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We study the effect of an external electric field on an exciton bound to an ionized donor (Dþ, X)

confined in a spherical quantum dot using a perturbative-variational method where the wave func-

tion and energy are developed in series of powers of the electric field strength. After testing this

new approach in the determination of the band gap for some semiconductor materials, we general-

ize it to the case of (Dþ, X) in the presence of the electric field and for several materials ZnO, PbSe,

and InAs, with significant values of the mass ratio. Three interesting results can be deduced: First,

we show that the present method allows to determine the ground state energy in the presence of a

weak electric field in a simple way (E¼E0� af2) using the energy without electric field E0 and the

polarizability a. The second point is that our theoretical predictions show that the polarizability of

(Dþ, X) varies proportionally to R3.5 and follows an ordering aD0 < aX < aðDþ;XÞ. The last point to

highlight is that the Haynes rule remains valid even in the presence of a weak electric field. VC 2015
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4907760]

I. INTRODUCTION

The great advance in semiconductor growth techniques

has permitted to fabricate quantum structures with various

shapes, where the electrons (e), holes (h), and excitons (X)

are confined in 2D, 1D, or completely in 0D. The confine-

ment effect leads to the quantization of electronic states, an

enhancement of electron-hole orbitals overlap, and a

strengthening of the exciton binding energy. During the

growth process, it is possible intentionally or unintentionally

to add impurities into the nano dots. This inclusion causes an

additional change in the optical properties of quantum struc-

tures because excitons can easily be bounded to the donor

(D0, X) (acceptor (A0, X)) or to an ionized donor (Dþ, X)

(acceptor (A�, X)). The binding energies of all of these com-

plexes are enhanced in confined systems that are much more

stable than in the bulk semiconductor materials which facili-

tate their experimental observations.

Since its prediction in 3D semiconductors,1 it is well

known that the exciton bound to an ionized donor (Dþ, X) is

stable only for materials having an electron-to-hole effective

mass ratio r ¼ m�e=m�h less than a critical value rc¼ 0.426.2

In two-dimensional semiconductors, this complex remains

stable for r� rc¼ 0.88, which is a value about two times

larger than that obtained in 3D case due to the confinement

effect.3,4 In low dimensional semiconductors, the (Dþ, X)

complex has been the subject to considerable investigations:

in a spherical quantum dot (SQD), St�eb�e et al.5 have

theoretically studied the electronic and optical properties of

(Dþ, X) as a function of the sphere radius. They have shown

that the quantum confinement gives rise to “giant” oscillator

strength compared with the bulk semiconductor case so that

the optical transitions involving excitons bound to impurities

can be observed more easily in confined systems. Fonoberov

and Balandin6–8 have investigated the origin of ultraviolet

photo-luminescence (UV-PL) in ZnO quantum dots by using

a multi-band effective-mass method and by taking into

account the electron and hole self-energies. Their results

show that the major source of UV-PL is either recombination

of confined excitons or surface-bound ionized acceptor exci-

ton complexes. Baskoutas et al.9 have calculated the binding

energy and recombination rate for (Dþ, X) in a two dimen-

sional parabolic quantum dot by using the Hartree formalism

with Potential Morphing Method (PMM). Their results show

that (Dþ, X) becomes unstable for R lower than a critical

radius Rc, which depends on the impurity position. Xie and

Gu10 had demonstrated that the stability is obtained for all

values of electron to hole mass ratio. Avetisyan et al.11 have

treated this problem for the parabolic confinement. Recently,

the experimental studies in ZnO12 have allowed to obtain the

Haynes rule where the linear dependences on the donor bind-

ing energy ED for both neutral (D0, X) and ionized donor

bound exciton (Dþ, X) are given by EðD0;XÞ ¼ 0:37ED

�4:2 ðmeVÞ and EðDþ;XÞ ¼ 0:5ED � 23 ðmeVÞ.
The electric field effect on the low dimension semicon-

ductors continues to attract much interest.13–21 It leads to the

quantum confined Stark effect characterized by a red-shift,

many times greater than the electron-hole binding energy.
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However, very few studies were devoted to the influence of

