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Extensive numerical solutions of the hypernetted-chain (HNC) and Rogers-Young (RY) integral
equations are presented for the pair structure of a system of two coupled replicae (1 and 2) of a
“soft-sphere” fluid of atoms interacting via an inverse-12 pair potential. In the limit of vanishing
inter-replica coupling ε12 , both integral equations predict the existence of three branches of solutions: (1) A high temperature liquid branch (L), which extends to a supercooled regime upon cooling
when the two replicae are kept at ε12 = 0 throughout; upon separating the configurational and vibrational contributions to the free energy and entropy of the L branch, the Kauzmann temperature
is located where the configurational entropy vanishes. (2) Starting with an initial finite coupling ε12 ,
two “glass” branches G1 and G2 are found below some critical temperature, which are characterized
by a strong remnant spatial inter-replica correlation upon taking the limit ε12 → 0. Branch G2 is
characterized by an increasing overlap order parameter upon cooling, and may hence be identified
with the hypothetical “ideal glass” phase. Branch G1 exhibits the opposite trend of increasing order
parameter upon heating; its free energy lies consistently below that of the L branch and above that
of the G2 branch. The free energies of the L and G2 branches are found to intersect at an alleged
“random first-order transition” (RFOT) characterized by weak discontinuities of the volume and entropy. The Kauzmann and RFOT temperatures predicted by RY differ significantly from their HNC
counterparts. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4900774]
I. INTRODUCTION

When a liquid is quenched sufficiently rapidly below its
freezing temperature Tf , so as to avoid crystallization, the supercooled liquid will go through a number of metastable states
before eventually forming a long-lived glass (or an amorphous
solid) phase. The phenomenology of the observed transformation is well established thanks to numerous calorimetric,
dielectric relaxation, shear relaxation, nuclear magnetic resonance (NMR), or neutron scattering experiments on a wide
range of materials,1, 2 but a complete theoretical understanding is still lacking despite a surge in recent progress.3 The
generally accepted scenario observed upon lowering the temperature is the following. At a temperature Tc < Tf , a kinetic
glass transition towards a dynamically arrested state is predicted by mode coupling theory,4 but ergodicity is eventually
restored by activated dynamical processes. Calorimetric measurements on a broad variety of supercooled liquids point to a
rapid change in the slope of the molar volume or enthalpy as a
function of temperature, at a calorimetric glass transition temperature Tg < Tc , leading to a peak in the specific heat Cp .1, 2
However, Tg is not an intrinsic property of the material, since
it depends on the cooling rate; Tg decreases when the liquid
a) Electronic mail: jean-marc.bomont@univ-lorraine.fr
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is cooled more slowly. The “calorimetric glass transition” is
hence not a genuine phase transition: Tg merely signals the
temperature at which the structural relaxation time becomes
comparable to experimental time scales (typically of the order
of minutes or hours). A related, implicit definition of Tg is provided by equating the Maxwell relaxation time τ M = η/G∞
(where η is the shear viscosity and G∞ is the instantaneous
shear modulus) and a conventional experimental time scale
τexp = 103 s. With a shear modulus G∞ = 109 Nm−2 , typical
of most materials, this leads to an operational definition of Tg
as being the temperature at which the shear viscosity reaches
the value η = 1012 Nm−2 s (or 1013 poise).5, 6
At temperatures T < Tg , the supercooled liquid does not
equilibrate on reasonable experimental time scales, while extrapolation of calorimetric data leads to the expectation of a
Kauzmann “entropy crisis” at a temperature T = TK , where
the configurational entropy (or “complexity”), Sconf (which
will be defined later), of the supercooled liquid appears to
vanish.7 A possible connection between the vanishing of Sconf
and the divergence of the structural relaxation time in strongly
supercooled liquids, as embodied, e.g., in the phenomenological Vogel-Fulcher-Tamman relation for highly viscous liquids
(namely, η = η0 exp { − A/(T − T0 )}) was put forward in a
pioneering paper by Adam and Gibbs,8 which suggests that
T0 = TK .
An appealing conjecture postulates that the Kauzmann
“entropy crisis” is pre-empted by an equilibrium phase
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transition between the supercooled liquid and an “ideal glass”
phase corresponding to the lowest, non-crystalline minimum
in the temperature dependent free-energy landscape.2, 9 The
ideal glass is characterized by a unique disordered configuration of non-periodic equilibrium positions {Ri } (1 ≤ i ≤ N)
around which the N atoms vibrate. Such a “random first order phase transition” (RFOT) of structural glasses has many
formal analogies with mean field theories of spin glass models without intrinsic randomness.3 Concepts and methodologies developed for the latter have been successfully adapted
to the former, in particular the replica method.10–12 Coupled
replicæ (or “clones”) of a given many-body system are introduced to provide an order parameter (the configurational
“overlap”) which allows a clear-cut distinction between supercooled liquid and ideal glass states. Such states are not
distinguishable by an obvious broken symmetry; in particular, their disordered microscopic structures look very similar, as opposed to the periodic structure of a crystalline
solid.
In the simplest and physically most transparent case, one
considers m = 2 weakly coupled replicæ (the original system and one clone) and one examines the static inter-replica
correlations.11 The RFOT is then characterized by a discontinuous jump in the overlap order parameter arising from the
fact that in the ideal glass state, configurations of the tworeplicæ are localized close to a unique, disordered equilibrium configuration {Ri }. From a free energy landscape point
of view, replicæ are “confined” to the basin associated with
the lowest (non-crystalline) minimum. The equilibrium thermodynamics of the ideal glass can be calculated by minimizing the approximate hypernetted chain (HNC) free energy functional of Morita and Hiroike,13 which is amenable
to an analytic continuation to real (rather than merely integer) values of m, and taking the limit m −
→ 1.10, 12 This elegant approach has been first applied to soft repulsive core
systems12 and their mixtures,14 and extended to the case of
the hard sphere model, where the glass transition is akin to
a jamming transition.15 The main drawback of the MézardParisi approach is that HNC theory of the pair structure and
thermodynamics of classical fluids is known to be thermodynamically inconsistent and increasingly inaccurate at high
densities.6
In an attempt to overcome this deficiency, we return
to the two-replicæ (m = 2) case, and numerically solve
the HNC integral equation as well as its thermodynamically self-consistent extension, the Rogers-Young (RY) integral equation16 for the pair structure of the symmetric “binary mixture” of two weakly coupled replicæ over a wide
range of thermodynamic states. We show the existence of
three branches of solutions for the pair structure of the tworeplicæ system in the limit of vanishing inter-replica coupling,
within both integral equations. Calculations of the resulting
free energies and configurational overlaps allows us to locate
a tentative first order transition between supercooled liquid
and ideal glass states. It is important to stress that the present
approach provides no clue of the underlying relaxation processes. Integral equations provide only purely static information corresponding to fully equilibrated, stable, or metastable
states achieved in the limit of infinite time.
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The present work complements and extends the results of
an earlier, preliminary communication.17
II. THE TWO-REPLICAE SYSTEM

