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A simpliﬁed model for bi-component droplet heating and evaporation is developed and applied for the
analysis of the observed average droplet temperatures in a monodisperse spray. The model takes into
account all key processes, which take place during this heating and evaporation, including the distribution of temperature and diffusion of liquid species inside the droplet and the effects of the non-unity
activity coefﬁcient (ideal and non-ideal models). The effects of recirculation in the moving droplets on
heat and mass diffusion within them are taken into account using the effective thermal conductivity
and the effective diffusivity models. The previously obtained analytical solution of the transient heat conduction equation inside droplets is incorporated in the numerical code alongside the original analytical
solution of the species diffusion equation inside droplets. The predicted time evolution of the average
temperatures is shown to be reasonably close to the measured one, especially in the case of pure acetone
and acetone-rich mixture droplets. It is shown that the temperatures predicted by the simpliﬁed model
and the earlier reported vortex model are reasonably close. Also, the temperatures predicted by the ideal
and non-ideal models differ by not more than several degrees. This can justify the application of the simpliﬁed model with the activity coefﬁcient equal to 1 for the interpretation of the time evolution of temperatures measured with errors more than several degrees.

1. Introduction
In a number of papers a new model for heating and evaporation
of monocomponent droplets, based on the analytical solution of
the heat conduction equation inside droplets, has been described
[1–3]. The effects described by this model were shown to be particularly important for modelling fuel spray autoignition processes
[4,5]. It was shown to be more CPU efﬁcient compared with the
model based on the numerical solution of the heat conduction
equation inside droplets [6], and was validated against the results
of available experimental measurements of droplet temperatures
[7,8].
The practical application of the above-mentioned model, however, is limited by the fact that most real-life fuels are multi-component. The models of multi-component droplet heating and
evaporation could be subdivided into two main groups: those
based on the analysis of individual components [9–15], applicable
in the case when a small number of components needs to be taken
into account, and those based on the probabilistic analysis of a
large number of components (e.g. continuous thermodynamics ap* Corresponding author. Tel.: +44 (0)1273642677; fax: +44 (0)1273642309.
E-mail address: S.Sazhin@brighton.ac.uk (S.S. Sazhin).

proach [16–18] and the Distillation Curve Model [19]). In the second family of models a number of additional simplifying
assumptions were used, including the assumption that species inside droplets mix inﬁnitely quickly. A model containing features of
both these groups of models has been suggested in [20].
The focus of this paper is on the extension of the model developed in [2,3] for monocomponent droplets to the case of multicomponent droplets. Only the ﬁrst group of multi-component
droplet heating and evaporation models is considered, which allows us to perform the deterministic analysis of individual species.
Moreover, at this stage only the simplest case of bi-component
droplets is considered, as in [12,13,15], which allows us to develop
a better understanding of the underlying physics of the processes
involved. The new model is much simpler than the previously suggested models (e.g. [15]) which makes it potentially attractive for
implementation into computational ﬂuid dynamics (CFD) codes.
The predictions of the model are compared with the measured
time evolution of droplet temperatures in monodisperse bi-component (ethanol/acetone) droplet streams.
The basic equations and approximations of the new model are
described in Section 2. The experimental set-up for measurements
of droplet temperatures in monodisperse bi-component (ethanol/
acetone) droplet streams is brieﬂy described in Section 3. In
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Section 4, some results of the numerical solution of the basic equations for the values of parameters relevant to the experimental setup described in Section 3 are presented. The main results of the paper are summarised in Section 5.
2. Basic equations and approximations
The model developed in the paper is based on the equations
describing, liquid phase heating, species diffusion in the liquid
phase, droplet evaporation, and species mass fractions at the surface of the droplets. These equations and their approximations
and analytical solutions, where appropriate, are presented and discussed below.
2.1. Droplet heating

hðT g  T s Þ ¼ kl


@T 
;
@RR¼Rd 0

ð2Þ

and the initial condition T(t = 0) = Td0(R), where Ts = Ts(t) is the droplet’s surface temperature, Tg = Tg(t) is the ambient gas temperature,
h is the convection heat transfer coefﬁcient, linked with the Nusselt
number Nu via the following equation:

Nu ¼ 2Rd h=kg ;

As in the case of monocomponent droplets [1–3], the process of
heating (or cooling) for stationary spherically-symmetric multicomponent droplets is described by the following transient heat
conduction equation for the temperature T  T(t, R) in the liquid
phase [21,22]:

!
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where j = kl/(clql) is the liquid thermal diffusivity, kl, cl, and ql are
the liquid thermal conductivity, speciﬁc heat capacity, and density,
respectively, R is the distance from the centre of the spherical droplet, t is time.
Eq. (1) inside the droplet is to be solved for t > 0 and 0 6 R < Rd,
where Rd is the droplet radius, with the following boundary
condition:

