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Determination of morphological characteristics of metallic nanoparticles
based on modified Maxwell-Garnett fitting of optical responses

Y. Battie,a) A. Resano-Garcia, A. En Naciri, S. Akil, and N. Chaoui
LCP-A2MC, Institut Jean Barriol, Universit�e de Lorraine, 1 Bd Arago, 57070 Metz, France

(Received 21 July 2015; accepted 26 September 2015; published online 6 October 2015)

A modified effective medium theory (MEMT) is introduced to determine morphological

characteristics and the volume fraction of colloidal metallic nanoparticles. By analyzing the optical

absorption spectra of gold nanoparticles (NPs), this model is used to determine the distribution of

prolate and oblate NPs and to demonstrate the presence of spherical NPs. In addition to interband

transition, the model takes into account the longitudinal and transversal surface plasmon

resonances. The results predicted by the MEMT theory were found to be in very good agreement

with the shape distributions obtained by transmission electron microscopy. We found that fitting

optical absorption spectra using MEMT provides a robust tool for measuring the shape and

concentration of metallic NPs. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4932638]

Metallic nanoparticles (NPs) have promising potentials

for communications, photovoltaic devices,1 or white light

processing.2 These NPs exhibit unique optical properties

such as strong surface plasmon resonances (SPRs) coming

from the collective oscillations of their conduction elec-

trons.3 The SPR characteristics mainly depend on the nano-

particle shape.4 As an example, silver or gold nanorods

support two plasmon modes, which can be easily tuned by

adjusting their aspect ratio, i.e., the ratio between the minor

and the major axes of NPs.5,6 Thus, the control of NP shape

is crucial for designing nanoscale devices with uniform prop-

erties. Common bottom up elaboration processes are known

to produce NPs with a shape distribution which induces dras-

tic changes in the optical properties of NP assembly.6–8 This

inhomogeneity is mainly characterised by transmission elec-

tron microscopy (TEM). However, TEM is a time consuming

local characterisation tool which only gives a two dimen-

sional projection of 3D NPs. Moreover, electron tomogra-

phy9 is currently not implemented in conventional TEM.

These limitations make crucial the development of comple-

mentary characterization tools that could accomplish in situ
real time estimation of the NP shape distribution.

Optical absorption spectroscopy is a non-destructive op-

tical characterisation technique, which is currently used to

gain qualitative insights on nanoparticle morphology.10–17

Several authors11,12 have proposed to determine the size dis-

tribution of spherical metallic NPs by fitting their absorption

spectra with the Mie theory.3 However, the Mie theory fails

to describe the optical properties of NP with nonspherical

shape. Eustis and El-Sayed17 have estimated the aspect ratio

distribution of gold nanorods by analyzing their absorption

spectra with the Gans theory. However, the authors focus

their investigation on the longitudinal SPR band (L-SPR)

and neglect the influence of the shape distribution on the

interband transitions and the transversal plasmon band (T-

SPR). Effective medium theories, which approximate the

composite material as a homogeneous medium, enable the

calculation of the complex effective dielectric function and

require few computing resources. The Maxwell Garnett

theory18 was recently extended to describe the optical prop-

erties of spherical NPs distributed in size by averaging their

polarizability. An extension of the effective medium theory

was proposed by Bohren and Huffman19 to take into account

the shape distribution of spheroidal NPs. This approach was

used to design broadband epsilon-near-zero composites,20

and to interpret ellipsometric measurements performed on

gold nanoisland films.21 However, this model only considers

a distribution of depolarisation factor of NPs and fails to

extract directly the NP aspect ratio.

In this context, we introduce a modified effective me-

dium theory (MEMT) which takes into account the distribu-

tion of the aspect ratio of prolate and oblate NPs. By solving

the inverse problem with MEMT, we unambiguously dem-

onstrate that the aspect ratio distribution of colloidal gold

nanorods and the volume fraction of nanorods, spherical, and

oblate NPs can be extracted from their optical absorption

spectra.

In this letter, we consider three solutions (S1, S2, and

S3) of gold NPs dispersed in water synthesised according to

the seed-mediated growth method.22 S1 was synthesized by

mixing 5 ml of 5� 10�4 M HAuCl4 with a CTAB solution

(5 ml, 0.2 M) and 0.6 ml of ice-cold 0.01 M NaBH4. To syn-

thesize S2 and S3, CTAB (5 ml, 0.2 M) was added to 0.20 ml

and 0.25 ml of 4� 10�3 M AgNO3 solution, respectively.

Then, 5.0 ml of 0.001 M HAuCl4, 70 ll of 0.08 M ascorbic

acid and 12 ll of S1 was added to the solution.

TEM pictures were recorded on a Phillips CM200 TEM

operating at 200 kV. TEM grids were prepared by evaporat-

ing a drop of colloidal NP solution on a copper TEM grid.

