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The effect of wall slip on the stability of the
Rayleigh-Bénard Poiseuille flow of viscoplastic fluids

Christel Métivier®*, Albert Magnin®

@Laboratoire de Rhéologie, UMR 5520 (Université Joseph Fourier, CNRS, Grenoble INP),
Domaine universitaire, BP 53, 38041 Grenoble Cedex, France

Abstract

This work investigates the effect of wall slip on the stability of the Bing-
ham Rayleigh-Bénard Poiseuille flow. The steady state of the Bingham plane
Poiseuille flow is characterized by an unyielded region of 2y, width and two
sheared regions close to the walls with both no-slip and slip conditions at the
walls. A linear stability analysis of this flow with slip conditions is proposed
in this paper. The slip boundary conditions case leads to flow destabilization
compared with the results obtained in the no-slip case. Critical conditions are
modified by varying C, the friction number. For C; < O(1), critical Rayleigh
values Ra. tend to that obtained with a free-free case. For 10 < Cy < 30, Ra.
values decrease and reach a minimum in this zone. The value of C'y, for which
Ra, is minimal, varies slowly with the Bingham number B. For C'y > 30 the
flow is stabilized, i.e. Ra. values increase and finally tend to that of the no-slip
case when Cy > 1000. Furthermore, for 1 < Cy < 10, asymmetric modes were
obtained. They are due to the slip boundary conditions at the walls.

Keywords: yield stress fluid, wall slip, stability analysis, thermo-convection

1. Introduction

Slip occurs in flows of concentrated dispersions due to the displacement of
the disperse phase away from solid walls. Slip effects are usually observed when
the disperse phase presents multi-micron sized particles or droplets (emulsion)
or has a high molecular weight (polymers). When sheared with smooth sur-
faces, the concentrated dispersions exhibit apparent motion. Reviews on this
topic have been proposed by Oldroyd [1] and Barnes [2]. Due to its practical
interest, the slip of non-Newtonian fluids is widely studied. Numerous papers
exist concerning observations of the slip effect in the case of concentrated dis-
persions. In particular, the slip of polymer microgels in rheometers has been
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studied for a long time (e.g. [3]-[5]). Furthermore, recent papers [6], [7] pro-
pose observations and measurements of slip in pastes of soft particles as well as
elastohydrodynamical lubricating models of slip taking into account the physico-
chemical nature of the particle-wall interactions. It is shown that the attractive
paste-wall interactions exhibit no wall slip and a bulk yield stress, while the
repulsive interactions exhibit slip velocities and low slip yield stress.

Pearson and Petrie [8] first introduced a slip boundary condition giving a
relationship between the slip velocity at the wall and the wall shear stress.
Fortin et al. [9] used this model in the following form:

~

U

7 o= —GU -5t iff ’ﬁt‘#o, (1)
iz
7 < % i ‘ﬁt]:o, 2)

where the index ¢ means tangential component ; i.e. U, =0U - (fj -n)n and
Tt = 0 -n—[(6-n) -nln, n being the unit outward vector. The hat notation is
used for all dimensional variables. ¢y and Sy represent respectively the friction
coefficient and the slip yield stress. Experiments show that slip occurs when
|Tt| > So, otherwise no-slip conditions are observed. Sy is found to be smaller
than the bulk yield stress 7. The classical linear slip condition is found when
S0 = 0. The analogy between Eq. (1) and the constitutive law of a Bingham
fluid can be observed. Indeed, for 7 > ?y the Bingham model reads:

~ Ty |~ )\ &
TS (; +Mp> - (3)

The effect of wall slip on the flow of viscoplastic fluids was studied, for
instance, by [10] who considered the Poiseuille flow in a square pipe. By means
of an adaptive finite-element method, the different flow regimes are identified
when the slip yield dimensionless number S, the friction number C¢ and the
yield stress number B vary.

