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Strong incompatibility stresses may develop at grain or twin boundaries because of elastic
and plastic anisotropies. Their knowledge at Σ3 < 111 > twin boundaries may be of interest
for a better understanding of the mechanical behaviour of f.c.c. materials that can display
lamellar twin structures such as TWIP steels or general nanotwinned materials. In this paper,
incompatibility stresses arising at general twin boundaries are explicitly derived for a given
twin volume fraction. They are deduced from the solutions of the general infinite bicrystal,
which is equivalent to a periodic layered structure. In the case of pure elasticity and Σ3 <
111 > twin boundaries, the result is of remarkable simplicity. The incompatibility stress field
reduces to a shear stress acting upon a plane orthogonal to twin plane. Simple analytical
expressions of the resolved shear stresses are also determined according to the twin boundary
orientation, the twin volume fraction and the elastic anisotropy factor. Such expressions allow
performing a comprehensive study of slip initiation. In particular, there exists a large physical
domain, depending on the three above parameters, where simultaneous slip parallel to twin
plane in the parent and in the twin is greatly promoted. There is also a restricted domain
where simultaneous single slip parallel to twin plane is promoted. The conditions for these
promotions are realistic considering the literature data on TWIP steels. The present results
hence support the high ductility and strong contribution of kinematic hardening observed in
TWIP steels and agree with composite hardening models with single and multislip deforming
grains.

Keywords: twinning; incompatibility stress; anisotropic elasticity; plasticity; TWIP; grain
boundary engineering

1. Introduction

In polycrystals, incompatibility stresses arise due to the interaction of differently
oriented adjacent grains that deform in an anisotropic way. For the same reason,
the presence of twins inside grains induce also incompatibility stresses. These latter
can be very strong and modify significantly the inter-granular stress heterogeneity.
A well-known example is the role of twin boundaries in face-centred cubic (f.c.c.)
materials as preferred sites for crack nucleation during high cycle fatigue (see [1–6]
as a non-exhaustive list of examples). This phenomenon may appear unexpected
at first view since twin boundaries have the lowest interfacial energy among all
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grain boundaries in f.c.c. crystals. The general common explanation is that elas-
tic anisotropy causes stress concentrations next to twin boundaries that promote
earlier plastic strain. Numerous fatigue experiments were conducted to study this
phenomenon, notably in copper [1, 2] and in austenitic steels [4–6] which show

high values of their elastic anisotropy factor A = 2(s11−s12)
s44

(s11, s12 and s44 be-
ing the cubic elastic compliances, A = 3.26 for copper and A ≃ 3.4 for austenitic
steels [7]). Under low cycle fatigue tests, the preferential role of twin boundaries
to initiate fatigue cracking is much less evident [8]. It actually depends closely
on crystallographic orientations, material stacking fault energy and plastic strain
amplitude.
Incompatibility stresses that arise due to elastic mismatch at an interface can

be estimated by finite element simulations (e.g., [9, 10]) but also thanks to sim-
plified analytical models that assume piecewise uniform elastic fields. This kind
of analytical model was initially proposed by Gemperlova et al. [11]. It applies in
the bulk and appears in the form of a linear system of equations. A similar model
was later used by Peralta et al. [12] and Blochwitz et al. [6] to study the role of
texture on the fatigue behaviour of f.c.c. twin boundaries. In a proceeding paper,
Neumann pointed out that in the case of f.c.c. twin boundaries, such model can
be solved explicitly, using a mathematical software, and lead to remarkable sim-
ple solutions [13]. This important result seems however to have remained partly
unknown from the community. In the present paper, these remarkable simple so-
lutions are retrieved starting from the expressions of incompatibility stresses in an
infinite bicrystal which were recently derived in explicit forms for the general case
[14]. These solutions include the effects of plastic strains and are now given for any
volume fraction of the component crystals (Section 3). Simplifications arising due
to the twin symmetry (type I or II) are then first highlighted (Section 4) before
handling in detail the case of f.c.c. twin boundaries (Section 5). In this last case,
simple analytical expressions of the resolved shear stresses on f.c.c. slip systems
are also given considering uniaxial loading. These expressions allow performing a
comprehensive study of slip initiation at f.c.c. twin boundaries (Section 6).
In addition to fatigue resistance, the knowledge of incompatibility stresses at

f.c.c. twin boundaries may be of interest for a better understanding of the mechan-
ical behaviour of f.c.c. materials that can display lamellar twin structures. Lamellar
twin structures can be encountered in twinning-induced plasticity (TWIP) steels or
in general nanotwinned materials with a high density of twin boundaries. Such ma-
terials are actually quite promising since they exhibit greatly enhanced strength
and very good ductility and toughness compared to ultra-fine or nano-grained
materials [15, 16]. For instance, Pan et al. recently synthesized polycrystalline
columnar-grained bulk Cu samples that contain preferentially oriented nanoscale
twins by means of direct current electrodeposition and found an enhanced fatigue
limit [17]. Their sample contained high densities of parallel growth twin lamellae
with an average twin thickness of 78 nm. Concerning TWIP steels, images of the
deformation structure reveal that a majority of grains contains very thin parallel
twins (< 100nm) [18–20]. Multiple twinning systems may also be active and form,
as a result, an intersecting layered substructure. Besides, it is often suggested that
in heavily twinned grains, slip occurs predominantly parallel to the active twin
plane since dislocations movement in other slip planes is hindered by twin bound-
aries. This suggestion is in particular recommended in order to capture texture
evolution [20, 21]. One purpose of the present study is thus to highlight the role
of elastic anisotropy on the potential promotion of slip on planes parallel to twin
plane. This issue is handled in Section 6 through different numerical applications.
The results are then discussed in Section 7 in relation with experimental data of
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the literature. Notation conventions are settled in forthcoming Section 2.