The present investigation focuses on the “soft-sphere”
system of atoms interacting via the purely repulsive potential
 σ 12
v(r) = ε
,
(1)
r
where ε is the energy scale and σ is the length scale; we will
systematically use reduced variables, in particular the reduced
distance x = r/σ , the reduced number density ρ ∗ = N σ 3 /V
(where N and V are the total number of particles and the total
volume), and the reduced temperature T* = kB T/ε. The model
has two advantages: First all its dimensionless excess (i.e.,
non-ideal) thermodynamic properties are functions of the single dimensionless variable
=

ρ∗
T ∗1/4

(2)

,

and not of ρ* and T* separately.18 Thus, e.g., the excess
Helmholtz free energy per particle is given by the universal
function
F ex (ρ, T )
= fex (),
N kB T

(3)

while the pair distribution function g(x) obeys the scaling relation (which leaves  unchanged)
g(x; ρ ∗ ; T ∗ ) = g(λx; ρ ∗ /λ3 ; T ∗ /λ12 ),

(4)

where λ is an arbitrary scaling factor.18 The second advantage
of the soft-sphere model (1) is that its equilibrium and transport properties are well documented by extensive computer
simulations. In particular, the fluid freezes into a face centered
cubic (FCC) crystal at  f = 1.15,18, 19 while properties of the
supercooled fluid were investigated by Molecular Dynamics
(MD) simulations;20, 21 the MD data are of course strongly
dependent on the applied cooling rate. Moreover, the pioneering replica-based investigations of the RFOT were based on
the same soft-sphere model.10, 12
We now consider two weakly coupled replicæ (labelled 1
and 2) of the soft-sphere system, each consisting of N particles which interact via pair potentials v11 (x) ≡ v22 (x) = v(x),
while atoms of different replicæ interact via a weak attractive
potential v12 (x), chosen to be of the form

v12 (x) = −ε12 w(x) = −ε12

c2
x 2 + c2

6
,

(5)

where c is chosen such that the range of the attraction is significantly shorter than the mean distance between neighboring
atoms, d* = d/σ  ρ*−1/3 to ensure that, due to the strong repulsion between atoms of the same replica, an atom of one
replica can interact with at most one atom of the other replica.
For a non-zero ε12 , the attraction (5) induces pairing of atoms
of opposite replicæ into diatomic “molecules” at sufficiently
low temperatures. The precise shape of w(x) is irrelevant,
→ 0.
since we will eventually be interested in the limit ε12 −
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The total potential energy of the symmetric binary mixture of the two-replicæ reads
   

v x1i − x1j
VN,N x1i , x2j =
i

j >i


v x2i − x2j

+
i

j >i


v12 x1i − x2j .

+
i

(6)

j

The equilibrium structure of the two-replicæ system is characterized by two pair distribution functions, namely, g11 (x)
≡ g22 (x) and g12 (x) ≡ g21 (x). Note that the attractive cross
term in the potential energy (6) breaks the scale invariance of
the soft-sphere system embodied in Eq. (2), i.e., the equilibrium properties of the two-replicæ system now depend on two
thermodynamic variables rather on  alone. Scale invariance
is of course recovered for fully decoupled replicæ, i.e., for ε12
= 0, when cross-correlations vanish, so that g12 (x) = 1 for all
x. Note that g12 (x) leads directly to the overlap order parameter Q of the two-replicæ system, which is a measure of the
mean overlap of the configurations {x1i } and {x2j } of the two
replicæ. One defines the following overlap function:11
q1,2

1
=
N



N

ω x1i − x2i ,

(7)

i=1

where ω(x) is an arbitrary function chosen such that ω(0) = 1
(for perfect overlap) and ω(x) vanishes rapidly for x  1. The
function w(x) in Eq. (5) satisfies precisely this behavior, so
that we will choose ω(x) = w(x). The mean overlap is
∞

Q = q1,2 = 4πρ

∗

g12 (x)w(x)x 2 dx.

(8)

0

If the two replicæ are completely uncorrelated, g12 (x) = 1, and
Q reduces to its “random overlap” value Qr = (7π 2 /128)ρ*c3
= (7π 2 /128)(c/d*)3
1, since c is chosen to be significantly
less than d*. In the supercooled liquid state Q will remain
close to Qr , but the order parameter is expected to take significantly larger values in the ideal glass state, since the positions {x1i } and {x2j } of the atoms of the two replicæ remain
localized close to the disordered equilibrium position {Xi }.
The RFOT is hence expected to be characterized by a discontinuous jump of the order parameter Q in the thermodynamic
limit.11 A related structural signature of the RFOT is the value
of the inter-replica correlation function at zero separation,
g12 (x = 0).
III. INTEGRAL EQUATIONS AND SEARCH
PROTOCOLS

The required pair distribution functions g11 (x) and
g12 (x) of the symmetric binary mixture of the two replicæ
can be calculated approximately by solving the coupled
integral equations resulting from the familiar OrnsteinZernike (OZ) relation6 between the pair correlation functions hij (x) = gij (x) − 1, and the direct correlation functions

cij (x) (1 ≤ i, j ≤ 2):
h11 (x) = c11 (x) + ρ ∗ [c11 ⊗ h11 (x) + c12 ⊗ h12 (x)],
h12 (x) = c12 (x) + ρ ∗ [c11 ⊗ h12 (x) + c12 ⊗ h11 (x)],

(9)

where ⊗ denotes a convolution product; note that in the
present two-replicæ system, ρ* is the reduced density of each
of the two equivalent replicæ. The OZ relations (9) must be
supplemented by an approximate closure relation. The HNC
closure follows from minimization of the Morita-Hiroike free
energy functional13 and reads6
gij (x) = exp[−βvij (x) + γij (x)] ; 1 ≤ i, j ≤ 2,

(10)

where γ ij (x) = hij (x) − cij (x) is the indirect correlation function. As already mentioned, the HNC equation is thermodynamically inconsistent, i.e., different thermodynamic routes
(e.g., the virial and compressibility routes to the equation of
state) lead to thermodynamic properties which differ significantly (typically by 10% or more) at high densities and/or
low temperatures. This inconsistency can be overcome by
using thermodynamically self-consistent closures.6, 22 A selfconsistent closure which is well adapted to soft-sphere systems is that of Roberts and Young (RY),16
gij (x) = exp[−βvij (x)]
× 1+

exp{fij (x)γij (x)} − 1
fij (x)


