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Abstract. This paper is written in honour of the centenary of Emmy Amalie Noether’s
famous article entitled Invariante Variationsprobleme. It firstly aims to give an expo-
sition of what we believe to be the most significant and elegant issues regarding her
theorems, through the lens of classical mechanics. Despite the limitation to this field,
we try to illustrate the key ideas of her work in a rather complete and pedagogical
manner which, we hope, presents some original aspects. The notion of symmetry com-
ing naturally with the idea of simplification, the last part is devoted to the interplay
between Noether point symmetries and the reduction procedure introduced by Edward
John Routh in 1877.

Le temps d’apprendre a vivre il est déja trop tard
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Invariante Variationsprobleme.
(F. Klein zum fiinfzigjéhrigen Doktorjubildum.)
Von
Emmy Noether in Gottingen.
Vorgelegt-von F. Klein in der Sitzung vom 26. Juli 19181).

Es handelt sich um Variationsprobleme, die eine kontinuier-
liche Gruppe (im Lieschen Sinne) gestatten; die daraus sich er-
gebenden Folgerungen fiir die zugehdrigen Differentialgleichungen
finden ihren allgemeinsten Ausdruck in den in § 1 formulierten,
in den folgenden Paragraphen bewiesenen Sitzen. Uber diese aus
Variationsproblemen entspringenden Differentialgleichungen lassen
sich viel prizisere Aussagen machen als tiber beliebige, eine Gruppe
gestattende Differentialgleichungen, die den Gegenstand der Lieschen
Untersuchungen bilden. Das folgende bernht also auf einer Verbin-
dung der Methoden der formalen Variationsrechnung mit denen der
Lieschen Gruppentheorie. Fiir spezielle Gruppen und Varietions-
probleme ist diese Verbindung der Methoden nicht nem; ich er-
wihne Hamel und Herglotz fiir spezielle endliche, Loremtz und
soine Selifiler (z. B.-Fokker), Weyl und Klein fir spezielle unend-
liche Gruppen?). Insbesondere sind die zweite Kleinsche Note und
die vorliegenden Anusfihrungen gegenseitig durch einander beein-

1) Die endgiltige Fassung des Manuskriptes wurde erst Ende September
eingereicht. .

2) Hamel: Math., Ann, Bd. 59 und Zeitschrift f. Math. w. Phys. Bd. 50.
Herglotz: Ann. d. Phys. (4) Bd. 36, bes. § 9, 5. 511. Fokker, Verslag d. Amster-
damer Akad., 27./1. 1917. Fur die weitere Litteratur vergl. die zweite Note von
Klein: Gottinger Nachrichten 19. Juli 1918.

In einer eben erschienenen Arbeit von Kneser (Math. Zeitschrift Bd. 2) handelt
es sich um Aufstellung von Invarianten nach #hnlicher Methode.

Kgl, Ges. d, Wiss, Nachrichten. Muth.phys. Elasse., 1918, Heft 2. 17

Figure 1 A capture of the front page of Noether’s paper.

siderably commented since more than half a century
(Kosmann-Schwarzbach, 2011).

The original paper of Emmy Amalie Noether, pre-
sented by Klein, appeared in 1918, at a time when math-
ematicians raised the issue of the mathematical founda-
tions of General Relativity. Gottingen was the center of
this activity, under the impetus of Klein and Hibert. In-
vited by these two savants to join them, she was in partic-
ular wondering about what becomes of the conservation
laws of energy and momenta, which are considered as
cornerstones of physics, and which had been well charac-
terized in classical mechanics since Lagrange (Lagrange,
1811) and Jacobi (Jacobi, 1866) through the absence of
a variable in a dynamical function now known as La-
grangian. Such an independence is the manifestation of
a symmetry under a displacement along the direction of
the involved variable and is often presented, with good
reason, as a very first encounter with Noether’s theory.

This introduction is not the place to give a faithful ac-
count of the circumstances which led Noether to state her

overestimated [for a proper introduction to this issue, see e.g.
chapter 9 of Boccaletti and Pucacco (1999)]. It contains also
a surprising mistake about the polar component of the angu-
lar momentum in spherical coordinates, which is claimed to be
conserved in central problems.

famous theorems; it would take us too far from the scope
of the present paper.? Let us only give some elements
of the context. In 1911, Herglotz (Herglotz, 1911) had
already exhibited the relationship between the Poincaré
group and the ten conservation laws of special relativity
by using variational techniques. Taking Herglotz’s work
into consideration, Klein thought that it was linked to
Lie’s theory® and suggested to Engel — its former stu-
dent who became a close collaborator of Lie* — the idea
of analysing the interplay between Galilean symmetries,
in Lie’s sense, and the classical conservation laws. This
was the object of a note written by Engel® and presented
by Klein in 1916 (Engel, 1916). As mentioned in the ab-
stract of her paper, Noether had, in a sense, conjugated
these two approaches (variational techniques and Lie’s
analysis of invariances) while providing a high degree of
generality.

The crucial point of Noether’s work was the discov-
ery of a profound dichotomy, in terms of their conse-
quences, between two kinds of symmetry groups leaving
invariant the functional integral of a variational problem:
‘continuous finite’ (endlische kontinuierlische) groups on
the one hand and ‘continuous infinite’ (unendlische kon-
tinuierlische) groups on the other. She showed that the
former give rise to ‘divergence relations’ (Divergenzrela-
tionen) and then to ‘proper’ (eigentliche) conservation
laws, in contrast with the latter which lead to identi-
ties (Abhdngigkeiten) at the source of ‘improper’ (un-
eigentliche) conservation laws. In Noether’s terminol-
ogy, a proper conservation law is the expression that a
quantity has a divergence only vanishing on-shell (i.e.
dynamically) whereas an improper one has a divergence
even vanishing off-shell (i.e. identically). Divergence
relations are, in a sense, constraints on the dynamics
whereas identities constraint the theory itself. The latter
thus carry the most profound physical meaning and their
existence is the quid pro quo of the wide arbitrariness ly-
ing in the invariance under an infinite group.

2 On the historical and bibliographical aspects, the interested
reader may consult Dick (1981), Pais (1982), Kastrup (1987),
Byers (1996, 1999), and Kosmann-Schwarzbach (2011).

Lie was mainly interested in the questions around the invari-
ances of differential equations but left untouched the issue of the
invariances of variational principles (Rowe, 2002).

Engel was notably the co-author of Lie’s celebrated Theorie der
Transformationsgruppen (Lie and Engel, 1893) in three volumes.
It is striking that the method used by Engel is exactly what is
nowadays known as the Hamiltonian counterpart of the first the-
orem of Noether in classical mechanics. It is the occasion for us
to indicate that we will not be concerned with the Hamiltonian
aspect of the theory in this paper. Not that this is not an in-
teresting issue on its own but we want to remain close to the
original formulation. More generally, with any reformulation of
mechanics will be assigned its version of Noether’s first theorem.
Bergmann (Bergmann, 1949; Bergmann and Schiller, 1953) in-
troduced the terms ‘weak’ and ‘strong’ instead of ‘proper’ and
‘improper’, respectively.
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Moreover, she established a third theorem which states
that a finite symmetry group generates improper conser-
vation laws if and only if it is a subgroup of an infinite
symmetry group. These conclusions allowed Noether to
prove an assertion of Hilbert whose elucidation was an
express request of Klein. The assertion at issue was the
conjecture whereby conservation laws of energy and mo-
menta in the space-time of General Relativity were fun-
damentally improper. Here is how it appeared, in an
article of Klein (Klein, 1918a) which included extracts of
letters exchanged between him and Hilbert:”

I fully agree in fact with your statements
on the energy theorems: Emmy Noether, on
whom I have called for assistance more than a
year ago to clarify this type of analytical ques-
tions concerning my energy theorem, found at
that time that the energy components which
I had proposed — as well as those of Ein-
stein — could be formally transformed, using
the Lagrange differential equations [...] of
my first note, into expressions whose diver-
gence vanishes identically, i.e. without using
the Lagrange equations [...]. On the other
hand, the energy equations of classical me-
chanics, the theory of elasticity, and electro-
dynamics, result only from the verification of
the Lagrangian differential equations, so you
are justified in seeing in my energy equations
not the analogous to those of these theories.
It naturally brings me to claim that, for the
General Relativity theory, i.e. in the case
of the general invariance of the Hamiltonian
function,® the energy equations, which cor-

»Mit Ihren Ausfiihrungen tber den Energiesatz stimme ich sach-
lich véllig tiberein: Emmy Noether, deren Hiilfe ich zur Klirung
derartiger analytischer meinen FEnergiesatz betreffenden Fra-
gen vor mehr als Jahresfrist anrief, fand damals, dafdie von
mir aufgestellten Energiekomponenten — ebenso wie die Ein-
steinschen — formal mittelst der Lagrangeschen Differential-
gleichungen [...] in meiner ersten Mitteilung in Ausdricke
verwandelt werden kénnen, deren Divergenz identisch d. h.
ohne Benutzung der Lagrangeschen Gleichungen [...] wver-
schwindet. Da andererseits die Energiegleichungen der klassis-
chen Mechanik, der Elastizitdtstheorie und Elektrodynamik nur
als Folge der Lagrangeschen Differentialgleichungen des Prob-
lems erfullt sind, so ist es gerechtfertigt, wenn Sie deswegen in
meinen Energiegleichungen nicht das Analogon zu denen jener
Theorien erblicken. Freilich behaupte ich dann, daffir die all-
gemeine Relativitdt, d. h. im Fualle der allgemeinen Invarianz
der Hamiltonschen Funktion, Energiegleichungen, die in ihrem
Sinne den Energiegleichungen der orthogonalinvarianten The-
orien entsprechen, tberhaupt micht existieren; ja ich mdchte
diesen Umstand sogar als ein charakteristisches Merkmal der
allgemeinen Relativitatstheorie bezeichnen. Fir meine Behaup-
tung ware der mathematische Beweis erbringbar. ¢

The ‘Hamiltonian function’ is actually the Lagrangian present in
the Hamilton principle.

respond to your views of them regarding or-
thogonally invariant theories, do not exist at
all; I would even regard this fact as a charac-
teristic feature of the General Relativity the-
ory. A mathematical proof of my assertion
should be realisable.

By ‘orthogonally invariant’ theory should be under-
stood a theory whose stage is a world of finite dimension
in which is anchored an immutable metric structure —
independent of any other considerations — admitting a
symmetry group. Its elements are the isometries of the
space, that is, the transformations leaving the theory ‘or-
thogonally invariant’. In special relativity, for example,
the isometry group of Minkowski spacetime is the ten-
dimensional Poincaré group which is linked to the ten
proper conservation laws of that theory. More generally,
symmetries of the space are exactly the transformations
leaving invariant all its immutable background proper-
ties given ab initio. If one imagines that the latter are
encoded in a set of fields, the symmetries will be the
transformations leaving all these entities invariant. But,
General Relativity is background independent; there are
no such fields, not even the metric which acquires the
status of a dynamical field. Under these circumstances,
any transformation is automatically a symmetry and the
symmetry group becomes infinite: the theory is therefore
generally invariant (or diffeomorphism invariant).

