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ABSTRACT. The aim of this work is to present a numerical simulation of thermal stress in 

directional solidification of CdZnTe in vertical Bridgman apparatus. Especial attention will be 

attributed to show the importance of cooling temperature and time’s growth affecting the thermal 

stress. Furthermore, we will focus on investigating the thermal stress’ components and their 

distribution in crystal, which gives a detailed about the stress distribution and consequently on 

the distribution of defects during solidification of CdZnTe 

1. INTRODUCTION 

The vertical Bridgman method for crystal growth from the melt was firstly developed in 

1925. Nowadays, it is the most useful technique for the growth of crystals. This technique is 

explained at Figure. 1(a) Its perfections to control temperature gradients and to provide pure 

crystals of large sizes by allowing testing the boundary conditions of mass and heat transfer. 

Hence, such technique is widely utilized in order to produce II–VI compound semiconductor 

crystals. 

Among these semiconductors, the Cadmium zinc telluride (CdZnTe) is considered as one of 

the most important and promising applied materials for room-temperature γ and X ray 

spectroscopy[1,2]. Despite the fact that great efforts have been made to produce high quality of 

CdZnTe dominated by the Bridgman method, its production still suffers from small device size 

and low quality. Nevertheless, and since 10 years ago, CdZnTe has found its application primarily 

in the process of development of highest performance infrared detectors based on HgCdTe [3]. It 

has become a leading substrate material for epitaxial growth of HgCdTe thin films for two 

main reasons. On the one hand, it is transparent in the infrared wavelength range, which allows 

back side illumination of detectors arrays connected to silicon read-out device by indium bump 

technology [4]. On the other hand, the addition of 3-5% of zinc into CdTe leads to better lattice 

matching between the substrate and HgCdTe layer and significantly decreases the dislocation 

density of the crystals due to the Cd–Te bond reinforcement [5]. 

CdZnTe and CdTe detectors are also suitable for the development of portable systems 

for mammographic X-ray spectroscopy [6-9]. However, The CdZnTe crystal suffers many 

defects, such as dislocation, striation, and impurities that significantly affect the final crystal 

quality. In fact, the generation of dislocation is related to thermal stresses induced by the 

inhomogeneous temperature distribution [10]. 

A numerical simulation was carried out by Huang et al [11] to study thermal stress. The 

authors showed that the axial temperature gradient is the main factor affecting the thermal stress 

[11, 12]. 

Chao et al [13] studied the temperature and stress fields for crystal growth in a vertical Bridgman 

furnace using the finite difference method. In fact they investigated the influence of the ratio of 

solid to liquid thermal conductivity and the transient effect. The others concluded that, a flat 
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interface can decrease the thermal stresses induced by the radial temperature gradient, but a large 

temperature gradient in the axial direction within the crystal might result in large thermal 

stresses. And a smaller thermal stresses can be achieved by reducing both the radial and the axial 

temperature gradients. Rosch et al [14] investigated the interaction of the ampoule and GaAs crystal 

in a vertical Bridgman furnace. Their study proved that sticking is the primary cause of excess 

stress, but it can be reduced by matching the thermal expansion coefficient of the ampoule to the 

crystal. 

Attention will be attributed to investigate the Von Mises stress which presents a principal parameter 

on thermal stress’ study. We will focus on the various parameters such Time’s growth and the cold 

temperature variation that affect the thermal stress in solidification process. 

 

2. MATERIALS AND METHODS 

The Bridgman crystal system is schematically displayed in figure. 1(a) The ampoule is axially 

positioned at the center of the growth furnace. During the process, the cylindrical ampoule 

containing the material in the solid and liquid phase is fixed at the constant rate Vt=0 m/s. Due to 

the symmetry of the system, the right half of figure. 1(c) is taken as the calculation domain is 

considered. 

The furnace uses a tapered heating element to establish a linear temperature profile Figure. 1(d) 

along the outer surface ampoule plotted as a function of dimensionless distance along the furnace 

axis, where z=-0.01 denotes the bottom tip of the ampoule and z=0.2 corresponds to the ampoule 

height Figure 1(b). This thermal profile is based on two linear segments designed to yield a gradient 

in the melt and a steeper cooling rate in the crystal [15-18]. 