electric field on the (Dþ, X) complex. We cite three interest-

ing theoretical reports concerned with the study of the effect

of an applied electric field on (Dþ, X) in low dimension

semiconductors. Niculescu et al.22 have used a simple model

based on the variational-perturbation procedure in order to

investigate the ground state of (Dþ, X) in a parabolic quan-

tum well using a screened potential for the hole-ionized

donor interaction. They have found that the electric field

breaks down the degeneracy of states for the impurities sym-

metrically positioned in the well, and they have shown that

the existence of bound states depends on screened potential

and electric field strength. In one of our papers,23 we have

studied the competition between the confinement effect and

the Stark effect as function of the spherical dot size and the

applied electric field strength. We have shown that for inter-

mediate and low confinement, the exciton is less sensitive to

the effect of the applied electric field than the (Dþ, X) com-

plex. Indeed, the presence of the ionized donor leads to an

easier spatial separation of electron and hole orbitals, which

reduces the overlap of the electron and hole wave functions

due to the ionized donor Dþ and accelerates the dissociation

process of exciton for low quantum confinement regime,

when the SQDs are submitted to an electric field. More

recently, Shi and Yan24 have shown that within the electric

field, the energy of (Dþ, X) depends on the electric field and

the shape of the ellipsoidal quantum dots. Their results show

that the influence of the dot shape is more important in the

case of the light hole. On the other hand, the effect the elec-

tric field becomes more pronounced for the heavy hole.

The purpose of this paper is to determine the ground

state energy of an exciton bound to an ionized donor in an

isotropic SQD submitted to an electric field. Calculations

will be performed in the framework of effective mass

approximation using a variational-perturbative method and

by choosing an appropriate wave function taking into

account different inter-particle correlations and developed in

a series of electric field powers. This approach was success-

fully used in the past by Atanasoff in order to determine the

dielectric constant of Helium25 and by Feddi et al. to study

the Stark shift of negatively charged exciton26 and donor im-

purity.17 In Sec. II, we present the development of our theo-

retical formalism. The Hamiltonian of the system is

developed in Hylleras coordinates and the Schr€odinger equa-

tion is then solved numerically. In Sec. III, we apply our

model to the exciton case and we compare the results

obtained with some theoretical and experimental data. Then

we generalize our model to the (Dþ, X) complex and we

suggest some predictions of the behavior of the confined

Stark shift and the polarizability.

II. THEORETICAL BACKGROUND

Let us consider an exciton X¼ (e, h) bound to an ionized

donor Dþ placed at the center of an isotropic SQD. The sys-

tem is submitted to a uniform electric field ~F directed along

the z-axis. In the envelope wave function approximation, the

Hamiltonian reads

H ¼ H0 þW; (1)

where W is the electric energy operator and H0 denotes the

Hamiltonian of the unperturbed system given by

H0 ¼ Te þ Th þ Vc þ Vw (2)

¼ � 1

2
De �

r
2

Dh þ
1

rh
� 1

re
� 1

reh

� �
þ Vw: (3)

Te and Th are, respectively, the electron and hole kinetic

energies, Vc ¼ 1
rh
� 1

re
� 1

reh
is the Coulomb potential, and Vw

the confinement potential. r ¼ m�e=m�h is the electron-to-hole

effective masses ratio, re and rh are the electron and hole

coordinates, and reh the electron-hole distance. We have

used effective atomic units with a length equal to the 3D do-

nor effective Bohr radius a� ¼ e�h2=ðe2m�eÞ and an energy

equal to the Hartree energy R� ¼ �h2=ðm�ea�2Þ.
Because the axial symmetry around the z-axis, we intro-

duce the Hylleraas coordinates (re, rh, reh, ze, zh).27 Thus, the

electron kinetic energy operator can be written as

Te ¼ �
1

2

@2

@r2
e

� 1

2

@2

@r2
eh

� 1

2

r2
e � r2

h þ r2
eh

rereh

� �
@2

@re@reh
� 1

re

@

@re

� 1

reh

@

@reh
� ze

re

@2

@ze@re
� ze � zh

reh

� �
@2

@ze@reh
� 1

2

@2

@z2
e

:

(4)

The hole kinetic energy operator Th is obtained by inter-

changing the index e and h.