General invariance and her third theorem — which
stands opportunely in her last section (Eine Hilbertsche
Behauptung) devoted to Hilbert’s assertion — are all that
is needed to achieve her aims. Noether starts by fixing
an arbitrary system of coordinates and considers the as-
sociated finite ‘group of translations™’ (,, Verschiebungs-
gruppe®) along these coordinates. It yields as many
‘energy relations’! (,Energierelationen) — the energy
equations of Hilbert — as the number of dimensions of
the space. Since this arbitrary group of translations is
a finite subgroup of the infinite symmetry group of all
the continuous transformations, the energy equations are
necessarily improper by her third theorem. Alternatively
stated, the energy equations, as understood in the proper
sense characteristic of ‘orthogonally invariant’ theories,
do not exist in General Relativity (and even, of course,
in any generally invariant theory admitting a variational
formulation).

9 One can find in Pooley (2017) an interesting discussion about the
interplays between the distinct concepts of general covariance,
diffeomorphism invariance, and background (in)dependence.
The quotations marks are presents in Noether’s paper. Indeed,
it is an abusive use of this term of usual geometry consisting in
‘doing as if we were dealing with Cartesian coordinates’. As writ-
ten in Einstein et al. (1938), ‘we use the Euclidean nomenclature
merely because it is apt and convenient’.

11 The quotation marks are present in Noether’s paper.

10



One must actually say that the use of the word ‘sym-
metry’ is anachronistic. We never encounter it under
Noether’s pen, only the term ‘invariance’ (Invarianz).
Indeed, her work is clearly rooted in the wide ‘the-
ory of invariants’'? which took off in the middle of the
nineteenth century'® and reached a climax with Lie’s
works on differential invariants through his fecund con-
cept of continuous transformation groups (continuier-
lichen Transformationsgruppen). As a matter of fact,
Noether repeatedly refers to Lie. However, one may be
surprised at first glance by the complete absence, in her
paper, of the geometric pictures which infused in Lie’s
works (Lie, 1891). She also quite naturally mentions the
name of Klein at many places, evokes the Erlangen pro-
gram, but only in its group aspect,'* without further ex-
ploration of the geometric one in spite of its profound sig-
nification in General Relativity, that theory at the origin
of her research.'® Notably, the fact that Noether did not
pursue the geometrical significance of the four identities
arising from the general invariance speaks for itself.!0:17
The reason for this ‘lack of geometry’ is certainly the un-

12 Roughly speaking, this theory aims to characterize the opera-
tions leaving invariant various mathematical objects in the sense
that they retain their form, and to analyse the consequences of
these invariances. Obviously, it requires the prior definitions of
what is meant by ‘operation’ and ‘form’ but one evidently rec-
ognizes in this general picture the concept of symmetry.

13 As is pointed out in Kosmann-Schwarzbach (2011), H. Weyl

(Weyl, 1953) saw the starting point of the theory of invariants

in a memoir presented by Cayley in 1846 (Cayley, 1846a). It is

actually a slightly extended version (in french) of two preceding
papers of Cayley (Cayley, 1845, 1846b).

Her final note is precisely the recognition of Klein’s ideas re-

garding the true nature of the concept of relativity in terms

of invariance with respect to a group (Hiermit ist wieder die

Richtigkeit einer Bemerkung von Klein bestdtigt, daf8 die in der

Physik tibliche Bezeichnung , Relativitat® zu ersetzen sei durch

»Invarianz relativ zu einer Gruppe®).

The only detailed discussion in relation with General Relativity

is to be found in her twentieth note where she illustrates the fact

that a symmetry of a functional integral can be adapted to an
equivalent one if a divergence is added to the Lagrangian density.

(This statement will be subsequently simplified after the intro-

duction of the concept of invariance up to a divergence.) With

Einstein’s ‘T" — I action (Einstein, 1916) in mind, she indeed

considers Hilbert’s action to which she adds a surface term.

These identities — one for each arbitrariness in the choice of a co-

ordinate — were later recognized as the contracted Bianchi ones.

Hilbert had already derived them in 1915 (Hilbert, 1915) in a

somewhat ‘convoluted’ manner which was not understood at the

time and which keeps modern historians busy (Renn and Stachel,

2007; Sauer, 1999). One can find in Rowe (2002) an interesting

discussion on the ‘memory loss’ of Gottingen circles about the

Italian differential geometry which explains why they struggled

with these identities and also why the latter were rediscovered a

certain number of times. The connection with the old works of

Bianchi, Padova, and Ricci, was brought to light by Schouten and

Struik in 1924 (Schouten and Struik, 1924). Eddington could not

be aware of this article when he worked on the second edition

of his celebrated book entitled The Mathematical Theory of Rel-
ativity (Eddington, 1924) which appeared the same year, and
where the unnamed ‘four identities’ are said to constitute the

14

15

16

deniable high degree of generality introduced by Noether
who proceeded in following an abstract'® and rather for-
mal approach, far from any well-characterized geometric
basis at that time. Hence, her work did clearly not fall
in the domain of geometry but in that of the calculus of
variation, a field in which Gottingen circles had a con-
siderable level of expertise!® (Rowe, 2002).

The first explicit application of Noether’s theorems ap-
peared three years later, in an article of Bessel-Hagen
(Bessel-Hagen, 1921) who used them to study Galilean
invariance in classical mechanics as well as the con-
formal invariance in electrodynamics. This work was
(again®?) proposed by Klein and received some support
from Noether (Rowe, 1999). In particular, she commu-
nicated to Bessel-Hagen?!' the idea of naturally gener-
alizing her theory through the introduction of the con-
cept of invariance ‘up to a divergence’ (bis auf eine Di-
vergenz). The motivation behind this refinement is to

‘fundamental theorem of mechanics’. Eddington wrote about

them:
I think it should be possible to prove [...] by geo-
metrical reasoning [...]. But I have not been able to

construct a geometrical proof and must content my-
self with a clumsy analytical verification.

In his no less famous Space, Time and Gravitation (Eddington,
1920) which was published four years earlier, one can also find
in a note:

I doubt whether anyone has performed the laborious
task of verifying these identities by straightforward
algebra.

Much later, the term ‘Bianchi identities’ was introduced in
Bergmann and Schiller (1953) to name the identities arising from
the general invariance, whatever the theory be. Trautman called
them ‘generalized Bianchi identities’ in his illuminating articles
on the subject (Trautman, 1962, 1963, 1967), and Anderson used
the term ‘Bianchi-type identities’ (Anderson, 1967).

In addition, Klein derived from the general invariance four sets
of identities, 140 in all (Klein, 1918b).

Let us recall that Noether is recognized by the mathematical
community as a great algebraist above all (Tent, 2008). To-
day, any undergraduate student in mathematics knows what is
a Noetheran ring [this term was coined in 1943 by Chevalley
(Gilbert, 1981)].

More generally, German mathematics was undoubtedly at the
forefront of the variational calculus. To be convinced of this, it
suffices to read the preface of Bolza’s monograph on the subject
(Bolza, 1904).

As Kastrup (Kastrup, 1987), we cannot resist to quote an excerpt
of Reid (1970):

Also, with age, Klein was becoming more olympian.
A favorite joke among the students was the following;:
In Gottingen there are two kinds of mathematicians,
those who do what they want and not what Klein
wants — and those who do what Klein wants and not
what they want. Klein is not either kind. Therefore,
Klein is not a mathematician.

17

18

19

20

We recall that Klein presented Noether’s paper while he was
entering his 70’s. He died in 1925.

Bessel-Hagen wrote: ,,Ich verdanke diese einer mundlichen Mit-
teilung von Fratlein Emmy Noether.
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be found in either the analysis of Galilean boosts, or
the general invariance issue looked through Einstein’s
‘T — I” action (Einstein, 1916) which is built on a non
scalar density and thus do not admit the symmetry group
of general invariance in the original sense of Noether
(Brown and Brading, 2002).

Shortly afterwards, Weitzenbock?? (Weitzenbock,
1923) and, above all, Courant and Hilbert*
(Courant and Hilbert, 1924), were the first to dis-
seminate some aspects of Noether’s results through
their textbooks. However, the book of Courant and
Hilbert truly became a classic of mathematical physics
only after the publication of the English version, in
1953. It is maybe one of the reasons why it seems
that they were not widely spread in the scientists
community during the three decades following their
publication (Kosmann-Schwarzbach, 2011), a fortiori in
non German-speaking circles. In fact, they remained
almost confined to Gottingen circles (Kastrup, 1987).
One other reason is perhaps the fact that the usual in-
variances of physical theories and their association with
conservation laws acquired a certain status of ‘common
knowledge’ (Salisbury, 2012) which did not call for all
the generality contained in Noether’s work, whereas
there were only a few number of works in relation with
Noether’s one. On this aspect, Bergmann provides an
interesting example. In his article of 1949 — in which
is examined the conservation laws and identities arising
in generally invariant classical field theories by using
variational techniques ¢ la Noether —, he did not men-
tion Noether, nor any other German scientist.?* This
absence of reference to Noether is somehow astonishing
from a native German physicist, and a former research
assistant of Einstein who had shown himself impressed
by Noether’s work in his correspondence with Klein and
Hilbert during 1918 (Kosmann-Schwarzbach, 2011). In
fact, among Bergmann’s articles which were published
in the fifties on issues related to the general invariance,
there is only a single mention of Noether: it concerned
her third theorem (Bergmann and Thomson, 1953).

Beyond considerations about the dissemination of
knowledge in general, and the possible reasons evoked

22 The hidden message contained in the introduction of
Weitzenbock’s book (Nieder mit den Franzosen) is a proof (if
any were required) that there is no incompatibility between be-
ing a recognized scientist and a prize idiot.

The part devoted to Noether’s theorems was enlarged in the sec-
ond edition appeared in 1931.

We point out the use of the symbol § to denote the ‘variation of
the field variables as functions of their arguments’ in Bergmann’s
article, whereas ¢ symbolizes the total variation. It is exactly the
same convention than in Noether’s article as well as in Courant
and Hilbert’s book. Actually, the § symbol which operates the
‘substantial variation’ (Rosenfeld, 1930) coincides with the ¢
commonly used in Hamilton’s principle. This is maybe the rea-
son why Bessel-Hagen or Weitzenbock, among others, preferred
reserve § to the substantial variation.