To our knowledge, the influence of slip conditions on the stability of flows
involving viscoplastic fluids has never been studied. Only a few studies e.g.
[11]-[15] have been performed for Newtonian fluids. This is not surprising, since
Newtonian liquids slip in very few situations (e.g. small scale flow configurations
or hydrophobic solid surfaces). Considering a Newtonian plane Poiseuille flow
with Navier slip conditions at the walls, papers [11], [12], [13] present linear sta-
bility analyses and show that wall slip stabilizes the flow. In this configuration,
the transition to turbulence is delayed due to slip. However, [14] and [15] deal
with the effect of slip boundaries on 2D thermal convection. They show that
the flow is destabilized when the slip increases at the walls.

The aim of the present paper is to investigate the effect of slip near solid
surfaces on the instability conditions when a viscoplastic fluid is involved. In
particular, we propose to study the Rayleigh-Bénard Poiseuille (RBP) flow of a
Bingham fluid.



The instability of the Bingham RBP flow is considered in the no-slip case in
[16], [17]. In these studies, the effect of the yield stress on critical conditions and
on the evolution of the amplitude perturbation is investigated using linear and
weakly non linear stability analyses respectively. Here, we propose to extend
the study of [16] by considering slip conditions at the walls. In this respect, a
linear stability analysis is developed considering dominant buoyancy forces, i.e.
small values of the Reynolds number Re.

In section 2, all the governing equations are presented including the devel-
opment of the steady state solution (section 2.1) and the perturbation set of
linearized equations (section 2.2). The third section presents the numerical re-
sults as well as a discussion. The effect of the dimensionless numbers S and C¥,
is investigated and the results are compared with the no-slip configuration. The
paper ends with a concluding section.

2. Governing equations

We consider the Poiseuille flow under an imposed axial pressure gradient of
a yield stress fluid in a horizontal plane channel. The upper and lower walls are
at constant temperatures, Ty — 07" /2 and Ty + dT'/2, respectively.

The dimensionless problem is obtained using the width L of the plane channel
as length-scale, and the thermal diffusion time L?/a between the two walls as
the timescale; here @ is the thermal diffusivity of the fluid. In order to compare
the slip conditions with the no-slip case, the maximum velocity Uy of the no-
slip boundary conditions is used as the velocity scale. The stress and pressure
scale is thus figUp/L, with fig being the plastic viscosity. With the Boussinesq
approximation, the governing equations read:

V.U =0, (4)
ReU;+ Re* Pr(U-V)U = RePr (-VP+V -7)+ RaTe,, (4b)
T, + Re Pr (U - V)T = VT, (4c)

where, U corresponds to the velocity vector, T' is the reduced temperature
scaled with 67", P the modified pressure, and 7T the deviatoric stress tensor.
The velocity vector U is of the form U = U ex + V ey, + W e,, where U,V and
W are the velocity components and ey, ey, e, are unit vectors in the streamwise,
transverse and spanwise directions respectively.

pUoL
The dimensionless numbers are the Reynolds, Re = pAo , Prandtl, Pr =
Ho
~ A/\/\afi3 R .
M—AE and Rayleigh, Ra = L"f — numbers, p is the fluid density, g is the
pa 00

thermal expansion coefficient and ¢ the gravitational acceleration.

As a remark, the scales chosen in this study are similar to those of the no-
slip walls case. In this sense, the effect of the boundary slip could be directly
compared with the results shown in [17].



The constitutive law for a Bingham fluid is given by:

= uy iff 7>B, (5)
yo= 0 iff 7<B, (6)

B ~ T~ .
with 1 = 1 4+ — the effective viscosity and B = 7y L/ (Mo U0> the Bingham

number. The rate of strain tensor is denoted by <; 4 and 7 are the second
invariants of the rate of strain and deviatoric stress tensors, respectively.

