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Abstra
t. An adaptive meshing te
hnique is proposed. For a given number of nodes, the method allows a

better pre
ision, with a better repartition of the position of the nodes. It is based on the analysis of the

in
uen
e of the node position and edge 
onne
tion on the fun
tional of the problem

PACS. 41.20.Gz Magnetostati
s { 41.20.-q Ele
tri
, magneti
, and ele
tromagneti
 �elds

1 Introdu
tion

On
e the modelisation of the problem is done, the set of

equations written and its transformation into the weak

form is realized, the pra
ti
al pre
ision of the 
hosen dis-


retization is in question.

A relatively low number of nodes allows to ensure a fair

pre
ision [1℄, whatever is the dis
retization. But to gain

even more pre
ision from this previous step, it is ne
essary

to in
lude in the mesh an extremely high number of nodes.

In order to get more a

ura
y, many di�erent methods,

mostly based on estimator errors have been implemented

[2℄. Most of them are based on the 
onservative laws [3℄,

or on dual formulation (in magneti
 ve
tor potential and

T � 
) with a behaviour law between the indu
tion and

the magneti
 �eld [4℄.

Instead of 
omputing the error, an idea is to study the

node movement where the error is big. This so-
alled mov-

ing �nite element te
hnique has been invented by Miller

[5,6℄, and has been used in time-dependent partial di�er-

ential equations in 
uid me
hani
s [7{9℄. It is here adapted

to a non time-dependent ele
tromagneti
 problem.

The aim of the paper is to study the adaptation of the

mesh to the solution, for a 
onstant number of nodes. This

leads to dis
uss what is an adapted support for dis
retiza-

tion dire
tly related to the studied fun
tional : what is

the impa
t of the position of the nodes and of the edge


onne
tion on the pre
ision of the result.

2 Position of the Problem

The study is 
arried out on a simple example whi
h is

the bi�lar line : it is 
omposed of two parallel 
ondu
tors

of 
ir
ular se
tion, one supplied by a positive 
urrent +I ,

the other by the same 
urrent in return �I . The aim is to


al
ulate its indu
tan
e L

0

by unity of length.

a

e-mail : Stephane.Dufour�ensem.inpl-nan
y.fr / tel : 03

83 59 56 29 / fax : 03 83 59 56 53

In the general 
ase an analyti
al solution is not known.

If the aim is to get the error, a dual formulation 
an be


omputed at the end to en
lose the real value of the in-

du
tan
e.

Any modi�
ation (in
ation of the node number, dis-

pla
ement of the nodes) leads to in
rease the 
oenergy

fun
tional, thus to de
rease the error. If in
reasing the

node number leads to a 
onstant value of the indu
tan
e,

then the solution is assumed to be exa
t. In the same way,

for the moving �nite elements with a 
onstant number of

nodes, if the nodes do not move anymore, the error is as-

sumed to be as low as possible for this number of nodes.

For this example, the analyti
al solution of the prob-

lem is known, so that it allows to give the a

ura
y of

any other method. Even if there is no singularity in this

problem, the error 
ommitted with a regular mesh is big,

unless the density of the mesh is high.

The basis of the study is the bidimensional linear mag-

netostati
 model. The 
oenergy fun
tional is :

W (I; a) =

Z

D

�

ja�

1

2

(ra)

2

�

0

�

(1)

where a is the magneti
 ve
tor potential (MVP), j the


urrent density in the 
ondu
tors and �

0

the permeability

of the air.

The 
oenergy fun
tion is de�ned by the 
omputation

of the MVP a

1

that maximizes the 
oenergy fun
tional :

W(I) = max

a 2 H

1

(D)

W (I; a) =W (I; a

1

) (2)

whereH

1

(D) is the (Sobolev) spa
e of the fun
tions whi
h

the square of their gradients 
an be integrated.

To dis
retize the fun
tional W , a ne
essary step is to


hoose the geometri
al parameters of the mesh, among

whi
h the position of the nodes (x = [(x

1

; y

1

):::(x

N

; y

N

)℄),

where N is the 
onstant total number of nodes.

It is also ne
essary to 
hoose the 
onne
tions between

these nodes 
 = (


1

:::


ar

). ar is the total number of edges
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whi
h is, by using the Euler relations 3N � 3N

0

� 3, for

a triangular mesh of 
onnex polygons of N nodes, where

N

0

are on the border of the mesh.