The quantum well potential is defined by

Vw ¼ Ve
w þ Vh

w; (5)

where Ve
w and Vh

w are the electron and hole confinement

potentials. For a SQD embedded in a glass matrix, the

hypothesis of infinitely deep electron and hole potentials is

perfectly valid, so we can write

Vi
w ¼

0; if ri � R

þ1; if ri > R
i ¼ ðe; hÞ:

(
(6)

We can remark that in the case of a SQD surrounded

by another semiconductor the validity of this approxima-

tion depends on the conduction and valence band off-

sets as well as on the radius R. We note that many

studies have demonstrated that for the intermediate to

low quantum confinement (R� 1 a*), the total energy

of the complex is not very sensitive to the potential

model.11

The electric energy operator is given by

W ¼ f ðze � zhÞ; (7)

where ze and zh are z-coordinates of the electron and hole.

We have introduced the dimensionless parameter f ¼ F
Fi

where Fi ¼ R�

ea�. Fi is twice the donor ionization field defined

by Blossey.28

The energy EðDþ;XÞ and the corresponding envelope

wave function are solutions of the Schr€odinger equation
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HWðre; rh; reh; ze; zhÞ ¼ EðDþ;XÞWðre; rh; reh; ze; zhÞ: (8)

This equation cannot be solved analytically, so the ground

state solution is determined using a variational method. The

ground state energy of the system is obtained by minimizing

the expectation value of H

E Dþ;Xð Þ ¼
hWjHjWi
hWjWi : (9)

Our method is based on the development of the wave func-

tion and energy in series of powers of the electric field

strength f. If we restrict our calculations to the second order

of the development, the trial wave function is written as

follows:

jWi ¼ jW0i þ f jW1i þ f 2jW2i þ � � � : (10)

The ground state wave function of the (Dþ, X) complex at

zero field (f¼ 0) is taken as

jW0i ¼
X
mnp

Cmnpj0

pre

R

� �
j0

prh

R

� �
rm

e rn
hrp

eh

� exp �greð Þexp �brehð Þ: (11)

In order to account for the electrical distortion of symmetry,

we complete jW0i by

jW1i ¼ aðze � zhÞjW0i; (12)

jW2i ¼ bðze � zhÞ2jW0i; (13)

where a and b are variational parameters. j0ðqriÞ ¼ sinðqriÞ=
qri (q ¼ p

R and i¼ e, h), is the zero-order spherical Bessel

function.29 The product rm
e rn

hrp
eh takes into account the spatial

correlations between the different particles; the integers m,

n, and p are positive or equal to zero. The first exponential

factor e�gre describes the Coulomb spatial correlation

between the electron and the ionized donor while the second

exponential e�breh describes the Coulomb spatial correlation

between the electron and the hole. In our previous works,23

we have shown that this kind of correlated trial wave func-

tion including the two non-linear coefficients g and b and

developed on a large number of terms allowed to obtain

satisfactory results in the determination of fundamental

energy of excitonic complexes like charged exciton or

ionized donor bound exciton. With the same manner in

expression (10), the expansion of the energy in powers of

electric field strength can be written as

E ¼ E0 þ E1f þ E2f 2: (14)

This expression has the form E¼E0�lf� af2, where l and

a are, respectively, the component of the permanent dipole

moment and the polarizability in the field direction, thus we

have E1¼�l and E2¼�a. We draw attention to the fact

that in the general case the polarizability is a tensor and is

reduced to a scalar in the case of an isotropic system.