Set (4) is completed by the boundary conditions at the walls with constant
temperatures:

T(-1/2)=T,=1/2 and T(1/2) =Ty, = —-1/2, (7)

the wall slip is described as follows:
Uy (£1/2) = —Tt(gm [1— |Tt(fl/2)|} iff |7 (£1/2)] > S, (8)
Ug(+1/2) = 0 iff [ (£1/2)[ <5, (9)

1/2.

where the notation |-| represents the vector norm |v| = (v - v) In the two-

dimensional case, these conditions read:
_Tmy(:bl/Q) [ B o

Cy |Tay(£1/2)]
U(+1/2) = 0 iff |7,y (£1/2)] < S. (11)

U(£1/2) ] iff |7, (£1/2)] > S, (10)

The slip yield number S and the friction number C'; are defined respectively by:

oL oL
§= and oy =2,
,LL()UO Ho

Finally, the boundary condition expressing the fact that the fluid does not cross

the walls is given by:
U-n=0. (12)

2.1. Fully developed flow
The steady state flow leads to a basic conductive state with a linear temper-

ature profile given as follows
Tb = Y. (13)

The pressure is given by:

y?> Ra 2

P = Py — = -
b (x,y) f 2 Re Pr (1/2 B yb)2 x

(14)

where P,y corresponds to a reference pressure. The stress field is described by
the only non zero component 7,,:
dp 2
Tohay 8$y (1/2 — yb)gy ( )
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and the velocity Uy = (Up(y), 0,0) reads:

1 B
1+(+S) for |yl <wp
2yp

Up(y) = 2
Iylyb> 1 <B >
1— (2R 4 - (2 48) for oy <yl <1/2,

(1/2—yb Cr \2yp v <lyl <1/

where 2y, is the width of the central unyielded region as shown in Fig. 1. In

1 (B
Equation (16), it can be seen that Uy = rol <2 + S) corresponds to the wall
7 \<Yb

slip velocity. U, varies non-linearly with Cy and S as shown in Eq. (16) as well
as in Fig. 1 which shows velocity profiles for different values of C'y and S. The
decrease in the friction coefficient as well as the increase in the value of S lead
to an increase in the slip velocity value Us;. The no-slip case is recovered for
Us =0,ie. Cf— ooand S=0. The perfect slip case, i.e. free of stress at the
walls (free-free case) is obtained for C'y — 0.

(16)

8 T

—

Figure 1: Velocity profiles for y, = 0.1 (B = 1.25) and different values of Cy and S. The
gray zone represents the unyielded region. Dotted lines: S = 5,Cy = 50, dashed lines:
S =5, = 2, dash-dotted lines: S = 0.5,Cy = 50, solid lines: S = 0.5,Cy = 2.

In addition, the yield surfaces position depends on the Bingham number B
via the following relation:
2y

(yo —1/2)%

Finally, comparing the two cases, i.e. no-slip boundary conditions and slip
boundary conditions, the only difference is the value of the mean velocity which
is increased by U when slip occurs at walls. One can notice that, with B

B= (17)



constant, the shear rate and stress fields are not modified in either case. In
particular, the wall stress value is 7, = B/(2y,) > B. As a consequence, the
viscosity profile is also similar in the yielded regions.

2.2. Linear stability analysis

A small perturbation A(vy), O, p, :i:yzi) is introduced into the fully developed
flow. Here, A corresponds to the amplitude of the perturbation and 1 is the
stream function, defined by v = dy% and v = —0J,%. The perturbation field is
sought in the following form:

(v, £y, p, ©) = (fly), £ui-, ply), O(y)) €=, (18)

where « denotes the streamwise wave number and ac; = Im(w) denotes the
wave speed.

Considering Eq. (18), the linearized equations of the perturbations (vorticity
and energy equations) represent a generalized eigenvalue problem, with ¢ being
the eigenvalue.