To be 
lear, an appli
ation A 
an be introdu
ed as

following :

A : H

1

(D)� (R

2

)

N

� ((1:::N)

2

)

ar

! H

1

(D) (3)

(a;x; 
) 7! A(a;x; 
) = A

If V is the spa
e image of H

1

(D) through the appli
ation

A :

V(x; 
) = A(a;x; 
) (4)

then the dis
rete version of the problem (1) 
onsists in

substituting V to H

1

(D).

A �eld A is an element of the spa
e V(x; 
) if its values

at the node n : A

n

= A(x

n

; y

n

) are given, and the value

A(x; y) is dedu
ed elsewhere by linear interpolation on the

triangles formed by the edges.

The fun
tional W is then written as :

W (I; A) = L(A

1

; :::; A

N

;x; 
)�Q(A

1

; :::; A

N

;x; 
) (5)

where L is a linear form in A 
orresponding to the sour
e

terms, and Q is a quadrati
 form. The fun
tional W (I; A)

depends on the values of the potential at the nodes (A

1

:::A

N

),

the positions at the nodes (x

1

:::x

n

), and also the 
onne
-

tions between the nodes 
.

The �nite element method 
onsists in maximizing W

with respe
t to (A

1

:::A

N

), with the positions at the nodes

x

1

:::x

n

and the 
onne
tions between the nodes 
 given.

3 Analysis of the solution for a given mesh

Fig. 1. Initial mesh and �eld lines - 400 nodes

In order to 
ompare the performan
es of the methods

that modify the support of dis
retization, the same initial

support has to be used. A possible 
riterion to make this

initial support is to display the nodes in order to have

elements of equal surfa
es and of angles near a mean value,

thus avoiding elongated elements [10℄.

As the mesh generation allows a large range of possibil-

ities, the inner nodes 
an be displayed in regular geomet-

ri
al shapes. Re
tangles, squares or 
on
entri
 
ir
les 
an

be used. Other geometries like 
on
entri
 ellipses, whi
h


an be a fair approximation for the �eld lines near the


ondu
tors, have also been tested.

The aim is not to �nd an initial support of dis
retiza-

tion whi
h is optimal for the studied fun
tional. In this

parti
ular 
ase, the analyti
al solution is known, and it

would be possible to display the nodes with a density de-


reasing with the radius to adapt roughly the support to

the fun
tional. The aim is to �nd a te
hnique whi
h 
an be

generalized to other problems, that do not have a known

analyti
al solution.

So, any initial mesh 
an be used. As the outer border is

a 
ir
le, the initial mesh with nodes displayed in 
on
entri



ir
les (Fig. 1) has been 
hosen. Moreover, the nodes in

the 
ondu
tors are displayed in the same way for all the

further 
omputations. To avoid the trun
ation of the �eld

to the outer border, a dipolar equivalent 
ondition is set

on this border.

The indu
tan
e by meter of length for two parallel

wires, at a distan
e d from ea
h other, and of whi
h the

radius of the wires is r, is :

L

0

=

�

0

2�

�

1

2

+ 2 ln

�

d

r

��

(H=m)

With a ratio d=r equal to 5, the indu
tan
e per meter is

7:43 10

�7

(H=m).

L(10

�7

H=m)

N

FE

analyti
al

in
ation in N

N=
onst

5000 10000 15000

5

5:5

6:0

6:5

7:0

7:5

Fig. 2. Computation of the indu
tan
e with the FE method

Table 1. Pre
ision of the FE 
omputation

Nb of nodes 400 1370 2960 5000 11500 20000

Pre
ision (%) 26. 12. 7.2 4.9 2.3 1.2

For the �nite element method, with 5000 nodes, the

pre
ision is under 5 %, whi
h begins to be satisfying (Tab.

1). But if the required pre
ision is 1 per 1000, then 62000

nodes have to be inserted.
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The main idea is to in
rease the pre
ision when the

number of nodes is given, in order to get the FE 
om-

putation 
urve of Fig. 2 
loser to the analyti
al value, for

any number of nodes, and not to get a 
ertain pre
ision by

going along the FE 
omputation 
urve with an in
ation

of the number of nodes.

A �rst 
omplementary approa
h is to 
onsider that the


onne
tions between the nodes are free : the arguments in

order to maximize the fun
tional W are the 
onne
tions

and the MVP values at the nodes (A

1

:::A

N

; 
).