,

(11)

where fij (x) = 1 − exp ( − α ij x) are “switching functions”
depending on the inverse range parameters α 11 = α 22 and
α 12 ; the latter are adjusted to ensure thermodynamic selfconsistency between the virial and compressibility equations
of state. In the limit α ij → ∞ (i.e., fij (x) = 1), the HNC closure
(10) is recovered. In the following, we choose f12 (x) = 1, and
vary α 11 to achieve the equation of state self-consistency. The
coupled integral equations resulting from the combinations of
the OZ relations (9) and the closure relation (10) (HNC) or
(11) (RY) were solved numerically by the efficient Gillan’s
method23, 24 over wide ranges of the state variables, using a
spacing of the real space grid of x = 0.02 and 212 or 213
intervals, ensuring that the pair correlation functions have decayed to values of the order of 10−12 or less. Convergence
was assumed to be achieved when the mean square difference
between the correlation functions evaluated in successive iterations was low enough to ensure stability of the results at
least including the fifth significant figure.
Solutions of the two integral equations were first mapped
out for ε12 ≡ 0 (i.e., for a one-component, non-replicated system) by gradually increasing  starting from a state in the
stable liquid range ( <  f ) up to   2, corresponding to a
supercooled liquid (L) branch. Comparison between the g(x)
obtained via HNC and RY shows that the RY solution is systematically more structured than its HNC counterpart.
The two-replicæ system (ε12 > 0) is used in an attempt to
locate the ideal glass branch of the equation of state. For each
 >  f , solutions of the two integral equations are sought
for finite values of ε12 , and the behavior of h12 (x) and of Q
→ 0. If the configurations of the
is examined in the limit ε12 −
two replicae de-correlate in that limit (i.e., if h12 (x) = 0 and
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FIG. 1. (a) Order parameters  = h12 (x = 0) (triangles, left-hand axis) and
0
= 0.1ε (open triangles and squares)
Q (squares, right-hand axis) vs  for ε12
and once the coupling ε12 has been switched off (full triangles and squares),
as calculated from the RY integral equation; (b) RY data for  DJ as a func0
tion of ε12
. The data point on the right end of frame (b) corresponds to the
situation detailed in frame (a).

Q = Qr ), a supercooled liquid state is recovered. On the contrary, if there is a strong correlation between the configura0 and Q
Qr ), the system is retions (i.e., h12 (x = 0)
garded as being in an ideal glass state. We have adopted three
different search protocols to detect the expected RFOT transition between the two states.
Protocol a is that used in Ref. 17. We start from an
0
of the inter-replica coupling and graduinitial value ε12
ally increase . A central peak develops in h12 (x) around
x = 0, whose amplitude grows steadily as  increases,
due to the increasingly strong pairing of atoms of opposite
replicæ. At some critical value  =  DJ , the order parameters
() = h12 (r = 0) and Q() undergo a discontinuous jump
to much higher values, which persists even when the coupling
ε12 is progressively switched off, while for  <  DJ ,  → 0,
and Q → Qr as ε12 → 0. The jumps of  and Q signal a
broken translational symmetry of the two-replicæ system. An
example of this behavior is illustrated in Fig. 1(a) based on RY
0
aldata. Repeating the procedure for several initial values ε12
0
lows us to construct a  DJ vs ε12 plot as illustrated in Fig. 1(b);
states below the “jump” line correspond to a “molecular liquid” phase, while states above the line may be associated with
a glass phase, characterized by non-zero values of () and
Q − Qr in the limit ε12 → 0. After this limit has been taken,
one can map out a glass branch in the (, Y) plane, where Y is
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any structural or reduced thermodynamic property of interest,
as discussed in Sec. IV. Once a glass-like solution of the HNC
or RY integral equations has been obtained for a given value
of  via protocol a, the glass branch can also be mapped out
by gradually increasing or decreasing  with a small increment  ( 0.01); at each step, a new HNC or RY solution
for g(x) and g12 (x) (with ε12 = 0) is calculated taking the solution at the previous value of  as input (initial guess). The two
routes for mapping out the glass branch yield identical results
for the structure and thermodynamics which will be discussed
in Sec. IV.
Protocols b and c focus on a possible “smooth” transition
from “molecular” liquid states to ideal glass states by start0
(typically of order 1) leading to
ing from larger values of ε12
strongly bound pairs of atoms of opposite replicæ. In protocol b, the two-replicæ system is first cooled for a fixed value
0
, but for a weaker intra-replica coupling v(r), which
of ε12
is multiplied by a factor ζ < 1, so that the atoms of each
∗
= T ∗ /ζ > T ∗ . At
replica “feel” an effective temperature Teff
∗
is desufficiently low T*, ζ is gradually increased (i.e., Teff
creased), and for successive values of ζ , ε12 is gradually reduced towards ε12 = 0. A “remnant” (glass) solution characterized by () > 0 and Q > Qr is found for ζ > ζ c (i.e.,
∗
< T ∗ /ζc ). The glass branch
for an effective temperature Teff
can thus be mapped out over a range of values of  by varying ζ over the interval [ζ c , 1]. Applications of this protocol
will be shown in Sec. IV. Protocol c is also designed to link
the “molecular” liquid phase of the two-replicæ system to the
ideal glass phase by using a v12 (r) potential of both large amplitude (ε12  1) and longer range (c ≥ 0.5). As will be shown
in Sec. IV, this protocol allows a continuous transition from
“molecular” liquid to ideal glass states upon letting ε12 go to
zero.

IV. PAIR STRUCTURE AND THERMODYNAMICS
A. The one component system

In this section, we examine the pair structure and thermodynamic properties of the supercooled liquid phase, as predicted by the HNC and RY theories of the non-replicated
soft-sphere fluid (ε12 ≡ 0) for  >  f . The excess internal energy per particle, uex () = Uex (ρ, T)/NkB T, equation
of state ex () = P/ρkB T − 1 = 4uex () and isothermal
compressibility χ () = χT /χTid = (∂βP /∂ρ)−1
T can be calculated from the pair distribution function g(x) by the standard
relations.6 Within HNC theory, the excess chemical potential,
βμex is also expressible in terms of integrals of h(x) and c(x);6
the excess free energy per particle (3) then follows from the
standard thermodynamic relation fex () = βμex () − ex (),
while the excess entropy per particle is given by
sex () = Sex /N kB = uex () − fex ()
=

 
fex () − fex () .
4

(12)

The RY integral equation does not provide an expression
of μex (and hence of fex ) in terms of g(x) and c(x) alone,
contrary to HNC theory; fex must hence be calculated by
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thermodynamic integration of the internal energy



d 
fex () = fex 0 + 4 uex (  )  .