23

24

above, we can reasonably think that Noether’s ‘virtu-
osity” in the calculus of variation was not such as to
contribute to spreading her work. Indeed, she seemed
so comfortable with abstract variational techniques that
her article certainly lacked of explanations for the ‘ordi-
nary physicist’. Of course, Bessel-Hagen expanded the
physical contents but it could be argued that it was not
sufficient. There is a good degree of consensus in con-
sidering that Hill’s pedagogical paper (Hill, 1951), which
appeared two years before the English version of Courant
and Hilbert’s book, was the first to popularize Noether’s
first theorem (Kosmann-Schwarzbach, 2011; Logan, 1977;
Olver, 1993), although he did not name it in this way but
referred to the collective contribution of Klein, Noether,
and Bessel-Hagen. However, it is sometimes reproached
to Hill (Kosmann-Schwarzbach, 2011; Olver, 1993) the
fact that he only raised the issue of the first theorem,
and — to make things worse — in the ‘simplest’ case
of Lagrangian densities of the first order. Olver writes
that Hill caused the belief whereby ‘this was all Noether
had proved on the subject’, while Kosmann-Schwarzbach
even goes so far as to say that Hill was a ‘well-intentioned
culprit’” who ‘completely denatured her results’. These
are snap judgements. Nowhere did he claim to give a
faithful exposition of Noether’s theory (incidentally, we
recall that he did not mention her name alone), and the
second theorem of Noether was out of the scope (all the
more so he did not develop the group aspect). Moreover,
the restriction to first order Lagrangians was welcome for
pedagogical reasons?® and he did not forget to stipulate
that the theory was generalizable to any order.2® It al-
lowed him to detail the different steps towards the main
result, while remaining extremely clear in his explana-
tions. In sum, Hill did what is expected of a pedagog-
ical article: he brought to light an important aspect of

25 Hill’s pedagogical intentions are unambiguous. They are pre-
sented in the last paragraph of his introduction, as follows:

Despite the fundamental importance of this theory
there seems to be no readily available account of it
which is adapted to the needs of the student of math-
ematical physics, while the original papers are not
readily accessible. It is the object of the present dis-
cussion to provide a simplified account of the theory
which it is hoped will be of assistance to the reader
in gaining an idea of the concepts underlying this im-
portant problem. In order to clarify the relationship
of the equations of motion and the conservation the-
orems, as they follow from the variational principle,
we shall give a systematic review of the derivations of
both sets of equations.

26 He wrote:

‘While this restriction is adequate to cover the cases
normally met with in physical problems, the mathe-
matical theory can be generalized to include deriva-
tives of any desired order.



a theory and rendered it accessible to students, without
suggesting that it was all that can be said on the subject.
If the alleged belief claimed by Olver is true, Hill cannot
be held responsible of it.?”

The fact that Hill did not discuss Noether’s second
theorem can be possibly explained by its lack of physical
applications at that time. We recall that this theorem
proved to be central in Gauge Theories which truly got
off the ground three years later.?® It was launched by
the celebrated paper of Yang and Mills (Yang and Mills,
1954) on the isotopic spin and was elevated as an uni-
fying principle by Utiyama (Utiyama, 1956). The latter
proposed, on a variational basis, to interpret any inter-
action as the net result of an enlargement of an initially
finite symmetry group to an infinite one.? Consequently,
the initial proper conservation laws become improper and
the theory acquires fundamental constraints which make
it a ‘gauge theory of the Yang-Mills type’. We remark en
passant that, although Utiyama’s work is closely related
to Noether’s one, it nevertheless contains no mention of
her.?? One can say that a Yang-Mills theory is the perfect
physical realization of Noether’s ideas: her first theorem
applies in the absence of interaction whereas the second
does in their presence. In Yang-Mills theories — which
are the cornerstones of the Standard Model — the sym-
metry acquires a creative and organizational strength.
Today, a textbook on field theories which would not al-
lude to these two theorems seems something inconceiv-
able.

Once Gauge Theories made their entrance, all the
physics started to become reconsidered on symmetry ba-
sis; Noether’s theorems undoubtedly gained a growing
interest, and the literature on the subject was on the
increase. In a certain extent, the modernity in physics
is discriminated by Noether’s second theorem. To the
question ‘what is modern physics 7’ can be answered

27 We also refute the assertion of Kosmann-Schwarzbach regard-
ing the alleged restriction of Hill to ‘classical symmetries’. Hill
considered variations dz* of the coordinates and &y (z) of
the fields without further precisions. For example, one can
imagine that 6% (x) is actually the shortcut of an expression
50 (z, P (), P ().

28 Although the gauge concept was born long before
(O’Raifeartaigh, 1997), it was awaiting a convincing physi-
cal realization (other than electromagnetism).
Today one would say that the initial global symmetry is rendered
local (Ryder, 1996), although the words ‘global’ and ‘local’ have
a specific meaning in physics that does not match the mathe-
matical definition of these terms.
However, he refers to Rosenfeld (Rosenfeld, 1930) who explic-
itly mentioned Noether. Rosenfeld, to a certain extent, antici-
pated Bergmann’s works on generally invariant theories in view
of their quantization as well as that of Utiyama on Gauge The-
ories (Salisbury and Sundermeyer, 2017). In particular, he also
derived, a la Klein, the set of identities stemming from the vari-
ational invariance under an infinite group. Utiyama applied the
same procedure.
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‘the physics in which Noether’s second theorem plays a
role’.?t The most well-established modern theories are
obviously General Relativity and Yang-Mills theory (un-
derlying the Standard Model). The second theorem of
Noether is the source of strong analogies between the
frameworks of General Relativity on the one hand, and
Yang-Mills theories on the other. They both share the es-
sential existence of arbitrariness leading to fundamental
constraints on the theories and on an unavoidable under-
determination in their dynamical equations.*? It must be
noticed that they were already seen and fruitfully devel-
oped by Weyl (Weyl, 1929) — the recognized father of the
gauge idea (Weyl, 1918) — at his day, when electromag-
netism was the only well-established gauged interaction.
In particular, the vocabulary of Gauge Theories is com-
monly used in General Relativity: general invariance is
sometimes presented as its gauge group whereas condi-
tions on (or choices of) coordinates are often called gauge
conditions (or fixings). However, there also remain strong
differences stemming from the nature of the infinite sym-
metry groups: gauge invariance is an internal symmetry
while the general invariance is external, in the sense that
the latter concerns the surrounding space-time itself and
not extra degrees of freedom (describing properties of the
matter). This discrepancy has important mathematical
consequences which leave aside the General Relativity
from the Standard Model and has naturally motivated
constant research since the sixties in order to genuinely
‘gauge’ the gravitation® in the light of the other in-
teractions (Blagojevié, 2002; Hehl and Blagojevié, 2013).
This issue — which is in many aspects comparable to
the erstwhile attempts of providing unified field theories
(Tonnelat, 1966) — is still open.

31 It should be added: ‘other than a marginal one’. As will be
reviewed in the present paper, one can make this theorem mani-
fest even in classical mechanics through an extended formulation
due to Weierstrass, where a parametrization freedom is intro-
duced. In fact, this can be done for any ‘non modern’ theory
in the sense given above (Kurchaf, 1973; Westman and Sonego,
2009). Rephrasing Pooley (2017), one could rather say that the
modernity in physics lies in the absence of a formulation where
Noether’s second theorem would not play a prominent role.

In General Relativity, this underdetermination caused profound
troubles, notably in Einstein’s mind [a good reference on this
point, in particular about his a priori paradoxal ‘hole argu-
ment’, is Norton (1993)]. Indeed, it implies the non-uniqueness
of the solutions of the equations of motion. The problem was
resolved by the recognition of the too much ‘degree of reality’
assigned with the coordinates, incompatible with the active view
of the general invariance. Coordinates, as well as the points
they represent, must fundamentally be seen as insignificant en-
tities (Westman and Sonego, 2009). Only with the relation be-
tween points can be assigned a physical meaning (see the ‘point-
coincidence’ argument of Einstein in Norton’s paper) and ‘gauge
conditions’ on coordinates are necessary to recover a determinism
in the sense of Cauchy-Kowalewski (Anderson, 1967).

In such a theory, the gauge group can definitely not be the group
of diffeomorphisms encoding the general invariance.
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As we have just seen, discussing Noether’s theorems
can brings us to cover all the most fundamental questions
of modern physics, while it is commonplace to mention
the growing degree of sophistication of physical theories.
Since the sixties, their formulations have become more
and more intrinsic, that is, their statements appealed
less and less to arbitrariness (of choosing a coordinate,
a gauge, etc.). For this program to be sustainable, it
necessitates a rigorous characterization of the structures
where the significant mathematical objects live. The uni-
versal language turned out to be that of fiber bundles.?*
The main contributor to the appearance of this math-
ematical apparatus in physics was certainly Trautman.
He notably exposed to physicists the bundle structures
associated with Gauge Theories and General Relativity,
and pointed out their differences (Trautman, 1970, 1979,
1980, 1981). More interestingly for the purpose of the
present paper, it seems that he was the first to give a
formulation of a class of Noether symmetries by using
the framework of the jet bundles (Trautman, 1967) which
suitably ‘geometrizes’ the theory of differential equations.
Now, rigorous mathematical expositions on the subject
of Noether (and Lie) symmetries have reached a high de-
gree of sophistication (Olver, 1993; Sardanashvily, 2016)
and Noether’s theory can serenely fall in the domain of
(differential) geometry.

In parallel to the aforementioned growth of sophisti-
cation, basic applications and expositions of Noether’s
theorems have never ceased to appear in the literature.
This is especially true in the realm of classical mechan-
ics, for obvious pedagogical reasons, and also because
that domain is in the common culture of physicists (and
some engineers) from a long time. Since the first theo-
rem is by far the most relevant in classical mechanics (or,
more generally, in the non modern theories according to
the characterization given above), it is frequently taken
as the theorem of Noether®® (to the great displeasure of
Noether’s admirers). In classical mechanics textbooks,
this theorem is often presented for the sake of elegance
since the conservation laws (in time) thereby derived are
generally already known by the students; not forgetting
that the prominent réle played by the symmetry in mod-
ern physics naturally motivates to familiarize them with
this concept, whenever possible.?¢ In our objective to
write a paper in the honour of the centenary of Noether’s

34 Today, a ‘bundlization’ of a theory can be, in some extent, taken
as a synonym for its ‘geometrization’ whereas we believe that
’gseometrizing’ is close to ‘understanding’.

Interestingly, the plural in the German editions of Courant and
Hilbert’s book (Die Sdtze von E. Noether) became ‘Noether’s
theorem’ in the English version. Even in the second edition of
Bergmann’s Introduction to the Theory of Relativity (Bergmann,
1976), one can find a paragraph devoted to Noether’s theory
entitled ‘Noether’s theorem’ although it contains a discussion on
infinite symmetry groups.

