
Incompatibility stresses at grain boundaries in Ni bicrystalline micropillars
analyzed by an anisotropic model and slip activity

I. Tiba,a,b,⇑ T. Richeton,a C. Motz,b H. Vehoff b and S. Berbennia
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Abstract—Incompatibility stresses can develop in bicrystals due to material elastic and plastic anisotropies owing to different crystal orientations
separated by grain boundaries. Here, these stresses are investigated by combining experimental and theoretical studies on 10 lm diameter Ni bicrys-
talline micropillars. Throughout stepwise compression tests, slip traces are analyzed by scanning electron microscopy to identify the active slip planes
and directions in both crystals. An analytical model is presented accounting for the effects of heterogeneous elasticity coupled to heterogeneous plas-
ticity on the internal mechanical fields. This model provides explicit expressions of stresses in both crystals considering experimentally observed non-
equal crystal volume fractions and inclined grain boundaries. It is used to predict the resolved shear stresses on the possible slip systems in each
crystal. The predictions of the onset of plasticity as given by the present model in pure elasticity are compared with those given by the classical Sch-
mid’s law. In contrast with Schmid’s law, the predictions of the analytical model are in full agreement with the experimental observations regarding
the most highly stressed crystal and active slip systems. The effects of plastic incompatibilities are also considered in addition to the elastic ones
throughout the model. The analysis shows that elastic/plastic coupling incompatibilities together with different crystal volume fractions have signif-
icant effects on the slip system activation process.
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1. Introduction

Many recent studies, both experimental and theoretical,
have investigated the mechanical behaviors of single-
crystalline micropillars (SCMPs) [1–16] and bicrystalline
micropillars (BCMPs) [17–21]. These studies were mainly
focused on size effects on the stress–strain response. A
“smaller is stronger” hardening effect was associated with
a decrease in micropillar diameter [8–12,19]. Spatial–
temporal slip intermittency was also studied by analyzing
stress and strain drop distributions in SCMPs [11–16].

In the case of BCMPs, incompatible stresses develop in
the course of mechanical loading due to grain boundaries
(GBs) [22,23]. These incompatibility stresses add to the
applied stress and may be responsible for the early initia-
tion of slip bands, which can in turn trigger cracks [24].
Thus, BCMPs are good candidates to compare the theoret-
ical predictions of the activation of slip systems at GBs to
the experimental observations. First of all, the amount of
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slip activity can be predicted by the calculation of elastic
and plastic incompatibility stresses which directly affect
the resolved shear stress (RSS) values. Second, the slip sys-
tem activation process may also depend on the dislocation
transmission phenomena occurring at GBs [25–29].

A few years ago, important analytical studies [30–32]
were carried out to compute the elastic incompatibility
stresses in the general context of heterogeneous anisotropic
elasticity with small plastic deformations where the bicrys-
tal is composed of two half spaces. This solution was
obtained implicitly and was checked by the finite-element
method (FEM) regarding stress fields of finite bicrystals
to be approximately valid in the neighborhood of GBs
[33]. Recently, this solution was retrieved and explicitly
derived using field dislocation mechanics theory [34]. It
was also observed that analytical explicit solutions perfectly
match the FEM results for the same boundary value prob-
lem [34]. In the previous approaches, the stress field was
considered only for the case where the crystal volume frac-
tions are equal [31,32,34]. To the authors’ knowledge, none
of these studies considered the full coupling between elastic
and plastic incompatibilities with different crystal volume
fractions.

In the present paper, the explicit analytical formula
will be derived and applied to nickel BCMPs taking into
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consideration the crystal volume fraction, GB inclination
and full anisotropic elasticity/plasticity all together. In Sec-
tion 2, the mechanical testing of Ni BCMP is introduced. In
Section 3, the stress–strain curves and the slip trace analysis
are reported. Then, the theory is presented in Section 4. In
Section 5, the predictions of the model are discussed in the
light of experimental observations and slip transfer
parameters.
Fig. 1. (a) Inverse pole figure (IPF) map of the local grain structure
constituted of two components: crystal I (CI) and crystal II (CII). The
crystallographic orientation of each crystal is given in the standard
triangle for face-centered cubic materials indicating the normal
direction to the map. (b) SEM image of the machined BCMP and
GB location after FIB milling.
2. Setup of the Ni BCMPs

2.1. Material preparation

High-purity Ni was investigated (99.99%). Ni has a rel-
atively high elastic anisotropy factor with A ¼
2:37 A ¼ 2C44

C11�C12

� �
. It also presents the advantage of easy

observation of slip lines [22,35]. Specimen plates 2 mm
thick were heat treated at different temperatures ranging
from 1200 to 1400 �C for �3 days in order to produce a
fully recrystallized microstructure with a maximum grain
size of 5 mm and GBs more or less normal to the top sur-
face. After each annealing step, the samples were ground,
mechanically polished with up to 4000 SiC paper and then
finally polished with diamond abrasives down to 0.25 lm.
The specimens were then electropolished in order to obtain
a perfectly clean surface. Local orientation of the electropo-
lished sample surface was characterized by electron back-
scattering diffraction (EBSD) performed in a Carl Zeiss
RIGMA series scanning electron microscope with an accel-
eration voltage of 20 kV. The angular resolution of the
EBSD orientation measurements and the lattice orientation
variation within the crystals produces a maximal variation
of ±1� in the measurements of the Euler angles. The data
processing was performed by Flamenco Channel 5 software
(HKL Technology) with an indexing rate of �99%. The
microstructure of the sample was presented by both inverse
pole figure (IPF) maps and image quality (IQ) maps.