 

The physical properties of CdZnTe and the property of Ampoule are listed in Table 1 and in 

Table 2 respectively. It should be noted that these properties depend on the given temperature, and 

they are in accordance with the thermal boundary conditions, for each domains. 

In the present study, the physical problem is assumed to be considered as a two dimensional 

axis-symmetry one, the temperature field, the Stefan equations and the thermal stress are expressed 

in the cylindrical coordinates system. There is only heat conduction between the melt and crystal. 
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(a)Vertical (b) Ampoule (c) Design Isotherms profile (d) 

Bridgman                                                 domain 
Figure.1. System 

 
 

Table 1: Physical properties of the CdZnTe [19, 20] 
property 

 

temperature 

 

polynomial 

 
 
 

Conductivity, W/ (K. m) 
 

 

500 K<T<1200 K 

1200 K<T<1364 K 

T>1364 K 
 

5.337-2.263.10
-3 

T 
-38.31+6.78 10

-2 
T -2.811 10

-5 
T

2 

9.987-5.676 10
-3

T 
 

Specific heat Cp, 

J/(Kg.K) 

 

 

298 K<T<1600 K 
 

177.8+1.663 10
-1

T-6.607 10
-5

T
2
+1.70310

-8 
T

3 

 
Heat of fusion ∆H, J/Kg 
 

209000 

 

209000 

 
Expansion coefficient 

 

T>525 K 

 

6.3629 10
-6 

 
 

Melting point Tm, K 
 

 

1364 
 

 

- 
 

Density Kg/m
3 

 

- 

 

5680 

 
 

Physical properties of ampoule [19, 20] 
property 

 

temperature 

 

polynomial 

 
Conductivity, Kq W/ 

(K. m) 

 

 
298 K<T<1600 K 
 

 

1.25+1.05.10
-3 

T-3.95 10
-7 

T 
2
+7.33 10

-11
T

3 
 

Specific heat Cp, 

J/(Kg.K) 

 

 

298 K<T<1600 K 
 

760+0.634 T-2.39 10
-4

T
2
+4.44 10

-8
T

3 

 
Density Kg/m

3 
 

- 

 

2200 

 
 

Expansion coefficient 
 

T<1250 K 
 

T>1250 K 
 

4.028 10
-7

+5.466 10
-10 

T-4.623 10
-13

T
2 

 

3.637 10
-7 

 
Young’ s modulus, G, 

Pa 

 

- 

 
7.17 10

10 

  

Poisson’ s ratio, v 
 

- 

 

 

0.16 
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Mathematical Physics Mode 

The energies equations for the considered physical problem are given as follows: 
 

       (1) 

Where, the subscripts ‘p’ corresponds to the melt, the crystal, the crucible respectively. 

The shape of the solid-liquid interface is a compulsory controlling factor that allows producing a 

single crystal in vertical Bridgman enclosure. This interface shape is predicted by heat transfer and 

primarily by the direction of the heat flux near the interface. 

 

The thermal stresses problems of anisotropic materials, as semiconductor crystal, 

in axisymmetric displacement based on thermo-elastic stress model [21] is presented by Fainberg 

and Leiter [22]. Due to the fact that the gravity is assumed negligible compared with the thermal 

stress, it is not considered in the equilibrium equations. The governing partial differential 

equations for momentum balance in an axisymmetric case can be written as: 

 

 

                                                                                                                              (3) 

 

 

                                                                                                                                       (4) 

 

 

Whererr , zz and  are normal stresses in the radial, axial and azimuthal directions, 

respectively, andrz is the shear stress. 
 

The stress–strain relationship of the crystal is taken as [23]: 


ij 
C

ijkl 


kl 
− (T −T

ref 
)

Kl 
  (5) 

 

Where ij , kl , Kl and Cijkl are the stress tensor, strain tensor, Kronecker delta tensor, and 

elastic constant tensor respectively.Cijkl Takes various forms depending on crystal structure 

and growth direction. 
 
 

 

 
 

In the above equation,  = is the thermal expansion coefficient. ij 
The strain–stress relationships are required for the enclosure of the model, and can be denoted by: 


rr 

r 

, 



r 
, 

zz 

z 

, 
rz 

z 


r                                                                           

(7)  

Where u and v are displacement components in the radial and axial directions, respectively. 
Where u and v are displacement components in the radial and axial directions, respectively. 