36 It is now not unusual to encounter textbooks structured
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one which would be both accessible for most readers and
almost self-contained, we decided to restrict ourself to
this field. However, we do believe that it allows to illus-
trate the key ideas of Noether’s works. Furthermore, it
will give us the opportunity to make a natural link with
an old recipe introduced by Routh (Routh, 1877) to de-
crease the number of degrees of freedom when ignorable
coordinates are present. Since, as will be reviewed, ig-
norable coordinates are the manifestations of some sym-
metries, Routh procedure will ideally finalise our work
on the expected aspect of a symmetry: its capability of
generating a simplification.

The paper is organized as follows. Section II starts
with a ‘modern’ presentation of the notion of continuous
point transformations in the space of events and puts
the emphasis on the underlying geometry. Then, the
prolongation of their action on kinematics and on scalar
quantities is reviewed. The stage having been set, we de-
fine continuous point symmetries before exploring their
meanings from different viewpoints (active versus pas-
sive) and their capacity of reducing by one the number
of variables through the introduction of adapted coordi-
nates.

Section IIT is devoted to Noether’s theorem per se in
classical mechanics by restricting its range of application
to the most meaningful point symmetries (some consider-
ations on the generalized symmetries, which are essential
to the converse of that theorem, are reported in the ap-
pendix). Some useful characterizations of Noether point
symmetries (NPS) are then established and their asso-
ciated first integral are obviously derived. This part of
the study ends with invariance issues, regarding the cou-
ple formed by a symmetry and its first integral, under
Lagrangian gauge and coordinate transformations.

Section IV develops three applications for the purpose
of exploring different aspects of the theory. The first ap-
plication aims to characterize the NPS admissible by the
most standard Lagrangian form encountered in classical
mechanics. It is the occasion to exploit the advantages
of the form invariance. In the second application, we de-
termine all the NPS admitted by ‘natural problems’ in
the one dimensional case, through the use of adapted co-
ordinates. The last one deals with the parametrization
invariance as a manifestation of the second theorem in
classical mechanics, an example given by Noether her-
self.

The final section V is devoted to the interplay between
NPS and the Routh reduction procedure. In its first part,
that procedure is reviewed and its role of bridge between
variational principles as well as its connection with an old

around the key concept of symmetry. One such example is
Doughty (1990). Let us mention another and surprising book,
Sudarshan and Mukunda (1974), in which the symmetry plays
an important role but where no reference to Noether is made.



theorem of Whittaker are clarified. Then, in its last part,
we explain in an accessible manner why abelian groups of
NPS are the only one to which Routh reduction applies.

Il. CONTINUOUS POINT TRANSFORMATIONS AND
SYMMETRIES

A. Generalities on continuous point transformations

Let us consider a mechanical system whose configura-
tion space is, as usual, a smooth?” manifold M of finite
dimension n. Since we are dealing with Newtonian me-
chanics, it is assumed that an absolute timeline 7 exists,
whose points are the ‘positions in time’. It is in itself a
smooth manifold of dimension 1 admitting a global time
coordinate t. Taking its Cartesian product with M yields
a smooth manifold £ = 7 x M of dimension n+ 1 known
as the extended configuration space (or space of events).
Any point p of £ identifies with a couple (¢, ¢) where ¢ is a
position in time and ¢ in M. Everywhere, & is locally de-
scribable by means of extended coordinate systems {t, ¢*}
where ¢ (i = 1,...,n) are coordinates in M.

A continuous point transformation®® ® of £ is, roughly
speaking, a process which locally displaces its points in
the flow of a smooth vector field &, the generator of ®
(see figure 2). To be a little more precise (Chern et al.,
1999), any point p is driven by ® along a piece of inte-
gral curve € — p. of £, the parameter ¢ taking its values
in some interval around zero, in such a way that the
dependence in € is smooth and py = p. Actually, with-
out any other precision, the interval has a priori only
a local character: all we can say is that there exists,
everywhere, a connected open neighbourhood U and an
interval (—n,n) such that all the points of U follow, un-
der the action of ®, a piece of an integral curve of &
smoothly parametrised by ¢ € (—n,n). For this reason,
we will work locally and focus ourselves on such a sub-
set U of the extended configuration space. Within this
restriction, ® is locally a smooth map from U x (—n,7)
to € defined by ®(p,e) = pe. It verifies the two following
properties:

e &(p,0) =p,

® (®(p,e),e’) = (p,e+¢'),

37 The adjective ‘smooth’ refers to some €" property with r > 1.
We recall that a function (or mapping) is said to be € if its r first
derivatives exist and are continuous. To put it simple, a manifold
is ¢" if one can use everywhere systems of coordinates which
transform between themselves in a 47 way. In what follows,
the manifold M will be assumed as smooth as required by the
statements under consideration.

‘Continuous transformation’ is an accepted terminology in
physics which suffers a lack of precision. Indeed, much more
than continuity is involved in what follows.
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Figure 2 The vector field £ over the domain U and its rep-
resentatives with respect to two extended coordinate systems
{¢"} and {Q"}. The former is arbitrary while the latter rec-
tifies € into an uniform field along one coordinate, namely

Q.

whenever these expressions make sense.?”

For each fixed value of €, the continuous transforma-
tion ® induces a local diffeomorphism® ®. associating
with each point p of U the point ®(p,e). When ® can
be conceived?! as a map from £ x R to &£ as wholes, it
is clear that the collection {®.} forms a group of diffeo-
morphisms of &£ for the law ®. o &, = P ./, with g
as identity, the inverse of each ®. being ®_.. Otherwise,
{®.} is said to be a local one-parameter group of local
diffeomorphisms.

B. Transformations of evolutions

Truncating U if necessary, we will assume that it is
the domain of an extended coordinate system {t,q'}. It
allows us to identify the points of U with their coordi-
nates in {t,¢'}. In some instances, we will denote ¢ by
q° and adopt the convention that Greek indices cover the
range between 0 and n. Under the action of @, a given
point p of U is ‘set in motion’ whereas remaining in U
for sufficiently small values of |¢|. In coordinates one has
thus*?

gt gt =q" + et q") +ole),

39 Beyond the belonging of p in U and ¢,&’ in (=7, 1)), one must be
sure that ®(p,e) and €+ ¢’ remain in U and (—n, 1) respectively.

40 A diffeomorphism is a one-to-one mapping which is smooth as
well as its inverse. By ‘local diffeomorphism’ in the present con-
text is meant the existence, for any point p € U, of an open
neighbourhood V' of p in U such that each ®. realizes a diffeo-
morphism from V' to some open subset of £.

41 Vector fields for which this is possible are said to be complete.

42 By definition, a function f of ¢ is a ‘little-o’ of e if the ratio
f(e)/e tends to zero with e.
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Figure 3 Under the action of ®, and for a sufficiently small
value of |e|, the original evolution [g(t)] (dashed line) is
mapped to another one, [g.(t)] (solid line). Here, the infinites-
imal limit is sketched by exagerating the distance between the
two evolutions.

where (%) = (7,£%) are the components of € in the sys-
tem {g"} = {t,q'}.

In what follows, we will be concerned by the effect of
® on a local smooth evolution in M between two ex-
tremities of time ¢; and 9. It naturally traces a graph
t = p(t) = (t,q(t)) in & which will be assumed con-
tained in U. Let us denote it by [¢(¢)]. Provided that
le] is sufficiently small, the graph is transformed to some
curve lying again in U. Shrinking once more the inter-
val of € values around zero, if necessary, the transformed
curve is the graph of another evolution.** From now
on, ¢ will be treated as an infinitesimal and its little-o
will be systematically ignored. Consequently, the graph
t +— p(t) is infinitesimally transformed by ® into the
graph ¢t — p.(t) = (t,¢.(t)) of another evolution [gq. (¢)]
according to

®: p(t) = (t,q(t) — p. () = (., ¢.(2.))-

In coordinates, one has thus

(t.,q!(t.)) = (t+eT(t,q'(1). ' (t) + &' (t, ¢ (1))

The transformed evolution [g, (¢)] takes place between the
two extremities of time

t1, =t +e7(t1,¢' (t1)) and to, =ty + e 7(ta, ¢ (t2)).

The transformation is illustrated in figure (3).

43 To be more precise, the function ¢t +— 7(t, ¢*(¢)) is smooth because
7 and t — ¢(t) are so. Its continuous derivative 7 is thus bounded
on [t1,t2]. Let a be an upper bound of |7| between t1 and ts.
For a fixed value ¢ such that |¢| < a~1!, the transform t. of t
verifies

dte . .

— =1+4+e7>1—|er|>0

dt
during this range of time. Since t. increases strictly with ¢, the
transformed curve is the graph of some evolution.

As usual, we will symbolise the total t-derivative by an
overdot. Since t, and g, (t.), seen as implicit functions of
t along [g(t)], are obviously differentiable, the velocities
of [¢.(t)] at the instant ¢, are well-defined by the chain
rule:

B0 = Sah) /30 = a0 +e (@ — i),

where the quantities in the right-hand side are tacitly
evaluated at the instant ¢ along [¢(¢)]. It is clear that the
transform [q. (t)] is smooth as well. Then, under the fur-
ther assumption that [q(t)] is €2, the second derivatives
of [¢.(t)] exist at the instant ¢, and are, by the same rule:

G(t.) =§'(t) +e(€ — ¢'(t)F — 24" (t)7),

with the same tacit evaluation. The process can be iter-
ated as many time as [¢(¢)] is differentiable, and if [¢(¢)] is
€% so is its transform. For notational convenience when
evolutions are considered, we will assume that when ¢, ¢*,
', etc. (resp. q., ¢*, ¢, etc.) come without argument,
they are evaluated at the instant ¢ (resp. t.).

Before going further, let us say a few words on ex-
tended coordinate systems. In the system {t,¢'} used
up to now there is naturally an asymmetry between the
time t and the coordinates ¢*: the former is the inde-
pendent variable whereas the latter are the dependent
ones, in the sense that one is interested by evolutions of
the ¢' as functions of ¢. However, nothing prevents us
from performing a change of extended coordinate system
{q"} = {¢*'}. If we suppose that, along the evolutions
under consideration, qo/ strictly increases with ¢ then it
can be taken as a new independent variable, let us say a
new time ¢’. The above analysis could have been done by
means of the system {t', ¢’ }, without any change in its
form: all we have to do is to ‘put primes on the indices’
and to consider the total ¢’-derivative (which we can as-
sociate with another symbol than the dot if we wonder
about possible confusions). In particular, this implies the
contravariant transformation of £’s components:

’ o aq'u’/

= o7
where the Einstein summation convention is assumed (as
it will be throughout the present article).

g —¢ £,

C. Prolongations and symmetries

The generator & has a natural action on scalar fields
by evaluating their rate of change in its direction. Let
%o (t,q) be a scalar field in U. It is an absolute object
represented in the system {t, ¢‘} by the function Gy (¢, ¢°)
such that Go(t,¢%) = %(t,q). Whereas (t, q) is infinites-
imally transformed into (¢,,q.), the value taken by %,
undergoes the variation

6§g0 (t7 Q) =% (t*v Q*) - go(t, Q) = E{(go)(t, Q)'



One has thus in coordinates

0Gy

6qﬂ’ (ta ql)

5e%(t,q) = Gol(t.,q!) — Go(t,q') = e¢*
The fact that 4 and G are locally ‘the same thing’
allows us to identify as usual & with the operator 0,
and to write indifferently

3¢ = c&(%) = c&(Go) = 0¢(Go) , €=¢10,.