2. Notation and reduction conventions

A bold symbol denotes a tensor. The symbol · represents tensor multiplication and
a : the contracted product between two tensors. If C is a fourth-order tensor and
A a second-order tensor, we have in rectangular Cartesian coordinates (C : A)ij =
CijklAkl. Throughout the article, the contracted Voigt notation [22] (11 → 1, 22 →
2, 33 → 3, 23 → 4, 31 → 5, 12 → 6) is actually adopted concerning operations on
fourth and second-order tensors. The contracted product between tensors C and
A is then written as (C : A)p = CpqAq where p and q take values ranging from 1 to
6. For consistency, an engineering convention is considered for strain components,
i.e. ε4 = 2ε23, ε5 = 2ε31, ε6 = 2ε12, and the Hooke’s law in matrix notation is given
as

















εe1
εe2
εe3
εe4
εe5
εe6

















=

















s11 s12 s13 s14 s15 s16
s12 s22 s23 s24 s25 s26
s13 s23 s33 s34 s35 s36
s14 s24 s34 s44 s45 s46
s15 s25 s35 s45 s55 s56
s16 s26 s36 s46 s56 s66

































σ1
σ2
σ3
σ4
σ5
σ6

















(1)

where εei are the elastic strains and sij are the components of the elastic compli-
ances tensor that include the multiplying factors of 2 and 4 [22].

3. Incompatibility stresses for any infinite bicrystal with planar boundary

A fixed infinite planar interface separating two crystals is considered in a con-
tinuous medium, with unit normal vector n oriented from crystal I to crystal II
along the x2 direction (Figure 1). The volume fractions of crystal I and II in the
infinite medium are denoted f I and f II . This bicrystal is subjected to far-field
tractions on its fictitious external boundary, T = Σ ·ns where the applied stress Σ
is assumed macroscopically homogeneous and ns stands for the outward normal.
Elastic compliances s and plastic strains εp are assumed to be piecewise uniform,
i.e. uniform within each component crystal. The superscript I denotes fields in
crystal I (x2 < 0) and the superscript II fields in crystal II (x2 > 0). The jump of a
mechanical or a material property field g at the interface oriented by n is denoted
[g] = gII(x2 → 0+)− gI(x2 → 0−). By extension, for a piecewise uniform field w,
the difference between the fields in crystals II and I is written as [w] = wII −wI.
Recently, stress solutions of this general elastic-plastic problem were explicitly de-
rived in [14] and in [23] considering the linear theory of small perturbations, strains
compatibility and balance of stresses without body force. As a result, the stress
tensor in crystal II is expressed as

σ
II = BII : Σ+ σ

resII = BII : Σ+ FII : [εp] (2)

where BII is the elastic stress concentration tensor and FII is the stress influence
tensor [14, 24, 25]. The second term of this expression, σresII = FII : [εp], is the
residual stress tensor. It turns out that the tensors BII and FII are actually linked
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Figure 1. Infinite bicrystal with a planar boundary (left). Periodic layered structure (right).

by the relation BII
ij = δij + F IIik [skj ] where δij is the Kronecker delta. Hence, σII

can also be written as

σ
II = Σ+ σ

incII = Σ+ FII : ([s] : Σ+ [εp]) (3)

The second term of the above expression, σincII = FII : ([s] : Σ+ [εp]), now
represents what is usually denominated as the incompatibility stress tensor. The

stress tensor in crystal I writes in a similar manner with FI = −fII

fI F
II. Besides,

in order to track expressions as concise as possible, the tensor σinc⋆ is introduced.
It is related to the incompatibility stress tensors in crystals I and II as

σincI = −f IIσinc⋆ , σincII = f Iσinc⋆ (4)

The notations below are also adopted

[ε⋆] = [s] : Σ+ [εp]

s̃ = f IIsI + f IsII = sI + f I [s]

G =
1

f I
FII = −

1

f II
FI

(5)

in order to write the stresses in crystals I and II in the following way

σI = Σ− f IIσinc⋆ , σII = Σ+ f Iσinc⋆ with σinc⋆ = G[ε⋆] (6)

where the non-zero components of the symmetric tensor G are explicitly given
below

G11 =
(

s̃33s̃55 − s̃235
)

/D ,
G33 =

(

s̃11s̃55 − s̃215
)

/D ,
G55 =

(

s̃11s̃33 − s̃213
)

/D ,

G13 = (s̃15s̃35 − s̃13s̃55) /D ,
G15 = (s̃13s̃35 − s̃15s̃33) /D ,
G35 = (s̃13s̃15 − s̃35s̃11) /D ,

with D = s̃11s̃
2
35 + s̃33s̃

2
15 + s̃55s̃

2
13 − s̃11s̃33s̃55 − 2s̃13s̃15s̃35

(7)

All the other components of G are zero, i.e. GAA = GAP = 0 with P the plane
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components (1, 3, 5) and A the anti-plane components (2, 4, 6). Hence, it must be
noted that the anti-plane components of [ε⋆] do not induce any incompatibility
stress and that the anti-plane components of the incompatibility stress tensors are
zero since tractions on the interface must be continuous

σinc⋆A = 0 (8)

The above closed-form solutions show coupled effects of plastic incompatibilities
and elastic mismatch at the interface. In the first place, they were derived some
years ago in the particular case of homogeneous isotropic elasticity [26, 27]. Stress
solutions in anisotropic elasticity were also previously given by different authors
but, as mentioned in the Introduction, only in the form of a linear system of
equations and for a same volume fraction of the component crystals [6, 11, 12, 28].
In [14], it was verified that the general solutions given by Equations 6 and 7 match
perfectly the stress outputs of Finite Elements simulations when the latter are
performed on a bicrystal with periodic boundary conditions. Peralta et al. [29]
considered the case of finite bicrystals and showed that the average values of stresses
given by a Finite Element model are in reasonable agreement with these analytical
solutions.
Besides, it is noteworthy that the previous stress expressions established for an

infinite bicrystal also apply to the case of a periodic layered composite with uniform
elasticity and plasticity in each phase (see Figure 1). Indeed, the field equations of
a one-rank laminate structure (compatibility conditions, stress equilibrium, prob-
lem’s invariance) remain the same as those of the infinite bicrystal (for details about
these equations, see [14, 23] for bicrystals and [24, 25, 30] for laminate structures).
Hence, σI and σII are also the respective stress tensors in each phase of a periodic
layered structure.