Once the stress field has been determined, the Von Mises stress can be determined from the 

principal stress component and can be a measure of the driving force for dislocation movement 

[24] and it was used to express the thermal stress in the crystal [25]. It is calculated and defined as: 

 
 

 

Mises  (rr −zz )
2 
 (−rz )

2 
 (−zz )

2 
 6(rz rz )     

2 

 

u u v u v 
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3. THE BOUNDARY CONDITIONS 
The boundaries conditions corresponding to the temperature field are as follows: the left 

boundary is kept adiabatic, there is a continuity of thermal condition between the left boundary of 

the solid state and the ampoule, while the upper, the lower, and the interface position are 

maintained at Th=1400 K, Tc=1200, and Tm=1364K, respectively. 

For the solid domain: The left side, both the radial and axial displacements are axisymetric. For 

the right side, the axial and the radial displacements are free. For the upper side, the axial and 

radial displacements are free. For the bottom side, the axial and radial displacements of solid state 

are fixed. 

For the ampoule: for the right, the upper, and the bottom side, the axial and radial displacement are 

fixed, but the left side of the ampoule , both the radial and the axial displacements are free. 

 

4. NUMERICAL MODEL 
 

The numerical approach is developed using COMSOL Multiphysics software, which is 

based on finite elements method (FEM) with ALE (Arbitrary Lagrangian-Euleurian) formulation. 

Many parameters affect the numerical solution since they affect not only the 

convergence of the problem studied, but also the quality of results. These factors include the 

choice of mesh quality and the number of mesh used in our study and is given by the 

Figure 2. The maximum time step Tmax 0.01s , the relative tolerance isr 10
−3 

, and 

the absolute tolerance is held fixed at a 10
−5 

.The average number of iteration in each time 

step was 5-10 and the results demonstrate that convergence criterion is reached when the error is 

less than 10-6  
 

5. RESULTS AND DISCUSSION 
 

Figure.1 demonstrates that the Von Mises stresses is lowered rapidly and 

undergoes a decreasing trend, for the following parameters, z =0.11 m, r = 0.016 m, Th = 1386 

K, Tc = 1320 K and Tm = 1364 K. We found that the values of Von Mises decrease from 350 MPa 

at t = 5000 s, 280 MPa at t = 25000 s, 270 MPa at 36000 s, and 250 MPa at t = 100000 s. 

Therefore, to achieve good quality crystals the growth’s time must be increased due to the fact 

that it minimizes the thermal stresses which are sources of contamination of the crystal formation 

and are the sources of stries and dislocations 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (b) 
 

Figure.1. Profiles of the Von Mises stress for t=5000 s (a), t=100000 s (b), Tc=1320 K, Th=1386 K, 

Tm=1364 K, 
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Figure.2. Von Mises profiles for different values of time, at Tc=1320 K, Th=1386 K, Tm=1364 K 
 

6. VISUALIZATION OF THE THERMAL STRESS COMPONENTS 
After studying both parameters that affected the thermal stress, we fixed the values of 

time growth at t=100000s in which we obtain relatively low thermal stresses localized at the 

bottom of the solid domain and at the solidification interface. Besides, we fixed the cold 

temperature at Tc=1320 k in which we obtain, not only a minimum thermal stress, but also to keep 

a concave interface. 

In the following study, we present the profiles and the fields of the various 

components of thermal stress such as the radial stress, angular, axial stress, shear stress and the von 

Mises Stress. 

For this reason, we will see overall the localization and the distribution of thermal 

stresses throughout the solid state. We noticed from the Figure. 3 (a, b, c, d, e) that the solid 

state undergoes a compression domain generally at the top of the crystal, but the maximum of 

thermal stress are located at the bottom of the same crystal, those is shown in Figure.3 (a, b, c, e) 

except the figure.3 (d) in which, we noted that the shear stress is shown on the edge of the solid 

area and the crucible. 

