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Designing a claw-pole synchronous machine implies solving many 3D nonlinear magnetostatic problems which makes the computation 
(CPU) time very long. In our model, the mesh is refined to reach the desired level of precision on global quantities such as torque. Since 
the airgap is very thin (around 0.3 mm for a 100 mm diameter) and a Newton Raphson algorithm requires several iterations to converge, 
CPU time may be too high. Nowadays, many researches are ongoing to reduce the CPU time, while preserving an acceptable accuracy. 
One of the most efficient methods is permeance networks but this method is not suitable for complex geometries. Our main contribution 
is to use a permeance network in the areas where flux lines are easy to guess and to solve a 3D FEM problem in complex geometry areas 
of the magnetic device: the claw poles and the air gap for example. Moreover, current sources belong to the permeance network model, 
so that there are no current sources in the 3D FEM problem. Then, a 3D scalar magnetic potential formulation can be used easily. The 
two classical magnetostatic formulations (magnetic scalar potential formulation (Um – hs) and vector potential formulation (a – j)) are 
presented in this paper. Then, the hybridization of 3D FEM formulation and the permeance network, is presented. Numerical results 
are compared with experimental measurements and a good agreement is obtained while reducing the CPU time.  
 

Index Terms—Claw-pole synchronous machine, 3D FEM, permeance networks, hybrid models.  
 

I. INTRODUCTION 

HE claw-pole synchronous machine (CP-SM), shown in 
Fig. 1 is widely used in the automotive industry thanks to 

its low-cost price and robustness compared to other electrical 
machines. The complex geometry of claws in the rotor makes it 
difficult to model with accuracy the CP-SM, whatever the 
method (numerical or analytical). It cannot be considered as a 
2D geometry and it has to be kept unaltered. Besides, the 3D 
effects due to the claw poles cause local high magnetic 
saturation, mainly in the rotor claws and stator teeth. These two 
characteristics lead to solve a difficult nonlinear 3D 
magnetostatic problem. Reducing the CPU time is a real 
challenge. 

There are many strategies to obtain the optimum balance 
between CPU time and accuracy. The main idea is to mix an 
analytical method based on a permeance network with a 
numerical one based on 3D finite element (FE) method. On one 
hand, the 3D FEM takes into account the real motor shape 
without geometric approximations, and gives accurate results. 
But computation time is high. On the other hand, the analytical 
method uses less computing resources, at the expense of 
accuracy [1], [2]. 

Our main contribution is to take advantage of these two 
complementary approaches for a 3D problem. To do this, a 
coupling between permeance networks and FE is carried out 
with free finite element softwares (the mesh tool Gmsh [3] and 
the solver GetDP [4]) but it could be implemented in any other 
computation tool allowing a coupling of electric circuits with 
nonlinear resistances and FEM.  

The machine is cut into two areas. A permeance network is 
built from the ferromagnetic areas where the field lines are two-
dimensional (the upper stator armature and the central part of 
the rotor). The air gap and the areas where flux leaks are 
important (claws and slots) will be the area modeled FEM.  

In section II, the choice of magnetostatic formulation is 
presented as well as the hybridization of 3D FEM with 
permeance network. Then, in section III, the hybrid model and 
experimental results are compared. 

 

 
Fig. 1. Experimental test bench with two synchronous claw-pole 
machine 

II. MAGNETIC MODELLING 

To compare the performances of the different approaches, we 
use global quantities: the no-load electromotive force (emf) and 
the torque (Γ). To obtain these different global quantities, two 
types of models are possible: a casual FE model on the whole 
geometry and the proposed hybrid model.  

A. Classical FE 3D models 

Both conventional models rely on the use of magnetic 
potentials: the scalar potential (Um) or the vector potential (a). 
These two potentials bring us either to a b-conforming or to a 
h-conforming formulation, which provide two variational 
formulations related to (1) and (2).  〈�	�����	
, �����	�
〉� = 〈�, 	�〉�� + 〈�	��, �����	�
〉�� 

 
(1) 

with j the current density, ν the reluctivity and br the remanence, 
Ω the studied domain, Ωs the source domain and ΩM the 
permanent magnet domain. 
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〈�	��� + ��
, ��	����� 
〉�� 〈�	��	����
, ��	����� 
〉� = 0 (2) 

 
with hs the source field (hs = curl(j)), hc is the coercive field, µ 
the permeability.  

 
Fig. 2. The 3D FE model 

The studied machine, shown in Fig. 2, is purely three-
dimensional. In the case of (a – j) formulation, a spanning tree 
gauge [5] is implemented to ensure the magnetic vector 
potential uniqueness. The current density is imposed by analytic 
formulas for the rotor coil and computed by a current-flow pre-
resolution for the stator coils. However, for (Um – hs) 
formulation, we must replace the current sources by an 
equivalent source field. Among the various methods to evaluate 
this source field, we choose an indirect method proposed by 
Dular et al. in [6]. It can be applied to any shape of inductor 
while reducing CPU time. 