(13)

0

The initial state point  0 may be chosen to be sufficiently low
( 0  0.5) for the HNC value of μex ( 0 ) to be quantitatively
reliable.
Deep in the supercooled regime ( >  f ), atomic configurations {xi } are trapped for very long times in local minima
of the free energy landscape, and individual “caged” atoms vibrate around long-lived equilibrium positions {Xi }. It is hence
natural to divide the free energy and entropy into “configurational” and “vibrational” contributions12
f = fid + fex = fc + fv ,
s = sid + sex = sc + sv ,

The Kauzmann “catastrophe” is conjectured to be pre-empted
by the RFOT to the “ideal glass” at some T ∗  TK∗ . We hence
now turn our attention to the two-replicæ system in an attempt to describe the structure and thermodynamics of the
ideal glass phase.
B. The two-replicae system

(14)

where sc is referred to as “complexity” in the spin-glass
literature, and determines the exponentially large number
of metastable states or local minima in the free energy
landscape12
N ≈ exp{N sc }.

the configurational entropy vanishes. This temperature may
hence be identified with the Kauzmann temperature TK∗ , below which sc would take on unphysical negative values. The
two estimate of the Kauzmann temperature are

TK∗ (H N C) = 0.108 K (H N C) = 1.74 ,
(16)

TK∗ (RY ) = 0.078 K (RY ) = 1.89 .

(15)

An operational definition of the Kauzmann temperature TK
is that temperature at which the configurational entropy sc
vanishes, corresponding to the situation where the system is
trapped in the lowest minimum of the free energy landscape,
such that N (TK )  1. To determine sc , we use sex , as calculated from the HNC or RY integral equations, and an estimate
of sv based on the mean Einstein frequency ωE of a disordered
medium,6 as explained in Appendix A.
The resulting reduced configurational free energies fc∗
= Fc /Nε = fc ()T* are plotted as functions of T*, for fixed
ρ* = 1, in Fig. 2; the corresponding configurational entropies
follow from (12) or equivalently from sc = (∂fc∗ /∂T ∗ )ρ ∗ . The
HNC and RY configurational free energies fc∗ are seen to
go through a maximum at a well-defined temperature where

FIG. 2. HNC (triangles) and RY (circles) results for the reduced configurational free energy fc∗ = Fc /N ε vs reduced temperature T*, for fixed
ρ ∗ = 1. HNC results obtained from thermodynamic integration are also
shown (squares).

To map out the thermal history of the glass phase (characterized by finite values of the order parameters ()
and Q − Qr ), we initially adopted Protocol a presented in
0
Sec. III. Starting from DJ (ε12
→ 0) = 2.18 (HNC) or 1.98
(RY) (cf. Fig. 1(b)) we solved the two integral equations for
g(x) and g12 (x) (with ε12 = 0) for gradually lower values of
, with a decrement   0.01, and calculated uex , Q and 
for each . In the case of HNC, we also calculated μex and fex
as explained above. Note that for a system of two decoupled
replicæ (ε12 = 0), the excess internal energy uex () is calculated as for a one-component system (because v12 (x) = 0),
while the HNC relation for the excess chemical potential μex
must be that adapted to a (symmetric) binary mixture (see
Appendix B),
βμex () =

ρ∗
2

[h11 (x)γ11 (x) − 2c11 (x)]dx

ρ∗
[h12 (x)γ12 (x) − 2c12 (x)]dx. (17)
2
In the case of the RY equation, thermodynamic integration
(cf. Eq. (13)) must be used; this requires the existence of
a reversible thermodynamic path linking a state of the tworeplicæ system at a given value of  to a state for which the
excess free energy fex is known. For the one-component supercooled liquid phase an obvious reference state is a high
temperature/low density (i.e., low ) state, as explained earlier. But this option is not available for the ideal glass phase
which becomes unstable below a critical  as will become
clear shortly; this problem can be overcome within the search
Protocol c to which we will return later.
The main, unexpected result of the HNC and RY calculations of the structure and thermodynamics of the two-replicæ
system following Protocol a, is the existence of two glass-like
branches in the (, Y) plane, where Y is the order parameter 
or Q, the excess internal energy uex or the excess free energy
fex . The two branches will be referred to as G1 and G2 . At high
values of , Protocol a predicts a discontinuous jump from the
supercooled (L) phase to the glass phase G1 upon taking the
limit ε12 → 0, as illustrated in Fig. 1. As  is gradually lowered along the branch G1 (“annealing”) a critical state  c is
eventually reached where , Q, uex , and fex all undergo a discontinuous jump to a new state of lower energy uex and free
energy fex and of larger order parameters  and Q. While the
+
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FIG. 3. Order parameters Q() − Qr (squares) and  = h12 (x = 0) (line)
vs  along the two glass branches G1 (open squares and dotted line) and G2
(full squares and full line); (a) HNC results; (b) RY results.

discontinuity is of modest amplitude for the thermodynamic
properties (less than 1%) it is considerable for the order parameters (cf. Figures 3–5).
Once the lower free energy state was reached, the tworeplicæ system was cooled down, i.e.,  was gradually increased, and a new branch (referred to as G2 ) was mapped out.
The scenario is illustrated in Figures 3– 6. Both HNC and RY
predict the same qualitative scenario, but there are significant
quantitative differences as shown in the figures. In particular, the critical value of the coupling, where the discontinuous
jump from the branch G1 to the branch G2 occurs, is lower
for RY ( c = 1.43) than for HNC ( c = 1.58). The key observation is that, while the order parameters  and Q increase
upon cooling (increasing ) along the branch G2 , a behavior one would intuitively expect for an ideal glass, the opposite behavior is observed along the branch G1 , where the order parameters increase upon annealing (i.e., reducing )! A
possible interpretation of this counter-intuitive behavior will
be suggested in the next paragraph. Fig. 6 compares the RY
results for the excess reduced internal energy u∗ex = Uex /N ε
= uex ()/  4 along the three branches L, G1 , and G2 to the
FCC crystal results as calculated from anharmonic phonon
theory which agree within errors bars with MD data.20 The
excess internal energies along the G1 branch appear to tend
towards the u∗ex values along the L branch at large , while the
excess internal energies along the G2 branch are very close to
their FCC counterparts for   1.95. Fig. 7 compares the RY
pair distribution functions g(x) at  = 1.8 for the L, G1 , and
G2 phases. The amplitudes and peak positions of the three g(x)
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FIG. 4. Excess internal energy per particle uex = Uex /(NkT) vs  along the
glass branches G1 (dashed line) and G2 (full line); (a) HNC results; (b) RY
results.