In the two yielded regions, the eigenvalue problem is written as:

Lif+ Lo =cLsf, (19a)
L4604+ f =cb, (19h)

with L1, Lo, L3 and L4, the following operators:
Ly =Pr Re [Uy(D? — o) = D*U,|

Pri D
+ - (D*~ a?)? —4iaPrBD | ——|,
(&7 |DUb|
Ly = Pr Ra, (20)
EgEDQ—O[2,

L4 = PrReUy, —ia+ ~D?,
[0

where D = 0,.

In the unyielded region, by combining the translation of the plug zone, in
particular one writes 9, u(x, yii, t) = 0, and the normal mode assumption leads
to f=wu =wv=0. In this zone, the eigenvalue problem is reduced to:

f=0, (21a)
L4160 =ch. (21b)

At the yield surfaces (y = y), the yield conditions lead to:
f(£ye) = Df(£ys) =0 (22)

and
D2 f(£yp) = yiE D> Up(£us). (23)

Actually, this last equation gives a condition for y;, not for f.



At the walls (y = +1/2), the constant temperature conditions read:

6(+1/2) = 0. (24)
: iy Ty (£1/2) :
At first order, the slip conditions, u(+1/2) = —— g, can also be written
!
as follows:
[D*f +CyDf —a*f],, , =0 (25)

In addition, the fact that the fluid does not cross the walls reads:
v(£1/2) = —f(£1/2) =0. (26)
Remarks:

(i) The no-slip case involves the same perturbation equations and bound-
ary conditions except condition (25). Indeed, in the no-slip case, one obtains
f(£1/2) = Df(£1/2) = 0.

(ii) In the slip case, the asymptotic conditions lead to the following boundary
conditions at the walls:

e For Cy — 0
! f(£1/2) = D*f(£1/2) = 0. (27)

These conditions are similar to the perfect slip conditions (free-free case).

e For Cy — o0
! f(£1/2) =Df(£1/2) =0 (28)

These conditions are similar to no-slip boundary conditions.

3. Results and discussion

The set of equations (19)-(26) is solved numerically by means of a finite
difference method. A second-order centered finite scheme is used in order to
discretize the equations. The resulting problem represents an eigenvalue prob-
lem which is solved using the QZ algorithm implemented in Matlab 7.1. The
numerical code was tested for the no-slip case, by comparing with the New-
tonian case. The results converge for N = 201 nodes, for which the Newtonian
results ([18]) are recovered with a discrepancy of 0.5 %. Considering the Bing-
ham Rayleigh-Bénard Poiseuille flow with slip boundary conditions, the results
converge for N = 301.

A resulting spectrum of the slip configuration is presented in Fig. 2(a) for
S =2 and Cf = 2. The spectrum is plotted at criticality and is comparable
to the one obtained in the no-slip configuration as shown in Fig. 2(b). The
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increase in the velocity phase can be observed, through the increase in ¢,, in
the slip case compared with the no slip case. This is due to the increase in the
mean velocity of the basic flow.

Critical Rayleigh numbers are presented in Fig. 3 as a function of the Bing-
ham number for C'y = 2 and different values of S. In this figure, the no-slip case
is represented by black squares and some symbols (circles and diamonds) corre-
sponding to S =5 and S = 8, since for low values of B the Von Mises criterion
leads to a no-slip condition, i.e. 7, < S (Eq. (11)). The figure shows that slip
conditions at the walls destabilize the flow decreasing the values of Ra.. With
respect to S = 5 and S = 8, the variations in Ra. are due only to stick-slip:
either the fluid sticks at the walls (7, < S) with low B or it slips (7, > 5),
since 7, depends on B. In the both slip and no-slip cases, the Newtonian crit-
ical conditions are not recovered for B — 0. This is due to the presence of
the central plug zone in which the velocity perturbation vanishes (see [19] for
further details). On the other hand, if only slip conditions are considered, one
notices that variations in S do not modify the values of the critical conditions
since Ra. remains constant by varying S, even in the limit case S = 0. This
is not surprising since the stress is weakly perturbed. In this sense the per-
turbed stress value remains close to that of the basic state, in particular at the
walls 7, (£1/2) = 7, > S. Furthermore, S does not have any influence on the
stability analysis, i.e. Eqs (19)-(26).