ð1Þ

where kg is the gas thermal conductivity.
Remembering the physical background to the problem, we are
interested only in a solution which is continuously differentiable
twice in the whole domain. This implies that T should be bounded
for 0 6 R < Rd.
Assuming that h = const., the solution of Eq. (1), subject to the
above boundary and initial conditions, can be presented as [2]:
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tion of Solution (3) to the case of moving droplets by replacing kl
with keff, assuming that h = const.
The value of Nu for an isolated moving droplet is estimated
based on the following equation [23]:
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where
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hT g ðtÞRd
;
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h
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where L is the latent heat of evaporation, the value of R_ d can be taken from the previous time step and estimated based on Eq. (27). Rd
is assumed constant in the analytical solutions, but is updated at the
end of the time step Dt:

where the value of R_ d is controlled by the droplet evaporation model (see Eq. (27) in Section 2.3). Note that updating of liquid density
can lead to Rd(new) > Rd(old) (thermal swelling, see Eq. (27)).
The average surface temperature in a moving droplet can still
be correctly predicted by Eq. (1), with appropriate boundary conditions, and its solution (3) if the liquid thermal conductivity kl is replaced by the so-called effective thermal conductivity keff [23]:

ð6Þ

where the coefﬁcient v varies from 1 (at droplet Peclet number Ped(l) = Red(l)Prl < 10) to 2.72 (at Ped(l) > 500) and can be approximated
as:

v ¼ 1:86 þ 0:86 tanh½2:225log10 PedðlÞ =30 :

FðBT Þ ¼ ð1 þ BT Þ0:7
QL
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ing, cpv is the speciﬁc heat capacity of fuel vapour, i = i(t) are the
P
_ i ¼ i m
_ d ¼ im
_ d ðm
_ i Þ.
evaporation rates of species i; m
This model is equally applicable to one-component and multicomponent droplets. The liquid thermal conductivity of multicomponent droplets is calculated as described in Appendix A.
2.2. Species diffusion in the liquid phase
Assuming that the processes inside droplets are spherically
symmetric (no convection), equations for mass fractions of liquid
species Yli  Yli(t, R) there can be presented in the following form:
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where i = 1, 2, Dl is the liquid mass diffusivity.
Eq. (9) is solved with the following boundary condition [26,5]:

aði  Y lis Þ ¼ Dl


@Y li 
;
@R R¼Rd 0

ð10Þ

and the initial condition Yli(t = 0) = Yli0(R), where Ylis = Ylis(t) are liquid components’ mass fractions at the droplet’s surface,

RdðnewÞ ¼ RdðoldÞ þ R_ d Dt;

keff ¼ vkl ;

cpv ðT g  T s Þ
Leff

is the Spalding heat transfer number,

e 0 ðRÞ ¼ RT d0 ðRÞ. The solution of Eq. (4) gives a set
h0 ¼ ðhRd =kl Þ  1; T
of positive eigenvalues kn numbered in ascending order (n = 1, 2, . . .).
The trivial solution k = 0 is not considered.
Note that the norm kvnk2 differs from the norm chosen in [2] by
the factor Rd (see their Eq. (A4)). This does not affect the ﬁnal
solution.
Solution (3) is valid for h0 > 1, which is satisﬁed, remembering
the physical background of the problem (h > 0). The condition
h = const. is valid for sufﬁciently small time steps.
When deriving Solution (3) it was assume that it is applied to
individual short time steps. In this case we can ignore the time
dl0 ðtÞ
dependence
D
Eof dt during the time steps and assume that
dl0 ðtÞ
dl0 ðtÞ
0

l

0 . Note that l0 depends on time via Tg only.
dt
dt
To take into account the effect of droplet evaporation in analytical solution (3), gas temperature should be replaced by the socalled effective temperature deﬁned as:

ql LR_ d

ð8Þ

ð7Þ

Liquid fuel transport properties were used for calculating Ped(l). The
model based on Eqs. (6) and (7) is known as the effective thermal
conductivity model. This model was developed mainly for the estimation of the average surface temperature of droplets, which controls droplet evaporation (cf. [24,25]). It cannot predict adequately
the details of the distribution of temperature inside droplets, which
include vortex structures for non-zero droplet velocities, but these
are not required in most practical engineering applications. Hence,
the applicability of this model can be justiﬁed. It allows the applica-

a¼

_ dj
jm
4pql R2d

;