The use of an extended coordinate system provides an
expression to & whose form does not depend on the sys-
tem used. Indeed, identifying %, with its representative
in a primed system yields obviously

£=¢"0, =" 0, .

Now, consider some absolute scalar quantity % (¢, ¢, q)
which depends also on the velocities (the precise space
in which that quantity lives will not be our concern).
Let G1(t, 4", ¢%) be its representative by means of {t,q'}.
Whereas the evolution [q(¢)] is infinitesimally trans-
formed into [g.(t)], the value taken by % undergoes,
when passing from the point (¢,¢(t)) to its image, the
variation

6§g1 (t, q, Q) =Gy (t*a G5 Qi) -Gy (tv qia qz)
which leads to
bty = e (@) = e €M(Gy) = 6¢G,

where

=g+ (& -4 62

(1)

is the so-called first prolongation of £. For the same
reason as before, this operator is an absolute quantity
whose expression is form invariant: by means of a primed
system, one has again

0

1 _ fil il oy Y
£ =&+ (€ qT)agi”

where the t'-derivative has been symbolised by an empty
bullet. It is quite easy to verify that the prolongation
is compatible with the Lie algebra of vector fields in the
sense that

(&1 + 2&) =l 4 ael, (2)
[51762][1] = [ [11]35[21]}7 (3)

where &; and &, are two vector fields, \ is a constant,
and where the bracket has always the usual meaning of a
commutator. For scalar quantities %(t, q, ¢, ¢), the vari-
ation will be evaluated by the second prolongation

e N (L 2%)% :

<

(@)

Figure 4 In terms of representations in coordinates, the active
viewpoint of ® is the transcription of its action in an arbitrary
extended system {t, qi}‘ As for the passive viewpoint, it con-
verts @ into a change of extended system (5) such that the
evolution [g(t)] is seen by the new observer O* as it would
appear transformed by ® to the original observer O. The
absolute quantity ¢, depending on the event and the veloc-
ity, admits ® as symmetry: its values are left invariant by
the transformation. One can read the active viewpoint as the
expression of this property in an arbitrary system through a
representative Gi1. The passive viewpoint is the functional
invariance of the representative under the change of extended
system generated by ®.

and so on. Successive prolongations é’[k] may be re-
cursively defined to evaluate the variation of any scalar
quantity ¥ of t, ¢, ¢, ¢, and so forth, up to the deriva-
tives of order k (provided that the considered evolutions
are sufficiently smooth). This integer k will be called the
order of ¢, (with the convention that an order zero cor-
responds to functions of ¢ and ¢). The expressions of the
prolongations are by construction form invariants and it
can be recursively verified that they remain compatible
with the Lie algebra to all orders.**

One says that the transformation ® is a symmetry of
a scalar quantity ¢ if it leaves its value invariant up to
the first order in e for any sufficiently smooth evolution.
If ¢ is of order k, the symmetry condition is thus

¢M@) =o, (4)

seen as an identity in ¢, ¢, and all the involved deriva-
tives of ¢ (with the convention & o .— £). Therefore, it
imposes a restriction on the algebraic expression of ¥.
Such a constraint is an expected feature of the concept
of symmetry. Furthermore, by the compatibility between

44 This property might however be established directly in an in-
trinsic way but it would necessitate a deeper knowledge of the
underlying geometry (Olver, 1993).



the prolongations and the Lie algebra, it is clear that the
generators of the symmetries form by themselves a Lie
algebra (of the symmetry group).

D. The meaning of a point symmetry in the passive
viewpoint

Up to now, the mapping ¢" — ¢ 4 £ was envisaged
as a representation of the infinitesimal action of ® in a
certain extended coordinate system {¢"} = {t,¢'}. This
is an active transformation. The passive counterpart is
reached when this mapping is rather seen as a change
of extended coordinates (also generated by ®). To avoid
any confusion between the objects in question, we will
denote by {¢**} = {t*,¢"} the new extended system,
thereby related to {¢*} through

¢ =q"+edh ()

An observer O*, equipped with the system {¢"*}, as-
sociates with each point p the coordinates that an ob-
server O, equipped with {g"}, would have associated
with its transform p, (see figure 4). Put it differently,
everything appears for O* as if it were transformed by
® from the point of view of O. While the latter de-
scribes an evolution [¢(t)] by a graph t — (t,¢'(t)) be-
tween t; and t2 which will be denoted by [¢*(¢)], the for-
mer traces, between t; = t¢;. and t; = ts., the graph
t* — (t,¢" (")) = (t.,q'(t.)) that we will denote by
[¢"(t)]. In particular, the derivatives of [¢%* (¢*)] as seen
from O* at the instant t* coincide with the ones of [q (t)]
as seen from O at the instant ¢.:

@) =4\ (t.) , GU()=¢q/(t) , et

where the total t*-derivative has been symbolised by an
empty bullet. Once again, for notational convenience
when evolutions are considered, we will assume that when
¢, ¢'*, etc. come without argument, they are evaluated
at the instant ¢*, just like ¢, ¢°, etc. are at ¢ and ¢’, ¢’,
etc. at ¢..

Now, some absolute quantity ¢ represented by a func-
tion G in the system {¢"} will be represented by G* in
{g**} according to the correspondence

) =G(t, ¢, ¢,...) (6)
= G(t*uq}mq}m ) - 5£G(t7qi7qi7" )

G*(t*,qi*,(ji*,.. .

Hence, the symmetry criterion (4) amounts to the equal-
ity

G*(t*7qi*7qoi*7"'):G(t*7qi7q.i7"')' (7)

Since, in both sides, the arguments are numerically equal,
one concludes that G* must be the same function of
(t,q",q",...) than G is of (t*,¢"*,¢",...). In the passive
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point of view, the symmetry manifests itself as a func-
tional invariance under the change of coordinates gener-
ated by ®: the two observers O and O* both describe ¥
in the same terms. We emphasize that the equality (7)
will not be condensed into G* = G since the latter com-
monly designates the ‘transformation law (of representa-
tives) of scalars (6) in the tradition of physics.*®

E. Point symmetries and adapted coordinates

A well-known theorem of differential geometry
(Chern et al., 1999) states that, around a point of U
where £ does not vanish, one can always find a peculiar
coordinate system {Q"} for which & reduces to the partial
derivative with respect to one of the Q", say Q. Geo-
metrically speaking, it means that this system — which
is said to be adapted to & (or to the transformation ®)
— is such that the Q¢ coordinate lines coincide locally
with the integral curves of £ (see figure 2). It has the ad-
vantage of transcribing the transformation ® as a mere
translation of magnitude ¢ in the direction of Q< (up to
the first order in €):

Q' — Q' e,

In the case where QO is strictly increasing along the
evolutions under consideration, it can be used as a new
time T. The resulting system {7, Q°} trivializes the pro-
longations of &: all of them reduce to the partial deriva-
tive with respect to Q¢, too. The symmetry condition (4)
is now synonym for an independence on Q“ in any case,
that is, a translational invariance along the direction of
Q. If @ = 0, the symmetry means an explicit indepen-
dence on the new time. Otherwise, if a > 0, it means an
independence on a coordinate @, although it does not
prevent at all from a dependence on its derivatives with
respect to T'. In particular, if we are in position to per-
mute Q° with a coordinate %, one can transform a time
independence into a coordinate one, and vice versa.

I1l. NOETHER POINT SYMMETRIES

A. The Lagrangian framework

Suppose that the dynamics is entirely governed by a
%? Lagrangian L in the system {t,¢'}. The motions are

45 Physicists attach importance to the variables because they are
supposed to be charged of meaning. In particular, when they
introduce a function, they nearly always think about a ‘function
of’. This habitus is often convenient but can sometimes lead to
misconceptions as well as needless complications. In the present
paper, we have decided for pedagogical reasons to not depart
from this habitus. This is why we insist upon the ‘functional
equality’ of two ‘functions of’ instead of simply the ‘equality’ of
two ‘functions’ as mathematicians would say.



the evolutions leaving stationary the action functional

Sla(t)] = / Lt.q',d) dt

under the well-known conditions of Hamilton’s principle.
It amounts to say that they are solutions of the Euler-
Lagrange equations

(i=1,...,n) (8)

where

is the Lagrangian operator (or variational derivative) as-
sociated with the coordinate ¢*. Following Noether, the
quantities E;(L) will be called the Lagrangian expressions
(Lagrangeschen Ausdriicke) of the variational problem in
the coordinates {t,q'}. In her own words, they are the
‘left-hand side of the Lagrangian equations’ (die linken
Seiten der Lagrangeschen Gleichungen).

We recall that the action is a functional of the evo-
lutions in M and, as such, is independent of the choice
of extended coordinate system used for concrete calcu-
lations. Therefore, under a coordinate transformation
{t,q"} — {t',¢"}, the Lagrangian undergoes

dt
L—L=Lg (9)

and (8) is equivalent to the set of Euler-Lagrange equa-
tions Ei (L") = 0, where E; is the Lagrange operator
associated with qi/ in the new system. This equivalence
is made explicit by the identity

o0 "%)dt (@) (10)

By = (2L g L)
)= (55 i )

between the Lagrangian expressions. In textbooks, the
above formula is rarely presented in its full generality and
often restricted to the case where the time is not trans-
formed. It can be verified by an explicit computation but
a simpler proof will be given below, in subsection IV.C.

In addition to that ‘extended covariance property’, the
formalism is also characterized by its invariance under
Lagrangian gauge transformations

L—T=L+ %[A(t, qi)] (11)

since they do not affect the Euler-Lagrange equations.
More precisely, two Lagrangians L and L generate ex-
actly the same Lagrange expressions (in an arbitrary co-
ordinate system), i.e. are such that one has identically
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if and only if (iff) they are related by a gauge transfor-
mation (11). In this case, they are said to be equiv-
alent (indeed, we are faced with an equivalence rela-
tion in the mathematical sense of the term). The rea-
son for this lies in the fact that a function G(t,q*,q")
verifies the n identities E;(G) = 0 iff it is the total t-
derivative of some function of t and ¢* (Jose and Saletan,
1998). We emphasize that the aforementioned equiva-
lence is much more stronger than simply the equivalence
of the Euler-Lagrange equations whereby {E;(L) = 0}
and {E;(L) = 0} have the same solutions. The simplest
case where this weaker condition is encountered is when
L differs from L by a multiplicative nonzero constant fac-
tor. This point will be central below.