The influence of the variations in C’ is also investigated. Figure 4 represents
critical conditions for different values of the friction number C'y with S = 2. The
only cases considered with this value of S are those in which the fluid slips at the
walls, for all B. As said before, slip conditions at the walls destabilize the flow
since the Ra. values are smaller than that of the no-slip case (black squares).
For Cy > 30, critical conditions tend to that obtained in the no-slip case while
for Cy < 10, the Ra. values tend to the perfect slip case. A transition region
is observed for 10 < Cy < 30. Actually, in this range of values, one observes
that (i) if B < B., Be a critical value, then the Ra. values tend to the no-slip
conditions, (ii) if B > B., a large variation is observed in Ra. and the flow is
destabilized as shown in Fig. 4 (see circles and diamonds with dashed lines).
Furthermore, it can be seen that B. varies slightly with C'y as is also underlined
in Fig. 5 (dashed lines). This figure, which represents Ra. as a function of C
for different values of B, confirms that the variation in critical values, comparing
the slip and the no-slip cases, is more significant in this transition region. With
fixed values of B, one notices that Ra. is constant when C'y < O(1) and is equal
to the value obtained for the limit case Cy — 0, i.e. the free-free case. For
10 < Cf < 30, the values of Ra. decrease, reach a minimum at Cf,, = 0(10)
and then increase significantly. Finally, the Ra. values tend to that of the no-
slip case with high values of Cy (C; > 50). Figures 4 and 5 show clearly that
the transition between the free-free and the no-slip cases is abrupt and depends
on the values of Cy. In order to underline this dependency, calculations were
performed, artificially setting C'y = 0 only in the boundary conditions (25), i.e.
for each value of C'y the basic flow is retained but the perturbation boundary
conditions at the walls are modified. If C'y = 0 is imposed only in Eq. (25),
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Figure 3: Critical Rayleigh number as a function of the Bingham number for different values
of S and Cy =2, Re = 0.01 (M: No-slip case, V: S =0,0: S$=0.5, A: §=2,0: §=5, ¢
S =38)

it can be seen that the critical conditions are constant (black squares in Fig.
5) for all tested values of Cy, and equal to that of the case Cy = 0.001, i.c.
Cr — 0. The same goes for the resulting spectra and eigenmodes. This means
that any variation in criticality (spectra, eigenmodes, critical conditions) is only
due to the competition between the perfect slip case (free-free case Eq. (27))
and the no-slip case (Eq. (28)) via the value of Cy in Eq. (25). Finally, the
Bingham number has an influence on the variation in Ra. since the difference,
in the transition region, increases slightly with increasing B.

In a similar way to the no-slip case, the linear stability analysis leads to
propagating convective patterns, on both sides of the unyielded region, in the
form of traveling waves. The structure of the perturbed flow can be represented
by the least stable mode in terms of temperature and stream function, as given
by Figs. 6-9. In these figures, critical modes are represented as a function of y.

10
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In order to compare the modes V' = (f,#), they are normalized as follows:

e v 29
Vi (29)

VIl =

with ||[V|| = max V/Re(V)2 + Im(V)2, the norm infinity,
Im(|[V[..)
Re([[V],)

Figure 6 shows the critical modes obtained in the no-slip case. The modes
are found to be symmetric and the maximum amplitude of the perturbation is
attained by the real part of the stream function in the middle of each yielded
region.

For low values of Cy, i.e. Cy < 0.1, the critical modes are also symmetric,
as shown in Fig. 7. However, a difference with the no-slip configuration can be

and xg = Arctan (— ), the reference phase.