Note that the presence of surfactant prevents the NP aggrega-

tion. The absorption spectra of gold NP solutions were

recorded in the 300–800 nm spectral range by using a Horiba

Jobin-Yvon spectrophotometer equipped with a quartz cuv-

ette of 1 mm light path. The beam diameter is 5 mm.

In the following, we consider a mixture of randomly ori-

ented oblate and prolate NPs distributed in aspect ratio and

embedded in a dielectric matrix. This nanocomposite
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material is described by an effective dielectric function eeff.

By considering the mean field approximation, the averages

of the displacement hDi and electric field hEi can be decom-

posed into three contributions

hDi ¼ ð1� f ÞemhEmi þ foenphEnpoi þ fpenphEnppi; (1)

hEi ¼ ð1� f ÞhEmi þ fohEnpoi þ fphEnppi; (2)

where f ¼ fo þ fp the volume fraction occupied by NPs. fo

and fp are the volume fractions of oblate and prolate NPs,

respectively. enp is the dielectric function of NPs while em is

the dielectric function of the surrounding medium. For gold

NP diameter larger than 10 nm,18 the intrinsic confinement

can be neglected, and enp can be approximated by the bulk

dielectric function.23 hEmi, hEnpoi, and hEnppi are the spatial

average electric fields inside the matrix, oblate, and prolate

NPs, respectively. In the quasistatic limit, i.e., for NP size

smaller than the wavelength, the electric field inside NPs is

defined by19,24

hEnpii ¼ emAihEmi; (3)

where i¼ o, p. Ai is ratio between the displacement field in

the matrix and the electric field inside NPs.19 Equation (3)

assumes a homogeneous electric field inside the matrix. This

approximation is still valid for a NP volume fraction smaller

than 30%.3 Indeed, for high volume fraction of NPs, the field

inside the matrix becomes more and more complex and

some hot spots induced by the interaction between NPs can

be observed.25,26 The effective dielectric function eef f ,

defined by the ratio between the spatial averages of the dis-

placement and electric field, is calculated by combining

Equations (1)–(3)

eef f ¼ em
1� fð Þ þ enp foAo þ fpApð Þ
1� fð Þ þ em foAo þ fpApð Þ

: (4)

The Ai coefficients are defined by19,21

Ai ¼
1

3

ð1

0

Pi rið Þ
X3

k¼1

1

em þ Lik rið Þ enp � emð Þ
dri; (5)

where PoðroÞ and PpðrpÞ are the distribution of the aspect

ratio ro and rp of oblate and prolate NPs, respectively. Li,k

is the depolarization parameter along each NP axis.19 This

parameter only depends on the nanoparticle shape.

According to several authors,27,28 we assume that the as-

pect ratio distribution can be described by a Gaussian

distribution

Pi rið Þ ¼
e
� ri�rið Þ2

2r2
i

Ð1
0

e
� ri�rið Þ2

2r2
i dri

; i ¼ o; p; (6)

with ri and ri are the mean value and the standard deviation

of the ri distribution. The depolarization parameters of pro-

late Lp1ðrpÞ and oblate Lo1ðroÞ NPs along their major axis

only depend on the NP aspect ratio19
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r2

p
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p
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2
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q ln
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Lo1 roð Þ ¼
ro

2 1� r2
o

� �3
2

p
2
� tan�1 roffiffiffiffiffiffiffiffiffiffiffiffiffi

1� r2
o

p� �� �
� r2

o

2 1� r2
o

� � :
(8)

The depolarization parameters (Li2, Li3) along the other axes

of NPs are deduced from the following sum rule:19

Li1 þ Li2 þ Li3 ¼ 1; (9)

where Li1 � Li2 � Li3. Note that for monodispersed spherical

NPs, Li1 ¼ Li2 ¼ Li3 ¼ 1=3 and Equation (4) leads to the

well-known Maxwell Garnett equation.3

In quasistatic approximation, the SPR wavelength (kri)

of metallic monodispersed NPs is given by the Fr€ohlich con-

dition,3 which occurs near the virtual pole of Equations (5)

0 ¼ Lið1� f ÞenpðkriÞ þ ð1� Lið1� f ÞÞemðkriÞ: (10)

The evolution of the SPR wavelength as a function of aspect

ratio of oblate and prolate gold NPs in water is illustrated in

Figure 1. Due to their symmetry, prolate and oblate NPs ex-

hibit two plasmon resonances: the transversal and the longi-

tudinal SPR modes. For spherical NPs (r¼ 1), both plasmon

modes collapse into a degenerated state. The longitudinal

plasmon mode is redshifted while the transversal one is blue-

shifted when the aspect ratio decreases. These variations are

more pronounced for prolate NPs. For wavelengths smaller

than 495 nm, the optical properties of gold NPs are related to

their interband transitions. Indeed, these latters damp the

oscillations of conduction electrons. In other words, the SPR

transversal modes of oblate and prolate NPs, which have an

aspect ratio smaller than 0.67 and 0.34, respectively, are

quenched (Fig. 1).