B. The definition of Noether point symmetries and their
meanings

The transformation ® is a Noether point symmetry
of the variational problem if there exists a scalar field
Z(t,q) verifying, up to the first order in €,

ta

beSla()] = Sla.(0)] - Sla(t)] =< |7] © (12)

ty

for any evolution [¢(¢)] (Logan, 1977). In Noether’s orig-
inal paper, the action was ‘only’ assumed invariant in
value: 9¢S = 0. In this special case, the symmetry is
said to be strict. Otherwise, the field .7 will be called its
Bessel-Hagen term since the possibility of such symme-
tries was first envisaged in Bessel-Hagen (1921). Obvi-
ously, .Z is given up to a meaningless constant and strict
Noether point symmetries are those which admit a zero
Bessel-Hagen term.

Suppose that ® is a Noether point symmetry (NPS)
with Bessel-Hagen (BH) term .% and consider an evolu-
tion [¢(¢)]. Any variation [dq. ()] of [q.(t)] keeping fixed
its endpoints is, by the inverse transformation, the im-
age of a variation [0q(t)] of [¢(t)] keeping also its end-
points fixed. By definition of an NPS, the induced varia-
tions 0.5[q. (t)] and 6S[¢(t)] are equal since the one of the
right-hand side of (12) vanishes. Hence, if [¢(t)] leaves
the action stationary, so does [¢.(t)]. In other words,
being an NPS is, enunciated at the variational level, a
sufficient condition for a transformation to map contin-
uously the motions between themselves, that is, to be
a Lie symmetry of the dynamical equations. We have
here a manifestation of Curie’s principle: the symmetry
of the variational principle is found in its consequences,
the equations of motion, and thus in the set of their so-
lutions.

Saying that @ is a Lie symmetry of the dynamical equa-
tions can be summarized by

Ei(L)(t..q..d.,d.) 0. (13)

{E;(L)(t,a,4,6)=0} —



Expanding this relation up to the first order in ¢, it may
be restated by the more succinct identity

5[2](Ei(L))‘{Ej(L):O} =0 (14)

in t,q,q,G. Obviously, much more can be said. Viewing
t.,q'(t.), and ¢'(t,), as implicit functions of ¢ along [q(t)],
the two terms of (12) can be gathered under a single
integral:

2 iy dt. P

destat] = [ | Bat i) G - Do)
ty

By definition, ® is thus an NPS with BH term % iff one

has, up to the first order in ¢,

af

L(t*,q*,q*)——L(t,q,q)ZEE,

15
" (15)
where f(t,¢') is the representative of . in the considered
system. Then, expanding (15) up to the first order in
yields the characterization

L) ++7L = f. (16)

This identity in t¢,q, ¢, known as Rund-Trautman iden-
tity (Rund, 1972; Trautman, 1967), is a necessary and
sufficient condition for ® to be an NPS with BH term
F.

Before coming to the interplay between NPS and
first integrals, let us pursue further the general analy-
sis through the passive viewpoint which is, in our opin-
ion, the most meaningful. Consider the change of system
{t,q'} = {t*,q"} generated by ®. Multiplying (15) by
dt/dt., one obtains the equivalent relation

df*
dt+’

L(t.,q!,4}) = L*(t",q",¢") =¢ (17)
where f* is the representative of .% in the transformed
system. Expression (17) says that the Lagrangian L* is
the same function of (t*, ¢**, ¢**) than L is of (¢, 4%, ¢"), up
to an infinitesimal gauge term without dynamical mean-
ing. Hence, ® is an NPS iff the Lagrange expressions
in (t,¢%,¢",¢") and (t*,¢%,",§"") are functionally the
same. This demonstrates that the condition of being an
NPS is much stronger than simply being a Lie symme-
try. Indeed, in the passive picture, a Lie symmetry of a
system of equations transforms it into another one whose
solutions are functionally the same. But, for an NPS, one
has utterly

Ei(L*)(t, ¢, 4", §") = Ei(L)(t.,¢', ', ). (18)

Expanding this equality up to the first order in £ by us-
ing (10), it is shown to be equivalent to

EPNE(L)) = —7Ei(L) — (0:8 — ¢ 0im)E;(L).  (19)
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Conditions (18) and (19) are indeed much restrictive
than (13) and (14), respectively. Moreover, after some
cumbersome but straightforward algebra, it may be ex-
plicitly verified that equation (19) can be rewritten

E; (M (L) +7L) =0 (20)

and is nothing else but the necessary and sufficient condi-
tion for the existence of a function f(t,¢%) verifying (16).
En résumé, NPS are exactly the continuous transforma-
tions leaving invariant the Lagrange expressions in the
strong sense (18).

C. First integrals and invariance issues

Let us introduce the Rund-Trautman expression
RT(L.& f) = f - €"(L) — 7L

whose identical vanishing is, according to (16), a neces-
sary and sufficient condition for ® to be an NPS. It can
adopt the suggestive form

RT(L,& 1) = T[f+ Hr -] — (€~ dnEL) (21)

where p; is the momentum conjugate to ¢* and H = p;q’ —
L the Hamiltonian (all of which are gauge dependent).
The Rund-Trautman identity can thus be rewritten

€ —inE(L) = S[F+Hr-pg] (22

In this form, it is a ‘divergence relation’ a la
Noether in the specific context of classical mechanics.
It is sometimes named Noether-Bassel-Hagen identity
(Sundermeyer, 2014) since it is how it appears, mutatis
mutandis, in the formula (7) of Bessel-Hagen which gen-
eralizes the formula (12) of Noether. One immediately
sees from (22) that if ® is an NPS with BH term f then
the quantity

I=f+Hr—pi& = f—pu, (23)

in which po = —H, is a first integral®® of the problem in
the sense that it keeps a constant value C' during the mo-
tion. The derivation of the ten well-known classical first
integrals arising from the invariance under the Galilean
group will not be discussed one more time here; it can be
found in most textbooks [see e.g. Logan (1977)].47 Let
us rather discuss some invariance issues of the formalism

46 Historically, the term ‘first integral’ referred to the equality I =
C. Due to a semantic shift, it now designates I itself.

47 Regarding historical papers, one can also consult Bessel-Hagen
(1921); Havas and Stachel (1969); and Hill (1951).



without which we would not be able to say that NPS are
symmetries of variational problems.

(i) Invariance under extended coordinate transforma-
tions. By definition, a Noether symmetry with BH term
Z is a property independent of the chosen extended coor-
dinate system. This assertion can be made more precise
by considering a transformation {t,¢‘} — {t’,¢"} and
verifying the obvious relation

dt

RT(L/7£7 f) = RT(L7£= f/) @ )

where L’ is given by (9) and f’ is the representant of .7
in the new system. The first integral is obviously left
invariant while keeping the same form:

I=f—pu&=f —pue. (24)

(ii) Invariance under gauge transformations. Let us
denote by S the action built on L after a gauge transfor-
mation (11). Its variation is thus

ta

5¢Sla(t)] = deSla(t)] + [Alt..a4(1.)] "~ [At.a(0)]

t1x t1

= deSla(o)] +<[g )]

Consequently, if ® is an NPS of the variational prob-
lem in terms of the action S with BH term f then

it is such a symmetry in terms of S with BH term
(Leone and Gourieux, 2015)

f=F+eEW). (25)

Furthermore, one has

RT(L,¢, f) = RT(L,&, f),
and here again:

I=f-p.=7F-p,8",
where the p,, are the new extended momenta

_ oA
P g

The two invariance issues discussed above have impor-
tant consequences. First of all, it is clear from (25) that
if the ‘symmetric gauge condition’

f+EA)=0 (26)

is fulfilled then the symmetry is strict for L. Now, as-
suming that L is the Lagrangian of the problem ex-
pressed in a symmetric gauge, and an adapted system
{Q*} = {T,Q"} which reduces ® to a translation along
@, the symmetry condition simply becomes an indepen-
dence of L on Q. Then, by (24), I is (up to a sign) equal
to the conjugate momentum P,. Since the latter is built
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from L, it cannot depend on Q. Hence, I is necessarily
an invariant of the transformation:

W) =o. (27)

Note that this result was very easily derived by the use
of an adapted system. Compare with the coordinate-free
proof given in Sarlet and Cantrijn (1981), proposition
2.2.%8 Tt was also present in Noether’s paper, in her gen-
eral context but with the same restriction to point sym-
metries since, as she explains, it is no more guaranteed for
generalized symmetries. Some elements on that issue in
classical mechanics can be found in Sarlet and Cantrijn
(1981).

In sum, an NPS ® expresses the existence of an ignor-
able coordinate Q%, in a suitable gauge and coordinate
system (adapted to ®), while it maps any motion into
another motion ‘labelled’ by the same value of the first
integral I = —P,. Using the terminology of quantum
mechanics, one would say that I is a ‘good (classical)
number’ of the problem.

IV. SOME APPLICATIONS

A. The usefulness of form invariance

The passive viewpoint can be exploited advantageously
when the Lagrangian is known to be form invariant un-
der some class of extended coordinate transformations.
Contemplate for example the standard Lagrangian

Whatever the problem under consideration be, it is in-
terpretable as the Lagrangian of a unit mass particle®”
evolving in a space M endowed with a metric g and cou-
pled to a covector field A and a scalar field #". The three
fields g, A, ¥, are possibly time dependent and respec-
tively represented by (g¢i;), (4;), V, in the considered
coordinate system. The problem is ‘natural’ when A is
zero. The two fields A and ¥ are obviously not gauge in-
variant since any Lagrangian gauge transformation (11)
can be absorbed by A and V via a transformation

(V,A) — (V= 0\, A + O0iA).
The Lagrange expressions of (28) are

Ei(L) = —gi;i’ — Tiji ' ¢" + (Bij — 0955) @’ + Ei

48 Obviously, one can object that coordinate-free demonstrations
are conceptually more satisfying in a mathematical point of view.
However, we can oppose the fact that we did not use an arbitrary
system but a very peculiar one, canonically related to &, which
trivializes the study.

49 The ‘C-point’ in Lanczos (1952).



where the quantities

Lk = 5 (0igrj + 0;9ik — Orgij)

N =

are the Christoffel symbols of the first kind, whereas

Bij = 8Z-Aj — @Al and Ei = —(r“)lV — atAi
are the components of gauge invariant fields B and E
built from A and 7.