ð11Þ

_ d is the droplet evaporation rate, the calculation of which is dism
cussed in the next section (see Eq. (20)).
Assuming that species concentrations in the ambient gas are
equal to zero, the values of i can be found from the following relation [9–11]:

Y

i ¼ P v is

i Y v is

;

ð12Þ

where the subscript v indicates the vapour phase. We assume that i
is constant and is determined by the values of Yvjs (j refers to all species) at the beginning of the time step. The conditions i = const. and
a = const. can always be guaranteed for sufﬁciently small time
steps.
As in the case of Eq. (1), we are interested only in a solution
which is continuously differentiable twice in the whole domain.
This implies that Yli should be bounded for 0 6 R < Rd. Moreover,
the physical meaning of Yli, as the mass fraction, implies that
0 6 Yli 6 1.
Eq. (9) with boundary conditions (10) have essentially the same
structure as Eq. (1) with boundary condition (2). The former equations can be obtained from the latter if we replace T with Yli, j with

Dl, Tg with i, Ts with Ylis and kl/h with Dl/a. However, although Eq.
(9) look rather similar to Eq. (1), the solution of Eq. (1) (see Expression (3)) cannot be used for (9). The reason for this is that solution
(3) is valid only for h0 > 1. At the same time the boundary condition for Eq. (9) at R = Rd (see Eq. (10)) leads to the situation in which
h0 < 1. The solution of Eq. (9) in this case can be presented as

2.3. Droplet evaporation
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where Dv is the binary diffusion coefﬁcient of vapour in air and BM is
the Spalding mass transfer number deﬁned as:

ð13Þ
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Yv is the vapour mass fraction and Shiso is the Sherwood number
approximated for the isolated droplets by the following expression:

where k0 and kn (n P 1) are solutions of equations

tanh k ¼ 

In the case of isolated moving monocomponent droplets, their
evaporation rate is given by the following equation [5]:
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is the Schmidt number,
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ð16Þ

The average mass fraction of species in a moving droplet can
still be correctly predicted by Eq. (9), with appropriate boundary
conditions, if the liquid diffusivity Dl is replaced with the so-called
effective diffusivity Deff [27,26]:

Deff ¼ vY Dl ;



ð17Þ

vY ¼ 1:86 þ 0:86 tanh½2:225log10 ðRel Scl =30Þ;

ð18Þ

Scl is the liquid Schmidt number deﬁned as:

ml

;

ð19Þ

ml is the liquid kinematic viscosity.
Eq. (17) allows the application of Solution (13) to the case of
moving droplets by replacing Dl with Deff, assuming that a = const.
Following [26] this model is called the effective diffusivity model.
As in the case of the effective thermal conductivity model, this
model cannot describe the details of species mass fractions inside
droplets, including vortex structures in the moving droplets, but
this information is not required in most engineering applications.
A more complex approach based on the analysis of Hill vortices
is discussed in a number of publications including [26,15].
The liquid kinematic viscosity and diffusivity in multi-component droplets are calculated as described in Appendix A.

cpv

cp;

air



1
;
Le

ð23Þ

ð24Þ

Le = kg/(cp,airqtotalDv) is the Lewis number.
In the case of multi-component droplets the problem of modelling droplet evaporation is complicated by the fact that different
species diffuse at different rates, and the evaporation rate of one
of the species is affected by the evaporation rate of other species.
In [15] the analysis of evaporation of multi-component droplets
_ d:
led to the following expression for m

_ d ¼ 2pRd Div qtotal BMi ShisoðiÞ ;
m

ð25Þ

where BMi is the species Spalding mass transfer number deﬁned as:

BMi ¼

where the coefﬁcient vY varies from 1 to 2.72 and can be approximated as:

Dl

lnð1 þ BM Þ
:
BM

BT ¼ ð1 þ BM Þu  1;

If Eq. (13) is applied to a short time step it can be simpliﬁed to:

Scl ¼

Dv

BT and BM are linked by the following equation [23]:

n P 0, where

v 0 ðRÞ ¼ sinh

mair

Y iv s  Y iv 1
;
i  Y iv s

ð26Þ

Div is the diffusion coefﬁcient of species i in air, Shiso(i) is deﬁned by
(22) replacing BM by BMi and Dv by Div. Remembering (12) one can
see that BM = BMi. Hence, for stationary droplets this leads to the
_ d is predicted by Eq. (25) for differparadox that the same value of m
ent Div. This paradox is resolved by the fact that although Eq. (25) is
correct, the value of Shiso(i) cannot be approximated by the analogue
of Eq. (22) which is implicitly based on the assumption that the
evaporating species do not affect each other.
_ d is based on Eq. (20), assuming that the mixOur analysis of m
ture of vapour species can be treated as a separate gas, similar to
treating the mixture of nitrogen, oxygen and carbon dioxide as
P
air ðY v s ¼ i Y v is Þ. The value of Dv is estimated as described in
Appendix A.
When calculating the value of R_ d we took into account both
droplet evaporation during the time step, and the change in their
density during this time step (see Eq. (20) in [3]):

2
3
!1=3
R
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0
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 15;
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4pR2d ql
_d
m

ð27Þ

where T 0 and T 1 are average droplet temperatures at the beginning
t = t0 and the end of the time step t = t1, Dt = t1  t0.