Taking into account the previous hypothesis the expres-

sion of hWjWi takes the form

hWjWi ¼ N00 þ fN11 þ f 2N22 (15)

with

N00 ¼ hW0jW0i; (16)

N11 ¼ 2hW0jW1i; (17)

N22 ¼ hW1jW1i þ 2hW2jW0i; (18)

while the expression of hWjHjWi becomes

hWjHjWi ¼ H00 þ fH11 þ f 2H22; (19)

such as

H00 ¼ hW0jH0jW0i; (20)

H11¼hW1jH0jW0iþhW0jH0jW1iþhW0jðze� zhÞjW0i; (21)

H22 ¼ hW0jH0jW2i þ hW1jH0jW1i þ hW2jH0jW0i
þ hW0jðze � zhÞjW1i þ hW1jðze � zhÞjW0i: (22)

For a weak electric field, the Taylor expansion of expression

(7) leads to

E Dþ;Xð Þ ¼
H00 þ H11f þ f 2H22

N00 þ N11f þ f 2N22

(23)

¼ H00

N00

þ H11

N00

�H00

N2
00

N11

� �
f

�

�f 2 H00

N00

1

N00

N22 �
1

N2
00

N2
11

� �
�H22

N00

þH11

N2
00

N11

� ��
:

(24)

In order to calculate the different integrals, we use the ele-

mentary volume in Hylleraas coordinates

dv ¼ 8prerhrehdredrhdrehdzedzh

Q
; (25)

where the denominator Q is given by

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 ðr2

e � z2
eÞðr2

h � z2
hÞ � ðr2

e þ r2
h � r2

eh � 2zezhÞ2
q

: (26)

The integrations over ze and zh were performed by gen-

eralization of Atanasoff integrals25 and done in domains

�re� ze� re and Z1� zh�Z2, where Z1 and Z2 are the

roots of Q. In these conditions and because of the par-

ity of the wave function on ze and zh, we can easily

verify that the integrals hW0jW1i; hW1jW0i, N11, and H11

vanish, which leads to a zero coefficient of polarization

(l¼ 0). Thus, the expression of the total energy reduces

to

E ¼ H00 þ f 2H22

N00 þ f 2N22

: (27)

For a weak electric field, the Taylor expansion of expression

(27) leads to

E¼E0þ f 2E2¼E0�af 2¼H00

N00

þ f 2 H22

N00

�H00

N2
00

N22

� �
: (28)
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We recall that the conditions @E
@Cmnp

¼ 0 for all possible values

of m, n, p, and the minimization with respect to g, b, a, and b
lead to determine the energy without electric field E0 and the

polarizability a deduced from relation (28)

E0 ¼
H00

N00

and a ¼ �E2 ¼ �
H22

N00

� H00

N2
00

N22

� �
: (29)

In order to test our approach, we apply the same formalism

to determine the exciton energy without electric field. In this

case, the Coulomb potential is reduced to Vc¼�1/reh and

we choose an excitonic wave function for the unperturbed

case

jWXi ¼
X
mnp

Cmnp j0

pre

R

� �
j0

prh

R

� �
rm

e rn
hrp

eh exp �brehð Þ: (30)