4. Incompatibility stresses in case of twin symmetry

In this section, the planar interfaces of Figure 1 are assumed to be twin boundaries
with I the parent phase and II the twin phase. The process of twinning is accom-
plished by a simple shear of a crystal region, so that the new twin lattice becomes
the mirror image of the original parent lattice [31]. In reality, twins have finite
dimensions and the twinning shear distortion itself induce incompatibility stresses.
However, within the present configuration of lamellar twin structure (Figure 1b),
the twinning shear does not induce any incompatibility stress since it occurs in
the interface plane (only anti-plane components of [ε⋆] are at stake, cf. Equations
6 and 7). Moreover, because of tractions continuity, there are no incompatibility
stress acting on the twin plane (cf. Equation 8). Then, (e∗1, e

∗
2, e

∗
3) is defined as

the basis vectors of an orthonormal frame attached to the twin boundary. e∗1 and
e∗2 are collinear, respectively, to η1, the twinning shear direction, and to nK1 , the
normal to the K1 plane where the twinning shear occurred. In the rest of the paper,
s∗ij will designate the elastic compliances of crystal I in the twin boundary frame,
whereas sij will designate the elastic compliances in the single crystal frame.

4.1. Type I twins

For type I twinning, the orientation of the twin lattice relative to the parent one
corresponds to a 180˚ rotation around nK1 [31]. Hence, in the twin boundary
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frame, the elastic compliance tensor of crystal II (i.e., the twin phase), SII, is
deduced from the elastic compliance tensor of crystal I (i.e., the parent phase),
SI = s∗, by a 180˚ rotation around e∗2. As a result of this rotation, SII reads

SII =

















s∗11 s∗12 s∗13 −s∗14 s∗15 −s∗16
s∗12 s∗22 s∗23 −s∗24 s∗25 −s∗26
s∗13 s∗23 s∗33 −s∗34 s∗35 −s∗36
−s∗14 −s∗24 −s∗34 s∗44 −s∗45 s∗46
s∗15 s∗25 s∗35 −s∗45 s∗55 −s∗56
−s∗16 −s∗26 −s∗36 s∗46 −s∗56 s∗66

















(9)

It appears that the components of SII are identical or have opposite sign as those
of SI. As a consequence, the plane components of [ε⋆] (Equation 5) reduce to

[ε⋆1] = −2s∗14Σ4 − 2s∗16Σ6 + [εp1]

[ε⋆3] = −2s∗34Σ4 − 2s∗36Σ6 + [εp3]

[ε⋆5] = −2s∗45Σ4 − 2s∗56Σ6 + [εp5]

(10)

Hence, out of the 6 components of Σ expressed in the twin boundary frame,
only Σ4 and Σ6 act upon the general incompatibility stress tensor σinc⋆. Σ6 cor-
responds directly to the macroscopic resolved shear stress on the twinning system.
Σ4 is the other anti-plane shear stress component. It acts also on the K1 plane,
but in a direction orthogonal to η1. As a consequence, for uniaxial loading, incom-
patibility stresses due to elastic mismatch around general type I twin boundaries
may be insignificant if the K1 planes are oriented nearly parallel or perpendicular
to the loading axis. On the other hand, incompatibility stresses may be enhanced
if K1 planes get close to a 45˚ orientation from the loading axis. Note also that
concerning the tensor G (Equation 7), the simplification due to type I twin config-
uration leads to GPP ′(s̃) = GPP ′(s∗) since s̃ij = f IIs∗ij + f Is∗ij for i, j = 1, 3, 5. It
means that for type I twins, volume fractions have no influence on the orientation
of the incompatibility stress tensor. They act only upon the incompatibility stress
magnitudes.

4.2. Type II twins

For type II twinning, the orientation of the twin lattice relative to the parent one
corresponds to a 180˚ rotation around η1 [31]. Hence, SII is deduced from SI by
a 180˚ rotation around e∗1

SII =

















s∗11 s∗12 s∗13 s∗14 −s∗15 −s∗16
s∗12 s∗22 s∗23 s∗24 −s∗25 −s∗26
s∗13 s∗23 s∗33 s∗34 −s∗35 −s∗36
s∗14 s∗24 s∗34 s∗44 −s∗45 s∗46
−s∗15 −s∗25 −s∗35 −s∗45 s∗55 s∗56
−s∗16 −s∗26 −s∗36 s∗46 s∗56 s∗66

















(11)

Again, the components of SII are identical or have opposite sign as those of SI.
However, unlike the case of the type I twin, the 6 components of Σ act now upon
the incompatibility stress tensor, as it is shown from the plane components of [ε⋆]
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[ε⋆1] = −2s∗15Σ5 − 2s∗16Σ6 + [εp1]

[ε⋆3] = −2s∗35Σ5 − 2s∗36Σ6 + [εp3]

[ε⋆5] = −2s∗15Σ1 − 2s∗25Σ2 − 2s∗35Σ3 − 2s∗45Σ4 + [εp5]

(12)

5. Σ3 < 111 > twin boundary

In this subsection, it is considered that the planar interfaces of Figure 1 are Σ3 <
111 > twin boundaries which are the twin boundaries mostly encountered in f.c.c.
metals [31]. These twin boundaries satisfy relations of symmetry for both type I
and type II twins. The K1 plane corresponds to a (111) crystallographic plane,
whereas η1(≡ e∗1) corresponds to a < 112 > crystallographic direction. In the
single crystal frame, the elastic compliances tensor associated to a cubic lattice
writes

S =

















s11 s12 s12 0 0 0
s12 s11 s12 0 0 0
s12 s12 s11 0 0 0
0 0 0 s44 0 0
0 0 0 0 s44 0
0 0 0 0 0 s44

















(13)

The elastic compliances tensor of crystal I in the twin boundary frame can then
be deduced from the rotation that transforms the vectors 1√

6
[112] and 1√

3
[111] into

[100] and [010], respectively. As a result, the expression of SI in the twin boundary
frame is

SI =

















s∗11 s
∗
12 s∗13 0 0 s∗16

s∗12 s
∗
22 s∗12 0 0 0

s∗13 s
∗
12 s∗11 0 0 −s∗16

0 0 0 s∗44 −2s∗16 0
0 0 0 −2s∗16 −2(s∗13 − s∗11) 0
s∗16 0 −s∗16 0 0 s∗44

















(14)

where s∗ij are related to the 3 independent elastic compliances s11, s12, and s44
as follows

s∗11 =
1
4 (2s11 + 2s12 + s44) , s∗16 =

√
2
6 (−2s11 + 2s12 + s44)

s∗12 =
1
6 (2s11 + 4s12 − s44) , s∗22 =

1
3 (s11 + 2s12 + s44)

s∗13 =
1
12 (2s11 + 10s12 − s44) , s

∗
44 =

1
3 (4s11 − 4s12 + s44)