2.2. Micropillar fabrication processes

The present study focuses only on bicrystals with GBs
nearly parallel to the loading direction and with expected
high incompatibility stresses. Hence, the numerous R3
h111i twin boundaries (TBs) which developed under the
heat treatment [36–39] were not considered since, as
reported in Refs. [40,41], no elastic incompatibility stresses
develop when TBs are parallel to the loading axis. The cho-
sen crystallographic orientations of both crystals forming
the BCMPs are presented in Fig. 1a. These two adjacent
grains (CI and CII) have a misorientation angle of 55.1�,
which corresponds to a large random angle GB.

Three BCMPs of cylindrical shape were milled along the
selected GB using a Strata dual-beam 235 (FEI) focused
ion beam (FIB). A 30 kV Ga+ ion beam was used with a
consecutive series of decreasing currents from 20 nA
(coarse milling) to 0.05 nA (fine milling). This milling pro-
cedure can create slightly tapered BCMPs. The tapering
angles for these BCMPs were calculated and were between
2.6� and 3.7�. In addition, the cutting procedure can pro-
duce a step at the GB due to different crystallographic ori-
entations of the two grains [42]. The BCMPs have
measured diameter at mid-height of �10 lm and an aver-
age height of �20 lm, which leads to a diameter to length
ratio of �2. It is worth noting that a variation in the GB
plane inclination angle from the loading direction was
observed for the three BCMPs: at = 13� (BCMP-1),
at = 12� (BCMP-2) and at = 7� (BCMP-3). These values
are given without tilt correction. The corrected values
are, respectively, aR = 10�, aR = 9� and aR = 4� using
aR,t = 90�� hR,t with a tilt angle of 52� as follows:

hR ¼ tan�1 tanðhtÞ
sin 52�

� �
: ð1Þ

Fig. 1b shows a scanning electron microscopy (SEM)
image of the BCMP-1 used for compression tests taken
from a view at a tilt of 52�.

2.3. Micromechanical testing

Uniaxial compression tests were performed on the three
BCMPs by using a flat punch diamond indenter tip with a
20 lm end diameter connected to a Triboindenter (Hysi-
tron) nanoindentation system. The tests were performed
in displacement-controlled mode at room temperature with
a displacement rate of 1 nm s�1. The tests were interrupted
at prescribed strains: 1.5%, 3% and 4.5% for BCMP-1,
1.5%, 3% and 6% for BCMP-2, and 1.5%, 3% and 9% for
BCMP-3. Their engineering stress–strain curves were then
calculated. The specimens were unloaded at these strains
in order to investigate the emerged slip lines. The engineer-
ing stress was obtained by dividing the applied load by the
BCMP cross-section at mid-height. The engineering strain
was calculated as the displacement divided by the initial
BCMP average height (�20 lm).
3. Experimental results

The three BCMPs tested showed similar deformation
features and therefore, for brevity, only the results from
one BCMP (BCMP-1) are presented and analyzed in detail.
In the following, BCMP will refer to BCMP-1 for
simplicity.



3.1. Stress–strain curves

Fig. 2a displays the stress–strain curve of the BCMP. This
curve shows that the specimen started to plastically deform at
�70 MPa. This value is consistent with the one obtained in a
previous study with 5 lm diameter Ni BCMPs [19]. As the
tests were displacement-controlled, stress drops were observed
as in previous works on different metals [14,15,19]. As shown
in Fig. 2a, the observed slope of the initial unloading segment
(stage no. 1) is approximately the same as in the initial elastic
regime. Similarly, the second loading stage is consistent with
the preceding unloading stage.

3.2. Slip plane analysis

Fig. 2b shows a representative SEM micrograph of the
BCMP after 1.5% strain. This micrograph is taken at a
52� tilt around the normal to the GB trace on the top surface
in order to observe the slip lines simultaneously in both crys-
tals. In order to clearly identify the active slip planes, high-
magnification images were performed (see Fig. 3) and taken
from three different sides of the BCMP. The angle ht between
the slip lines and the parallel to the top surface was measured
directly from the SEM image and corrected for the tilt angle
(hR) using Eq. (1). In crystal I, single active slip lines with
hR = 49.3� are observed (Fig. 3a). The observation of single
slip mode is confirmed from another view of the BCMP
(Fig. 3c). The corrected angle matches unambiguously the
theoretical calculated angle of 50.2 ± 0.2� (assuming varia-
tions of ±1� in the measurements of the Euler angles)
obtained for a D slip plane (see Table 1). At 1.5% strain,
the slip lines observed in crystal II belong to two different slip
planes, A and B. The planes A and B are clearly visible from
the 90� right side of the BCMP (Fig. 3b) where the slip traces
have curved shapes. In this case, the angles (ht) are measured
precisely in the middle of crystal II considering the tangent
lines of the slip traces. This procedure yields corrected hR val-
ues of 43.7� and 28.0�, which match the theoretical calculated
angles of 43.0 ± 2.8� and 28.9 ± 0.3� for the A and B slip
planes, respectively. Furthermore, faint additional slip traces
near the GB were also observed in crystal II at large strains

only (3% and 4.5%). The same procedure yields hR = 68.9�,
which corresponds to the theoretical angle of 68.2 ± 1.3� of
slip plane C (see Fig. 4a and b in the next section).
Fig. 2. (a) Typical engineering stress–strain curve of a 10 lm diameter BCMP
by a number. (b) SEM image of the deformed BCMP taken after the first loa
to the BCMP top surface. The dashed lines indicate the emergent slip lines.
3.3. Slip direction analysis