III. RESULTS AND DISCUSSIONS

In order to validate our calculations, we apply this

approach to the case of single exciton (without ionized do-

nor) and compare our results at F¼ 0 with some existing

data. We start our analysis with some results for ZnO. In

Fig. 1, the solid line presents the variations of our calculated

band gap energy defined as E�g ¼ Ebulk
g þ EX as a function of

the dot radius, where Ebulk
g is the band gap energy of the bulk

material and EX is the ground energy of the exciton obtained

by minimizing the expression (9), taking into account the

excitonic wave function given by the expression (30). We

note that our theoretical results are obtained for heavy hole

mass m�hh ¼ 0:79 m0, electron mass m�e ¼ 0:24 m0, and

dielectric constant e¼ 6.4. This choice of physical

parameters is used here in order to respect the well known

bulk ZnO binding energy (�60 meV).30 Our theoretical pre-

dictions of the band gap are in good agreement with existing

experimental data (stars and squares) given in referen-

ces.31,32 The dependence of the optical gap for this set of

radii can be fitted by E�g ¼ 3:44þ 1:3R�2:5. The dashed lines

refer to Fonoberov and Balandin6 calculations based on the

kp method using an heavy hole m�hh ¼ 2:31 m0. A simple

reading of all of these results shows that the calculated

photo-luminescence transition depends strongly on the

choice of the value of the heavy hole mass in ZnO and the

dielectric constant. Unfortunately, the ZnO heavy hole mass

value is actually subject to some controversies due to the dif-

ferent measurement techniques employed. This value ranges

between 0.59 m0 and 2.31 m0. For more details, see Refs. 12,

23, and 33. However, we point out that the dependence of

the dielectric constant on the dot size considerably affects

the photo-luminescence transition. More recently, the experi-

mental study initiated by Yang et al.34 shows that in ZnO,

the dielectric constant ranges from 2.7 to 6.4 and varies

according to a law defining its behavior as function of the

dots sizes. A very interesting result to mention is that

announced by S. Baskoutas and G. Bester:35 within atomistic

empirical pseudopotential, they calculated the electronic and

the optical properties of Wurtzite ZnO QDs larger than

2.6 nm with several thousand atoms and including all rele-

vant effects such as multi-band coupling and spin orbit

interactions. They showed that the dependence of the optical

gap can be fitted by E�g ¼ 3:44þ 1:3D�1:17 for diameter

values between 1.6 nm and 3.6 nm. In the same context, we

report in Fig. 2, our calculation of the band gap transition of

exciton in a PbSe SQD. In the same figure, we remind some

FIG. 1. Variation of band gap energy E�g ¼ Ebulk
g þ EX as function of the dot

radius, for ZnO. The solid line indicates the results of the present model with

mhh¼ 0.79 m0; the dashed line represents the results obtained from kp-

method;6 the stars and squares are the experimental results.31,32

FIG. 2. Comparison of the variations of band gap energy E�g ¼ Ebulk
g þ EX ver-

sus the dot radius, for PbSe obtained by different method: PMM (dashed

line),36 first order perturbation (doted line),37 kp-method (stars),38 experimental

data (circles).39 The solid line indicates the results of the present formalism.

064309-4 Feddi et al. J. Appl. Phys. 117, 064309 (2015)



interesting theoretical results: Potential Morphing Method

(dashed line),36 first order perturbation (doted line),37 kp
method (stars)38 and experimental data (circles) obtained by

Lipovskii et al.39 We remark that the results of the present

study are close to the kp method and approximately fit the

experimental data mainly for R> 2 nm. According to the pre-

vious comparisons deduced from Figures 1 and 2, we can

assert that our variational-perturbative method using a corre-

lated wave function containing the non linear coefficients is

more appropriate for quantitative description of the funda-

mental state of the excitons and constitute a good mean for

the determination of the (Dþ, X) energy.

In what follows, we generalize our method for the

(Dþ, X) complex by analyzing the effect of the localized ion-

ized donor on the confined Stark shift of excitons for three

semiconductors materials with three significant masses

ratios: InAs (r¼ 0.04), ZnO (r¼ 0.30), and PbSe (r¼ 1.27).

The full used physical parameters data of these materials are

listed in Table I.

In Fig. 3, we plot the ground state energy at zero electric

field for SQDs of InAs, ZnO, and PbSe. As we can remark,

we retrieve the well known behavior of (Dþ, X).5,23 The

energy decreases as the radius increases and reaches the limit

0.5R* for large dot sizes. For a given radius, the energy

increases with increasing effective mass ratio. In Fig. 4, we

plot the polarizability of (Dþ, X) given by the relation (22)

versus the dot radius. The Stark shift is related to the polariz-

ability by the relation DE¼E(0)�E(F)¼ af2. We remark

that the polarizability is more pronounced for the materials

with low mass ratio and increases with increasing size dots.

The monotonic and positive curvature behavior of the polar-

izability has allowed us to establish a law of variation of this

behavior as function of the dots sizes. We have fitted our

results using the relationship gRc, and we determined the val-

ues of the coefficients g and c for the three considered mate-

rials. Our calculations reveal an important conclusion: the

polarizability a scales proportionally to R3.5 (a�R3.5). A

similar behaviour was observed by Wang et al.42 in measure-

ments of the exciton polarizability in CdSe nanocrystals. The

full results of the fit for the three materials are regrouped in

Table II.

