf
0 þ

eF j � F j

� �
wc

j �
eFrwb

r

h i
dx

þ

Z

L

l1 duf
0 þ

hf

2
dwf

0;x þ
eF j � F j

� �
duc

j �
eFrdub

r


 �
dx

þ

Z

L

l2 dwf
0 þ

eF j � F j

� �
dwc

j �
eFrdwb

r

h i
dx

ð44Þ

with eF r ¼ h
r
b. Eq. (44) can be written in a matrix compact form:

dC l;uð Þ ¼

Z

L

dvT
C

eKCvCdx ð45Þ

upon introduction of the vector vC 2 R
4 ncþnbð Þþ9:

v
T
C
¼ v

T
c jvT

b jlT
	 


ð46Þ

3.2.3. Weak form of the governing equations

In order to obtain the weak form of the governing equations for

the whole thin film/substrate system, the vector v 2 R
4 ncþnbð Þþ11

containing all the unknown functions and their derivatives should

be defined:

v
T ¼ uf

0 uf
0;x wf

0 wf
0;x wf

0;xx uc
1 � � � uc

nc
uc
1;x � � � uc

nc ;x
wc

1 � � �
n

wc
nc

wc
1;x � � � wc

nc ;x
ub
0 ub

1 � � � ub
nb

ub
0;x ub

1;x � � � ub
nb ;x

wb
0 wb

1 � � �

wb
nb

wb
0;x wb

1;x � � � wb
nb ;x

l1 l2

o
ð47Þ

Furthermore, the dimension of the unknown vectors in Eqs. (24,

36, 42) and (46) should be expanded to be coherent with the global

approximation space:

vf ¼ Rfv : Rf 2 R
3�4 ncþnbð Þþ11

vc ¼ Rcv : Rc 2 R
4ncþ3�4 ncþnbð Þþ11

vb ¼ Rbv : Rb 2 R
4 nbþ1ð Þ�4 ncþnbð Þþ11

vC ¼ RCv : RC 2 R
4 ncþnbð Þþ9�4 ncþnbð Þþ11

ð48Þ

where Rf ;Rc;Rb and RC are approximation spaces expansion matri-

ces. The total internal virtual work is finally expressed as:

dLint ¼

Z

L

dvT RT
f HT þAfT
� �

Sf þ RT
c
eKcRc þRT

b
eKbRbþRT

C

eKCRC

� �
v

h i
dx

¼

Z

L

dvT RT
f HT þAfT
� �

Sf þ eKsv

h i
dx ð49Þ

with:

Sf ¼ Df Hþ
1

2
Af

� �
Rfv ð50Þ

and:

eKs ¼ RT
c
eKcRc þ RT

b
eKbRb þ RT

C

eKCRC ð51Þ

This latter term has been introduced for the sake of brevity. A

generalised load vector kf per unit length and width is considered

for determining the external virtual work:

dLext ¼ kb

Z

L

dvTfdx ð52Þ

3.3. Finite element discretisation

Eqs. (49) and (52) are discretised using the finite element

method. Two-node one-dimensional elements are considered.

The axial displacement components and the Lagrange multiplier

are approximated by means of Lagrange linear shape functions

Ll nð Þ, whereas Hermite quadratic polynomials Hl nð Þ are used for

the transverse displacement components and its derivatives, see

Bathe [29]. Subscript l ranges in 1;2½ � and n 2 �1;þ1½ � is the ele-

ment natural dimensionless coordinate. The generic shape function

is addressed by Nl nð Þ such that the approximation of the generic

component vk of v can be expressed as:

vk xð Þ ¼ Nl n xð Þð Þqk
l l 2 1;2½ � � N ð53Þ

qk
l is a generic component of the vector of degrees of freedoms

(DOFs) ql 2 R
3 ncþnbð Þþ8 for node l:

qT
l ¼ q

uf
0

l q
wf

0

l q
wf

0l;x

l q
uc
1

l � � � q
ucnc
l q

wc
1

l � � � q
wc

nc

l q
wc

1;x

l � � �

�

q
wc

nc ;x

l q
ub
0

l q
ub
1

l � � � q
ubnb
l q

wb
0

l q
wb

1

l � � � q
wb

nb

l q
wb

0;x

l q
wb

1;x

l � � � q
wb

nb ;x

l q
l1

l q
l2

l

�
ð54Þ

Element’s vector of DOFs q 2 R
2 3 ncþnbð Þþ8½ � is:

qT ¼ qT
1 j qT

2

	 