4 Modi�
ation of the 
onne
tions

The initial mesh is given, on whi
h max

(A

1

:::A

N

)

W (I; A) is


omputed. The edges whi
h do not belong to the border of

a domain are 
onsidered. Ea
h edge is part of two adja
ent

elements e

1

and e

2

forming a polygon P (Fig. 3). The

value of the potential ve
tor is �xed at the four nodes.

The in
iden
e of the 
hanges in the 
onne
tions on the

fun
tional W is dis
ussed.

e

1

e

2

(A

1

;x

1

) n

1

n

4

(A

4

;x

4

)

n

2

(A

2

;x

2

)

(A

3

;x

3

) n

3

e

1

e

2

(A

1

;x

1

) n

1

n

4

(A

4

;x

4

)

n

2

(A

2

;x

2

)

(A

3

;x

3

) n

3

Fig. 3. Modi�
ation of the 
onne
tion

There are two possibilities for the 
onne
tion of the

inner edge in the polygon : either n1� n4 or n2� n3. To

maximize W , it is ne
essary to minimize the 
ontribution

of the polygon P to the energy W :

W (A

n

; 
) =

1

2

Z

�

e

1

(rA(x; y))

2

�

0

+

1

2

Z

�

e

2

(rA(x; y))

2

�

0

(6)

where the edge between e

1

and e

2

is de�ned by the 
on-

ne
tion 
.

An analysis of the problem shows that the edge of

shortest length between n1 � n4 and n2 � n3 will give

this minimum, whatever are the values of the potential at

the nodes.

Then the problem of maximizing the fun
tional with

the arguments (A

1

:::A

N

; 
) 
an be de
oupled : it 
an be

maximized with the 
onne
tions, and then with (A

1

:::A

N

).

If the nodes of the initial mesh are displayed in squares

or re
tangles, the 
onne
tion argument is not operating :

the energy of the polygon is exa
tly the same for both

possible 
onne
tions.

The making of the initial mesh is indeed most of the

time based on a quality 
riterion : the position of the nodes

are put so that the surfa
es of the elements have almost

the same value, whi
h is also the 
ase of the angles of

the elements. In this 
ase, the 
onne
tion modi�
ation is

useless : regular meshes with inner points displayed in 
on-


entri
 
ir
les or ellipses also showed no improvement.

In fa
t, su
h an approa
h 
ould be possible if the inner

nodes were inserted at random to make the initial mesh.

As the maximization of the fun
tional W with respe
t

to (A

1

:::A

N

; 
) has been tested, the maximization with

respe
t to (A

1

:::A

N

;x) is detailed, i.e. the e�e
t of the

modi�
ation of the position of the nodes on the fun
tional.

5 Modi�
ation of the position of the nodes

Be
ause the dependen
y of the fun
tional W in x is not

quadrati
, a relaxation method 
omponent by 
omponent

is 
hosen. A starting solution with the �rst approa
h should

not be too far from the real solution.

The initial mesh is given, on whi
h max

(A

1

:::A

N

)

W (I; A)

is 
omputed. The position and the value of the potential

ve
tor of the border nodes and of the nodes in the 
on-

du
tor domains are �xed.

(x

j

; A

j

) = 
onst

n

(x

n

; A

n

(x

n

))

Fig. 4. Variation of the position of the node n on P

Ea
h node n is then 
onsidered, for whi
h the poly-

gon P is de�ned. P is formed by the elements to whi
h

n belongs (Fig. 4). W (I; A) is maximized with respe
t to

(A

n

; x

n

; y

n

) = (A

n

;x

n

), the potential ve
tors and posi-

tions of the other nodes of the polygon being �xed. The


ontribution of these elements to W is �W (x

n

; A

n

) :

W (x

n

; A

n

) =

X

el2P

1

2

Z

�

el

(rA(x; y))

2

�

0

(7)

Then, this is the same as minimizing the energy W with

respe
t to (A

n

;x

n

). For the value A

1

n

whi
h minimizes

W , we have for the zero order and �rst order respe
tively

(where r

x

A

1

n

are the derivatives of A

1

n

with respe
t to

the position) :

�W

�a

(x

n

; A

1

n

) = 0 (8)

r

x

�

�W

�a

(x

n

; A

1

n

)

�

+

�

�

2

W

�a

2

(x

n

; A

1

n

)

�

r

x

A

1

n

= 0 (9)
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The Taylor expansion of the energy at the se
ond order


an be expressed with a minimum of 
al
ulus as :

W (x

n

+ Æx; A

n

(x

n

+ Æx)) =W (x

n

; A

n

(x

n

))

