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2D Adaptive Mesh with Movement

St�ephane Dufour, G�erard Vinsard, and Bernard Laporte

Abstra
t|Adaptive meshes of ele
tri
al ma
hines

have to take into a

ount the movement of the rotor.

To 
ombine a

ura
y and fast 
omputation, nodes are

added and 
an
elled for any variation of the rotor po-

sition.

Index Terms|Magnetostati
s, mesh generation,

�nite element methods, rotating ma
hines, relu
tan
e

motors.

I. Introdu
tion

In order to 
al
ulate an ele
tri
al ma
hine, the 
oenergy

has to be 
omputed for di�erent rotor positions, and the

mesh has to be modi�ed for ea
h position.

For a 
onstant high density (the average number of el-

ements around a point for a given surfa
e) of the mesh,

the value of the 
oenergy will be a

urate, but it 
osts


omputation time.

The mesh density 
an also be variable: by starting from

a basi
 mesh, nodes 
an be added where they are ne
essary

(where the 
urvature of the �eld lines is important) to

in
rease the a

ura
y [1℄. But a mesh that is adapted

for one rotor position will not be ne
essarily adapted for

another position.

To take into a

ount the movement of the rotor, the

elements of the airgap and the rotor have to be modi�ed

at ea
h rotor position.

A dynami
al pro
edure that 
ombines the mesh adap-

tation with the modi�
ation of the mesh required by the

rotor movement is des
ribed.

II. Mesh and rotor movement

The syn
hronous-type ma
hine, for example a Swit
hed

Relu
tan
e Ma
hine (Fig. 1), is entirely des
ribed from

the ele
tromagneti
al point of view by the 
oenergy fun
-

tion W : it depends only of the 
urrent of the supplied

phase I , and of the position of the rotor �. As the ba-

sis of the study is the bidimensional linear magnetostati


Manus
ript re
eived June 5, 2000.

S. Dufour, G. Vinsard and B. Laporte are with the

GREEN-INPL, Vand�uvre-L�es-Nan
y, 54516 Fran
e (respe
tive

e-mail: Stephane.Dufour�ensem.inpl{nan
y.fr, Gerard.Vinsard�-

ensem.inpl{nan
y.fr and Bernard.Laporte�ensem.inpl{nan
y.fr,


ommon fax: (33)-3-83-59-56-53).

model, the 
oenergy fun
tional is:
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where a is the magneti
 ve
tor potential (MVP), j the


urrent density in the 
ondu
tors, and � the relu
tivity

fun
tion. The 
oenergy fun
tion is the maximum of the


oenergy fun
tional, rea
hed for the MVP a

1

(among the

MVP whi
h have the square of their gradient integrable)
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Fig. 1. 3-phase 6/4 Swit
hed Relu
tan
e Ma
hine (SRM)

A mesh is 
hara
terized by the position of its nodes and

the edge 
onne
tions between the nodes. The �nite ele-

ment approximation 
onsists in taking the MVP as a linear

fun
tion inside ea
h element and then parameterizing the

MVP by its values on the nodes of the mesh. Then the

maximization of the 
oenergy fun
tional on the subspa
e

of �nite dimension 
onstituted by the values of the MVP

of the nodes (a

1

; : : : ; a

N

) gives an approximation of the


oenergy fun
tion.

To start the movement of the rotor, a given mesh is done

with a 
onstant density, for the �rst position. In order to

move the rotor of an angle �, the mesh must be modi�ed.

The nodes of the stator keep their positions, the nodes

of the rotor move of the angle �, and the elements of the

airgap are modi�ed to ensure the 
onne
tions between the

nodes of the stator and of the rotor.

The next question is the adaptation of the mesh to the

solution, for a given position.

If a node is added to the existing mesh, it will add one

more degree of freedom to the maximization of the 
oen-

ergy fun
tional: for any position of the node, the value of



the maximum of the 
oenergy fun
tional will be higher.
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On the 
ontrary if a node is 
an
elled from the existing

mesh, with one degree less of freedom, the maximum value

will de
rease. A lo
al approa
h is sear
hed for a lo
al

meshing and de-meshing [2℄. The goal is to have a good

approximation of the 
oenergy fun
tion, with the least

possible number of nodes.

The last point is to 
ombine both operations: the rotor

movement with the mesh adaptation for any rotor posi-

tion. The nodes of the rotor from the existing mesh are

rotated of an angle �. Then the mesh has to be adapted

to the new rotor position: nodes are 
an
elled or added to

the mesh where they are ne
essary.