ð55Þ

Eqs. (53) can be written in the following compact matrix form:

v ¼ Gq ð56Þ

where G 2 R
½4ðncþnbÞþ11��2 3 ncþnbð Þþ8½ � is a matrix containing the shape

functions and their derivatives versus the axial coordinate. Finally,

the principle of virtual displacement at element level is:
Z

Le

GT RT
f HT þ AfT
� �

Df Hþ
1

2
Af

� �
Rf þ eKs


 �
G

� �
dxq

¼ kb

Z

Le

GTfdx ð57Þ

where Le is the length of the element.

The governing equation for the entire structure is obtained

upon assembling the element matrices for each element using clas-

sical finite element procedures. This results in a global non-linear

algebraic problem:

R H; kð Þ ¼ 0 ð58Þ

where H is the global unknown vector whose dimension is N. The

problem is solved by means of the asymptotic numerical method.

Solution details are provided in the next section.

4. Solution of the non-linear problem

Assuming that a solution of Eq. (58) at point j is known, the solu-

tion H; kð Þjþ1 at point jþ 1 is obtained from this latter following a

perturbation technique. An approached solution path at step jþ 1

is represented by a n-order Taylor series expansion of H and k:
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H
jþ1 ¼ Hj þ apHp

kjþ1 ¼ kj þ apkp
p 2 1;n½ � ð59Þ

where a 2 R is a solution path parameter for the non-linear problem

and n N þ 1ð Þ unknowns are present in the approximation in Eq.

(59). By replacing Eq. (59) within the non-linear problem, Eq. (58)

reads:

R H
j þ apHp; k

j þ apkp

� �

¼ 0 ð60Þ

Its n-order Taylor series expansion about the point H; kð Þj is,

then:

R H
j; kj

� �

þ
@R

@H

�

�

�

�

j

ap
Hp þ

@R

@k

�

�

�

�

j

apkp þ
1

2

@2R

@H2

�

�

�

�

�

j

apHpa
s
Hs þ

@2R

@k2

�

�

�

�

�

j

apkpa
sks

2

4

þ
@2R

@H@k

�

�

�

�

�

j

apHpa
sks

3

5þ
1

3!

@3R

@H3

�

�

�

�

�

j

apHpa
s
Hsa

q
Hq þ

@3R

@k3

�

�

�

�

�

j

apkpa
sksa

qkq

2

4

þ
@3R

@H2@k

�

�

�

�

�

j

apHpa
s
Hsa

qkq þ
@3R

@H@k2

�

�

�

�

�

j

apHpa
sksa

qkq

3

5þ . . . ¼ 0 ð61Þ

where R H
j; kj

� �

¼ 0 since H; kð Þj belongs to the solution domain. Eq.

(61) can be re-arranged in the following manner:

R H;kð Þ¼ a
@R

@H

�

�

�

�

j

H1þ
@R

@k

�

�

�

�

j

k1

" #

þa2
@R

@H

�

�

�

�

j

H2þ
@R

@k

�

�

�

�

j

k2þ
1

2

@2R

@H2

�

�

�

�

�

j

H
2
1þ

@2R

@k2

�

�

�

�

�

j

k21þ
@2R

@H@k

�

�

�

�

�

j

H1k1

2

4

3

5

8

<

:

9

=

;

þa3
@R

@H

�

�

�

�

j

H3þ
@R

@k

�

�

�

�

j

k3�F3 H1;H2;k1;k2ð Þ

" #

þ . . .

þan
@R

@H

�

�

�

�

j

Hnþ
@R

@k

�

�

�

�

j

kn�Fn H1;H2; . . . ;Hn�1;k1;k2; . . . ;kn�1ð Þ¼0

"

ð62Þ

where, for a given order p of a;Fp is a function of the unknowns Hk

and kk with k 2 1; p� 1½ �. Eq. (62) must be valid for a generic value

of a, therefore, the following linear system of N equations in N þ 1

unknowns:

@R

@H

�

�

�

�

j

Hp þ
@R

@k

�

�

�

�

j

kp ¼Fp H1;H2; . . . ;Hp�1; k1; k2; . . . ; kp�1

� �

ð63Þ

is obtained from each term ap and n linear systems are obtained in

total. Fp is known once the linear system derived form the orders

lower than the p-th one have been solved. The problem in Eq.