To better understand what is actually happening in the solid domain, we will present the 

radial and the axial profiles of the various components of the thermal stress. 
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Figure.3Thermal stress fields, rr MPa (a), MPa (b), MPa (c), rMPa (d), Mises MPa (e) 

 

7. VISUALIZATION OF THE RADIAL STRESS 
 

Figure.3 (a) shows that the solid phase is compressed at the bottom of the crystal, and the 

solid was moved parallel to the lower limit of the solid domain, and the thermal stress is about 228 

MPa. This value follows the compression of the solid domain, it is maximum at the bottom of 

the solid domain. During this, we also note the presence of a strengthened zone near the solid 

area which undergoes a compression. 

Figure.4 (a, b) illustrates the profiles of radial stress for radial and axial positions 

respectively. In fact, The Figure.4 (a) shows that the maximum radial stress is located at the 

bottom of the crystal, this value reaches a maximum near the right wall of the solid domain. Then, 

it decreases inside the crucible, but by always keeping high values compared to the values of the 

radial stress measured for z = 0.05m, where we noted that the profile is almost constant. 

Meanwhile, the values of the radial stress are negative at the interface of solidification, which 

shows that the solid is subjected to compression. 

The variation of thermal stress with axial coordinates for different radius r is given by 

the Figure. 4 (b), in which we proved that the values reach their maximum at the bottom of the 

crystal (200 MPa) for r = 0.016 m. After that, they are subjected equal to (-50 MPa) in the 

bottom of crystal, which corresponds to compression of the solid area. But if we are approaching 

to the right vertical wall of the solid domain, we note that the radial stresses reach their 

maximums for r = 0.037m, but this value is dropped while approaching the interface. 
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We noted then, that for r = 0.039 which present the inner wall of the crucible , that the 

stress is important proving that the crucible is the one of most important factor to creating stress. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (b) 
 

Figure.4. The profiles of rr 
for radial (a) and axial coordinates (b) at at Tc=1320 K, Th=1386 K, 

Tm=1364 K and T=100000 s 
 

8. VISUALIZATION ANGULAR STRESSES 

Figure.3 (b) shows the angular thermal field, where it is noted that the entire solid 

domain undergoes compression and are on the edge of the right wall of solid field. This 

compression can be seen clearly from Figure. 5 (b) illustrating the variation ofas a function 

of axial coordinates for different values of r taken where stresses exhibit a drop from (175 MPa) to 

(-50 MPa) for r = 0.037 m. In fact, we can see that for this chosen value of r, the stress decreases 

to a negative value, this decrease is due to the edges of the ingot that cools quickly releasing heat 

by conduction. Thus, the edge of the rod solidified will play the role of a mature preventing the 

core, which has not yet reached the same temperature, to dilate. 

On the other hand, Figure. 5 (a) depicts the angular radial thermal profiles for different 

values of z taken, where it is noted that the latter decreases away from the bottom of the crystal as 

they reach their maximum values for z = 0 m. By approaching the interface solidification, angular 

stresses decrease and become negative due to the compression of the solid area. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(a) (b) 
 

Figure.5. The profiles of 
for radial (a) and axial coordinates (b) at at Tc=1320 K, Th=1386 K, 

Tm=1364 K and T=100000 s 
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9. VISUALIZATION OF THE AXIAL STRESS  
For the visualization of the axial stress field zz given by Figure.3(c), we note that it keeps 

the same profile as the angular thermal field but the values of the axial thermal stresses are 

highest at the bottom. This was also noticed by studying the axial thermal stress profiles based on 

the radial and axial coordinates for different positions of r and z , respectively, (Figure 6 (a, b )) 

. Note that these thermal stresses are lowered from the solidification interface and reach a very 

important value in approaching the bottom of the crystal Figure.6 (a). From the same figure we 

may also observe that the axial thermal stress undergoes a dropping trend by approaching the bulb 

containing the solid domain. However, this value is too high, which proves that it plays an 

important role in the formation of large defects and scratches during crystal growth. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Axial coordinates [m] 
 

(a) (b) 
Figure.6. The profiles of 

for radial (a) and axial coordinates (b), at Tc=1320 K, Th=1386 K, 

Tm=1364 K and T=100000 s 
 

10. VISUALIZATION OF THE SHEAR STRESS 
The Figure.3(d) gives an overview on the distribution of shear stress, where the presence of 

two zones tightening of contours can be seen ; one is located at the bottom area of the solid value 

nearly equal to ( -60 ) MPa , the stress is compressive . Quantitatively, this zone is seen to be 

weak compared to that which is located on the edge of the vertical wall of solid zone just above 

the solidification front, which is the maximum value of 45 MPa. In addition, it reflects the effect 

of gradients thermal intense near the interface of the lingo, subjected to flow exerted by the 

crucible. This proves that the bottom of the lingo is in compression while the upper zone is dilated. 