Thus, the Stark shift can be estimated by the product of

R3.5 and f2 with a factor k which depends on the materials na-

ture (DE¼ af2¼ kR3.5f2). We note that this method remains

valid only in the weak electric fields cases (f 	 1). We

underline here that our simple approach allows to calculate

TABLE I. Electron mass, hole mass, r ¼ m�e=m�h, dielectric constant, aD and R*¼ 2RD, and field ionization for three materials: InAs, ZnO, and PbSe.

m�e=m0 m�h=m0 r e1 Eg (eV) aD (nm) R* (meV) Fi ðkV � cm�1Þ

InAs40 0.023 0.57 0.04 1.85 0.36 28.46 4.02 1.51

ZnO30 0.24 0.79 0.30 6.4 3.44 1.41 159.44 1129.88

PbSe41 0.24 0.14 1.85 23 0.28 4.68 13.37 28.57

FIG. 3. Variation of the ground state energy of exciton bound to an ionized

donor (Dþ, X) versus the SQD radius at zero electric field for InAs
(r¼ 0.04), ZnO (r¼ 0.30), and PbSe (r¼ 1.27).

FIG. 4. Variation of the polarizability a (a¼�E2) of an exciton bound to an

ionized donor (Dþ, X) versus the SQD radius for InAs (r¼ 0.04), ZnO
(r¼ 0.30), and PbSe (r¼ 1.27).
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easily the energy of (Dþ, X) submitted to an electric field.

Indeed, from Fig. 3 and for a given radius, we can extract the

energy at zero electric field, and from Fig. 4, we extract the

polarizability for the same radius and we use the relation

(21) to determine the energy—whatever the electric field

strength. In the aim to facilitate the comprehension of optical

response in electroluminescence experiences of (Dþ, X), we

complete our discussion by comparing the polarizabilities of

neutral donor (D0), exciton (X), and exciton bound to an ion-

ized donor (Dþ, X). Theoretical predictions of polarizabil-

ities for the three semiconductors material InAs, ZnO, and

PbSe are given in Table III for the three regimes of confine-

ment. As we can see, for all types of confinement, the polar-

izability of exciton is situated between that of the impurity

and that of the ðDþ;XÞ; aD0 < aX < aðDþ;XÞ. All these results

clearly show that the donor center affects the binding energy

of exciton and facilitates the dissociation process in electric

field.

Let us turn to another interesting point which is the rela-

tion between the energy of (Dþ, X) and D0. Indeed, in a great

variety of semiconductors, the binding energy of excitons

bound to ionized donor shows a linear dependence on neutral

impurities. This variation is described in the form of a gener-

alized Haynes’ rule EðDþ;XÞ ¼ AED0 þ BðmeVÞ; the constants

A and B are to be determined by fitting the curve EðDþ;XÞ as

function as ED0 for different radii. Our theoretical results

show that in the limit of weak electric field, the energy of the

(Dþ, X) fits linearly as function of the donor energy accord-

ingly the Haynes’ rule. Table IV gives the Haynes coeffi-

cients A and B for different electric strength.

IV. CONCLUSION

We have studied the effect of an external electric field

on an exciton bound to an ionized donor confined in a spheri-

cal quantum dot embedded in a glass matrix and described

by an hard well. By using a variational-perturbative method

and developments of the wave function and the energy in se-

ries of powers of electric field, we have first applied this

approach to an exciton in order to retrieve and compare with

some existing results and we have calculated the energy of

(Dþ, X) in the presence of the electric field for several mate-

rials ZnO, PbSe, and InAs, which possess different electron

to hole masses ratios. The simplicity of the present approach

allows the calculation of energy in the presence of an electric

field by extracting the two quantities: the energy without

electric field E0 and the second term of the development E2.

Our theoretical prediction shows that the polarizability of

(Dþ, X) varies proportionally to R3.5 and follows an ordering

aD0 < aX < aðDþ;XÞ. The last point to highlight is that the

Haynes rule remains valid even in the presence of a weak

electric field. We hope that the simplicity of this contribution

opens the way to investigate these excitonic complexes

because the great role of these systems in the photonic emis-

sions intervening in quantum bit devices.
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