(63) is not well posed and a complementary condition for each

expansion term p should be provided. This complementary condi-

tion is obtained from the definition of the path parameter a as a

pseudo-arc-length by projecting the solution increment

H; kð Þjþ1 ¼ H�Hj; k� kj
� �

over the tangent direction H1; k1ð Þ:

a ¼ H�Hj
� �T

H1 þ k� kj
� �

k1 ð64Þ

The following equations are, then, obtained by replacing Eq.

(59) within Eq. (64):

kH1k
2 þ k21 ¼ 1 p ¼ 1

H
T
pH1 þ kpk1 ¼ 0 p – 1

ð65Þ

being k�k the Euclidean norm. The problem composed by Eqs. (63)

and (65) is well posed since it comprises n N þ 1ð Þ unknowns as well

as equations. At each step j, the matrix @R
@H

�

�

j
is the same for each

expansion term p. A relevant amount of calculation time is, there-

fore, saved since only one stiffness matrix has to be factored. Once

the values Hp and kp have been all computed, the path solution at

step jþ 1 is obtained by Eq. (59). Finally, as reported in Cochelin

et al. [24], the following relation between the path parameter a

and the expansion order n holds:

a ¼ �
kH1k

kHnk

� � 1
n�1

ð66Þ

where � is tolerance parameter (for a fixed n, the smaller �, the
shorter the solution step length).

5. Numerical results

A film-substrate system under compressive forces as illustrated

in Fig. 2 is considered. The bottommost surface of the substrate

(z=h ¼ 0) is clamped. This kinematic boundary condition is

obtained straightforwardly by imposing the nodal DOFs corre-

sponding to ub
0;w

b
0 andwb

0;x equal to zero. The vertical displacement

w is equal to zero at x=L ¼ 0 and 1. Two concentrated forces of

equal modulus F and opposite verse are applied along the axial

direction at film through-the-thickness mid point. Table 1 presents

the material properties and the geometric parameters. Young’s

moduli ratio Es=Ef is as low as 10�6 and as high as 10�3. The thick-

ness ratio hs=hf ranges between 6 and 6 � 103. This first case is

addressed as ‘‘problem I’’. The obtained results are assessed

towards numerical results obtained by a two-dimensional non-lin-

ear elasticity solution within the finite element code ABAQUS. The

film is meshed using 3-node beam elements, whereas 8-node

quadrilateral elements are used for the substrate. Unless differ-

ently stated, a 100� 50 mesh is used. The total DOFs of this

numerical solution are about 3:1 � 104. Table 2 presents the critical

load parameter kc and the corresponding half-wave number nkc
w .

Results have been computed via a nc ¼ 5 and nb ¼ 3 model. This

kinematic model represents, for the considered cases, a good com-

promise between accuracy and computational costs (the effect of

different expansion orders is later investigated). The film-substrate

system is discretised along the axis into 120 elements. The DOFs of

the proposed solution are equal to about 3:9 � 103 (an order of mag-

nitude lower than the reference two-dimensional solution). Results

show that the proposed elements yield very good results. Some

considerations on the obtained results can be drawn. The assump-

tion of Euler–Bernulli kinematics for the thin film has been proved

to be correct, resulting in accurate results and a limited number of

degrees of freedom. As a comparison, the difference in the degrees

of freedom number between the proposed approach and a model

where a generic nf order theory based upon Mac Laurin’s polyno-

mials is used also in the film is equal to 2nf � 1. This number can

be straightforwardly obtained noticing that the two approaches

Fig. 2. Film-substrate load and boundary conditions.

Table 1

Problem I material and geometric parameters.