Figure.7 (a) shows the profile of the longitudinal shear stress. However, we can reveal that 

this longitudinal stress is important at the bottom of the solid area for z = (-0.01m), where the 

solid domain will undergo compression. This value increases, reaching a maximum value close to 

(-40) MPa proving compression of the crystal. By approaching the solidification interface, the 

shear stresses become almost zero, but they become important near the upper vertical wall of 

solid area where we see the location of shear pre solid field and approaching the bulb which 

proves the negative effect of the bulb on the formation of shear stresses. 

Figure.7(b) describes the variation of the transverse shear stress for various positions r. 

This demonstrates that the shear stresses become large by increasing the radius of the lingo 

solidification exactly on the inner end of the sound field at r = 0037 m and towards the vertical wall 

of the ampoule at r = 0.039 m . 
 
 
 
 
 

A
x
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(a) (b) 
 

Figure.7. The profiles of shear stressr
for radial (a) and axial coordinates (b) at at Tc=1320 K, 

Th=1386 K, Tm=1364 K and T=100000 s 
 

11. VISUALIZATION OF THE VON MISES STRESS 
 

The Figure.3 (e) and the Figure.8(a, b) illustrate the field distribution of the Von Mises 

stress and the longitudinal and transverse profiles of CdZnTe lingo. In fact, at the first figure we 

can see that the field of the Von Mises stress confirms what has been shown in other fields for 

other components of the thermal stress, where the maximum of these constraints is located at 

the bottom of crystal, with an exception that appears in the presence of another outstanding high 

meadows tightening the left vertical wall of the solid domain, and that goes to the other 

vertical wall above the interface, proving the importance of gradient heat. 

The Figure.8 (a) depicts the longitudinal variation of the Von Mises stress for different 

axial positions z. It is noticed that it proves the same pattern reflected by Figure .10 (e) which is 

observed for z = ( -0.01 ) m demonstrating that these stresses are located at the bottom of the 

crystal while they decrease for z = 0.05 m and z = 0.08 m. However, we note that on the Von 

Mises solidification interface at z = 0.11m are also important, though decrease reaching a 

minimum of 20 MPa, and then they go back again near the solid area, r = 0.037 m and near the 

interface of the inner bulb, for r = 0.039m , demonstrating the detrimental effect of the impact of 

the contact between the solid area and the bulb taking place where the material growth CdZnTe . 

The Figure.8 (b) shows the cross-sectional variation of the Von Mises stress for different 

radial positions r. We note the particular shape taken by these curves. They form a W -like 

collects found by Benmeddour [30], and Volk et al [31] in their studies of the thermal stresses in 

Silicon crystals. Similarly , we note that the profile of the Von Mises stress as a function of z, 

decreases and is dropped for different radial positions r = r = 0.016m and 0.037m , and that even 

approaching the bulb where the solidification takes place , the change is also important that stress 
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(a) (b) 
 

Figure.15. The profiles of Von Mises stress for radial (a) and axial coordinates (b) at at Tc=1320 K, 

Th=1386 K, Tm=1364 K and T=100000 s 
 

12. CONCLUSION 
This numerical modeling investigation aims to conduct a detailed and explanatory study of 

thermal stress and its components in the process of solidification of CdZnTe in Bridgman 

configuration vertical. These stresses are the consequences of the thermal gradient, which 

influences the shape final crystal and consequently its quality. It presented the effect of 

temperature on the cold thermal stress, where it was observed that increasing the temperature 

decreases the thermal stress. This allows choosing the appropriate temperature which permits 

the same time a concave interface (with minimum thermal stresses) and a minimum of thermal 

stresses. 

The time increased growth also aims to minimize the thermal stress to which allows us to 

determine the time t = 100000s 
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