(15)

5.1. Incompatibility stresses

Combining Equations 6, 7, 9 (or 11), 10 (or 12) and 14 , the expression of the
incompatibility stress tensor simplifies tremendously for a Σ3 < 111 > boundary.
In the twin boundary frame, the plane components of σinc⋆ are
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σinc⋆1 =
−2s∗16
s∗13 − s∗11

Σ6 +
s∗11 [ε

p
1]− s∗13 [ε

p
3]

s∗213 − s∗211

σinc⋆3 =
2s∗16

s∗13 − s∗11
Σ6 +

s∗11 [ε
p
3]− s∗13 [ε

p
1]

s∗213 − s∗211

σinc⋆5 =
2s∗16

s∗13 − s∗11
Σ4 +

[εp5]

2 (s∗13 − s∗11)

(16)

Concerning the contribution arising from the difference of plastic strains, it can
be noticed the symmetry between the components 1 and 3 and the exclusive depen-
dence between the shear stress and the plastic shear strain component. Concerning
the contribution arising from the macroscopic stress tensor, the presence of a com-
mon pre-factor should be underlined. Substituting the elastic compliances of the
crystal frame thanks to Equation 15 and introducing the elastic anisotropy factor
A, the expression of σinc⋆ can be even more simplified. In the case of pure elasticity,
its expression in the twin boundary frame is

σ
inc⋆ = 2

√
2
A− 1

A+ 2





−Σ6 0 Σ4

0 0 0
Σ4 0 Σ6



 (17)

The above stress tensor is purely deviatoric. Its principal stresses are
2
√
2A−1
A+2(0, T,−T ) with T =

√

Σ2
4 +Σ2

6. T is the tangential component of the

macroscopic traction vector acting on the twin plane. Hence, σinc⋆ just corre-
sponds to a shear stress state in the frame deduced from the principal frame by a
45˚ or a −45˚ rotation around the first principal direction (≡ e∗2). Considering the
frame deduced by a −45˚ rotation, the basis vectors have the following expressions
in the twin boundary frame

U1 =





0
1
0



 , U2 =







√
T−Σ6+

√
T+Σ6

2
√
T
0

√
T+Σ6−

√
T−Σ6

2
√
T






, U3 =







√
T−Σ6−

√
T+Σ6

2
√
T
0

√
T+Σ6+

√
T−Σ6

2
√
T






(18)

Consequently, in the frame (U1,U2,U3), the incompatibility stress tensors in
the parent (I) and in the twin (II) can be written as

σincI,II =





0 0 0
0 0 τ I,II

0 τ I,II 0



 with

{

τ I = −2
√
2A−1
A+2Tf

II

τ II = 2
√
2A−1
A+2Tf

I (19)

The additional shear stresses in the twin and in the parent both act on a same
plane that is orthogonal to twin plane and along opposite directions that are par-
allel to twin plane. Their relative magnitude is the inverse of the volume fraction
ratio. The specific direction of these shears solely depends on T and on the macro-
scopic resolved shear on the twinning system. As mentioned in the Introduction,
the remarkable simplicity of this scalar result was first found, in case of equal vol-
ume fraction, by Neumann [13], who was interested in fatigue crack initiation. Since
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cracks occurs preferentially at free surfaces, Neumann used this bulk result to esti-
mate incompatibility surface stresses at twin boundaries thanks to an approximate
and simplified treatment [3, 4, 13].

5.2. Resolved shear stresses on slip systems considering pure elasticity

In this subsection, the expressions of the resolved shear stresses (RSSs) on the
classical 12 f.c.c. slip systems (s) for perfect dislocations in the parent and in
the twin are looked after in the case of pure elasticity. They are computed from
Equation 6 as

τ sparent = Rs
parent :

(

Σ− ftwinσ
inc⋆

)

, τ stwin = Rs
twin :

(

Σ+ (1− ftwin)σ
inc⋆

)

(20)
where Rs

parent/twin are the Schmid orientation tensors and ftwin is the twin vol-

ume fraction (ftwin = f II). The case of a uniaxial loading of magnitude Σu is fur-
ther considered. Then, φ the angle between nK1 and the loading axis (0 ≤ φ ≤ 90˚)
and ψ, a rotation angle around nK1 (0 ≤ ψ ≤ 360˚), are introduced (see Figure 2).
In our configuration, the K1 plane is a B plane of the Schmid and Boas’ notation
[32] (see the notations in Table 1). In the loading frame, nK1 = [cosφ, 0, sinφ]
whereas ψ = 0 corresponds to η1 = [sinφ, 0,− cosφ] . Using the expression in pure
elasticity of σinc⋆ given by Equations 17 or 19, the computation of the above RSSs
can be performed analytically. As a result, the RSSs on slip systems (s) read

τ sparent = τ sappl(parent) −
8
√
3

9
ftwin

A− 1

A+ 2
χsparentT

τ stwin = τ sappl(twin) +
8
√
3

9
(1− ftwin)

A− 1

A+ 2
χstwinT

(21)

Notation A2 A3 A6 B2 B4 B5 C1 C3 C5 D1 D4 D6

Slip planes (1̄11) (1̄11) (1̄11) (111) (111) (111) (1̄1̄1) (1̄1̄1) (1̄1̄1) (11̄1) (11̄1) (11̄1)

Slip directions [01̄1] [101] [110] [01̄1] [1̄01] [1̄10] [011] [101] [1̄10] [011] [1̄01] [110]

Table 1. Schmid and Boas’ notations for slip systems in f.c.c. crystals.

where τ sappl(parent/twin) = Rs
parent/twin

: Σ and T = (cosφ sinφ) Σu. The func-

tions χsparent/twin depend only on ψ and write with the Schmid and Boas convention
as
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Figure 2. Uniaxial loading test where the normal to the twin boundary plane (nK1 ≡ e∗
2
) makes an angle

φ with the loading axis. ψ is a rotation angle around nK1 .