are very close, confirming the generally accepted view that
the pair structure does not discriminate significantly between
the supercooled liquid and glass phases under the same thermodynamic conditions. On the other hand, Fig. 8 illustrates
the considerable differences in the inter-replica pair distribution functions g12 (x) of the G1 and G2 phases under identical
thermodynamic conditions, as already illustrated by the very
different values of the order parameters  and Q. Note that
beyond the central peak (x > 1), g12 (x) of phase G2 is remarkably close to the pair distribution function g(x), as one
might expect if atoms of the two replicæ are localized near
the same equilibrium positions {Xi } characterizing the lowest
valley of the free energy landscape. The oscillations of g12 (x)
in the G1 phase are much more strongly damped, suggesting
that the atoms of the two replicæ may be trapped near slightly
different equilibrium positions, corresponding to neighboring
valleys of the free energy surface. The increase of the order
parameters  and Q upon annealing the phase G1 could then
be understood by assuming that the additional thermal energy allows configurations associated with neighboring free
energy minima to overcome the barrier separating these minima in the landscape. This, of course, is pure conjecture, but
it should be stressed that the coordination number associated
with the central peak of g12 (x) is always close to 1, confirming
the “diatomic” nature of the two-replicæ system.
As explained at the end of Sec. III, states belonging to
the glass phases G1 and G2 may be reached via alternative
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FIG. 7. g(x) vs x for the L (crosses), G1 (dashed line), and G2 (full line)
phases at  = 1.8, as calculated by the RY integral equation.

FIG. 5. Excess free energy per particle fex vs  along the glass branches G1
(dashed line) and G2 (full line); (a) HNC results; (b) RY results.

thermal histories based on Protocols b or c. The thermal path
from the “molecular liquid” to the glass phases is illustrated
0
=1
in Fig. 9 for protocol b. The “molecular liquid” with ε12
and a weakened intra-replica pair potential vζ (r) = ζ v(r) is
cooled to some temperature T*; the effective temperature
∗
(ζ ) = T ∗ /ζ . Start“felt” by the atoms of a same replica is Teff

FIG. 6. RY results for the reduced excess internal energy per particle u∗ex
vs : full line: supercooled liquid (L) branch; dashed line: glass branch G1 ;
dashed-dotted line: glass branch G2 ; black dots: results for the anharmonic
FCC crystal.

∗
ing from a given Teff
(ζ ), ζ is gradually increased towards ζ
∗
∗
= 1 (Teff = T ), with a small increment ζ = 0.01. For each
value of ζ , one then attempts to gradually switch off the interreplica coupling (ε12 → 0). For less than a threshold value
ζ t , no solution of the HNC (or RY) integral equation for the
two coupled replicæ is found for ε12 less than a critical value
ε12 (ζ ), i.e., total extinction of the inter-replica coupling is not
possible, and the system stays in the “molecular liquid” phase.
At the threshold value ζ t , a “remnant” solution of the integral equation is found in the limit ε12 → 0, characterized by
non-zero values of the order parameters () and Q − Qr .
Keeping now ε12 = 0, successive solutions are generated for
∗
, until ζ
increasing values of ζ , i.e., decreasing values of Teff
∗
= T ∗ ; the final solution is identical to that found
= 1 and Teff
via Protocol a (glass branch G1 ) at that temperature.
Returning now to the threshold value ζ t , we investigate
the behavior of the two-replicæ system when inter-replica
coupling is gradually switched off (starting from the same

FIG. 8. RY results for the inter-replica pair distribution function g12 (x) at
 = 1.8. Dashed line: G1 branch; dashed-dotted line: G2 branch; for comparison, g(x) of the G2 branch is shown as a full curve; all pair distribution
functions are plotted on a logarithmic scale.
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FIG. 9. Schematic representation of the thermal history followed in Protocol
b with RY, linking the two glass branches G1 and G2 to the “molecular liquid”
phase. At a sufficiently high , when ε12 is switched off for values ζt <ζ <ζt ,
a “remnant” solution is found which eventually, in the limit where ζ → 1,
leads to a state of the glass branch G1 (circles). A state of the glass branch
G2 (crosses) is obtained in the limit ζ → 1 if ε12 is switched off for ζ >ζt .
Values of ζt and ζt are indicated by arrows for  = 1.55.

0
initial value ε12
) for values ζ > ζ t . Up to a second thresh
old value ζt > ζt , the same solutions are generated, leading
to a state on the glass branch G1 when ζ → 1. However, at
ζt , a different “remnant” solution is found which eventually,
in the limit where ζ → 1 (with ε12 = 0), leads to a state of
the glass branch G2 , identical to that obtained via protocol a.
This rather tedious procedure is now repeated for increasing
values of T* as illustrated in Fig. 9 and the two branches G1
and G2 are mapped out independently of each other. Protocol
b avoids the discontinuous jump between the two branches
at  =  c observed with Protocol a. The structural and thermodynamic properties at any given value of  >  c along
the two branches are identical to those generated via Protocol
a, using either HNC or RY integral equations, thus giving us
confidence that the predictions are not mere artifacts of these
equations.
This observation is confirmed by calculations based on
Protocol c, which is a simpler variant of Protocol b, linking the “molecular liquid” phase to the glass phases G1 and
G2 . The starting point is the “molecular liquid” phase, with a
0
= 1);
strong coupling between atoms of opposite replicæ (ε12
the key difference relative to Protocol b lies in the choice
of a significantly larger range of v12 (x) in Eq. (5), namely,
c = 0.5 or 1 (compared to the range parameter c = 0.225 used
0
and c,
in calculations within Protocols a and b). For fixed ε12
the HNC or RY equation are solved for the two-replicæ system upon gradually lowering T* for fixed ρ* (conveniently
chosen to be ρ* = 1), i.e., for increasing . Once the critical values of  are reached, above which the glass phases G1
and G2 were found to exist within Protocol a ( c = 1.392
within RY) as illustrated in Figures 3–5, the inter-replica coupling ε12 is gradually lowered towards extinction (ε12 = 0).
This two-step thermodynamic path is illustrated in Fig. 10 by
the variation of the order parameters  and Q, first with 
(frame a) and subsequently with ε12 (frame b). The final solu-

FIG. 10. Thermal path from the “molecular liquid” to the G2 glass phase as
calculated with the RY integral equation;  = h12 (x = 0) (left-hand axis)
and Q (right-hand axis) are the order parameters. (a) Variation of  (full
curve) and Q (dashed line) with  for a range parameter c = 0.5 and an inter0 = ε. (b) Variation of  (full curve) and Q (dashed line) at
replica coupling ε12
 = 1.43, upon decreasing ε12 from 1 to 0.