+r

x

W (x

n

; A

n

(x

n

)) � Æx (10)

+

1

2

Æx

t

�

r

2

x

W �

�

�

2

W

�a

2

�

(r

x

A

1

n

)(r

x

A

1

n

)

t

�

Æx

As the positions and MVPs of the neighbors of n are

�xed, the lo
al FE problem is solved on P , and gives the

MVP A

n

. Thus, the MVP 
an be obtained for any po-

sition x

n

. The starting position is the former position of

the node n. The energy minimization is done by using its

Taylor expansion at the se
ond order (10), with Newton

like methods : it leads to new node 
oordinates x

n

. The

new value of the MVP A

n


an be 
omputed again. If the

new 
oordinates are out of P , whi
h happens very rarely,

then the former position is kept.

5.1 Results

The modi�
ation of the node positions is an iterative method

: an iteration 
orresponds to moving the position of all the

nodes (ex
ept these in the 
ondu
tor domains) one by one.

A better pre
ision is obtained with 800 nodes and 100 iter-

ations than with 5000 nodes for the initial mesh. With 10

iterations and 2000 nodes, the pre
ision is the same (Fig.

5) The pre
ision in
reases rapidly with ten iterations (Tab.

2). The results for 50 iterations are 
lose to these for 100

iterations. For 50 iterations and 400 nodes, the 
omputa-

tion time is about 30% higher than for the FE method

with the same pre
ision (this moving node pro
edure has

not been optimized).

L(10

�7

H=m)

N

FE

analyti
al

2000 4000 6000 8000

6:75

7:00

7:25

7:50

10 iter.

50 iter.

100 iter.

Fig. 5. Modi�
ation of the node positions

The mesh modi�
ation shows that the nodes are roughly

in 
on
entri
 
ir
les around the 
ondu
tors (Fig. 6 left).

If many iterations are required to get a better pre
ision,

then the quality of the elements will be low as far as the

Table 2. A

ura
y of the FE method with modi�
ation of the

node positions

Nb of nodes 400 800 1370 2086 2960 5000

0 iter. (%) 26. 17. 12. 9.4 7.2 4.9

10 iter (%) 14. 8.7 6.2 4.0 2.8 1.8

50 iter (%) 11. 6.3 4.0 2.8 1.7 0.98

100 iter (%) 11. 3.7 3.6 2.4 1.3 0.70

Fig. 6. Final mesh (400 nodes) : 10 iterations (left) to 100 iter-

ations (right) with modi�
ation of the node positions (missing

edges are due to the 
lipping)

angles and the surfa
es of the elements are 
on
erned (Fig.

6 right).

The node movement is all the more eÆ
ient as the

number of nodes is low : the geometri
al modi�
ations

of the mesh 
an be qui
ker and more important. To be

able to make even qui
ker modi�
ations, and give more

possibilities to the geometry of the mesh, the 
onne
tions

of the nodes have to be analyzed in addition to the node

movement.

6 Modi�
ation of the node positions and


onne
tions

The 
onne
tion modi�
ation is ne
essary when the modi-

�
ation of the node position method leads to nodes whi
h


annot be moved anymore be
ause of the geometry ob-

tained (Fig. 6). The analysis of the node position and


onne
tion modi�
ation 
an then be de
oupled.

The 
onne
tion modi�
ation as des
ribed in the pre-

vious se
tion does not work : if an element is elongated,

then its 
onne
tion will not be 
hanged, sin
e the edge is

already the one of shortest length.

In order to ease the movement of the nodes, an angle


riterion is tested (Fig. 7). If the angle �

0

of the adja
ent

element is greater than �, then the 
onne
tion of the edge

n

1

� n

2

is modi�ed into n

3

� n

4

(Fig. 7). This 
onne
tion
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modi�
ation is regularly tested after several iterations of

the node position modi�
ation method.

n

1

n

2

n

3

n

4

�

�

0

Fig. 7. Edge 
onne
tion : angle 
riterion

6.1 Results

If the number of nodes is high, the results are the same as

those of the previous method for the �rst iterations : only

a few edges need to be re
onne
ted (Fig. 8 left). But when

the number of iterations in
reases, the node movement has

a better pre
ision for a given number of iterations (Fig.

9). With 5000 nodes, the same pre
ision 
an be obtained

as the initial mesh with 40000 nodes (Tab. 3).