χA2parent =
√
3 cos

(

ψ − 5π
6

)

χA3parent = cos (ψ + π)

χA6parent = cos
(

ψ + π
3

)

χB2
parent = 0

χB4
parent = 0 ,

χB5
parent = 0

χC1
parent = cos

(

ψ − 2π
3

)

χC3
parent = cos

(

ψ + 2π
3

)

χC5
parent =

√
3 cos

(

ψ − π
2

)

χD1
parent = cos (ψ + π)

χD4
parent =

√
3 cos

(

ψ + 5π
6

)

χD6
parent = cos

(

ψ − π
3

)

, χA2twin =
√
3 cos

(

ψ + π
2

)

, χA3twin = cos
(

ψ + π
3

)

, χA6twin = cos
(

ψ − π
3

)

, χB2
twin = 0

, χB4
twin = 0

, χB5
twin = 0

, χC1
twin = cos

(

ψ + 2π
3

)

, χC3
twin = cos (ψ)

, χC5
twin =

√
3 cos

(

ψ + 5π
6

)

, χD1
twin = cos

(

ψ + π
3

)

, χD4
twin =

√
3 cos

(

ψ + π
6

)

, χD6
twin = cos (ψ + π)

(22)

The occurrence of a 60˚ period due to the f.c.c. symmetry should be under-
lined. As a matter of fact, when ψ is rotated by 60˚, only the naming of slip
systems is modified, the list of the absolute χsparent/twin values remains actually

unchanged. Very interestingly, roundups of slip systems can also be deduced from
the expressions of χsparent/twin:

(i) systems B2, B4 and B5 for which χsparent/twin = 0 since their slip plane is

common to twin plane (cf. Equation 8),
(ii) systems A2, C5 and D4 for which χsparent/twin writes as

√
3 times a cosine

function of ψ,
(iii) systems A3, A6, C1, C3, D1, D6 for which χsparent/twin just writes as a cosine

function of ψ.
Considering situations with single slip in the parent and single slip in the twin, the

first two groups of slip systems could be retrieved by looking for the active systems
that fulfil a zero plastic incompatibility condition, i.e.

[

εpP
]

= 0 (cf. Equations
2-7). Such a condition is actually equivalent to the fulfilment of the tangential
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continuity of the plastic distortion (see the proof in [14]) which corresponds to the
conservation of the Burgers vector in case of dislocation glide only (no boundary
motion). It was examined in [33] for a general single slip/single slip configuration
at a planar interface. It was shown that it is satisfied either when both slip planes
are common with the interface plane, or for a same plastic slip on both sides with
slip planes in a ‘mirror configuration’ and common slip directions belonging to the
interface plane. The first situation is precisely met by systems B2, B3 and B4
where slip can develop freely without inducing any plastic incompatibility.
The second situation is met by pairs of systems A2parent/D4twin, C5parent/A2twin

and D4parent/C5twin. Such pair of systems allow cross-slip of perfect screw disloca-
tions at the twin boundary [34, 35]. They were recently highlighted in microcom-
pression experiments on copper bicrystals with Σ3 < 111 > twin boundaries (see
the figure 3 in [36]). These pairs of systems can also be called pairs of compatible
systems, in the sense that, for a same slip in both systems, no supplementary in-
compatibility stress will be generated. This assertion is in perfect agreement with
the experimental evidence of [36] which showed no strengthening and no strain-
hardening effect associated to the presence of the twin boundary. Actually, slip
on these systems will also induce no supplementary lattice misorientation whereas
the misorientation due to elastic incompatibilities alone is very negligible [14]. This
case corresponds practically to ‘degenerate interfaces’ according to the terminology
used by Ortiz and Repetto, who were interested in dislocation structures forma-
tion in single crystals thanks to global compatibility conditions in the absence of
long-range stress [37]. Ortiz and Repetto considered, however, the presence of a
misorientation between the two variants since the misorientation is precisely re-
lated to the dislocation content at the interface [14, 37].
The expressions in Equation 22 show that incompatibility resolved shear stresses

on couple of slip systems that allow cross-slip of perfect screw dislocations are
those that will increase the most with the loading stress. Hence, it is interesting
to underline that cross-slip may be promoted at the twin boundary compared to
other mechanisms thanks to elastic anisotropy and induced incompatibility stresses.
However, for a complete analysis of possible promotion of crossing mechanisms at
the twin boundary by modification of local stresses, one should also consider the
numerous mechanisms that imply partial dislocations, as detailed in [34, 35, 38].

6. Numerical applications for lamellar Σ3 < 111 > twin structures

As mentioned in the Introduction, TWIP steels are promising materials due to
their enhanced mechanical properties. It is generally admitted that the activation
of twinning is sequential: a primary twinning system is first activated before the
activation of a secondary system takes place at larger strains [18]. For a Fe-22Mn-
0.6C wt.% TWIP steel, Allain [18] observed that the proportion of grains with a
single twinning system increased until 50% at 15% of uniaxial strain, then decreased
and stabilized above 20% until the end of the test. For a similar steel at 30%
and 40% of uniaxial strain, Gutierrez-Urrutia and Raabe [19] pointed out that
30% of the grains fell in the case of single lamellar twin structure whereas 60%
of the grains were concerned with two active twinning systems. Accordingly, the
present numerical analysis will only focus on the case of a lamellar Σ3 < 111 >
twin structure [31] along a unique primary system, for which the approximation
of a periodic layered structure is directly relevant. Hence, good estimates of the
incompatibility stress field in the elastic regime are expected from Equations 17 or
19. The case of a uniaxial loading of magnitude Σu is still considered. The RSSs
on the different slip systems can thus be directly estimated from Equations 21 and
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Figure 3. Variation with Q of the maximal RSS in the parent or in the twin among all the possible
orientations of the twin boundaries.

22. The RSSs depend on the value of Σu, on the crystallographic orientation of the
twin boundaries which is given by the angles (φ, ψ), on the twin volume fraction
ftwin and on the elastic anisotropy factor A.
Moreover, in order to make easier the forthcoming analyses, the parameter Q

is introduced as Qparent = ftwin
A−1
A+2 and Qtwin = (1− ftwin)

A−1
A+2 . Hence, for a

given orientation of the twin boundaries, the RSS values are bijective functions of
Q whereas a given RSS value can correspond to an infinite number of twin volume
fraction and elastic anisotropy factor combinations (cf. Equation 21). The classical
Schmid hypothesis (absence of incompatibility stresses) is retrieved with Q = 0,
which can correspond either to the elastic isotropic case (A = 1) or to the single
phase case (ftwin = 0 or 1). The value of Q in one phase varies linearly with the
volume fraction of the other phase. Hence, for values of elastic anisotropy factor
close to those of copper or austenitic steels (A = 3− 4), the range of Q is between
0 and 0.4− 0.5.