Ef (104 MPa) Es=Ef ls L (10�1 m) b (m) hf =L hs=hf

6.9 10�3 � 10�6 0.3 5.0 1.0 1=600 6� 6 � 103
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would differ only in the kinematic model of the film. The instability

in the film/substrate is very similar to that in an elastic beam rest-

ing on a non-linear Winkler foundation, where the following for-

mulas holds, see Damil and Potier–Ferry [30]:

kc ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
Ef If cs

q
nkc
w ¼

ffiffiffiffiffiffiffiffi
cs
Ef If

4

s
ð67Þ

being the critical load parameter the global minimum point for the

curve buckling load versus half-wave number (kc ¼ min k nwð Þ). Ef If
and cs are the stiffness of the thin film and the substrate, respec-

tively. For a fixed Ef ;hf and hs, the stiffness of the film is constant

and that of the substrate depends only upon the material parameter

Es. Under these circumstances:

kc /
ffiffiffiffiffiffiffiffiffiffiffiffi
cs Esð Þ

p
nkc
w /

ffiffiffiffiffiffiffiffiffiffiffiffi
cs Esð Þ4

p
ð68Þ

and this explain the reason why for each column of Table 2,

kc ¼ O c1=2s

� �
and nkc

w ¼ O c1=4s

� �
decrease as Es=Ef is decreased. At

the limit Es=Ef ! 0; kc is expected to be equal to the Eulerian critical

buckling load. Furthermore, for a fixed Es=Ef ratio, kc and nkc
w become

constant after a threshold value of hs=hf . This is due to the fact that

only a limited part of the substrate in the neighbourhood of the thin

film is involved by the instability phenomenon and the remaining

part of the substrate remains unstrained. This is evident from

Fig. 3 where the transverse displacement obtained by the 2D solu-

tion (60� 30 mesh and 1:1 � 104 DOFs) and the proposed approach

(30 elements and 1:0 � 103 DOFs) is plotted as a colour map for

the case Es=Ef ¼ 105 and hs=hf ¼ 6 � 102.

Fig. 4 presents the variation of the transverse displacement at

point x ¼ L=4; z ¼ hs þ hf =2
� �

versus the applied load per unit

width F. The critical load computed via the 2D model is also pre-

sented. Results show a very good agreement.

5.1. Parametric investigation

The same loading and boundary conditions as shown in Fig. 2

are here considered, whereas the material properties and the geo-

metrical data are presented in Table 3. This case is addressed as

‘‘problem II’’. The instability pattern for this second problem is first

presented in Fig. 5. Results are computed through a nc ¼ 5 and

nb ¼ 3 one-dimensional model with 110 elements along the axis.

The same axial discretisation has been used for the ABAQUS

solution. This is a limitation inherent to the solution of wrinkling

problems by means of the finite element methods. The higher

the half-wave number, the higher the number of elements to accu-

Table 2

Half-wave number nkc
w and critical load parameter kc , problem I. One-dimensional solution via a nc ¼ 5 and nb ¼ 3 model with 120 axial elements.

hs=hf 6 6 � 10 6 � 102 6 � 103

nkc
w 10�4

kc nkc
w 10�3

kc nkc
w 10�3

kc nkc
w 10�3

kc

Es=Ef 1D 2D 1D 2D 1D 2D 1D 2D

10�3 39 56.7 57.0 29 360 367 29 361 360 29 361 360

10�4 23 16.6 16.6 13 75.0 75.3 13 74.3 74.3 13 74.5 74.3

10�5 13 5.05 5.05 7 17.5 17.5 6 15.9 15.9 6 15.9 15.9

10�6 7 1.60 1.60 5 5.21 5.22 3 3.38 3.38 3 3.38 3.38

Fig. 3. Transverse displacement 10 �w (m) colour map via (a) two-dimensional

solution and (b) nc ¼ 5 and nb ¼ 3 one-dimensional model. Problem I, Es=Ef ¼ 10�5

and hs=hf ¼ 6 � 102.
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rately model the problem. As a future perspective, a reduced-order

technique (for instance, using a Fourier-related analysis as in Liu

et al. [26]) will be developed in the framework of the present finite

elements family. The bifurcation load obtained by the two-dimen-

sional solution is also presented and a very good agreement is

observed.

In order to better outline the idea behind the present work (that

is, ideally splitting the substrate in two different parts) as well as to

stress the importance of the right choice for the value of hc out, the

through-the-thickness variation of the transverse displacement

computed by the two-dimensional model is presented in Fig. 6.