Figure 2 illustrates typical TEM images of Au NPs. It is

observed that S1 NPs have a nearly spherical shape with

8.4 6 2.4 nm mean diameter while S2 and S3 are composed

of a mixture of nanorods and spherical NPs. Their diameter

is two to three times larger than the S1 NPs diameter. The

FIG. 1. Variation of the simulated SPR wavelength with the aspect ratio of pro-

late and oblate gold NPs dispersed in water. The NP volume fraction is 1%.
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mean values of the major axis of S2 and S3 nanorods are

31 6 6 nm and 49 6 8 nm, respectively, while those of their

minor axes are estimated to be 11 6 3.5 nm and 26 6 4 nm,

respectively. By comparing our model with simulation based

on boundary element methods (not shown), we can conclude

that the quasistatic approximation can be used for nanorods

length smaller than 80 nm. Indeed, the error on the aspect ra-

tio estimation induced by retardation effect or higher order is

less than 5% for NPs size smaller than 80 nm. Thus, the

dimensions of the nanorods are smaller than the wavelength

which permits the use of the quasistatic approximation for

the interpretation of their optical properties.3 In opposition to

S3, S2 contains a larger amount of nearly spherical NPs than

nanorods (Fig. 2).

The nanorods’ aspect ratio distribution deduced from a

TEM image analysis is reported in Fig. 3. In first approxima-

tion, and in accordance with several authors,27,28 the former

can be described by a Gaussian distribution with 0.36 6 0.05

and 0.47 6 0.07 mean values for S2 and S3, respectively.

The comparison between experimental and calculated

optical absorption spectra of S1, S2, and S3 NPs are shown

in Figure 4. The interband transition threshold of gold NPs is

observed at 495 nm. Indeed, a continuous absorption corre-

sponding to interband transitions is observed below 495 nm.

The S1 absorption spectrum is characterized by a narrow

band centred at 525 nm assigned to the SPR band of spheri-

cal gold NPs (Fig. 1). S2 and S3 spectra are dominated by

two overlapped broad SPR bands located in the 540–560 nm

and 600–670 nm spectral ranges. In opposition to S1, these

bands reveal the presence of nonspherical NPs (Fig. 1). The

S2 SPR band at lower energy, located at 670 nm, is red-

shifted by 50 nm with respect to that of S3. Contrary to S3,

the S2 SPR band at lower energy has smaller amplitude than

the S2 band at higher energy. The amplitude ratios between

both SPR bands of S2 and S3 are close to 1.8 and 0.8,

respectively.

In order to improve the NP shape analysis, the measured

absorption data were adjusted using the MEMT (4). The

Levenberg-Marquardt algorithm was used to solve the

inverse problem. Six independent parameters were consid-

ered: the volume fraction of oblate and prolate NPs, the

mean aspect ratio values (�ro, �rp) and the standard deviations

(ro, rp) of the distribution of the aspect ratio of oblate and

prolate NPs. These parameters are fitting simultaneously. In

other words, the fit of absorption spectra is used to extract

the aspect ratio distribution of NPs. In first approximation,

nanorods were assimilated to prolate NPs. The average cen-

tral processing unit time needed to fit the data is estimated at

40 s. As shown in Fig. 4, a very good agreement is found

between the measured and the calculated absorption spectra.

The root mean square error is less than 0.1 for all samples.

Contrary to S2 and S3, the fit of the S1 absorption spectra

slightly deviates from the measurements. S1 mainly contains

spherical NPs with a 8.4 nm mean diameter for which the

intrinsic confinement can occur.18 However, the model does

not take into account this effect. The correlation matrix (not

shown here) suggests that all the parameters are independent.

We also check that initial input values have a negligible

effect on the final solution.

The two dimensional distribution of the depolarization

parameters (Li1, Li2) determined from the analysis of absorp-

tion spectra is reported in Fig. 5. To make easier the interpre-

tation, the locus of prolate (L1p ¼ 1� 2L2p) and oblate

(L1o ¼ L2o) NPs are shown as a red and blue dashed lines,

respectively. In accordance with TEM measurements (Fig. 5),

S1 has a narrow (L1, L2) distribution centered at (1/3, 1/3),

confirming that S1 is mainly composed of spherical NPs. On

the contrary, (L1, L2) distributions of S2 and S3 reveal the

presence of oblate and prolate NPs distributed in aspect ratio.