The corrections to Nuiso and Shiso due to the ﬁnite distance between droplets are calculated as in [7,35]:

Sh
Nu
¼
Shiso
Nuiso


1  0:57 exp½0:13ðC  6Þ
¼ 1  0:57 1 
;
1 þ 0:57 exp½0:13ðC  6Þ

gðCÞ ¼

ð28Þ

where C is the ratio of the distance between droplets and their
diameters (distance parameter).
2.4. Species mass fractions at the surface of the droplets
_ i and the values
To calculate the species mass evaporation rate m
of the evaporation rate of species i based on Eq. (12) we need to
calculate ﬁrst the values of Yvis. The latter depends on the partial
pressure of species i in the vapour state in the immediate vicinity
of the droplet surface [28]:

pv i ¼ X lis ci pv i ;

ð29Þ

where Xlis is the molar fraction of the ith species in the liquid near
the droplet surface, pv i is the partial vapour pressure of the ith species in the case when Xlis = 1, ci is the activity coefﬁcient. The subscript s is omitted in Eq. (29) and all the following equations in
this subsection.
In the limit when ci = 1, Eq. (29) describes the Raoult law. A
more accurate approximation for ci for the ethanol–acetone mixture is described in Appendix B, following [29,30,15]. This approximation will be used in our analysis.
Remembering the Clausius–Clapeyron equation [28], Eq. (29)
can be re-written as:

pv i ¼ X lis ci pamb exp




Li M i 1
1
;

Ru T bi T s

ð30Þ

where Mi is the molar mass and Tbi is the boiling temperature of the
ith species, pamb is the ambient pressure. When deriving Eq. (30) it
was taken into account that pv i is equal to the ambient pressure
when Ts = Tbi, Li is the latent heat of evaporation of species i. Note
that there are typos in Eqs. (135) and (136) of [5].
The numerical values of LiMi at T = Tbi, values of Tbi for ethanol
and acetone at atmospheric pressure, and Mi are presented in Table 1 [31].
The values of Li for ethanol and acetone (in J/kg) at arbitrary T
are calculated based on the following equations [30,34]:

Leth ¼ 120:91  103 ð516:2  T Þ0:38 ;

0:38
508:1  T
;
Lac ¼ 489  103
508:1  T b;ac

ð31Þ
ð32Þ

where T is in K, Tb,ac is the boiling temperature of acetone given in
Table 1.
Eq. (30) can be re-written for the molar fractions of species i in
the vapour phase:

X v i ¼ X lis ci exp




Li M i 1
1
:

Ru T bi T s

ð33Þ

3. Experimental set-up and input parameters

generated by a Rayleigh-type disintegrating liquid jet. The fuel
temperature was regulated in the injector body and was measured
near the outlet by a thermocouple. Downstream distance from the
injector was converted into time with the help of the space evolution of the droplet velocity measured using the Laser Doppler Anemometry (LDA) technique. Droplets were injected into a quiescent
atmosphere at room temperature. Droplet temperatures were
measured using the technique described in [7,15,30]. The input
parameters for the model were the initial droplet temperature
(assuming that this temperature is initially homogeneous), ambient gas temperature (assuming that this temperature remains constant during the experiment), the distance parameter (ratio of the
distances between droplets and their diameters) and the droplet
velocities.
The measured time evolution of the droplet velocities for pure
acetone is shown in Fig. 1. In the same ﬁgure, the linear approximation of the experimental results is shown. Similar plots were obtained for pure ethanol and various mixtures of acetone and
ethanol (not shown). In all cases the linear approximations of the
experimental results, similar to the one shown in Fig. 1, were used.
These are summarised in Table 2.
The two-colour laser-induced ﬂuorescence (2cLIF) technique,
previously used for the measurement of droplet temperatures,
was further developed to include the third colour band. This additional band is required for the analysis of bi-component droplets
[32]. In this new technique, droplets were seeded with a low concentration of a ﬂuorescent dye and illuminated by laser beams having a wavelength tuned on the absorption spectrum of the tracer.
The ﬂuorescence signal was detected over speciﬁc spectral bands
of emissions. The ratio of the intensity of these bands depends
on the temperature and, to a lesser extent, on the droplet composition, while the ﬂuorescence dependencies on tracer concentration, probe volume dimensions, laser intensity and optical layout
were eliminated [32]. The probe volume (intersection between
the laser beams and the detection ﬁeld of view) was about
150  150  1200 lm3. It was larger than the droplet in order to
provide a global excitation of the whole droplet volume. The signal
was averaged over the total time of droplet transit in the probe
volume.
In the presence of thermal gradients inside droplets, the temperature obtained based on this signal could differ from the volume-averaged droplet temperature. This is related to the fact
that the laser intensity is not distributed uniformly inside the
droplet, mainly due to light refraction at the droplet surface. Also,
the receiving optics collect the ﬂuorescent signal from the droplet
interior with a spatial distortion. These effects could be taken into
account with the help of an efﬁcient ray tracing code, based on the
geometric optics approximation [33]. This analysis, however, is beyond the scope of this paper. We would just mention that the 2cLIF
measurements allow us to estimate the volume-averaged droplet
temperature with systematically more weighting in the zones near
the centre of the droplet rather than at its edge. We cannot quantify this effect at this stage and we assume that the measured temperatures are close to the droplet average temperatures.