After identifying the different slip planes in each crystal,
information about the slip directions is required to identify
the active slip systems. This is possible since slip traces can
be observed from different sides. Two coordinate systems
are defined (see Fig. 4). The first one (O, x1, x2, x3) corre-
sponds to the frame referred to the BCMP, where x2 is per-
pendicular to the GB trace on the top surface and directed
from crystal I to crystal II, and x3 is parallel to the loading
direction. The second one O; xt

1; xt
2; xt

3

� �
corresponds to

the tilted position of the BCMP where xt
1 and xt

3 are paral-
lel, respectively, to the horizontal and vertical axes of the
SEM image. Fig. 4 shows the BCMP viewed from the GB
side, after the second and the third loading stages. From
Fig. 4a it can be seen that in crystal II slip clearly occurred
on the A and B slip planes and slightly on slip plane C.
Fig. 4b gathers three images of the BCMP after the third
stage (4.5% strain) at an approximate distance of 1.2 lm
from the GB. This figure shows that the slip plane B is
observed by forming some shear offsets indicated by the
white arrowheads plotted on the right side of the image.
This observation is identical to the one in Fig. 5a (viewed
from crystal II) with less pronounced shear offsets at
1.5% strain. In addition, it seems that these shear offsets
form some kinks with the traces of slip plane A (see
Fig. 5b). This means that slip in plane B is out of the plane
of observation. Its slip direction coincides with the mB4

direction described in the 3-D representation (Fig. 5c). The
activation of slip plane A is more clearly characterized by
the formation of several discrete shear steps (represented by
black arrowheads in Fig. 5a), each carrying a limited shear
offset. Their slip direction appears to be parallel to the theo-
retical mA3 slip direction (see the 3-D representation in
Fig. 5c). Furthermore, no shear offsets linked to slip plane
A are perceptible in the (x1, x3) plane (Fig. 5a and slip direc-
tion components). That means that the projection of the slip
direction vector along x2 is very low. This observation is fully
consistent with the theoretical mA3 direction unlike mA2 and
mA6 (see details in Fig. 5). It is noteworthy that the slip direc-
tion on plane C cannot be identified since its traces are not
clearly visible and only occurred near the GB.

Fig. 6a shows a SEM micrograph of the BCMP
after 1.5% strain. Fig. 6b displays a 3-D theoretical
with three intermediate loading stages. The end of each stage is marked
ding stage, i.e. after 1.5% strain. The loading direction is perpendicular



Fig. 3. SEM micrograph of the deformed BCMP after 1.5% strain (loading stage 1) taken from the (a) GB, (b) crystal II and (c) crystal I side views.
(d) Schematic representation of the different image views. The crystallographic slip planes are marked with dashed lines and given in Schmid–Boas
notation (see Table 1). ht is the uncorrected angle between the slip trace line and the parallel to the top surface.

Table 1. Schmid–Boas notation for the 12 conventional {111} h110i slip systems of perfect dislocations in face-centered cubic crystals.

ns ms Schmid–Boas ns ms Schmid-Boas

(111) [0�1 l] B2 ð�111Þ [0�11] A2
(111) [10�1] B4 ð�111Þ [�10�1] A3
(111) [�110] B5 (�111) [110] A6
ð1�11Þ ½0�1�1� D1 (11�1) [0�1�1] C1
ð1�11Þ [�101] D4 (11�1) ½�110� C5
ð1�11Þ [110] D6 (11�1) [101] C3
representation of the BCMP tilted at 52� and viewed from
crystal I. The slip plane D and the three slip directions mD1,
mD4 and mD6 are plotted. It can be seen that the observed slip
trace shapes (Fig. 6a) are consistent with the theoretical ones
(Fig. 6b). Differences in contrast show the emergence of slip
traces represented by white arrowheads in Fig. 6a. These
shear offsets are heavily emitted along one major direction,
which appears in the same direction as the theoretical mD6

slip direction (Fig. 6b). In addition, the shear offsets almost
disappear in the (x1, x3) plane (Fig. 6a), meaning that the
projection of the slip direction along x2 is low. Among the
three directions associated with the D plane, mD6 exhibits
the lowest x2 component (see Fig. 6).

It is important to note that the same slip systems were
identified in the two other BCMPs.
4. Analytical model

4.1. Notations and problem definition

In the following equations, the contracted Voigt nota-
tion [43] is adopted: 11 ! 1, 22 ! 2, 33 ! 3, 23 ! 4, 13
! 5 and 12 ! 6, and for consistency, an engineering
convention is considered for strain components, i.e. e4 = 2e23,
e5 = 2e31 and e6 = 2e12. The subscripts i and j will be used for
reduction notation with i, j = 1, . . . ,6. The subscripts p and q
will be used for vector notation with p,q = 1, . . . ,3.