It is clear that L is form invariant under the whole class
of time-independent coordinate transformations unaffect-
ing the time, i.e.

(t.q") — (t,q" = ¢'(q")).

In fact, the Lagrangian has the property of ‘manifest co-
variance’ with respect to such transformations inasmuch
as its expression in the new system is

(29)

=g i & + Avil V"
where (girj7), (Ai), and V' are the representatives of g,
A, and ¥, in the new system.

In particular, a continuous transformation ® of the
type (29) is generated by a vector field & = (0,&%) with
time-independent components £, which can be seen as a
vector field in M. The NPS characterization (17) is here
an equality between two polynomial expressions in the
velocities. It is verified iff each of their monomials of the
same kind coincide, leading to the three sets of identities

Y9ij (tv Qf) - gl*j*(ta qk*) - 07
Ai(t,q") — Ai(t,q") = 05 f7(t,4™),
V(t,q") = V*(t,q") = —ed f*(t.¢"),

(30)

where (g;.;.), (4i.), and V* are once again the repre-
sentatives of g, A, and 7, in the transformed system
{t*,q"} = {t,¢"*}. Obviously, the expressions E;(L) have
the same property of form invariance and the character-
ization (18) leads to the four sets of identities

with the same convention whereby starred indices refers
to representatives in {t,¢"*}. Taking the derivatives of
the first line, it is clear that this system is equivalent to

9i5(t, ") — gij.(t,¢")
Byj(t,q") — Bi.j.(t,q")

0,
0, (31)
0.
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One recognizes in the left-hand sides of (30) and (31)
the Lie differentials of the various fields along (£°) in M,
in its passive interpretation which is perhaps the most
familiar to physicists. The Lie differential® is the tool
which measures how fields transform (Yano, 1955) and
the last system means, in the passive picture, that ® is
an NPS iff the three background fields g, B, and E, are
seen by the observer O* exactly as they appear to O. It
corresponds, in the active viewpoint, to the invariance of
the distributions of these fields along the direction of the
transformation.

One knows from our general considerations on NPS
that the two systems (30) and (31) are equivalent. Here,
the equivalence is obvious because the two last lines
of (30) are nothing else but the requirement that the
couple of fields (V,A) is seen by O* just like it ap-
pears to O, up to a meaningless gauge transformation
(Forgdcs and Manton, 1980).

The invariance of g in (30) or (31) notably expresses
the fact that ® is a continuous isometry, or to put it an-
other way, that & is a Killing vector field of the metric.
Applying the formula of the Lie derivative, this invari-
ance amounts to the verification of the so-called Killing

50 Let T be a tensor field over M whose components are T?::: in
an arbitrary coordinate system, at a given instant, say. Its Lie
derivative along £ is the quantity £¢7T whose components EgTj:::
in the same coordinate system are given by the rule

Tj(af) = Tj2:(d") = e LT () + ofe), (32)
through the passive picture. It can be shown that LT is a ten-
sor of the same kind than 7. The definition given here seems
to depart from the somewhat usual rule whereby a variation
is modelled on the scheme ‘transformed quantity minus origi-
nal one’ but is actually more consistent. It coincides with the
‘dragging along’ (Mitschleppen) construction of Schouten and
van Kampen (Schouten, 1954; Schouten and van Kampen, 1934)
which was later formulated in intrinsic terms by mathematicians
[see e.g. Choquet-Bruhat and DeWitt-Morette (1982)]. The left-
hand side of (32) is the Lie differential (Liesche Differential)
in the terminology of Schouten and van Kampen. Surprisingly
enough, the Lie derivative in the quite recent book Petrov et al.
(2017) is defined as the opposite of the Lie differential. Using (32)
in conjunction with the transformation laws of the representa-
tives of tensor fields, one obtains easily

Led =E(8)
for a scalar field,
LeT; = E(Ty) + T, 0:€*
for a covector field,
LeTyj = €(Tij) + Tij0i6* + Tip 06"

for a covariant tensor field of rank 2, etc. One can derive a gen-
eral expression for a tensor of arbitrary kind and for even more
general quantities (Yano, 1955) but the three formulas above
suffice for our context. The Lie derivative of any of those quan-
tities always contains a term evaluating the rate of change of its
components in &’s direction. If the convention ‘transformed mi-
nus original’ were retained in (32), this term would become an
evaluation in the direction of —& which is less satisfying.



equations
Legij = €(9i) + g 0" + gind; " = 0.

In the particular case of the free particle, it is the only
condition to fulfil.>! This is the reason why the Rund-
Trautman identity is also often called generalized Killing
equation (Logan, 1977; Vujanovic, 1970) or Killing-type
equation (Sarlet and Cantrijn, 1981).

The argument of form invariance can be used for the
wider class of extended coordinate transformations

(tv qi) — (t/ = ¢O(t)7 qi/ = (bi(tv qk))' (33)

Indeed, albeit non manifestly covariant, the new La-
grangian adopts the same form:

1 - o oi T oo ~
L'=350uyq @ +Aig” =V, (34)
with
_9q" o4 at
Girjr = gkl 6qi/ aqj/ dr
~ o¢’ d¢? Og* dt/
A= A0 gy SECE
7 0qt + ik oq¥ ot' dt
~ dt a¢" 1 0¢' o¢ dt’
Vv a0 g SO
dt’ ot~ 27 v or dt

A continuous transformation of the type (33) has a gen-
erator £ = (7,£%) characterized by a component 7 de-
pending on ¢ only. The NPS characterization (17) is now

9ij(tend¥) = Gig. (", ¢*) =0,
Ai(t,¢f) = A (t,q") = e 0 [ (t,¢"),  (35)
V(t,q¥) =V (t",q") = —e do.f*(t7,¢™).
These equalities obviously contain (30) as a special case.
After an expansion up to the first order in €, the above
system amounts to
£(9ij) + 9in0;E" + g1 06" = 74,
E(A) + Ax0it® + gin0i* = 01, (36)
(V) + 7V — 4,07 = -0, f.
A similar analysis based on the characterization (18)
would have led to the equivalent system
&(9i5) + 9in0;€" + g 0,€" = T3,
&(Bij) + Bix0;" + Byj0:&" = 0;(gin0i") — 0i(g;10:€"),
E(E) + Ex0i" + 7E; = Byioye",

51 Tt can easily be shown that there are at most n(n + 1)/2 inde-
pendent Killing vector fields in an n-dimensional space (Wald,
1984). They form the Lie algebra of the isometry group of
the space. The usual three-dimensional Euclidean space and
Minkowski space, for example, are maximally symmetric since
they admit isometry groups of dimensions 6 = 3 -4/2 (transla-
tions and rotations) and 10 = 4-5/2 (Poincaré transformations),
respectively.
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which can most simply be obtained by taking the cross
derivatives of the two last lines of (36).

In fact, the transformations (33) constitute the most
general class of transformations leading to a new La-
grangian of the same form (34). Indeed, if ¢" depends
also on the coordinates ¢’ then the kinetic part of L mul-
tiplied by dt/dt’ is a rational function of the new veloci-
ties. An infinitesimal transformation of this type makes
appear in the Lagrangian a cubic term in the velocities
and can never verify the identity (17). Equations (36),
together with the restriction 7 = 7(t), are consequently
the necessary and sufficient conditions for a continuous
transformation to be an NPS of the considered problem.
The direct application of the Rund-Trautman identity
would have obviously lead to the same conclusion.

The method used to arrive at the determining equa-
tions through the lens of form invariance in the passive
viewpoint may be deemed too tedious. Indeed, the steps
from (35) to (36) need a careful application of the passive
transformation laws of field components or the knowledge
of the Lie derivative. However, it has the merit of nar-
rowing the investigation by exploiting the form invariance
— which is a symmetry per se — as a necessary condi-
tion for the functional invariance. In our opinion, it is
a more profound approach than the systematic method
based on the Rund-Trautman identity, especially in the
case of transformations of the type (29).

B. Application to one-dimensional problems

As a case study, let us focus on the rectilinear dynamics
of a unit-mass particle experiencing a potential V', and
governed by the standard Lagrangian

N =

Our aim is to find the potentials for which the problem
admits an NPS & = (7(t),£&(t,q)). Applying (36), one
deduces the following characterization:

20, — 7 =0,
at§ - aqf = 07
§8qV + 8t(TV) + 8tf =0.

No matter what the potential is, the two first lines impose
to & and f the following forms

E(tq) = 2 +(t) g + (1)

— N

f(tq) = 7 7(0)¢* +(t) g + x(®),
where 1 and x are thus far undetermined. Finally, the
remaining equality constitutes a compatibility equation
between 7, 1, x, and the potential. Bearing in mind
that the functions 7 and 1 cannot be both identically



zero otherwise the transformation is the identity and the
symmetry trivial, there are two distinct cases to consider,
depending on whether the time is left invariant (7 = 0)
or not (7 # 0).

1. Thecase 7 =0

Here, the compatibility equation reduces to
ov . .
0l1) Go + i) 0+ X0 =0 (37)

Hence, apart from an irrelevant term of ¢ alone, the most
general potential admitting such a symmetry has the
form

V(t,0) = 5 (006 +b(t)a (39)

The function v is submitted to the differential equation

b(t) +a(t)y(t) =0, (39)
whereas x is adjusted to cancel the terms of the time
alone in (37):

In particular, the spatial translation is an NPS when V'
depends linearly on ¢, i.e. when the particle is submitted
to a uniform force field. Once fixed a nonzero function
verifying (39), the gauge condition is fulfilled by

1 /1.
Alt,q =——(—w t)g* + x(t q)
Since t is left invariant, the most natural adapted system
is formed by the time ¢ and the coordinate @ = q/v(t)
along which the translation is done. It leads to the sym-
metric Lagrangian

L= S wtp@? - ()@

independent of Q). Actually, we are dealing here with a
symmetry stemming only from the linearity of the dy-
namical equation

i+ a(t)q + b(t) = 0.

It has been dubbed ‘linearity symmetry’ in a recent ar-
ticle (Leone and Haas, 2017). The above reduction in
terms of the new coordinate ) is nothing else but the
Lagrangian counterpart of the usual reduction technique
of linear differential equations once a nonzero solution
1(t) of their associated homogeneous equation is known.
The first integral is precisely the reduced equation:

I=(t)g — 4(t) + x(t) = —(£)’Q + x(t) = C
and one recognizes the Wronskian between g and 1) when
b(t) = 0. Since the solution space of (39) is of dimension
2, there are two independent linearity symmetries.
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2. Thecase 7 #0

Changing the transformation to its inverse if necessary,
one can suppose 7 positive. Multiplying the compatibil-
ity equation by 7, one has

EVr)+70f=0. (40)

It is easily seen that if one introduces the system (T, Q)
given by

[ dt _q 0

then &€ reduces to Op. For later convenience, let us intro-
duce the functions

Y

pt)=V7 . alt)= [ 55t X

and [(t) = -

After some lengthy but straightforward computations,
one finds that
af o (1

d 1
Zham2 L — (24 - 402 2
T = a7\ 5 rd T g (PPa)pa = 0t 4o ﬁ)

and (40) now reads

9 ( 5 Lo oo d s, L oy.o 25\ _
ﬁ(p Vi+ 5 bpa” + 7 (p°d)pg — 5 p*” + p*8 ) = 0.
One concludes that the most general potential for which
the Lagrangian admits an NPS transforming the time has
the form

1 q poo Ld s, 2.2
Vz;W(——a)——q —;E(p &)q+ = p*e” — B.