6.1. Maximal resolved shear stress

In the first place, let us consider the maximal RSS in absolute value, τmax, that
can be reached in the twin or in the parent among all the possible orientations of
the twin boundaries. Figure 3 shows the variation of τmax with Q (Q = Qparent if
τmax is in the parent and Q = Qtwin if τmax is in the twin). It is seen that for low
values of Q (Q < 0.25), τmax is only found on slip systems B2, B4 or B5 with a
value of 0.5Σu. As explained above, the resolved incompatibility stresses are zero
on these systems which are parallel to twin plane. It is thus expected to retrieve
the classical maximal Schmid factor value of 0.5. However, for the other systems,
Figure 3 indicates that τmax is always lower than 0.5Σu for Q < 0.25, meaning that
elastic incompatibilities reduce the RSSs for the ‘normally best oriented’ systems.
Therefore, the presence of twins does not necessarily favour the early development
of slip. It should be noticed also that, when the maximal RSS is on the twin plane
in the parent and in the twin, it acts forcedly along the same slip direction since
the twin plane is an invariant plane and σinc⋆A = 0 (cf. Equation 8).
For Q > 0.25, the situation changes. τmax is now only found on systems A2,

C5 and D4 which are the other systems which may allow the development of
compatible plastic distortion. For Q > 0.25, τmax increases linearly with Q. It
can reach the considerable value of 1.26Σu for the maximal theoretical value of Q
(Q = 1 for ftwin = 0 or 1 and A → ∞). Accordingly, elastic incompatibilities at



January 5, 2015 Philosophical Magazine manuscrit

24 T. Richeton et al.

twin boundaries can widen tremendously the range of RSS values in comparison to
the restricted range of 0−0.5Σu for a grain without twins. The significant influence
of the twin volume fraction on this result should be underlined. Indeed, in case of
equal volume fraction of twin and parent phases, the maximal value of Q is 0.5 and
τmax is then limited by a maximal value of 0.69Σu (Figure 3).

6.2. Single slip promotion

In this subsection, the ratio R, in a given phase (twin or parent), between the
highest RSS and the second highest RSS in absolute value is considered in order to
highlight potential single slip situations. In uniaxial testing of single crystals, the
values of R are very close to 1 for multiple or double slip oriented crystals whereas
single slip oriented crystals have high values of R. A well-known orientation for
single slip is < 123 > [39] and corresponds to R = 1.33. Actually, the highest
value of R within the standard stereographic triangle is found for a loading along
a < 13 21 34 > direction [40]. Such an orientation yields R = 1.38.
Figure 4 shows the evolution of the maximal value of R in the parent or in the

twin among all the possible orientations of the twin boundaries as a function of
Q. As previously explained, the case Q = 0 is actually similar to a single crystal
testing and thus the value Rmax = 1.38 is retrieved. In this case, the highest RSS
corresponding to Rmax can belong to any system. However, as soon as Q > 0, the
value of Rmax increases and the highest RSS corresponding toRmax is only found on
the preferential set of slip systems B2, B4, B5. There is a switch of this preferential
set at Q = 0.42 for systems A3, A6, C1, C3, D1 and D6. For 0 < Q < 0.42, the
highest RSSs thus remain unchanged at 0.5Σu while the incompatibility stresses
can lower or increase the RSSs on the other systems. Firstly, the lowering effects
on the second highest RSSs are predominant and Rmax increases. It reaches a
maxima at Q = 0.31 corresponding to Rmax = 1.80. Then, the increasing effects
take over, meaning that the second highest RSSs find now themselves on systems
of which the RSSs increase with Q. As a consequence, Rmax decreases until the
highest RSSs leave the B planes at Q = 0.42. After that, Rmax increases linearly
since the highest RSSs are now those that increase the most. The saturation value
of Rmax = 2 is finally reached at Q = 0.83. This saturation value is the maximal
theoretical value of R that it is possible to get for a f.c.c. symmetry considering
any possible stress field. This theoretical maxima actually corresponds to the case
of a pure shear applied to a single crystal when the RSS on a slip system matches
exactly the macroscopic shear stress (the second highest RSS is on a system on the
same plane with slip direction at 60˚ and thus, is half the value of the macroscopic
shear stress).
Figure 5 shows the variations of all the RSSs, in the parent and in the twin

phases, for the typical situation of twin boundaries tilted at 45˚ from the loading
axis. The cases Qparent = 0 or Qtwin = 0 (Figures 5a and b) show that the highest
RSSs are not always on B planes according to the values of ψ and, if this is the case,
are not much higher than the highest RSSs on the other planes. For Qparent = 0.2
or Qtwin = 0.2 (Figures 5c and d), it is seen that the highest RSSs on planes other
than B planes have decreased considerably due to incompatibility stresses. As a
consequence, the highest RSSs are now, always on B planes and with much higher
values than RSSs on the other planes. Accordingly, planar slip parallel to twin
plane is strongly promoted and the probability of single slip is also very high. For
higher values of Q (Figure 5f with Qtwin = 0.6), the highest RSSs are no more on
B planes but on systems A2, C5 and D4. In this case, the probability of single slip
is low. Figure 6a gives actually the corresponding variations of R with ψ in the
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Figure 4. Variation with Q of the maximal value of the ratio R in the parent or in the twin among all the
possible orientations of the twin boundaries.

Figure 5. Variation with ψ of the RSSs in the parent (left: a, c, e) and in the twin (right: b, d, f) for
φ = 45˚ and different values of Q.

parent. For Qparent = 0, R goes as thin periodic peaks reaching maximal values
just above 1.2. It thus remains quite low in most of the range of the ψ values. An
almost similar situation is met for Q = 0.6. On the contrary, for Qparent = 0.2, R is
above 1.4 in a wide range of the ψ values. Figure 6b provides a similar analysis for
φ = 20˚ and shows that the picture is completely different. Single slip situations
can occur in the case Qparent = 0, with peak values of R close to the theoretical
single crystal maximal value of 1.38, whereas a strong promotion of double slip is
observed at Qparent = 0.2 since R remains always lower than 1.05.
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Figure 6. Variation with ψ of the ratio R in the parent for φ = 45˚ and φ = 20˚ and different values of
Q.