tions of the HNC or RY equations at the end of this two-step
protocol are identical to those obtained by Protocols a and b
for the end-points  c1 and  c2 of the two glass branches. The
crucial advantage of Protocol c is that it provides a reversible
thermodynamic path along which the excess free energy fex
can be calculated by thermodynamic integration, as detailed
in Appendix B. In the case of the thermodynamically selfconsistent RY closure (11), such a thermodynamic integration
procedure provides the only access to fex .
V. EVIDENCE FOR A FIRST-ORDER TRANSITION
TO AN IDEAL GLASS

Using the theoretical and numerical tools presented in
Secs. II–IV, we are now in a position to locate the hypothetical RFOT transition between the supercooled liquid (L) and
lowest free energy glass (G2 ) branches, by comparing the dimensionless free energies per particle
f = fid + fex = ln(ρ ∗ ) − 1 + fex () ,

(18)

of these two branches as functions of the reduced volume
per particle v ∗ = 1/ρ ∗ for fixed temperature T*. The standard
Maxwell double-tangent construction determines the volumes
∗
and vL∗ of the two coexisting phases, since it ensures the
vG
2
equality of the pressures and chemical potentials of the two
phases at coexistence.26
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A. HNC results

B. RY results

Within the framework of HNC theory, the excess free energies are calculated using relation (17) for the excess chemical potential for both L and G2 phases, combined with the
virial relation for the pressure; for the L phase only the first
term on the rhs contributes. The resulting free energies of
the two phases are plotted versus v ∗ in Fig. 11. The two
∗
= 1.003; above that value the
curves are seen to cross at vcr
free energy f of the L phase is the lower, while below that
value, the free energy of the G2 phase lies below that of the L
phase. The two free energy lines show little curvature and the
∗
are very close; consequently
slopes of the two curves at vcr
the double-tangent construction is a rather delicate task. The
slopes (∂f/∂v ∗ )T ∗ of the two curves on both sides of their
intersection are plotted in the inset of Fig. 11; they allow the
∗
 0.998 and
volumes of the two phases to be estimated as vG
2
∗
vL  1.007, implying a very small relative volume change
∗
∗
∗
= (vL∗ − vG
)/vcr
 0.009; for comparison, the relδv ∗ /vcr
2
ative volume change of freezing of the liquid into the FCC
crystal is δv ∗ /vf∗  0.036.18, 19 The RFOT may hence be considered as a weak first-order transition. The entropy change
per particle at the transition follows from

As emphasized earlier, Eq. (17) for μex does not apply
within the framework of the RY integral equation so that thermodynamic integration is required to calculate the excess free
energies of the L and G2 phases. This is straightforward for
the L phase, for which Eq. (13) is used. In the case of the
G2 phase, the three-step Protocol c is used, as explained in
Appendix C and illustrated in Fig. 10. The corresponding
thermal path involves the “molecular liquid” phase characterized by a fixed value of the inter-replica coupling ε12 , comparable to the energy scale ε in the soft-sphere potential (1).
The resulting total free energies (18) f L and f G of the two
phases are plotted as functions of the dimensionless volume
per particle v ∗ in Fig. 12, for fixed T* = 0.1349 (corresponding to  = 1.65 for v ∗ = 1) down to v ∗ = 0.846, the highest density for which a numerical solution of the RY equation was found along the G2 branch; below that value, the
iterative procedure did not converge. The free energy of the
supercooled liquid phase lies consistently below the corresponding value of the glass phase G2 . Extrapolation of the
data to lower values of v ∗ suggests that the two free energy
∗
= 0.82, corresponding to  cr
curves will intersect around vcr
= 2.01. Thus, the RFOT is predicted by RY theory to occur at a significantly larger value of the coupling compared
H NC
= 1.65. This difference is in
to the HNC prediction cr
keeping with the higher value of the Kauzmann coupling  K
predicted by RY compared to HNC (cf. Eq. (16)). However,
H NC
RY
H NC
RY
< K
, cr
> K
, which would imply that
while cr
RFOT does not preempt the “Kauzmann catastrophe” (i.e., a
negative complexity) within the framework of the RY integral
equation.
This apparent failure of the RY theory is possibly due to
an inaccurate description of the “molecular liquid” phase by
the closure relation (11) for g12 (r) when the choice α 12 = +∞
is made. While the thermodynamic integration path is unaffected by this choice for the calculation of the free energy
of the supercooled liquid phase L (which involves a single

δs =

∗
)
SL (vL∗ ) − SG (vG
2


= ln

vL∗
∗
vG

N kB

+

2

−

G
4

2

2

L 
f ( ) − fex,L (L )
4 ex,L L


fex,G
(G ) + fex,G (G ).
2

2

2

2

(19)

Using the HNC results for the excess free energy fex along the
two branches, one obtains δs = 0.409, which is again smaller
than the corresponding value at freezing, which is typically of
the order of 1.

FIG. 11. HNC results for the difference of dimensionless free energy per
particle f = F/(NKB T) in the liquid and in the G2 branch as a function of
the reduced volume v ∗ . (Inset) Derivative of f with respect to v ∗ along the
L (dashed line) and G2 (full line) branches. The data are plotted along the
isotherm T* = 0.1349.

FIG. 12. RY results for f = F/(NkB T) at T* = 0.1349 as a function of the
reduced volume v ∗ along the L (dashed line) and G2 (full line) branches. The
calculated curves are extrapolated from v ∗ = 0.846 to smaller v ∗ , until they
intersect.
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replica), the simplifying assumption α 12 = +∞ no longer insures full thermodynamic self-consistency of the RY closure
for the binary two-replicæ system, i.e., the “molecular liquid”
phase which plays a central role within Protocol c. Thus, contrary to the HNC approach, where both L and G2 phases are
treated on an equal footing through the use of relation (17)
for the calculation of μex , the RY approach requires two different thermodynamic integration paths for the calculation of
the free energies of the two phases. The lack of full thermodynamic self-consistency of the RY theory along the “molecular
liquid” path may well result in an inaccurate estimate of the
free energy difference between L and G2 branches, and hence
of their intersection.
VI. CONCLUSIONS