The scalar formulation has fewer unknowns than the vector 
formulation. However, computing the source field in a periodic 
geometry with complex coils is difficult and causes cumulative 
errors, because of an additional step. We note that the 
calculation of the emf by the flux derivative is easier with the 
(a –  j) formulation than with the (Um – hs). In return, the (a - j) 
formulation needs more computing resources due to the size of 
the system. 

To show objectively that the hybrid-method presented later 
is efficient, we did our best to speed up the convergence of (a – 
j) and (Um – hs) formulations. Therefore, we use two different 
solvers with the same convergence criterion. A Newton-
Raphson method with a convergence criterion of ||b.h|| in the 
air-gap with a relative accuracy of 10-3 is selected for the (a –  
j) formulation. According to the literature, the Newton-Raphson 
method is not the most suitable for (Um – hs) formulation [8]. 
For the (Um – hs) formulation, a fixed point method with a linear 
pre-initialization is implemented with the same convergence 
criterion. The choice of solvers and convergence criterion 
results from our previous works to reduce CPU time in the case 
of a nonlinear magnetostatic problem [7]. 

B. Hybrid formulation 

The hybrid formulation is based on additional assumptions. 
It can be understood as the mix of FEM and permeance 
network. The 3D FEM unknowns are either a or Um depending 
on the chosen formulation. The permeance network unknowns 
are the flux (ϕ) or the magnetomotive force (Vp). As usual, we 
assume that the flux density b is oriented along the length such 
as Leq and uniform throughout a flux tube, so that we can write: 

 �� = ∬� ∙ "# = $%&'() = *� ∙ "� = +,&'  (3) 

 
where Seq and Leq represent respectively, the equivalent surface 
(supposed constant) and the average length of the flux tube. 

Considering the magnetic constitutive law of the 
ferromagnetic material, permeance (P) or reluctance (R) can be 
written as: 

 

-./
.0 1��
 = ,&'� 2 �%&'3 %&' 	such	as		() = 1��
	�9:(); = 	� < (),&'= %&',&' 	such	as		� = 9:();	()

 (4) 

 
R and P depend on B and H through the magnetic 

permeability and the permeance network is made of nonlinear 
components. This hybrid method can be implemented in any 
software under the condition that it supports nonlinear electrical 
circuits, especially resistances. 

In addition to reducing the unknowns number, permeance 
network method enables to avoid the calculation of the source 
field in the case of a (Um – hs) formulation. We propose to 
remove the current density distribution in FEM domain and to 
replace it by an equivalent ampere-turns (NI) source in the 
permeance network domain. Since there are no more currents 
in the FEM domain, we end up with a currentless problem for 
which a Um formulation is the most suitable. The scalar 
potential exists everywhere, even in the slots, and the question 
no longer arises for the calculation of the source field. Besides, 
with this approach, fluxes are directly available after resolution. 
We will see in section III that it does not impact too much the 
flux density distribution in the air gap and global quantities 
(emf and torque). The magnetic field in the FEM domain is no 
longer due to a volumic current density distribution but to a flux 
source imposed at the boundary of the FEM domain. 

Taking as an example the CP-SM, the flux density is three-
dimensional in the stator teeth, the link between FE method and 
permeances will be located at the top of stator teeth. Thereby 
the field sources will be injected at the top of the slots as shown 
in Fig. 3. 

  

Fig. 3. Full 3D FE model and corresponding hybrid model  

The middle part (FE domain) is only made of ferromagnetic 
and magnets. The rotor yoke and the excitation coil are replaced 
by the permeance circuit at the inner radius (bottom) whereas 
the stator yoke and coils are replaced by the permeance network 
on the outer radius (top). Ampere-turns (NI) sources are 
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represented by circles, permeances by rectangles. 
The hybrid model we propose is made of three equations, for 

which unknowns are scalar potential (Um) and magnetomotive 
forces (Vp). The first one is the variational Um formulation in 
the FE domain. Compared to the formulation (2), it includes an 
additional term taking into account the fluxes on its boundary 
due to the reluctance network. The second equation is a set of 
nonlinear algebraic equations which link fluxes ϕ and potentials 
Vp in the reluctance network. It can be written as the variational 
equation (6) (see [9] and [10] for details). The sources of 
magnetomotive forces are implemented as a constraint in the 
corresponding function space. That is why NI sources do not 
appear in the variational formulation. The third relation 
provides the coupling between the last two formulations: fluxes 
on the surfaces dSc are expressed from both FE formulation in 
ΩFE and permeance network formulation in Ωcirc. The flux of 
each branch of the permeance network is injected into the 
ferromagnetic surface connected to this permeance, so that the 
flux density b is supposed to be purely normal to the connection 
surface. This is a simplifying assumption. 
 〈�	��, ��	����� 
〉�>? � 〈�	��	����
, ��	����� 
〉�>?+ 〈@ ∙ �, ��� 〉ABC 	= 0 (5) 

 

D 〈E�F, G()�H〉�IJKI � 〈E9F	G()H, G()�H〉�IJKI 	= 0�L =M @ ∙ �	"%NOIJ ⟹ E�F = 〈@ ∙ �, ��� 〉ABC (6) 

 
The flexibility of Gmsh – GetDP allows us to implement the 

variational formulation governing the hybrid model. 
 