Promotion of single slip on planes parallel to twin plane in both, the parent and
the twin phases, is particularly interesting since then, slip occurs on the same
system in the whole grain and dislocation motion is not constrained by twin
boundaries. Such a situation is displayed in Figures 5c and d for φ = 45˚ and
Qparent = Qtwin = 0.2, i.e. for the same volume fraction of twin and parent phases.
The question is then to know if similar situations can be retrieved for other condi-
tions of twin boundary orientation, elastic anisotropy factor and twin volume frac-
tion. Figure 7 provides therefore a frequency map of the occurrence of situations of
single slip parallel to twin plane in function of A and ftwin. For relevancy, frequen-
cies are only computed out of orientations favourable for twin activation. In TWIP
steels, a simple Schmid analysis is not sufficient to explain the occurrence of twin-
ning but there is yet a general trend that twinning correlates more or less with high
Schmid factor values, at least at the beginning of the deformation [19, 20, 41, 42].
In particular, orientations generally considered to be favourable for twin activation
are those that display higher maximal Schmid factor value for twinning than for slip
[41, 42]. Hence, in our computation, only twin boundary orientations of which the
Schmid factor is maximal among the 12 (111)[112̄] twinning systems and greater
than the maximal absolute Schmid factor of the 12 (111)[1̄01] slip systems are
taken into account. Those situations correspond to 28.1˚ ≤ φ ≤ 77.9˚ whilst ψ
can vary from 0˚ to no less than −25.7˚. Then, among these orientations, Figure
7 displays the percentage of orientations characterized by R > 1.2 and maximal
RSS on the slip plane parallel to twin plane, simultaneously in the parent and in
the twin. Figure 7 shows a large area with frequencies higher than 20% or 25%. For
comparison, the same computation based on the classical Schmid law (i.e., without
consideration of incompatibility stresses) would have yield a 0% frequency.
Similarly, Figure 8 displays only the frequency map of simultaneous slip parallel

to twin plane, i.e., the percentage of orientations characterized maximal RSS on
the slip plane parallel to twin plane in the parent and in the twin. In this case,
frequencies greater than 70% are reached whereas the same computation based on
the Schmid law gives 17%.
Finally, Figure 9 displays the frequency map of single slip parallel to twin plane

in the parent phase only, i.e., the percentage of orientations characterized, in the
parent phase, by R > 1.2 and maximal RSS on the slip plane parallel to twin plane.
In this case, the frequency can be plotted directly in function of Qparent since RSSs
values in the parent are bijective functions of Qparent. The initial frequency at
Qparent = 0 (i.e., without twins) is 16%. Then, it increases until Qparent = 0.18
where a maximum is reached (∼ 29%). It is interesting to note that, the same
maximal frequency is obtained in Figure 7 when single slip conditions parallel
to twin plane are applied in both phases. Afterwards, the frequency decreases,
becomes less than 16% for Qparent > 0.31 and finally zero for Qparent > 0.40. It
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Figure 7. Frequency map of simultaneous single slip parallel to twin plane in function of A and ftwin.
Values are given in % and correspond to twin boundary orientation frequencies when, in the parent and in
the twin, R > 1.2 and maximal RSS is on the slip plane parallel to twin plane. Only orientations favourable
to the twin activation are considered in the computation (see text). The same computation based on the
Schmid law gives 0%.

Figure 8. Frequency map of simultaneous slip parallel to twin plane in function of A and ftwin. Values
are given in % and correspond to twin boundary orientation frequencies when, in the parent and in the
twin, maximal RSS is on the slip plane parallel to twin plane. Only orientations favourable to the twin
activation are considered in the computation (see text). The same computation based on the Schmid law
gives 17%.

is noteworthy that real situations almost always correspond to the case Q < 0.31.
For instance, extreme values like ftwin = 0.5 and A = 8 yield Qparent = 0.35.

7. Discussion

For lamellar Σ3 < 111 > twin structures, results show that planar slip parallel to
twin plane is greatly promoted when the tilt between the twin plane and the loading
axis get close to 45˚. More generally, it appears that the combined effect of elastic
anisotropy and presence of twin boundaries promotes very strongly simultaneous
slip parallel to twin plane in the parent and in the twin. It also clearly enhances the
possibility of single slip in this plane. These promotions occur in relatively large
physical domains which depend on the twin volume fraction, the elastic anisotropy
factor and the twin boundary orientation. In the present analysis, only orientations
favourable for twin activation were considered in order to be as realistic as possi-
ble. Figure 7 indicates that simultaneous promotion of single slip parallel to twin
plane occurs roughly for A = 3 − 6 and ftwin = 0.2 − 0.4. For simultaneous pro-



January 5, 2015 Philosophical Magazine manuscrit

28 T. Richeton et al.

Figure 9. Frequency of single slip parallel to twin plane in the parent phase in function of Qparent. Values
are given in % and correspond to twin boundary orientation frequencies when, in the parent, R > 1.2 and
the maximal RSS is on on the slip plane parallel to twin plane. Only orientations favourable to the twin
activation are considered in the computation (see text).

motion of slip parallel to twin plane only, the domain is larger with A = 2− 7 and
ftwin = 0 − 0.5. These values are pretty much realistic considering the literature
data on TWIP steels [19, 20, 43, 44]. It must be noticed however, that for single
slip promotion, values of twin volume fraction above 0.2 can be reached in grains
with single lamellar twin structure but only late in the deformation process, when
many other grains already display two twin planes. For instance, for a Fe-22Mn-
0.6C wt.% TWIP steel, Gutierrez-Urrutia and Raabe [19] measured an average
twin spacing around 300 nm and an average twin thickness ranging from 30 to
100 nm, which leads to twin volume fractions in grains between 0.17 and 0.40 ac-
cording to the stereological relation of Fullman [45] (ftwin = 2e