An infinite bicrystal with planar GB subjected to macro-
scopic homogeneous stress Ri and undergoing piecewise
uniform plastic strains eP

i is considered. The bicrystal con-
figuration is displayed in Fig. 7 considering two different
assumptions regarding elasticity: heterogeneous anisotropic
elasticity (Fig. 7a) and homogeneous isotropic elasticity
(Fig. 7b).The superscript I is used for fields referring to
crystal I and II for fields in crystal II. The jump or differ-
ence of a mechanical field or material property d at the
interface is denoted [d] = dII � dI. f is the volume fraction
of crystal I in the infinite medium. Thus, 1 � f is the volume
fraction of crystal II. The infinite GB plane spreads in the

O; xGB
1 ; xGB

3

� �
plane with unit normal nGB

q

� �
directed

toward crystal II from crystal I.

4.2. Incompatibility stresses

Following Ref. [34], the present model derives explicit
expressions for the stress fields in the general case of



Fig. 4. SEM micrograph of the same BCMP as in Fig. 3 taken after (a) the second (3% straining) and (b) the third (4.5% straining) loading stages
(Fig. 2) from the GB side view. The slip planes, A, B and C are indicated with dashed lines. Arrowheads indicate the shear offsets produced by the B
slip plane motion.
heterogeneous anisotropic elasticity coupled with heteroge-
neous plasticity. In addition, the case of non-equal crystal
volume fractions is incorporated in the present paper.
These formulae were obtained by solving the field equa-
tions of static field dislocation mechanics theory [44].

4.2.1. General case: heterogeneous anisotropic elasticity with
plastic incompatibilities

In the general case of piecewise uniform anisotropic elas-
ticity and averaged (or uniform) plastic strains with non-
zero macroscopic stress and non-equal volume fraction f,
the stress tensors are uniform in crystals I and II and can
be explicitly written as follows:

rI
1 ¼ R1 � ð1� f Þ G11 e�1

� 	
þ G13 e�3

� 	
þ G15 e�5

� 	� �
rI

2 ¼ R2

rI
3 ¼ R3 � ð1� f Þ G13 e�1

� 	
þ G33 e�3

� 	
þ G35 e�5

� 	� �
rI

4 ¼ R4

rI
5 ¼ R5 � ð1� f Þ G15 e�1

� 	
þ G35 e�3

� 	
þ G55 e�5

� 	� �
rI

6 ¼ R6

ð2Þ

rII
1 ¼ R1 þ f G11 e�1

� 	
þ G13 e�3

� 	
þ G15 e�5

� 	� �
rII

2 ¼ R2

rII
3 ¼ R3 þ f G13 e�1

� 	
þ G33 e�3

� 	
þ G35 e�5

� 	� �
rII

4 ¼ R4

rII
5 ¼ R5 þ f G15 e�1

� 	
þ G35 e�3

� 	
þ G55 e�5

� 	� �
rII

6 ¼ R6

ð3Þ

where e�i
� 	
¼ ½sij�Rj þ ep

i½ �, sij are the elastic compliances that

include the multiplying factors of 2 and 4 [43], and the Gij

symmetric matrix non-zero components in Eqs. (2) and
(3) are given by:
G11 ¼ ð~s33~s55 � ~s2
35Þ=D; G13 ¼ ð~s15~s35 � ~s13~s55Þ=D

G33 ¼ ~s11~s55 � ~s2
15

� �
=D; G15 ¼ ð~s13~s35 � ~s15~s33Þ=D

G55 ¼ ~s11~s33 � ~s2
13

� �
=D; G35 ¼ ð~s13~s15 � ~s35~s11Þ=D

ð4Þ

with ~sij ¼ ð1� f ÞsI
ij þ fsII

ij and

D ¼ ~s11~s2
35 þ ~s33~s2

15 þ ~s55~s2
13 � ~s11~s33~s55 � 2~s13~s15~s35 ð5Þ

The above explicit solutions show coupled effects of elastic
and plastic incompatibilities at the interface. These expres-
sions represent extensions of explicit formulas derived in
Ref. [34] for non-equal crystal volume fractions to derive
the long-range stress fields in both crystals.

It should be mentioned that two other stress contribu-
tions are disregarded in the present model and are left for
future studies: (i) stress contributions due to the presence
of free surfaces which are here rejected at infinity (in con-
trast with FEM simulations [33]); and (ii) stress contribu-
tions due to the discreteness of slip interacting with GB
[35,45,46] and dislocation pile-ups [26,47].

4.2.2. Homogeneous isotropic elasticity with plastic
incompatibilities

In the case of homogeneous isotropic elasticity character-
ized by uniform Young’s modulus E and uniform Poisson’s
ratio m through the bicrystal (hence the shear modulus is
obtained by l ¼ E

2ð1þmÞÞ (Fig. 7b), Eqs. (2)–(5) simplify to:

rI
1 ¼ R1 þ

2l
1� m

ð1� f Þ ep
1½ � þ m ep

3½ �ð Þ

rI
2 ¼ R2

rI
3 ¼ R3 þ

2l
1� m

ð1� f Þ ep
3½ � þ m ep

1½ �ð Þ

rI
4 ¼ R4

rI
5 ¼ R5 þ lð1� f Þ ep

5½ �
rI

6 ¼ R6

ð6Þ



Fig. 5. (a) BCMP SEM micrograph taken after 1.5% straining (loading cycle no. 1) from the crystal II side. The slip planes A and B are indicated
with dashed lines. Shear offsets on slip planes A and B are indicated with black and white arrowheads, respectively. (b) Closer view of some kinks
formed between the B4 and A3 slip systems seen in (a). (c) BCMP 3-D theoretical representation showing the slip plane traces, A and B, and their
possible slip directions, mA2, mA3, mA6, mB2, mB4 and mB5. All the theoretical slip direction components are expressed in the frame (O, x1, x2, x3).
rII
1 ¼ R1 �

2l
1� m

f ep
1½ � þ m ep

3½ �ð Þ

rII
2 ¼ R2

rII
3 ¼ R3 �

2l
1� m

f ep
3½ � þ m ep

1½ �ð Þ

rII
4 ¼ R4

rII
5 ¼ R5 � lf ep

5½ �
rII

6 ¼ R6

ð7Þ

It is noteworthy that these isotropic elasticity solutions
were previously obtained by other techniques in [48,49].
4.2.3. Schmid’s law
In the case where the classic Schmid’s law is used, the

stress tensor in each component crystal is equal to the mac-
roscopic stress:

rI
i ¼ rII

i ¼ Ri ð8Þ
which means that both crystals are uniformly stressed. In
contrast, Eqs. (2) and (3) contain both the applied stress
and the incompatibility stresses. Note that the uniform
stress assumption (Eq. (8)) represents a particular case of
the present one when homogeneous elasticity and plasticity
are considered in Eqs. (2) and (3) (i.e. e�i

� 	
¼ sij

� 	
Rjþ

ep
i½ � ¼ 0Þ.
4.3. Resolved shear stress and plastic strain

In order to compare the predictions of the theoretical
approach with the experimental results analyzed in Section
3, the resolved shear stress (RSS), ss, on a given slip system
s in a given crystal (I or II) is obtained from:

ss ¼ Rs
iri ð9Þ

where ri are calculated using Eqs. (2) and (3), and Rs
i is the

classic Schmid’s orientation tensor using the same reduc-
tion convention as before (i.e. R4 = 2R12, R5 = 2R31,
R6 = 2R23) together with:

Rs
pq ¼

1

2
ms

pns
q þ ns

pms
q

� �
ð10Þ



Fig. 7. Schematic layout of the BCMP studied in Section 3. The GB plane spreads in the O; xGB
1 ; xGB

3

� �
plane with normal nGB

q directed from crystal I
to crystal II. The x1 direction points out of the image. The angle a and g define, respectively, the GB inclination and the tapering angles from the
loading axis. gI (gII) and fI (fII) are the crystallographic orientations and the volume fractions of crystal I (crystal II), respectively. epI

i and epII

i are the
uniform piecewise plastic strain in crystal I and crystal II, respectively. (a) General case of heterogeneous anisotropic elasticity with plastic
incompatibilities. CI

ij and CII
ij are the respective elastic stiffness tensors in reduction notation. (b) Case of homogeneous isotropic elasticity with plastic

incompatibilities.

Fig. 6. (a) SEM micrograph (reproduced from Fig. 3c). Arrowheads indicate the shear offsets. (b) 3-D theoretical representation of the BCMP tilted
at 52� showing the theoretical slip plane D emergence at the crystal I lateral surface with the three possible directions: mD1, mD4 and mD6. The
theoretical components of mD1, mD4 and mD6 are expressed in the frame (O, x1, x2, x3).
where ms
p is the unit vector in the slip direction and ns

p is the
unit vector normal to the slip plane (see Table 1). The plas-
tic strain tensor ep

i for a given crystal (I or II) is given by:

ep
i ¼

X
s

csRs
i ð11Þ
where cs are the slip magnitudes of slip systems. For a
given slip increment Dcs, the plastic work increment
DWp in a given crystal should be positive according
to the second law of thermodynamics and is defined
by:



DW p ¼
X

s

ssDcs P 0 ð12Þ
4.4. Calculation method

A numerical code based on the software package Matlab
(R2009b) was developed to compute the RSSs in both crys-
tals from Eqs. (2)–(11). The input parameters for simulat-
ing slip activity are the crystallographic orientations
represented by the Euler angle triplet (u1, /, u2) measured
by EBSD before the loading procedure, the 12 slip systems
presented in Table 1 and the three elastic constants for Ni.
The elastic constants were taken from Ref. [50] and are
listed in Table 2. All the parameters defining the RSSs
should be expressed in the same coordinate frame, which
was selected as the GB plane coordinate system,
O; xGB

1 ; xGB
2 ; xGB

3

� �
with xGB

2 normal to the GB plane and
xGB

1 � x1 (see Fig. 7). The elastic compliances tensors and
the Schmid orientation tensors are thus rotated twice, first
from the crystal frame to the global frame according to the
values of the Euler angles, then from the global frame to
the GB frame.
5. Predictions of the model and discussion

5.1. Slip prediction in the case of pure elasticity

The expressions of the stress components are now
applied to the specific geometry of the BCMP analyzed in
Section 3. In this first step, no plastic strain is considered
in order to study slip activity at the onset of plastic defor-
mation (i.e. at the stress state corresponding to the yield
point in Fig. 2). The experimental GB inclination angle
a = aR = �10� and the volume fraction are taken into con-
sideration in the calculations. The volume fraction is com-
puted by considering a and the tapering angle of this
BCMP, g = gR = 3.7� (Fig. 7). Hence, the obtained volume
fraction of crystal I is f = 0.25. In order to study the specific
effects of the crystal volume fraction and the GB inclination
angle, three additional cases are also considered: (i) f = 0.5
and a = 0�, (ii) f = 0.5 and a = �10�, and (iii) f = 0.25 and
a = 0�.