We have combined the HNC and RY closure relations
(10) and (11) with the OZ relations (9) to determine the pair
structure, thermodynamics and order parameters of a binary
system of two coupled replicæ of a soft-sphere fluid. Careful
numerical solutions of the coupled integral equations for the
pair distribution functions g11 (r) and g12 (r) over a wide range
of coupling strengths ρ*/T*1/4 predict the existence of three
distinct branches of solutions.
The supercooled liquid (L) branch is mapped out with the
inter-replica coupling switched off (ε12 = 0). The configurational free energy and entropy (complexity) are calculated by
subtracting an estimate of the vibrational contributions based
on the classic expression for the Einstein frequency in dense
fluids. The complexity is found to vanish at a Kauzmann temperature TK∗ (or Kauzmann coupling  K ) the values of which
are listed in Eq. (16) for HNC and RY.
Using three different search Protocols described in
Sec. III, starting from an initial “molecular liquid,” characterized by a non-zero value of the inter-replica coupling ε12 ,
two distinct glass branches are found in the limit ε12 → 0.
These two branches, labelled G1 and G2 , are characterized by
non-zero values of the order parameters () = h12 (x = 0; )
and Q() − Qr defined in Eq. (8); such “glass” solutions
of the coupled HNC or RY integral equations cease to exist for  <  c , where cH NC = 1.58 and cRY = 1.392. The
G2 branch can be reasonably identified with the “ideal glass”
phase predicted in a number of earlier papers,3, 10, 12, 14, 15
since the order parameters () and Q() increase with .
The opposite behaviour is observed along the G1 branch,
where () and Q() decrease with increasing . A tentative explanation of this counterintuitive trend was put forward
in Sec. IV.
The fact that the G1 and G2 branches are predicted by two
different integral equations (HNC and RY) and the agreement
of the integral equation approach for the G2 branch with predictions from the replica symmetry theory not based on integral equations (small cage or harmonic resummation12 ) gives
strong support to our belief that these branches are not a mere
artifact of the integral equations, similar to the spurious solutions obtained with HNC near the liquid-gas transition.27 It
would be interesting to check if the G1 branch could also be
found with methods not based on integral equations. The free
energies of the thermodynamic states along the G1 branch are
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systematically higher than those of the corresponding states
on the G2 branch which hence appears to correspond to the
stable ideal glass.
Finally, the dimensionless free energies per particle, f
= F/(NkB T), were calculated along the branches L and G2
as functions of the reduced volume per particle v ∗ , for a
fixed reduced temperature T*. Within HNC theory, the excess free energies are directly accessible from the pair distribution functions g11 (r) and g12 (r) via Eq. (17) for the excess chemical potential μex , and the virial relation for the
pressure. The resulting free energy curves shown in Fig. 11
∗
= 1.003, corresponding to  cr = 1.65. Note
intersect at vcr
that due to the scaling properties of the soft-sphere systems
with inverse power potential (1),  cr is independent of the
choice of the isotherm T* along which a Maxwell doubletangent construction is carried out; the latter predicts a weak
first-order RFOT between the L and G2 phases, characterized
by small discontinuities δv ∗ and δs of the volume and entropy per particle. This finding appears to disagree with the
earlier work of Mézard and Parisi, which predicts a RFOT
with a continuous free energy, but a discontinuous order
parameter Q.10, 12
Within the framework of the RY integral equation, the
free energies of the L and G2 phases must be calculated by
thermodynamic integration of the internal energy (Eq. (13)).
This is a straightforward task for the L branch which can be
extended to arbitrarly low values of . For the G2 branch
this is no longer true, since no solutions of the RY equations exist for  <  c  1.392. Hence G2 states at high 
must be connected to stable states of low  via a “molecular
liquid” phase characterized by a large inter-replica coupling
ε12 /ε  1. This implies an asymmetry in the treatments of the
L and G2 phases, which may explain that their free energy
RY
 2.01 >
curves intersect only at an estimated value of cr
RY
 1.89 (cf. Fig. 12). Possible reasons for this unphysical
K
prediction are discussed at the end of Sec. V. However, the
RY results confirm the weakly first order nature of the RFOT
predicted by HNC theory. Future work will focus on a fully
self-consistent version of the RY closure (11), involving a finite mixing parameter α 12 as opposed to the simplified version used in the present work. More generally the adequacy
of fluid integral equations for the description of the atypical
“molecular phase” with a strong inter-replica coupling over
a wide range of temperatures and densities requires a careful
investigation.
Another open question concerns the nature of the
counter-intuitive G1 phase predicted by both HNC and RY
integral equations, and its possible interference with the
L/G2 phase coexistence explored in the present work. A final objective of future work is the extension of our work
to the case of Lennard-Jones systems, for which the RY
integral equation must be replaced by the HMSA integral
equation.28
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APPENDIX A: CONFIGURATIONAL FREE ENERGY
AND ENTROPY

the configurational entropy sc vanishes (“Kauzmann catastrophe”).

The dimensionless free energy per particle f = F/NkB T
and entropy s = S/NkB can be split into ideal and excess parts,
or into configurational and vibrational parts, as shown in
Eq. (14). The configurational free energy fc is hence given
by

APPENDIX B: HNC RELATION FOR THE EXCESS
CHEMICAL POTENTIAL FOR THE TWO-REPLICAE
SYSTEM

fc = fid + fex − fv ,
fid = ln(ρ3 ) − 1,

(A1)

where  is the de Broglie thermal wavelength. The vibrational free energy results from the thermal oscillations of
the atoms around long-lived equilibrium positions {Xi }. In
a quasi-harmonic approximation, each atom vibrates with a
mean oscillation frequency ω0 , and fv is then trivially calculated from the partition function of a three-dimensional harmonic oscillator

 
1 2π kB T 3/2
.
(A2)
fv = Fv /NkB T = − ln
3
mω02
The square of the “Einstein” frequency ω0 for a disordered
medium is determined by the mean square force acting on an
atom (cf. Eq. (7.2.13) of Ref. 6),
ω02

We consider the symmetric two-replicæ system defined
in Sec. II. The excess chemical potential is the change in
grand potential  upon adding an atom to one of the replicæ,
say replica 1. Invoking translational invariance the additional
atom may be assumed to be placed at the origin; it acts like an
external potential ϕ1 (r) = v11 (r) = v(r) on atoms of replica
1, and ϕ2 (r) = v12 (r) = −ε12 w(r) on atoms of replica 2. The
binary system is now inhomogeneous and characterized by
the two one-particle densities ρ1 (r) and ρ2 (r) associated with
the two replicæ, and the grand potential becomes a functional
ϕ ,ϕ [ρ1 (r), ρ2 (r)] of these local densities. ϕ ,ϕ may be
1 2
1 2
expanded in a functional Taylor expansion in the deviations
ρα (r) = ρα (r) − ρ0 of these local densities from their bulk
value ρ 0 in the absence of the external potentials due to the
added particle. Truncating the expansion after second order
(HNC approximation) one arrives at the following expression
(cf. Sec. 4.3 of Ref. 6):
 = ϕ

1

ρ
=
3m

∇ v(r)g(r)dr.
2

(A3)

Combining Eqs. (A1)–(A3), we arrive at the following expression for the configurational free energy:
 

2π kB T 3/2
− 1,
(A4)
fc = fex () + ln ρ
mω02
from which the irrelevant de Broglie thermal wavelength is
absent. Applying Eq. (A4) to the soft-sphere pair potential
(1), and switching to the corresponding reduced variables, we
find
3
(A5)
fc () = fex () − ln[88 4 I ()] − 1,
2
where
∞