The L1 mean value of S2 and S3 oblate NPs is estimated at

0.27. This value corresponds to a 0.65 average aspect ratio of

oblate NPs. However, no oblate NPs can be observed on the

TEM images because these latters only provides a two dimen-

sional projection of NPs. This can be explained by the fact

that the minor axis of oblate NPs are oriented along the nor-

mal of the TEM grid in order to maximize their contact with

FIG. 2. TEM images of (a) S1, (b) S2 and (c) S3.

FIG. 3. Aspect ratio distribution of (a) S2 and (b) S3 nanorods estimated

from TEM and optical absorption spectroscopy.
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the grid surface.29 This suggests that the NPs in S2 and S3,

which seems to have a spherical shape in TEM images, are

probably slightly flattened along the normal of the TEM

grid.29 According to the Fr€ohlich condition3 (10) (Fig. 1) and

the (L1, L2) distribution (Fig. 5), the band located in the

545–560 nm and 610–665 nm regions can be assigned to the

longitudinal plasmon mode of oblate and prolate NPs, respec-

tively (Fig. 1). The energies of the transversal SPR mode of

S2 and S3 NPs, calculated from the Fr€ohlich condition (10),

are larger or in the same order of magnitude than the interband

transition threshold. In other words, the transversal plasmon

mode of S2 and S3 NPs is damped by the interband transi-

tions. In accordance with the amplitude of SPR bands, the vol-

ume fraction of S2 oblate NPs (fo¼ 3.4�10�4 6 1�10�5%)

is 5 times larger than that of the prolate (fp¼ 6.2�10�56 1

�10�5%). On the other hand, S3 contains a slightly smaller

amount of oblate NPs than prolate NPs (fo¼ 2.7�10�5 6 1

�10�6%, fp¼ 2.0�10�5 6 1�10�6%). TEM measurements

enables the determination of the ratio between the volumes

occupied by oblate and prolate NPs. Note that the aspect ratio

of prolate nanoparticles deduced from the fit of optical mea-

surement is taken into account to calculate the volume of

oblate nanoparticles. These ratios, measured over more than

200 NPs, were found to be 4.3 and 0.8 for S2 and S3, respec-

tively. These values are close to those obtained from the opti-

cal data analysis. The deviations can be attributed to the low

number of NPs probed in TEM. Moreover, the accuracy the

NP radius measured by TEM is highly dependant to the TEM

calibration, the charging effect which can degrade the image

quality, the presence of NP aggregates, and the failure of

TEM to resolve NPs smaller than few nanometres.

To validate the proposed method, the aspect ratio distri-

butions of S2 and S3 prolate NPs deduced from absorption

spectroscopy were compared to those measured from TEM

(Fig. 3). Both techniques give similar distributions confirm-

ing the correctness of our procedure. The deviation between

the mean value of aspect ratio obtained by TEM and absorp-

tion spectroscopy is smaller than 7%. Unlike TEM measure-

ments, our procedure enables the extraction of the prolate

and oblate volume fraction. The volume of the solution

probed by the light beam is 20mm3. By considering the NP

volume fraction and the mean volume of NPs extracted from

absorption and TEM measurements, we can conclude that

the distribution of aspect ratio is recorded over 1010–1011

NPs. Moreover, optical absorption spectroscopy is non-local,

non-destructive, and is compatible with in situ and real time

FIG. 4. Measured (black dot) and calculated (red solid line) absorption spectra of (a) S1, (b) S2, and (c) S3.

FIG. 5. (L1, L2) volume fraction distri-

bution of (a) S1, (b) S2, and (c) S3.

The prolate axis (red dashed line) and

oblate axis (blue dashed line) are also

reported.
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measurements. In other words, the analysis of the optical

properties through MEMT offers an attractive alternative to

TEM measurements for the determination of the aspect ratio

distribution of a colloid.

In summary, we have introduced an effective medium

theory, which takes into account the aspect ratio distribution

of oblate and prolate NPs. This theory has been used to quan-

titatively analyze the absorption spectra of gold NPs. This

approach can also be used for other NPs such as silver, cop-

per, or metallic alloy NPs, which present shape sensitive plas-

mon resonances. As we have previously reported,24 the

distribution of depolarization parameters of complex NP

shape can also be estimated from absorption spectra. To avoid

inaccurate characterization and to respect the limitations set

by the model, the NP size must be higher than 10 nm but

smaller than 80 nm and their concentration must be smaller

than 30%. We demonstrated that optical absorption spectros-

copy provides a robust and straightforward tool for measuring

the shape and concentration of metallic NPs. This can be use-

ful for a quick determination of the aspect ratio distribution of

prolate and oblate NPs. Furthermore, the number of probed

NPs using optical absorption spectroscopy is much larger than

that using TEM which is still a local measurement technique

and which results are highly influenced by the sample

preparation.
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