Following the different assumptions mentioned above,
Table 3 shows the three and six highest ranked RSSs, nor-
malized by the uniaxial applied (macroscopic) stress Ru, for
crystal I and crystal II, respectively. These values are com-
puted from Schmid’s law and from the model described in
Section 4. A maximum error bar of ±0.01 was obtained on
these values, assuming possible variations of ±1� in the
measurements of the Euler angles. It is worth noting that
significantly lower errors are actually obtained for the nor-
malized RSSs on the observed slip systems. Accordingly,
large differences were found between the RSS values given
by the two methods, well beyond the scope of possible error
of measurements. Indeed, the highest RSS is predicted to be
the D6 slip system in crystal I by the present model,
Table 2. Elastic stiffness values and isotropic elastic constants for Ni u

A ¼ 2C44

C11þC12

� �
.

C11 (GPa) C12 (GPa) C44 (GPa)

244 158 102
whereas the highest RSS is predicted to be either the A3
or the B4 slip system in crystal II with a certain ambiguity
using Schmid’s law. Thus, a detailed analysis is now pro-
posed with new parameters to quantify in depth both the
onset of plasticity and the slip system mode in the light of
the previous experimental analysis.

5.1.1. Onset of plasticity
The first important feature of the bicrystal’s mechanical

behavior is knowledge of where slip occurs. In particular,
the question is to determine in which component slip is first
activated. For that, the difference between the maximum
RSS in crystal I sI

max

� �
and the maximum RSS in crystal

II sII
max

� �
normalized by the magnitude of the uniaxial mac-

roscopic stress Ru is considered:

R1 ¼
sI

max � sII
max

jRuj
ð13Þ

The values of this parameter are displayed in Table 4. It can
be seen that both the sign and the magnitude of R1 are dif-
ferent between Schmid’s law (R1 = �0.07) and the present
model (R1 = +0.21 considering the real BCMP geometry).
According to Schmid’s law, plasticity would start in crystal
II with relatively low difference with crystal I, whereas
according to the present model, plasticity would start in
crystal I with a large difference with crystal II. These last
predictions are confirmed by the experimental observations
reported on Figs. 3 and 6 and analyzed in Section 3, thus
demonstrating the relevance of the present model to
describe the onset of plasticity. In the picture of Fig. 3a,
which is taken at high magnification after a macroscopic
strain of 1.5%, it can indeed been confirmed that the slip
bands are very much more pronounced in crystal I than
in crystal II. Moreover, Table 4 shows also that, here, both
the GB inclination and the crystal volume fraction have lit-
tle influence on R1. Nevertheless, the different volume frac-
tion of crystal I with respect to crystal II appears to
influence the results more than the GB inclination.

5.1.2. Active slip systems and slip modes
The predictions of the present model are now analyzed

in terms of the ranking of active slip systems and are com-
pared to Schmid’s law. According to Schmid’s law, the first
three systems with highest RSS values in crystal I are, in
decreasing order, D1, D6 and B2, whereas the present
model yields D6, D1 and B2 (see Table 3). By varying the
crystal volume fraction and the GB inclination in the
model, the ranking of slip systems remains the same. How-
ever, the variation of the volume fraction has an impact on
the RSS values. In the real BCMP configuration (f = 0.25
and a = �10�), more significant differences regarding the
normalized RSSs were clearly observed from Table 3
between the model and Schmid’s law in crystal I (�0.22)
compared to the model case with equal volume fractions
(�0.12). Indeed, from Eqs. (2) and (3), the magnitude of
the incompatibility stresses in one crystal is roughly propor-
tional to the volume fraction of the other crystal. Hence,
sed in the calculations. The anisotropy factor is represented by A

A m l (GPa)

2.37 0.31 78.4



Table 3. The three (six) maximum RSS values normalized by the macroscopic uniaxial loading stress jss=Ruj as predicted by the two models in crystal
I (crystal II). Highest values are written in bold. The present model was applied in the elastic regime. The normalized RSS values are obtained with a
maximal error of ±0.01, considering variations of ±1� in the measurements of the Euler angles. For the observed slip systems, much lower errors are
actually obtained.

Slip system jss=
P

uj
Present model Schmid

f = 0.5 f = 0.5 f = 0.25 f = 0.25
aR = 0� aR = �10� aR = 0� aR = �10�

Crystal I

D6 0.53 0.54 0.62 0.63 0.41

D1 0.47 0.47 0.52 0.52 0.42

B2 0.28 0.31 0.33 0.37 0.26

Crystal II

B4 0.37 0.37 0.42 0.42 0.49

A3 0.32 0.33 0.39 0.40 0.49

B2 0.27 0.26 0.29 0.29 0.33
C1 0.29 0.27 0.30 0.28 0.32
D1 0.22 0.22 0.27 0.27 0.33
A2 0.24 0.23 0.27 0.27 0.32

Table 4. R1-values in crystals I and II obtained from Schmid’s law and the present model. Variations of ±1� in the measured Euler angles induce
errors of the order of ±0.01 in the R1-values.