I () =

g(x; )

1
dx
x 12

(A6)

− 0



2

=

ρα (r)ϕα (r)dr
α=1


 
ρ (r)
ρα (r) ln α
− ρα (r) dr
ρ0

+ kB T
−

kB T
2

2

2
(0)
(|r − r |)ρβ (r )drdr ,
ρα (r)cαβ

α=1 β=1

(B1)
where 0 is the grand potential of the homogeneous binary
system (i.e., in the absence of the additional particle at the
(0)
(r) are the corresponding direct correlation
origin), and the cαβ
functions.  is then minimized with respect to the local densities, leading to the two coupled Euler-Lagrange equations
yielding the equilibrium one-particle densities:
ρ1 (r) = ρ0 exp{−βϕ1 (r) +

0

and x = r/σ . In practice, remembering the scale invariance
(4) of the pair distribution function, the integral in Eq. (A6) is
conveniently calculated for ρ* = 1 and  = (T*)−1/4 .
The configurational entropy (or complexity) sc then follows from
 

 ∗
∂ T ∗ fc
∂fc
=−
sc = −
∂T ∗ ρ ∗
∂T ∗
∗
ρ

 3  dI ()
1 3 
.
= sex − + ln 88 4 I () −
2 2
8 I () d

,ϕ2 [ρ1 (r), ρ2 (r)]

(A7)

The variation of the reduced configurational free energy fc∗
with reduced temperature T* at fixed ρ* = 1 is shown in
Fig. 2. fc∗ goes through a maximum at T ∗ = TK∗ , where

+

c12 (|r − r |)ρ2 (r )dr },

ρ2 (r) = ρ0 exp{−βϕ2 (r) +
+

c11 (|r − r |)ρ1 (r )dr
(B2)

c12 (|r − r |)ρ1 (r )dr

c22 (|r − r |)ρ2 (r )dr }.

(B3)

These one-particle densities are then substituted into the
expression (B1) for , and use is made of Percus’
identification6
(0)
ρ1 (r|ϕ1 ) = ρ0 g11
(r),

(B4)

(0)
ρ2 (r|ϕ2 ) = ρ0 g12
(r),

(B5)
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(0)
where gαβ
(r) are the pair distribution functions of the
(0)
(r)
symmetric, homogeneous reference mixture (where g22
(0)
≡ g11 (r)). We henceforth drop the superscript (0) for the correlation functions of the homogeneous reference system, and
make use of the two coupled OZ relations:

γ11 (r) ≡ h11 (r) − c11 (r) = ρ[c11 ⊗ h11 + c12 ⊗ h12 ],
(B6)
γ12 (r) ≡ h12 (r) − c12 (r) = ρ[c11 ⊗ h12 + c12 ⊗ h11 ],
where ⊗ denotes a convolution product. Gathering Eqs. (B1)–
(B6) (with ρ = ρ 0 ), we arrive at the HNC relation for the
chemical potential (Eq. (17)) βμex = β (written in reduced units). This result is a special case of the general HNC
relation for the excess chemical potentials μαex (1≤α ≤ n) of
the n species of an n-component mixture.25
The important point for the case of two weakly coupled
replicæ is that the expression (17) does not depend explicitly on the coupling ε12 between the two replicæ, but only
implicitly through the correlation functions h11 (r), c11 (r) and
h12 (r), c12 (r), which are calculated within the HNC approximation of Sec. III. In particular, Eq. (17) remains valid in
→ 0. In the supercooled liquid phase, h12 (r)
the limit ε12 −
= c12 (r) = 0 in that limit, so that relation (17) reduces to
its one-component version. However in the glass phases G1
and G2 , h12 (r) and c12 (r) as calculated by solving the coupled
→ 0, so
HNC integral equations, are non-zero in the limit ε12 −
that the full expression (17) applies in that case.
APPENDIX C: EXCESS FREE ENERGY OF THE IDEAL
GLASS BY THREE-STEP THERMODYNAMIC
INTEGRATION

As explained in Sec. IV, the excess chemical potential μex and free energy fex of the glass phases G1 and G2
is directly accessible within HNC theory via relation (17).
This is no longer true within the framework of the RY integral equation, and one must resort to a reversible thermodynamic path within Protocol c which links the glass phases
to the supercooled “molecular liquid” phase. Such a path involves three successive steps. For convenience we set the reduced number density ρ* = 1, so that  = (T*)−1/4 . We
consider a binary “two replicæ” system throughout, where
atoms of the opposite replicæ interact via the attractive
potential (5).
(1) Step 1 is carried out in the “molecular liquid” phase,
for a fixed value of the inter-replica coupling ε12 . A straightforward generalization of Eq. (13) relates the excess free energy at  =  1 to that of a reference state  0 via
1

fex (1 , ε12 ) = fex (0 , ε12 ) + 4 uex (, ε12 )

d
,


(C1)

0

where uex is the dimensionless excess internal energy, and  0
is chosen to be sufficiently small for HNC to be quantitatively
accurate, so that fex ( 0 , ε12 ) may be calculated via the relation
(17) for μex and the standard virial relation for ex () (fex
= ex − βμex ).

(2) In step 2, for a fixed value  1 , the inter-replica coupling is progressively reduced from ε12 to 0. The corresponding variation in excess free energy is given by


∂fex
∂λ



∞

=

−4πρ1∗ β1∗

=

−β1∗ Q

1

g12 (x; 1 ; λ)w(x)x 2 dx

(C2)

0


1 , λ

(0 ≤ λ ≤ ε12 ),

(C3)

where Q is the overlap order parameter (8) and ρ1∗ β1∗ = 14 .
A standard Debye-Kirkwood coupling constant integration of
both sides of Eq. (C3) leads to
ε12

fex (1 , ε12 = 0) = fex (1 , ε12 ) +

14

Q(1 , λ)dλ. (C4)
0

Depending on the choice of  1 , this two-step path leads us to
the glass branches G1 or G2 (cf. Sec. IV and Fig. 10).
(3) Step 3 maps out the branches G1 or G2 by keeping
ε12 = 0 and varying . The excess free energy is finally
given by another application of thermodynamic integration
(Eq. (13)),
fex (2 , ε12 = 0) = fex (1 , ε12 = 0)
2

+ 4 uex (, ε12 = 0)

d
.


(C5)

1

Protocol c, with a sufficiently large range parameter c (0.5)
provides a continuous thermodynamic path leading to the excess free energy fex () of the glass branches G1 and G2 .
1 See,

e.g., C. A. Angell, J. Non-Cryst. Solids 131–133, 13 (1991).
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