4. Results

The experimental set-up used for validation of the model is the
same as described in [7,15,30]. A monodisperse droplet stream was
Table 1
The values Li M i at T ¼ T bi ; T bi and M i for ethanol and acetone.
Substance

LiMi (kJ/mol)

Tbi (K)

Mi (kg/kmol)

Ethanol (C2H6O)

38.56

351.80

46.069

Acetone (C3H6O)

29.10

329.22

58.080

The plots of the time dependence of the temperatures for pure
acetone and ethanol are shown in Figs. 2 and 3, respectively. The
experimentally observed average droplet temperatures are shown
by ﬁlled triangles in these ﬁgures. The results of calculations are
shown by solid, dashed and dashed dotted curves referring to the
central, average and surface temperatures. The calculations started
with the ﬁrst observed droplets approximately 1 ms after the start
of injection. At the earlier times, the liquid fuel formed an unstable

13
Experiment
Approximation

Ud (m/s)

12

11

100% acetone
10
0
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7
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Fig. 1. Experimentally observed velocities for pure acetone droplets (squares). These were approximated by the straight line Ud = 12.81  0.316 t, where t is measured from
the moment of injection.

evolution of droplet radii were not available. Note that the effective
thermal conductivity and effective diffusivity models, on which our
analysis is based, are primarily designed to predict correctly the
average surface temperature and species mass fractions of droplets, but not their average temperature and species mass fractions.
In the case of ethanol, shown in Fig. 3, the experimentally observed temperatures lie between average and surface temperatures predicted by the model. Note that the temperature scale in
Fig. 3 is much ﬁner than in Fig. 2. Hence the overall agreement between experimental data and predictions of the model looks reasonably good. This level of agreement between the model and
experimental data is similar to the one reported in [15] for the case
of the vortex model (see their Fig. 7). Hence, the application of our
simpliﬁed model can be justiﬁed in this case. Note that despite the
overall agreement between the results of modelling and experimental data, the observed rate of temperature decrease at the later
times is lower than predicted by the model.
Plots similar to those shown in Figs. 2 and 3, but for the mixtures of ethanol and acetone, are presented in Figs. 4–6. The calcu-

Table 2
The approximations of U drop .
Substance

Approximation of Udrop in m/s (t is in ms)

100% acetone
100% ethanol
25% ethanol + 75% acetone
50% ethanol + 50% acetone
75% ethanol + 25% acetone

12.81–0.316t
12.30–0.344t
12.75–0.370t
12.71–0.448t
12.28–0.306t

jet the temperature evolution of which cannot be interpreted using
our model. Also, we assumed that there is no temperature gradient
inside droplets at the initial moment of time used in calculations.
As follows from these ﬁgures, all three temperatures are well
separated for both acetone and ethanol. Hence, the difference between them needs to be taken into account in the analysis of
experimental data (cf. [36,37]). In the case of acetone there seems
to be a reasonable agreement between the values of average temperature of the droplets and experimental data. Data on the time
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Fig. 2. The time evolution of droplet surface, average and centre temperatures (Ts, Tav, and Tc) and experimentally observed temperatures for pure acetone droplets with
initial diameter 143.4 lm and homogeneous temperature 35.1 °C in an ambient gas at temperature equal to 21.5 °C.
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Fig. 3. The same as Fig. 2 but for pure ethanol droplets with initial diameter 140.8 lm, homogeneous temperature 38.0 °C and ambient gas temperature equal to 22.0 °C.