2e+t with e the mean
twin thickness and t the mean twin spacing). Furthermore, the elastic anisotropy
of TWIP steels is often assumed to be close to that of other similar austenitic steels
(A ∼ 3.3 − 3.9). There is, however, a lack of experimental measurements of sin-
gle crystal elastic constants in the literature. A very recent experimental study by
nanoindentation yielded A = 2.11/2.22 for two Fe-(22/25)Mn-3Al-3Si wt.% alloys
[43]. The authors of this study [43] underlined, nevertheless, that for TWIP steels
in the antiferromagnetic regime, such as Fe-22Mn-0.6C wt.% and Fe-28Mn-3Al-
3Si wt.%, the value of A is expected to be much higher. Another research group
provided single crystal elastic constants for Fe-Mn-X (X=Al,Si) alloys from ab
initio calculations [44]. Depending on the alloy composition, they found values of
A ranging from 4.61 to 7.35.
If planar slip occurs on planes parallel to twin plane, twin boundaries do not

reduce the mean free path of dislocations, since they do not act as barriers to
dislocation motion parallel to them. If, in addition, single slip is at stake, the
grains should display extended stage I hardening with small latent hardening due
to low dislocation multiplication rate in other systems. Because of possible very
high R values, situations even more characteristic as the classical < 123 > orienta-
tion [46] could be expected. Hence, such grains should be very ductile. Moreover,
their high plastic anisotropy should induce strong kinematic (directional) harden-
ing by interactions with neighbouring grains (due to inter-granular incompatibility
stresses) and large dislocations pile-ups at the grain boundary are very likely. As a
consequence, the present results are consistent with the high ductility and strong
kinematic hardening observed in TWIP steels [16]. As the deformation progresses
and inter-granular incompatibility stresses develop, slip not parallel to twin plane
will certainly occurs in most of the grains. As a result, twin boundaries will act as
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obstacles for these additional systems. However, before accommodation between
grains induces consequent inter-granular stresses, intra-granular stresses due to
elastic mismatch between parent and twin phases should be predominant in grains
where slip occurs parallel to twin plane. In the absence of plastic incompatibility
inside these grains, the role of incompatibility stresses due to anisotropic elasticity
is actually all the more important. Furthermore, it might be that twinned grains
with very high R ratios (i.e., R > 1.4) show extended single slip behaviour despite
the development of inter-granular stresses, compared to what happens in materials
with twin-free grains and initial R values less than 1.38.
Besides, the fact that elastic anisotropy may promote planar slip on planes paral-

lel to twin plane is also in full agreement with the widespread composite hardening
models proposed for TWIP steels [20, 21]. According to these models, slip parallel
to the most active twin plane is promoted in heavily twinned grains because twin
boundaries hinder dislocation motion along other slip planes and planar slip is then
accommodated by multislip in adjacent grains [20, 21]. This type of model is, in
particular, recommended in order to capture the brass-type texture formation of
TWIP steels [20, 21]. However, the model recently developed by Dancette et al.
[20] failed to predict slip along a single plane inside individual grains, in spite of
using a hardening law promoting slip parallel to the most active twin plane. On this
issue, the present study therefore suggests that it may be worth considering also
the contributions of intra-granular elastic incompatibility stresses between parent
and twin phases.
Finally, it is worth also mentioning two recent works about the compression of

copper bicrystalline micro pillars with Σ3 < 111 > twin boundaries [36, 47]. In
both works, twin boundaries were parallel to the loading axis. Thus, there was
no incompatibility stress due to elastic mismatch according to Equation 10 and
a classical Schmid analysis revealed itself relevant to explain the slip initiation
process. However, the results of the present paper show that the picture would
have been completely different for a different orientation of the twin boundaries.
Therefore, the present results should also be helpful for the design of new materials
by grain boundary engineering methods using Σ3 < 111 > boundaries [15, 17].

8. Conclusion

In this paper, incompatibility stresses arising at general twin boundaries (type I or
II) were, first, explicitly derived for a given twin volume fraction. Then, the case
of Σ3 < 111 > twin boundaries present in f.c.c. structures was considered. In pure
elasticity, the expression of the incompatibility stress field is of remarkable simplic-
ity and just reduces to a shear stress acting upon a plane orthogonal to twin plane.
Accordingly, a comprehensive study of slip initiation was performed for a lamel-
lar Σ3 < 111 > twin structure. Depending on twin boundary orientation, elastic
anisotropy factor and twin volume fraction, it was shown that slip and even single
slip can be strongly promoted on planes parallel to twin plane, simultaneously in
the parent and in the twin phases. The domains corresponding to the promotion
of parallel simultaneous (single) slip displays quite realistic values if one considers
the case of TWIP steels. Moreover, it must be noticed that single slip promotion
can largely overcome the one corresponding to the best possible orientation for a
single crystal in uniaxial loading. These results are thus fully consistent with the
characteristics of TWIP steels, such as their high ductility and strong kinematic
hardening [16], as well as their texture evolution which argues for a combina-
tion of single and multislip deforming grains [20, 21]. Finally, the significance of
such simple expressions of incompatibility stresses for the design of new materials
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with enhanced mechanical properties (e.g., strength, ductility, toughness) by twin
boundary engineering methods [15, 17] must be underlined.
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[38] L. Rémy, Acta Metall 25 (1976), p. 825.
[39] T. Takeuchi, Trans. JIM 16 (1975), p. 629.



January 5, 2015 Philosophical Magazine manuscrit

REFERENCES 31

[40] J. Finney, Ph.D. thesis, University of Pennsylvania, Philadelphia, Pennsylvania, 1974.
[41] D. Barbier, N. Gey, S. Allain, N. Bozzolo, and M. Humbert, Mat Sci Eng A 500 (2009), p.

196.
[42] O. Bouaziz, S. Allain, C. Scott, P. Cugy, and D. Barbier, Curr Opin Solid St M 15 (2011),

p. 141.
[43] D. Pierce, K. Nowag, A. Montagne, J. Jimnez, J. Wittig, and R. Ghisleni, Mat Sci Eng A

578 (2013), p. 134.
[44] T. Gebhardt, D. Music, D. Kossmann, M. Ekholm, I. Abrikosov, L. Vitos, and J. Schneider,

Acta Mater 59 (2011), p. 3145.
[45] R. Fullman, Trans AIME 197 (1953), p. 447.
[46] L. Kubin, B. Devincre, and T. Hoc, Acta Mater 56 (2008), p. 6040.
[47] T. Hirouchi and Y. Shibutani, Mater Trans JIM 55 (2014), p. 52.