III. Node 
an
ellation

In a mesh, the presen
e of a parti
ular node may not

bring a signi�
ant 
ontribution to the value of W(I; �).

Thus, the utility of ea
h node has to be tested separately.

The in
uen
e of the node on the value of the 
oenergy

fun
tional 
ould have been tested with the use of the global

mesh; for ea
h node two global 
omputations are done

basi
ally: one with the node, and one without.

A lo
al test is sear
hed here: even if the resulting so-

lution will be under-optimal, the in
uen
e of the node is

tested with the use of a redu
ed part of the mesh.

Before 
he
king the 
ontribution of the node, several


onditions should be met. The mesh without the node

should preserve the geometry of the ma
hine.

The parti
ular 
ase of the nodes belonging to the border

has been treated, but is avoided in the presentation below

for reasons of simpli
ity. The mesh of the sour
e domains

is kept 
onstant: it is not investigated for the de-meshing.

First of all, a global 
omputation is made to obtain the

value of the MVP at ea
h node.

At the s
ale of the node n, the polygon P formed by

the m elements 
ontaining the node n is 
onsidered (Fig.

2).

The in
uen
e of the node is studied by setting the

MVP as 
onstant on the boundary of the polygon. Then,

the 
ontribution of this polygon P to the 
oenergy is


omputed. It 
orresponds to the opposite of the energy
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) is the position of the

node n. The energy of the polygon with the node is:
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where R is the 
ontribution of the element el

j

to the sti�-

ness matrix.

When the node n is 
an
elled, the elements of the poly-

gon have their 
onne
tions modi�ed, and two of them are
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Fig. 2. Can
ellation of the node n


an
elled (Euler relations on planar graphs). The energy

of the polygon without the node is (Fig. 2):

W
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m�2

X

j=1

W

el'

j

(6)

The 
onne
tions that minimize the in
rease of energy

between W

0

and W

1

are 
hosen. If the di�eren
e between

both 
ontributions is lower than a threshold value, pra
-

ti
ally proportional to the global energy divided by the

number of elements Nbe, then the node is e�e
tively 
an-


elled:

W

1

�W

0

< �

W

total

Nbe

(7)

Otherwise, the node is kept as its 
ontribution to the 
o-

energy fun
tional is signi�
ant. This lo
al pro
edure is


arried out 
omponent by 
omponent, even if the values

of the MVP slightly 
hange with the 
an
ellations. But

it is eÆ
ient to de
rease the number of nodes (and the


omputation time) without 
hanging too mu
h the value

of the 
oenergy.

IV. Node addition

Node addition is just seen as the inverse operation of

the node 
an
ellation. It is 
arried out in order to get a

better a

ura
y on the 
oenergy fun
tional.

Two ways 
an be used to in
lude a new node in the

mesh. This node 
an be introdu
ed:

� in only one element of the mesh, without modifying

the existing 
onne
tions.

� in a polygon made of several elements, by modifying

the existing 
onne
tions.

The value of the MVP of the nodes of the polygon are

�xed, as in the previous se
tion. The 
ontribution of the

polygon to the 
oenergy is 
ompared to the one with the



node added, instead of using estimator errors su
h as the

measurement of the energy sensitivity of the nodal posi-

tion [3℄, or the expression of the Hessian matrix [4℄.

The polygon whi
h is used with this method is made out

of two adja
ent elements (Fig. 3): it is 
hosen to preserve

the rapidity of the method (if the node was introdu
ed in

an element, then the solution would be linear, and there

would be no variation of 
oenergy).
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Fig. 3. Node addition in a polygon of 2 elements

Just as in the previous se
tion, the values of the MVP on

the boundary of the polygon are �xed, and the positions

of the nodes on the boundary are also �xed.

The energy of the polygon will de
rease with the intro-

du
tion of another node n, and this fall depends on the

position of the node n. The position whi
h minimizes the

value of the energy is sear
hed. Instead of approximating

the gradient and the Hessian of the energy fun
tion by

using �nite di�eren
es [2℄, the derivatives are e�e
tively


al
ulated. The value of the MVP a

n

is 
onsidered as a

fun
tion of the node position ~x

n

.