The size of the boundary layer, where w decreases from

0:8 � 10�3 m to almost zero is a small fraction of the whole sub-

strate thickness hs that, for the considered case, is as wide as twice

the wrinkles wavelength ‘w ¼ L=nkc
w . Fig. 7 presents the transverse

Table 3

Problem II material and geometric parameters.

Ef (10
5 MPa) Es=Ef ls L (10�3 m) b (10�3 m) hf =L hs=hf

1.8 10�5 0.3 1.0 1.0 10�3 103

Fig. 5. Transverse displacement 10 �w (10�3 m) colour map via (a) two-

dimensional solution and (b) nc ¼ 5 and nb ¼ 3 one-dimensional model. Problem

II, Es=Ef ¼ 10�5 and hs=hf ¼ 6 � 102.

Fig. 6. Through-the-thickness variation of the transverse displacement at x ¼ L=2,

two-dimensional solution, problem II.

Fig. 7. Bifurcation curves at x ¼ L=2; z ¼ hs þ hf =2
� �

for different values of the core

thickness (expressed as a multiple of the wrinkle wavelength ‘w), nc ¼ 5 and nb ¼ 3

one-dimensional model, problem II.

Fig. 8. Bifurcation curves at x ¼ L=2; z ¼ hs þ hf =2
� �

for nc ¼ 5 and 7 and hc ¼ 7‘w ,

problem II.
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displacement versus the applied load for various values of the core

thickness. This latter is expressed as a multiple of the wrinkle

wavelength in order to estimate the size of the ‘‘boundary layer’’

in terms of the mechanics of the problem. A correct choice of hc

is very important since, for a fixed expansion order nc , its overesti-

mation is counter-productive: the refined model is used in a frac-

tion of the substrate that is too wide. Its effectiveness is, then,

compromised. In a similar manner, an underestimated hc yields

poor results since the part of the solution presenting steep varia-

tions is approximated by the higher-order kinematic model only

in part. Fig. 7 shows that hc ¼ 3‘w represents a good estimation

for the size of the ‘‘boundary layer’’. An increase in the expansion

order nc improves the results accuracy as presented in Fig. 8 where

hc has been appositely overestimated (it equals 7‘w).

Finally, on the basis of Figs. 6 and 9 illustrates the bifurcation

curve for hc ¼ 2‘w with nc ¼ 4 and nb ¼ 1 and 55 elements along

the x direction. This solution consists of about 103 DOFs. It demon-

strates that the proposed approach can be effective for accurately

yet effectively predicting the instability phenomena in thin film

resting on substrates.

6. Conclusions

A family of one-dimensional variable kinematic elements for

the study of local instabilities in thin films resting on compliant

substrates has been addressed in this paper. Euler–Bernoulli’s

kinematics has been used for the thin film, whereas Carrera’s Uni-

fied Formulation has been assumed for the substrate. This latter

has been divided into two mathematical layers: a boundary layer

where a higher-order model is used and a bottom layer with a

low-order displacement field. The subdivision aimed at accurately

and effectively model the mechanics of the considered structures

that is characterised by a high through-the-thickness variation of

the displacement field in a small area of the substrate in the neigh-

bourhood of the thin film while the remaining part is almost

unstrained. Results have been given in terms of critical wrinkling

load and half-wave number. The full non-linear response in the

form of bifurcation curves has been also presented. Parametric

analyses have been carried out to investigate the effect of the

material and geometrical parameters on the local instabilities. An

estimation of the size of the mathematical core layer in terms of

the wrinkles wavelength has been provided in order to better

exploit the proposed approach. Several kinematics have been

investigated with the intention to find the best compromise

between accuracy and computational costs. Two-dimensional

finite elements solutions have been also developed within ABAQUS

for the sake of validation. By the numerical investigations, it has

been shown that the present approach yields solutions very close

to the full two-dimensional finite element model at a reduced

computational cost (the degrees of freedom are an order of magni-

tude smaller). As a final remark, in the case of nearly periodic insta-

bility patterns, the proposed elements present the same drawbacks

as full two-dimensional elements do: the control of the solution

path is difficult when many equilibrium solutions and several sec-

ondary bifurcation points are present. A reduced-order technique

(for instance, using a Fourier-related analysis as in Liu et al. [26])

will be developed in the framework of the present finite elements

family as a future perspective.
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