C. Implementation of the (Um – Vp) hybrid model   

The weak formulation (5) uses linear scalar nodal elements. 
This basis functions are based on a structured mesh as shown in 
Fig. 3 and 4. Mesh in the FE of the hybrid model (ΩFE) is the 
same as in the two other full FE models. Periodic conditions are 
used to simplify the problem. A rolling band made of three 
elements is used in the airgap which length is 0.3 mm. The 
nonlinear hybrid formulation is solved by using a fixed point 
method in the whole domain (FE and permeance network) via 
a strong coupling. 

 

 
Fig. 4. Gmsh-GetDP implementation of the hybrid model 

The first step of validation consists in comparing the two (a 
– j) and (Um – hs) formulations with the proposed hybrid 

formulation. Fig. 5 and 6 show the flux density distribution in 
the ferromagnetic parts of FE domain for a full-load operation. 
Maximum values are quite the same but so are b-distributions. 
The next section deals with a deeper comparison. 

 

  
Fig. 5. ||b|| for a load operation for (a - j ) and (Um - hs) formulations 

 
Fig. 6. ||b|| for a load operation for the (Um - Vp) hybrid model 

III.  RESULTS 

In this section, we will discuss about a no-load and a full-
load operations. We can provide experimental measurements 
for the no-load operation and we will compare the emf given by 
two numerical formulations and experimental results. For the 
full-load operation, as our test bench does not have any torque 
sensor yet, three numerical models are compared. 

The emf are calculated by derivating the magnetic fluxes. In 
the hybrid model, the fluxes in the network branches are 
directly available after the resolution and it only has to sum 
them to obtain the total flux (φ) through the coil coili. In the case 
of FE periodic model with (a – j) formulation, (7) is 
implemented. 

 QL = 1ST 	 ∙ �UVLWJ "(	XY"	ZL =	�ΩdϕLdθ  (7) 

 

Fig. 7. EMF over one period 

Fig. 7 shows the no-load emf waveforms whereas Fig. 8 plots 
the rms value of emf versus excitation current (I f), for a constant 
rotor speed. For I f = 0, emf is non zero because the machine 
includes both wounded inductor and magnets. As expected, the 



> WO19-2 < 

 

4

(a – j) formulation gives emfs very close to measured ones 
because this model uses the least simplifying assumptions. The 
relative difference for the no-load emf is less than 8% in the 
worst case compared to both experimental and full 3D results. 
 

 
Fig. 8. EMF versus If 

In the case of full-load operation, the torque is calculated by 
the volume integral of the Maxwell stress tensor in the moving-
band using (8). The volume integral enables to average surface 
integrals and it naturally smooths the curve Torque waveform. 

 

Γ = _̀U 	T :$a$b . �de + fe
 + :$be � $ae;df;�ghde + fe�C "d"f"i (8) 

 
As shown in Fig. 9, the hybrid model underestimates the 

average torque (under 10% of difference) due to the different 
assumptions of permeance network model. This type of models 
allows us to take into account the real 3D effect inside the claw. 
In a future work, this model will be used for the optimization of 
claw shape for a given stator geometry. 

TABLE I 
TORQUE SIMULATIONS  

models (a – j) (Um – hs) (Um– Vp) 
Γm (N.m) 21.76 21.68 20.31 
CPU time for a 
given rotor angle (s) 

356 1 423 165 

DOFs number 450 650 226 318 134 583 
Iteration number 11 23 12 
 
From Table I, we can conclude that the (Um – Vp) hybrid 

model, even if it is based on strong assumptions, gives a quite 
good approximate value of the average torque. Moreover, CPU 
time is divided by 2. Besides, DOFs number is at least divided 
by 4. The gain with the (Um – hs) formulation is much higher: 
CPU time is divided by 8.6 . 

CPU time is more or less the same for no-load emf and full 
load torque. Our hybrid model will really improve the 
convergence speed of optimization processes, without 
damaging the accuracy. Our work began with a simpler device 
(electromagnet) and we drew the same conclusions. This 
example proves the robustness of the (Um – Vp) formulation 
Even in the case of a complex geometry. 

 
Fig. 9. Torque waveform over slot pitch 

IV.  CONCLUSION 

The aim of this work is to speed up optimization processing. 
An original model based on hybridization of 3D FE and 
permeance network is applied to a claw-pole machine. The (Um 
– Vp) formulation has been chosen for several reasons. First, the 
scalar potential Um and Vp are easier to link together at the 
common boundary because grad(Um) is similar to a potential 
difference Vp. Moreover, current sources are transferred in the 
permeance network which avoids calculating any source field 
for the scalar potential formulation. It provides accurate results 
and CPU time is reduced, which makes it suitable for pre-design 
and/or optimization purposes. We have ongoing studies 
concerning other hybrid formulations, such as (a – ϕ).  
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