Present model Schmid

f = 0.5 f = 0.5 f = 0.25 f = 0.25
a = 0� a = �10� a = 0� a = �10�

0.16 0.17 0.20 0.21 �0.07
contrary to crystal II, the model predictions differ signifi-
cantly from Schmid’s law in crystal I due to a strong effect
of volume fraction on incompatibility stresses. For
instance, the real situation (f = 0.25 and a = �10�) pro-
motes the predominance of the activated D6 slip system
in crystal I with the highest normalized RSS value in
Table 3, i.e. ss=Ruj j ¼ 0:63. Furthermore, the ratio R2

between the highest RSS and the second highest RSS in a
crystal can be introduced to predict the slip mode, i.e. single
slip or double (or multiple) slip:

R2 ¼
smax1

smax2

: ð14Þ

A ratio R2 near to unity indicates that plasticity should
begin with double or multiple slip, whereas a high R2 value
is expected to characterize single slip. Table 5 reports the
different values of R2 and shows a strong discrepancy in
crystal I between Schmid’s law and the present model.
Double slip on coplanar systems D1 and D6 is expected
from Schmid’s law from R2 = 1.04. On the contrary, single
slip on the D6 system is expected from the present model
from R2 = 1.22 when considering the real BCMP geometry.
Thus, the present model’s prediction is in full agreement
with the active slip plane and slip direction analyzed as
Table 5. R2-values in crystals I and II obtained from Schmid’s law and the p
maximum error of ±0.02 in the R2-values.

Crystal Present model

f = 0.5 f = 0.5
a = 0� a = �10�

I 1.13 1.13
II 1.15 1.12
the D6 system experimentally in Section 3. From Table 5,
it is also interesting to note the important physical effect
of crystal volume fraction on R2 in crystal I which increases
from 1.13 for f = 0.5 (representing a fictive model case) to
1.22 for f = 0.25 (representing the real case). The latter is
in better agreement with observed slip activity. The influ-
ence of the GB inclination on R2 is much weaker than
the crystal volume fraction effect.

A similar analysis shows that there is less difference
between Schmid’s law and the proposed model in crystal
II. Both approaches predict double slip on systems A3
and B4 with R2 = 1.01 from the Schmid’s law and
R2 = 1.05 from the model (see Tables 3 and 5). These pre-
dictions are completely consistent with the analyses of Sec-
tions 3.2 and 3.3 where the activation of the A3 and B4
systems in crystal II even at low strain were reported (see
Fig. 3b).

5.2. Slip prediction in the case of elastic anisotropy with
plastic incompatibilities

Both the experimental observations and the consider-
ation of incompatibility stresses due to heterogeneous elas-
ticity suggest that crystal I first undergoes a single slip mode
resent model. Variations of ±1� in the measured Euler angles induce a

Schmid

f = 0.25 f = 0.25
a = 0� a = �10�

1.20 1.22 1.04
1.07 1.05 1.01



on the D6 system. As a consequence, the predictions of
active slip systems in crystal II may be refined with the pres-
ent model considering the effect of primary single slip on
the D6 system in crystal I. Hence, the RSS values in crystal
II are computed using Eqs. (3)–(5) together with Eqs. (9)
and (10), still considering no plastic strain in crystal II,
but now adding plastic strain in crystal I due to single slip
on the D6 system. From Eq. (11), the plastic strain incre-
ment DepI

i can be written:

DepI

i ¼ ðDcD6RD6
i Þ

I ð15Þ
where DcD6I

is such that (sD6DcD6)I P 0 according to Eq.
(12). In Eq. (15) and in the following discussion, only the
average slip in crystal I is considered. Nevertheless, this
assumption remains consistent with the roughly homoge-
neously distributed slip traces within this crystal as
observed in Fig. 4.

Consequently, the RSS values in both crystals now
depend on both Ru and DcD6I

according to Eqs. (2)–(5).
Thus, for consistency, a realistic value of Ru must be taken
in the calculation in order to consider realistic values of
DcD6I

. From the linear regime of the experimental stress–
strain curve (Fig. 2a), it is assumed that Ru = �70 MPa at
the onset of plasticity. For comparison, the RSS values
are also computed from the homogeneous isotropic elastic-
ity model (Eqs. (6) and (7)) with the same assumptions
about plastic strain. Fig. 8 displays the theoretical normal-
ized RSS values on systems A3 and B4 in crystal II as func-
tions of the slip magnitude on system D6 in crystal I. The
isotropic elastic constants used in the calculation are
deduced from the anisotropic ones by using the Voigt aver-
age assumption [51] (see Table 2). Fig. 8 exhibits a linear
increase of the RSS values with DcD6I

for both approaches.
For the present model, a switch between systems B4 and A3
is observed: for cD6I � 0.073%, the RSS value on slip system
A3 becomes higher than that on slip system B4 (see Fig. 8).
When this transition occurs, the RSS values of both slip
systems A3 and B4 are approximately 0.52jRuj. This value
is smaller than that of the D6 system in crystal I (0.63jRuj,
see Table 3). This suggests that the switch between the B4
and A3 RSS values probably occurs before the onset of
plasticity in crystal II. Afterwards, both approaches predict
a slight prominence of the A3 system without necessarily
invalidating the double-slip mode conjecture. The initial
prominence of the A3 system can be experimentally
confirmed according to Fig. 3a where only slip bands
Fig. 8. Variation of RSS values on systems A3 and B4 in crystal II as a
function of slip magnitude on the D6 system in crystal I. Comparisons
between anisotropic and isotropic cases.
corresponding to the A3 system are observed near the GB
after 1.5% macroscopic strain.