lations were performed for the cases of the ideal mixture (ci = 1 in
Eqs. (29) and (30)) and the non-ideal mixture (ci in Eqs. (29) and
(30) was calculated based on Eq. (45)). As can be seen from these
ﬁgures, in all cases the predictions of the temperatures by the ideal
and non-ideal models are noticeably different (by up to several degrees), especially at later times. However, both these models predict about the same trend in the evolution of temperature with
time. The ideal model can be used if the prediction errors of several
degrees can be tolerated. This seems to be our case where the random errors of the estimates of droplet temperatures seem to be
about 2–3°.
In the case of an acetone dominated mixture (25% ethanol–75%
acetone: see Fig. 4), the agreement between the observed and predicted average droplet temperatures, for both ideal and non-ideal
models, is reasonably good, although the scatter of experimental
data in this case is more noticeable than in the case of pure acetone
(see Fig. 2). In the case of the 50% ethanol–50% acetone mixture
(see Fig. 5), the experimentally observed temperatures lie between
the average and surface temperatures predicted by both ideal and

non-ideal models, as in the case of pure ethanol shown in Fig. 3.
These temperatures are closer to the average temperatures predicted by the non-ideal model than to those predicted by the ideal
model. In the case of the 75% ethanol–25% acetone mixture (see
Fig. 6), the experimentally observed temperatures lie well below
the average temperatures predicted by both ideal and non-ideal
models, although they are closer to the average temperatures predicted by the non-ideal model than to those predicted by the ideal
model, as in the case of the 50% ethanol–50% acetone mixture. The
reason for this deviation between the measured and predicted
temperatures, which could reach up to 5 K, is not clear to us.
In Fig. 7 we have compared the predictions of our simpliﬁed
model and the predictions of the vortex model, reported in [15].
As one can see from this ﬁgure, the experimental results agree better with the predictions of the average temperature by the vortex
model than by our simpliﬁed model. It seems, however, that this
was achieved by the choice of the lower initial droplet temperature
in the vortex model (which could be used as a ﬁtting parameter). If
the values of this temperature were taken to be the same, one
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Fig. 4. The same as Figs. 2 and 3 but for the 25% ethanol–75% acetone mixture droplets with initial diameter 133.8 lm, homogeneous temperature 32.5 °C and ambient gas
temperature equal to 21.1 °C. The results of calculations based on the ideal (ci = 1) and non-ideal models are presented.
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Fig. 5. The same as Fig. 4 but for the 50% ethanol–50% acetone mixture droplets with initial diameter 142.7 lm, homogeneous temperature 37.5 °C and ambient gas
temperature equal to 20.8 °C.
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Fig. 6. The same as Figs. 4 and 5 but for the 75% ethanol–25% acetone mixture droplets with initial diameter 137.1 lm, homogeneous temperatures 38.6 °C and ambient gas
temperature equal to 21.6 °C.

would expect that the predictions of the simpliﬁed and vortex
models would be very close.
The plots of time evolution of droplet radius for the same mixture as in the case of Figs. 6 and 7, inferred from our simpliﬁed
model and the numerical results reported in [15], are shown in
Fig. 8. As follows from this ﬁgure, the vortex model predicts a
slightly higher evaporation rate than the simpliﬁed model (the difference in predicted radii is less than 0.3 lm). In both cases, the
non-ideal model predicts a slightly higher evaporation rate than
the ideal one.
5. Conclusions
A simpliﬁed model for bi-component droplet heating and evaporation is suggested. This model takes into account droplet heating
by convection from the ambient gas, the distribution of tempera-

ture inside the droplet, diffusion of liquid species inside the droplet, droplet swelling or contraction due to changing average
temperature, effects of the non-unity activity coefﬁcient (ideal
and non-ideal models) and the effects of interaction between moving droplets due to the ﬁnite distance parameter (ratio of the average distance between droplets to their diameter). The effects of
recirculation in the moving droplets on heat and species mass diffusion within them are taken into account using the effective thermal conductivity and effective diffusivity models. The previously
obtained analytical solution of the transient heat conduction equation has been incorporated in the numerical code alongside the original analytical solution of the species diffusion equation inside
droplets.
The predicted time evolutions of surface, average and central
droplet temperatures have been compared with the results of direct measurements of droplet average temperatures for the case
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Fig. 7. The same as Fig. 6 but including additional results of calculations of Ts and Tav (based on the vortex model, as reported in [15]) instead of the results referring to Tc.
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Fig. 8. The plots of Rd versus time predicted by the ideal (ci = 1) and non-ideal, simpliﬁed and vortex models for the same droplets as in Figs. 6 and 7.