The value a

1

n

that minimizes W (~x

n

; a

n

) veri�es for the

zero order:
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t to the position r

~x

a

1

n

verify for the �rst order:

r

~x

�

�W

�a

n

(~x

n

; a

1

n

)

�

+

�

�

2

W

�a

2

n

(~x

n

; a

1

n

)

�

r

~x

a

1

n

= 0 (9)

The Taylor expansion of the energy at the se
ond order


an be expressed when using (8),(9) as:
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The new 
oordinates ~x

n

are 
omputed from this min-

imization of the energy, and the new value of the MVP

a

n

is dedu
ed. The new 
ontribution to the 
oenergy of

the polygonW

1

is then 
ompared to the previous oneW

0

.

If the variation is higher than a threshold value, then the

node is added:
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V. Results

A 3-phase swit
hed relu
tan
e motor (SRM) with 6 sta-

tor teeth and 4 rotor teeth is taken as example (Fig. 1).

The supply is 
onsidered as �xed, as one phase is supplied

at the same time. When the rotor moves, the relu
tivity

of the elements is a fun
tion of the rotor position: most of

the mesh variation will be 
on
entrated between the rotor

slots.

The mesh is evolving globally with the rotor movement:

the total number of elements N is 
hosen at the start. De-

pending on the ratios � and �, N will in
rease or de
rease,

and will 
onverge rapidly to an end mean value (Fig. 4).
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Fig. 4. Total number of nodes N as a fun
tion of the position
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Fig. 5. Number of nodes N

a

of the fourth of the airgap region as a

fun
tion of the position

To show the mesh variation, one fourth of the airgap

(part of the air-domain between two 
onse
utive rotor

slots) is 
onsidered (the boundary of this domain is in

bold on Fig. 6). The number of nodes of this domain N

a

signi�
antly varies with the rotor position. For the un-

aligned rotor position (Fig. 6 bottom), the domain is in

front of the supplied phase: the number of nodes N

a

is



maximum. For the aligned rotor position, N

a

is minimum

(Fig. 5).

The mesh variation for a 
hosen redu
ed number of el-

ements, is shown on Fig. 6 to see the regions whi
h need

to be meshed or not. The regions where the 
ux lines are

nearly straight need not to be highly meshed (stator and

rotor 
ore), when 
ompared with the teeth of the supplied

phase. When the rotor is moving from the aligned to the

un-aligned position, the number of nodes N

a

in
reases, as

more 
ux lines are in this region.

� = 45

o

� = 9

o

Fig. 6. Detail of mesh variation from the aligned rotor position to

the unaligned

The mesh variation was implemented and tested for var-

ious rotor positions. Table I 
ompares for two di�erent

rotor positions the results given by using a homogeneous

mesh of 
onstant density (high or low) with these of the

adapted mesh. The results for the adapted mesh show a

better a

ura
y than these for the 
onstant low density

mesh, espe
ially in un-aligned rotor positions.

A sti� test to verify the a

ura
y of the solution is to


onsider the variation of the 
oenergy fun
tion with re-

spe
t to the position (to get an estimation of the torque).

When the values ofW(�) are not a

urate enough, the nu-

meri
al derivation leads to erroneous values (Fig. 7 dotted

lines). A solution 
ould be then to in
rease the number of

nodes in the homogeneous mesh (dashed lines). In order

to keep the number of nodes 
onstant, an adaptive mesh

is used: it is as a

urate as in
reasing the number of nodes

in the homogeneous mesh.

TABLE I

Comparison of Meshes

Nodes W(� = 0

o

) Nodes W(� = 27

o

)

homogeneous 11000 1.456 11000 0.584

homogeneous 4000 1.447 4000 0.551

Error (%) 0.6 5.8

adaptive 3400 1.450 3400 0.581

Error (%) 0.4 0.4

adaptive 2000 1.446 2400 0.573

Error (%) 0.6 2.3

�W

��

�(
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)

1000 nodes - adaptive mesh

2500 nodes - homogeneous mesh

1200 nodes - homogeneous mesh

45 60 75 90

0

2

Fig. 7. Torque as a fun
tion of the rotor position for several meshes

VI. Con
lusion

A method to take into a

ount simultaneously the mesh

adaptation and the rotor movement of an ele
tri
al ma-


hine has been presented.

The mesh adaptation is 
arried out with lo
al de-

meshing and meshing te
hniques. From a starting posi-

tion with a mesh of 
onstant density, the mesh rapidly


hanges with the rotor position. This evolving mesh �ts

to any variation of the solution and shows a good a

ura
y

on the 
oenergy fun
tion and its derivatives for a redu
ed

number of nodes.
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