11
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observed via the derivative of f at the walls given by the boundary conditions
(27) when C; — 0. Finally, the destabilization of the flow is due to perfect
slip conditions in which no tangential stresses act. This is in agreement with
the decrease in Ra. in the Rayleigh-Bénard Newtonian case (see[20]) when the
(no-slip) rigid surfaces case (Ra. = 1707.76) is compared with the free surfaces
case (Ra. = 657.51).

Asymmetric modes can be observed for 1 < Cy < 10%, as represented in
Figs. 8-10. The increase in the values of C increases the differences between
the extrema of the mode f in the two yielded regions. On the other hand,
this increasing asymmetric effect goes with a mean decrease in the intensity of
the perturbation via f and 6. As said before, the asymmetry does not involve
significant variations in Ra., if the results obtained by varying C¢ from 1 to 10
are compared.

12
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Furthermore, with increasing Cy values, the break in symmetry is still ob-
served even when 10 < Oy < 10* while the Ra,. values tend to those obtained
in the no-slip configuration as shown in Fig. 9. Actually, the modes obtained
in the no-slip configuration can be recovered with larger values of Cy, that is
to say Cy = O(10%), as can be seen in Fig. 10. As expected, for Cy — oo, the
no-slip case is recovered in terms of critical conditions as well as flow conditions,
e.g. the perturbation modes.

Furthermore, the thermoconvective rolls are depicted via the isovalues of
normal modes ¥ and © in Fig. 11. Obviously, the asymmetry of the modes is
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(solid line: Cy = 10, long dashed line: Cj; = 5, dash-dotted line: Cj = 2, dashed line:
Cy=1).
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Figure 9: Critical modes for S = 2, y, = 0.1 (B = 1.25), Re = 0.01 (solid line: Cy = 100,
dash-dotted line: Cy = 50, dashed line: C'y = 30, long dashed line: Cy = 25).

also observed via a decrease in the intensity of the perturbation in one yielded
region: either the upper one or the lower one depending on whether C'; values
are low or large respectively.

The origin of the asymmetry in terms of perturbation modes is due only to
Cy. Actually, as said before, when C'y is artificially set to zero in boundary
condition (25), the perturbation modes are symmetric and are similar to the
ones obtained with C; = 0.01 (Fig. 7). The asymmetry of the modes is due
only to the competition between the (derivatives at the walls of the) modes
obtained in the no-slip case (Fig. 6) and the ones obtained in the free-free case
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Figure 10: Critical modes for S = 2, y, = 0.1 (B = 1.25), Re = 0.01 (solid line: Cy = 200,
dashed line: Cy = 500, dash-dotted line: Cy = 1000, long-dashed line: Cy = 10000).

(Fig. 7) via the value of Cy in (25).

4. Conclusion

The linear stability of the plane Bingham Rayleigh-Bénard Poiseuille flow
was studied considering slip conditions at the walls. The effect of the two dimen-
sionless numbers S and C, which characterize the wall slip, was investigated.
The numerical results show that the wall slip leads to destabilize the flow since
the critical Rayleigh values are smaller than the ones obtained in the no-slip
case. In the range of values tested, one observes that variations in S do not
modify the critical conditions, while variations in Cy do. We showed that (i)
for C'y < 0(1), the critical conditions tend to the free-free case, (ii) for C'y > 30,
the critical Rayleigh values increase, (iii) the no-slip case is recovered in terms
of critical conditions when Cy > 100. The effect of C'y was also underlined via
the perturbation modes. In a range of values such as 10 < C'y < 104, asymmet-
ric modes were observed in terms of stream function and temperature. This is
clearly the consequence of the competition between the free-free case and the
no-slip case through the slip conditions (25).

In conclusion, it is of great importance to pay attention to wall conditions,
in particular in experiments, since critical conditions can be modified by con-
sidering either no-slip or slip conditions.
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(d) S =2 Cy = 10000

Figure 11: Isovalues of temperature (left) and stream function (right) perturbation for y, = 0.1
(B =1.25), Re = 0.01, P = 50 by varying Cy.
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