of various mixtures of ethanol and acetone. There is a general
agreement between the predicted and observed average temperatures in the case of pure acetone and acetone-rich mixtures. In the
case of ethanol, 50% ethanol–50% acetone and 75% ethanol–25%
acetone mixture droplets the predicted average droplet temperature was several degrees (up to 5 K) higher compared with the observed one. It was shown that the temperatures predicted by the
simpliﬁed model and the earlier reported vortex model were reasonably close. Also, the temperatures predicted by the ideal and
non-ideal models differ by not more that several degrees. This
can justify the application of the simpliﬁed model with the activity
coefﬁcient equal to 1 for the interpretation of the time evolution of
temperatures measured with similar errors.
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Appendix A. Transport coefﬁcients for mixtures
A.1. Liquid thermal conductivity for a mixture
A number of approximate formulae for thermal conductivity in
multi-component liquids are reviewed in [31]. We use the most
simple Filippov equation, valid for binary mixtures:

kl ¼ Y 1 kl1 þ Y 2 kl2  0:72Y 1 Y 2 jkl1  kl2 j;

ð34Þ

where Y1 and Y2 are mass fractions for species 1 and 2, kl1 and kl2 are
thermal conductivities of species 1 and 2. The thermal conductivities of ethanol (kl,eth) and acetone (kl,ac) (in W/(m K)) were calculated based on the following approximations [38,39,30]:

kl;eth ¼ 0:61572  0:24127  102  T þ 0:31333  105  T 2 ;
3

kl;ac ¼ 0:3133614225  0:8163  10

 T þ 0:1  10

5

 are close to 1, Formula (38) can be simpliﬁed
 and a
Since both m
to

2

T ;

D12 ¼ X 1 D012 þ X 2 D021 :

where T is in K everywhere.

ð39Þ
D012

Among various approximations for
and
we have chosen
the Wilke–Chang approximation given by the following formula:

A.2. Liquid viscosity for a mixture
A number of approximate formulae for dynamic viscosity of
multi-component liquids (ll) are reviewed in [31]. It was shown
that the approach suggested by Grunberg and Nissan is the most
accurate and convenient in practical applications. In the case of a
bi-component liquid, this approach is based on the following
equation:

ln ll ¼ X 1 ln ll1 þ X 2 ln ll2  G12 X 1 X 2 ;

ð35Þ

where X1,2 are molar fractions of species 1 and 2. The values of G12
depend on the type of species involved [31]. In our case, following
[30], we use a simpliﬁed version of Eq. (35) assuming that G12 = 0.
In this case Eq. (35) is simpliﬁed to:





ll ¼ exp X 1 ln ll1 þ X 2 ln ll2 :

ð36Þ

The kinematic viscosity is obtained from Eq. (36) by dividing ll by

ql ¼



Y1

ql1

þ

Y2

1

ql2

ð37Þ

;

where q1,2 are densities of the components. The speciﬁc heat capacity of the mixture cl was estimated as

cl ¼ Y 1 cl1 þ Y 2 cl2 :
The values of ll (in Pa s), ql (in kg/m3) and cl (in J/(kg K)) for ethanol and acetone were estimated based on the following approximations [38,39,30]:

ll;eth ¼ 10ð

686:645:282
T

¼

7:4  1012

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uM B T

lB V 0:6
A

ð40Þ

;

where D0AB is the mutual diffusion coefﬁcient of solute A at very low
concentrations in solvent B, m2/s, MB is the molar mass of solvent B,
kg/kmol, T temperature in K, lB dynamic viscosity of solvent B, cP
(1 cP = 103 kg m1 s1), VA is the molar volume of solute A at its
normal boiling temperature, cm3/mol (this can be recalculated from
density if required, taking into account the molar mass of the substance), u is the associated factor of solvent B (u = 1.5 if B is ethanol, u = 1 if B is acetone).
VA (in cm3/mol) is calculated from the following equation (cf.
Eq. 11-4.2 of [31]):

V A ¼ ðrA =1:18Þ3 ;

ð41Þ

where the Lennard–Jones length rA in A is taken from Table A1.
When calculating D12 based on Eq. (38) the values of X1, X2 and
T, averaged over the whole volume of droplets, were used. These
parameters were updated at each timestep.
A.4. Gas diffusivity for a mixture
The value of Dv is estimated from the Wilke and Lee formula
[31]:

h

3:03  0:98=M 1=2
va

i

ð107 ÞT 3=2
ð42Þ

;