If the number of nodes is low, this method is mu
h

more eÆ
ient, even for a low number of iterations. With

400 nodes, the same pre
ision 
an be obtained as the initial

mesh with 11500 nodes. The quality of the mesh is mu
h

higher, even for a high number of iterations (Fig. 8 right).

Even if this moving node pro
edure with re
onne
tion has

not been fully optimized, the 
omputation time is about

60% lower than for a FE method with the same pre
ision.

Fig. 8. Final mesh (400 nodes) : 10 iterations (left) to 100

iterations (right) with modi�
ation of the node positions and


onne
tions

L(10

�7

H=m)

N

FE

analyti
al

2000 4000 6000 8000

6:75

7:00

7:25

7:50

10 iter.

50 iter.

100 iter.

Fig. 9. Modi�
ation of the node positions and 
onne
tions

Table 3. A

ura
y of the FE method with modi�
ation of the

node positions and 
onne
tions

Nb of nodes 400 800 1370 2086 2960 5000

0 iter. (%) 26. 17. 12. 9.4 7.2 4.9

10 iter (%) 7.9 6.8 5.8 3.9 2.8 1.8

50 iter (%) 3.3 2.1 1.8 1.31 1.1 0.72

100 iter (%) 2.2 1.1 0.76 0.62 0.48 0.29

7 Modi�
ation of the node positions and


onne
tions and nodes removing

Up to now, the number of nodes was set 
onstant. It is

possible to redu
e the number of nodes by edge fusion

[11℄. The 
hoi
e was made to 
an
el the nodes themselves,

with a lo
al approximation. The question is to wonder, if

a few nodes 
an be removed or not, in order to a

elerate

the iterations, without loosing to mu
h a

ura
y.

The polygon formed by the elements whi
h the node

n belongs to is 
onsidered (Fig. 10). The positions of the

nodes and values of the MVP are �xed at all the nodes.

The 
ontribution to the energy of the polygon without the

node n (the inner edges are displayed in dashed lines) is


ompared to the previous one with the node n (the inner

edges are in �lled lines). If they are 
lose enough, the node

n 
an be removed.

(x

j

; A

j

) = 
onst

n

Fig. 10. Can
elling the node n
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7.1 Results

If the number of nodes is redu
ed, the same a

ura
y 
an-

not be obtained as the one with the 
onstant initial num-

ber of nodes (Tab. 4). But the a

ura
y with node 
an-


elling is better than with the 
onstant �nal number of

nodes. The 
omputation time is slightly more important

than the method without node 
an
elling.

Table 4. A

ura
y of the FE method with modi�
ation of the

node positions and 
onne
tions, and node 
an
elling

Nb of nodes 400 800 1370 2086 2960 5000

0 iter. (%) 26. 17. 12. 9.4 7.2 4.9

Nb of nodes 360 680 1130 1700 2370 4100

50 iter (%) 3.5 2.3 1.9 1.5 1.2 0.76

Nb of nodes 330 580 880 1290 1780 3000

100 iter (%) 2.4 1.3 0.88 0.72 0.57 0.37

Fig. 11 shows the di�eren
e between the results of the

addition of the node 
an
elling and the method without

node 
an
elling (in dashed lines).

The mesh is less regular than the one without node

removing (Fig. 12). Nodes near the outer border have been

eliminated.

L(10

�7

H=m)

N

FE

analyti
al

2000 4000 6000 8000

6:75

7:00

7:25

7:50

50 iter.

100 iter.

Fig. 11. Modi�
ation of the node positions and 
onne
tions

and node 
an
elling

8 Con
lusion

The te
hnique whi
h is used, is to try to modify the

support of dis
retization, for a 
onstant number of nodes.

By maximizing the fun
tional of the 
oenergy, expressed

Fig. 12. Final mesh (330 nodes) : 100 iterations with modi�
a-

tion of the node positions and 
onne
tions, and node 
an
elling

(70)

as a fun
tion of the node positions in the mesh, it is pos-

sible to obtain more pre
ision.

In order to make more important 
hanges in this sup-

port, the edge 
onne
tion is used in addition to the modi-

�
ation of the node positions. This method is mu
h more

eÆ
ient for a low number of nodes : when 
ompared with

the initial mesh, the number of nodes is redu
ed by 25 for

the same pre
ision, and the 
omputation time has been

largely redu
ed.

For a greater number of nodes, a node removing opera-

tion 
an be used to gain 
omputation time without losing

mu
h pre
ision.
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