5.3. Comparisons with GB slip transfer geometrical
parameters

The observations and the calculations indicate that plas-
ticity starts in crystal I in the D6 system and is first followed
by the activation of A3 system in crystal II. This scenario
suggests that plastic deformation may be transmitted at
the GB from slip system D6 in crystal I to slip system A3
in crystal II. In order to establish a connection between
the present model and the GB slip transmission process,
some geometrical parameters commonly used in the litera-
ture [25–28] are now determined. First of all, the conven-
tional slip transfer parameter at GB, denoted M and
defined by Shen et al. [27] as:

M ¼ LI
pLII

p

� �
mI

pmII
p

� �
ð16Þ

is considered. Here, LI
p and LII

p are the unit vectors of inter-
section lines made by the incoming and the outgoing slip
planes with the GB, and mI

p and mII
p are slip directions unit

vectors of these planes. Shen et al. [27] concluded that slip
transfer will be favored in the case of the highest M-value,
so that the angles between (i) LI

p and LII
p and (ii) mI

p and mII
p

are minimized. Lee et al. [26] and Lim and Raj [29] pro-
posed one additional condition to take into account the
effect of dislocation pile-up formation in the incoming slip
system on the RSS on the outgoing slip system. This condi-
tion is based on the minimization of the residual Burgers
vector magnitude jbrj left at the GB.

The intersection angles at the GB between the incoming
(in crystal I) and the outgoing (in crystal II) slip planes,

d ¼ arccos LI
pLII

p

� �
, and between slip directions,

k ¼ arccos mI
pmII

p

� �
, as well as the M-values and jbrj are

listed in Table 6. In Table 6, jbrj is normalized with the Bur-
gers vector magnitude b for perfect lattice dislocations in
Ni. It is shown that the minimum angle condition on d
occurs between the incoming slip plane D and the outgoing
slip plane C with d = 4�. In addition, among the possible
directions lying on this slip plane, the highest geometric
factor with M = 0.98 and the lowest residual Burgers vector
with jbrj/b = 0.19 both correspond to the C3 system (see
Table 6. Intersection angles at the GB between incoming and outgoing
slip planes (d), slip directions (k), M-values and the jbrj/b normalized
residual Burgers vector. b is the magnitude of the Burgers vector for
Ni. These values are computed from the initial Euler angles of both
crystals. The errors bars on the angles d and k are about ±1�.

Crystal I Crystal II d (�) k (�) M jbrj/b
D6 B2 71 0.17 1.16

B4 59 86 0.03 1.37
B5 67 0.20 1.10
D1 54 0.03 0.91
D4 87 86 0.00 1.37
D6 49 0.04 0.83
A2 71 0.31 1.16
A3 18 11 0.93 0.19
A6 49 0.62 0.83
C1 54 0.58 0.91
C5 4 67 0.40 1.10
C3 11 0.98 0.19



Table 6). From experimental observations, the slip plane C
effectively occurred slightly but only at large strains and
near the GB. Moreover, the slip direction on this plane
could not be experimentally identified (see Fig. 4). Table 6
points out that system A3 has also very favorable transmis-
sion parameters with M = 0.93 and jbrj/b = 0.19, whereas
system B4 has very poor transmission parameters
(M = 0.03 and jbrj/b = 1.37). Hence, our observations of
slip activity in crystal II can be summed up as follows:
– system A3, clearly observed at low strains and predom-

inant near the GB, has both favorable transmission
parameters and high RSS considering elastic and plastic
incompatibilities with crystal I;

– system B4, observed at low strains, has high RSS consid-
ering incompatibilities with crystal I but very poor trans-
mission parameters;

– system C3, slightly observed at large strains and near the
GB only, has favorable transmission parameters but low
RSS.
For this BCMP, incompatibility stresses are hence of

primary importance for the prediction of the main slip sys-
tems. Thus, the present model may be considered as a new
basic tool, complementary to slip transfer criteria, for pre-
dicting favorable active slip systems in BCMPs.
6. Conclusions

In the present paper, a slip line analysis near planar GBs
in Ni BCMPs, 10 lm in diameter and with an aspect ratio of
�2, was investigated by means of stepwise microcompres-
sion tests using a flat punch nanoindenter. Experimental
results were compared to a theoretical formulation designed
for the prediction of incompatibility stresses and RSS values
in both crystals. The explicit expressions of stresses in each
crystal were obtained in the general context of heterogeneous
and anisotropic elasticity with plastic incompatibilities. In
addition to the crystallographic orientations, this model
accounts for elastic anisotropy and the BCMP geometry
through the crystal volume fractions and GB inclination
angle. The proposed model was used to predict the RSS val-
ues in both crystals. The results were given in detail for the
BCMP that exhibits the largest GB inclination angle. The
same conclusions apply to the two other BCMPs. All the
predictions were consistent with the experimental slip analy-
sis. In contrast, Schmid’s law considers only and indepen-
dently the crystallographic orientation of each crystal and
clearly failed to predict the onset of plasticity and D6 sin-
gle-slip activation in crystal I. Here, a strong influence of
elastic anisotropy on slip predictions was observed although
the elastic anisotropy of Ni (A = 2.37) is relatively moderate
compared to other materials, e.g. Cu (A = 3.26). Significant
effects of crystal volume fraction and plasticity in the neigh-
boring crystal were also reported. However, a limited contri-
bution of the GB inclination was observed. The good
agreement between theory and experiment indicates that
incompatibility stresses play a key role in slip activation in
BCMPs constituted of elastic anisotropic crystals and may
have a significant impact on slip transfer models.
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