2
pM 1=2
v a rv a XD

where Dv is in m2/s, T is temperature in K,

ll;ac ¼ 0:3183313525  102  0:1629735179  104  T

Mv a ¼ 2½ð1=M v Þ þ ð1=M air Þ1

þ 0:223333  107  T 2 ;

ql;eth ¼ 1053:6  0:925  T;
ql;ac ¼ 986:53035880:6014966034T 0:2754046133103 T 2 ;
cl;eth ¼ 15039  130:53  T þ 0:4143  T 2  0:39583  T 3 ;
cl;ac ¼ 2165:234225  2:963  T þ 0:01  T 2 :
A.3. Liquid diffusivity for a mixture
As in the case of liquid thermal conductivity and liquid viscosity, various approximations for liquid diffusivity for a mixture were
discussed in [31]. One of the simplest approximations was given by
the Sanchez and Clifton formula:

ð38Þ

 is to be found from one mixture datum
where the parameter m
 is the thermodynamic factor deﬁned as:
point, a

¼
a

D0AB

Dv ¼

Þ;

h
i
Þ;
 þm
a
D12 ¼ X 1 D012 þ X 2 D021 ð1  m

D021



@a1 
@a2 
¼
;
@X 1 T;p @X 2 T;p

a1,2 are the activities of species 1 and 2, D012 and D021 are diffusivities
of dilute solute 1 in solvent 2, and dilute solute 2 in solvent 1.

Mv and Mair are molar masses of vapour and air, respectively, p is
pressure in bar, rva = (rv + ra)/2, rv and ra are characteristic Lennard–Jones lengths for vapour and air, respectively, measured in
Angstrom (A), XD is the function of the normalised temperature
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T* = kBT/eva given by Eq. (B6) in [4], ev a ¼ ev ea , ev and ea are characteristic Lennard–Jones energies for vapour and air, respectively, kB
is the Boltzmann constant. The values of rv,a and ev,a/kB for air, ethanol and acetone are given in Table A1 [31]:
In the case of the mixture of vapour components, all input
parameters (molar masses and Lennard–Jones parameters) are calculated as molar averaged, taking into account their relative molar
concentrations Xeth/(Xeth + Xacet) and Xacet/(Xeth + Xacet).
A.5. Gas thermal conductivity and viscosity
The thermal conductivity (kv) and dynamic viscosity (lv) for the
mixture of air, ethanol vapour and acetone vapour was calculated
following the procedure described in [4] (see their Appendix B).

Table A1
The Lennard–Jones lengths and energies for air, ethanol and acetone.

ev,a/kB (K)

Substance

rv,a (A)

Air

3.711

78.6

Ethanol

4.530

362.6

Acetone

4.600

560.2

The following approximations for kv (in W/(m K)) and lv (in Pa s)
for ethanol and acetone vapour were used [38,39,30]:

kv ;eth ¼ 1:8037  103 þ 7:419  106  T þ 1:1536  107  T 2 ;

20:3428433650106 T 2
T
;
kv ;ac ¼ 0:01143468
273:15

lv ;eth ¼ 0:19757  106 þ 0:29211  107  T;
lv ;ac ¼ 0:1579884447  105 þ 0:3090958433  107  T
 0:449329  1011  T 2 :

Appendix B. Activity coefﬁcient for the ethanol–acetone
mixtures
The activity coefﬁcient (ci) for any liquid mixture is related to
the excess of Gibbs free energy per unit mole (GE) by the following
formula [28]:

ln ci ¼

E
1 @ nl;total G
;
@nli
Ru T

ð43Þ

where Ru is the universal gas constant, T is temperature in K,
P
nl;total ¼ i nli ; nli is the molar concentration of the ith component
in the liquid phase.
The following approximation for the ethanol (i = 1)–acetone
(i = 2) mixture, based on ﬁtting experimental data, was suggested
[29]:

"
#
nl1 nl2
anl2
bnl1
dnl1 nl2
;
nl;total G ¼ Ru T
þ

nl1 þ nl2 nl1 þ nl2 nl1 þ nl2 ðnl1 þ nl2 Þ2
E

ð44Þ

where

546:3
 0:9897;
T
543:3
b¼
 0:9483;
T
15:63
d¼
þ 0:0759:
T

a¼

Having substituted (44) into (43) the following expressions for

c1 = ceth and c2 = cac are obtained:
h

h

ii 9

h

h

ii

=
c1 ¼ exp X 2l2 a þ 2ðb  a  dÞX l1 þ 3dX 2l1 >

:

;
c2 ¼ exp X 2l1 b þ 2ða  b  dÞX l2 þ 3dX 2l2 >

ð45Þ

Expressions (45) were used in Eq. (29).
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