The gauge condition is then fulfilled by

Atg) = -2 — pag + / (p*¢” — B)dt.

2p
It leads, in the adapted system, to the symmetric La-
grangian

L=3@ W@

where one has denoted the total T-derivative by an empty
bullet. Hence, in the adapted system, the dynamics be-
comes derived from the conservative potential W, and
the Hamiltonian

= _ 1 I S SR q
H=5Q+W(Q) =3 (pi—pa-p'a) +W(p a)

is the first integral I generated by the symmetry. Our
results are in accordance with the conclusions of Lewis
and Leach (Lewis and Leach, 1982) who used another ap-
proach based on the Poisson bracket.



Each distinct decomposition of a given potential V' into
the form (41), if any, amounts to a symmetry. Clearly,
if V' does not fit (38), there is at most one independent
NPS. Otherwise, up to an unimportant constant which
can be incorporated into 3, the most general function
W in a position to enter the decomposition of a poten-
tial (38) is

W(Q) = = AQ* + BQ,

2
where A and B are arbitrary coefficients. Then, p and «
must verify

A= p*(j+ ap), (42)

d
B = ,02a (p*@) + p°b + Aay, (43)
while /3 is adjusted to cancel the terms of ¢ alone in (41).
Since A and B are arbitrary, equations (42) and (43)
amount to the identical vanishing of the derivative of
their right-hand side, that is

1., .. 1.
-T+ar+ -ar =0,

1 2
.. 3 .
ot ap + S b+ br = 0.

(42)
(43)

Actually, these two equations are the necessary and suffi-
cient conditions on 7 and 1 that we obtain when the po-
tential (38) is injected in the compatibility equation. Be-
sides the linearity symmetries which were already found
when 7 was set to zero, one obtains three supplementary
independent NPS: as many as the order of (42).

The coefficients A and B are integrating constants
of (42’) and (43’). By tuning their values, the initial
problem can be mapped into the one of a free particle
(A = B = 0), a particle immerged in a static uniform
force field (A = 0), or a time-independent harmonic os-
cillator (A > 0). In particular, the most interesting case
of the time-dependent harmonic oscillator, for which a(t)
is the square of the frequency w(t) while b(t) is zero, can
be mapped to the one of an oscillator with unit frequency.
It suffices to set a = 1 = x = 0 and to find a solution p
to the so-called Ermakov equation

prwi(t)p=p—°.

The first integral I = H thereby obtained is the
Ermakov-Lewis invariant (Ermakov, 1880; Lewis, 1967).

C. A manifestation of Noether’s second theorem: the
parametrization invariance

1. The parametrization invariance

Let us determine the conditions for which a vari-
ational problem based on a Lagrangian L(t,q",¢") is
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parametrization-invariant in the following sense: L is left
invariant by any transformation of the form

(t,q") — (t' = o(t.q"), ). (44)

Alternatively stated, a parametrization-invariant formu-
lation is a formulation for which the parameter can be
chosen arbitrarily without incidence on the functional
form of the equations. Such a request will have important
consequences. Indeed, suppose that [¢%(¢)] is a solution
of a problem having the sought property. By symme-
try, the actively transformed evolution [¢"!(t)] given by
¢ (t") = ¢'(o(t,q"(t))) will also be a solution whatever
our choice of ¢ be. But there is in particular an infinity
of different ways of choosing ¢ so that [¢*(¢)] obeys to
the same initial conditions than [¢(¢)]. Hence, for any
initial conditions, the request leads inevitably to an in-
finite set of solutions. In a Newtonian point of view for
which ¢ is an absolute time, this situation would severely
violate the determinism unless the variational problem is
assorted with auxiliary conditions allowing to ‘recover’
the time. To put it differently, in a parametrization-
invariant formulation, the arbitrariness in the choice of
the parameter implies its insignificance: it must be un-
derstood as an ingredient without meaning a priori®?; it
is only through our choice a posteriori that it acquires a
‘reality’.

The lack of determinism evoked above can be
rephrased as the impossibility of putting the Euler-
Lagrange equations in the normal form ¢* = Q(t, ¢*, ¢").
Since one has

9°L
04 0¢1

oL 9L .. &L .
E(L)=22 - 22 g 22 i
(L) =54 " agor ¥ agag 4

52 One can easily understand the trouble in the mind of physicists
about the general invariance which implies the insignificance of
the coordinates, these common objects which were before always
charged of (metrical) meaning. It is well illustrated by Einstein
himself in the following excerpt of his autobiographical notes
where he explains why it took seven years between the idea of
generalizing his theory of relativity (1908) and its realization
(Schilpp, 1949):

Warum brauchte es weiterer 7 Jahre fir die Auf-
stellung der allgemeinen Rel. Theorie? Der haupt-
sdchliche Grund liegt darin, dass man sich nicht so
leicht von der Auffassung befreit, dass den Koordi-
naten eine unmittelbare metrische Bedeutung zukom-
men mausse.

According to Schilpp’s translation:

Why were another seven years required for the con-
struction of the general theory of relativity? The
main reason lies in the fact that it is not so easy to
free oneself from the idea that co-ordinates must have
an immediate metrical meaning.

The terminology ‘world parameters’ (Weltparameters) used by
Hilbert to name arbitrary coordinates is on this aspect well
adapted (Janssen and Renn, 2007).



it means that the Lagrangian is certainly singular in the
sense that its Hessian matrix with respect to the veloci-

ties,
2
H:= a—L )
04¢'0¢7 / , ;

is singular. Among the consequences, we are unable
to express unambiguously the velocities as functions of
the time, the coordinates, and the momenta. Hence, no
Legendre transform to pass from the Lagrangian to an
Hamiltonian is allowed in the usual sense, that is, with-
out having recourse to the theory of Dirac constraints
(Dirac, 1964).

Let us now pursue the symmetry analysis by consid-
ering the continuous transformations of the type (44).
They are generated by all the fields of the form 7(t, ¢*)d;
and must be strict NPS. For any evolution [¢(¢)] between
two instants ¢; and to, Noether’s identity (22) implies

ta

- / tquiEi(L) dt = [HT}

t1 t1

This equality must in particular be true for all functions
7(t) vanishing at the extremities of time. Hence, by the
fundamental lemma of the calculus of variations, one de-
duces the identity

G"Ei(L) = 0. (45)

It is actually a manifestation of the second Noether’s
theorem: the infinite symmetry group generated by all
the vector fields 7(¢,q")9; has for consequence a depen-
dency relationship between the Euler-Lagrange expres-
sions. It follows from (45) that the system of Euler-
Lagrange equations is underdetermined: one of them be-
ing redundant, the n degrees of freedom outnumber the
independent equations. Furthermore, since 7 is arbitrary,
the Rund-Trautman identity

L) ++L=70L—+H =0
imposes the two subsequent identities, derived a la Klein,
HL =0 and H =0, (46)

known as the Zermelo conditions (Bolza, 1904). The
second one amounts to the homogeneity of degree 1 of
L in the velocities. Reciprocally, it is quite clear that
these conditions are also sufficient because then, for any
transformation (44), one has

L(q7q’)=L(q,q @)=L(q7q)@=ﬂ(q,q),

where the empty bullet symbolizes the total ¢’-derivative.
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2. An Application to extended Lagrangians

Reconsider a general variational problem as discussed
in section IIT and let us introduce an extra variable o
which is supposed to strictly increase with ¢. Then, con-
template the function

oo dt ot
'LL ’LL = g v E— 0 U _— 0
Z(¢",v") = L{t,¢",¢") L(q,q,vo)v,

where v# designates the total derivative of ¢* with re-
spect to o. It is easily verified that

0L o OL 0¥

8—q#—’U 8—q:“' and W_p” (47)
Seeing ¢" as a coordinate on equal footing with the oth-
ers, the n+1 Lagrange expressions of .Z are the quantities
6,(ZL) where

0 d 0

T 9gh do dur

A direct application of (47) shows that the expressions
&;(L) and E;(L) are mutually related by

&(L) = vEi(L). (48)

By construction, . is parametrization-independent, thus
singular, since o is insignificant. Hence, the following
identity

vE(L) =0
holds and one deduces the relationship
60(ZL) = —v'Ei(L) (49)

which might also have been derived through another use
of (47), but in a less straightforward way.

The relationships (48) demonstrate that the Euler-
Lagrange equations of .Z with respect to the coordi-
nates ¢° amount to the equations of motion. Since
their solutions automatically cancel out the redundant
expression (49), the problem may equivalently be ad-
dressed in terms of the extended Lagrangian .£: we are
faced with Weierstrass’ parametric representation of the
same problem (Bolza, 1904). The latter is not only a
mere ‘curiosity’. Beyond the physical relevance of £ in
the ‘passage’ (Dirac, 1964) from Newtonian mechanics,
where an absolute time exists, to (non Galilean) rela-
tivistic theories, where no such time exists, this object
can also be of great utility, even in classical mechan-
ics. The next section will provide a fruitful application
of Z. For the time being, let us demonstrate its use-
fulness to establish formula (10). It is a basic fact of
Lagrangian mechanics that under a coordinate transfor-
mation {¢'} = {¢" = ¢'(t, ¢*)} unaffecting the time, the
Lagrange expressions transform covariantly:

o¢’

Foll) = 5

E;(L). (50)



Now, consider an arbitrary extended coordinate trans-
formations {¢"} — {¢"'} as well as the extended La-
grangians .Z and ¢’ constructed from L and L’. All of
them are related by

L =L =L’ =2,

where v#’ designates the derivative of q“, with respect to
o, and one has the relation of covariance

oq”
é()#/ (g/) - W é()y(g)

In particular:

dq° ¢’
= —&(ZL)+ — &(2).
8qz/ 0( )+ aqll ]( )
Then, from (48) and (49), one deduces

, o¢  0¢° v’
VE (I = (29 _ 99 Y\ og ().
v Ei (L) ((?qi' g7 0 v E;(L)

& (L")

Dividing by v*" produces formula (10).

V. NOETHER POINT SYMMETRIES AND ROUTH
REDUCTION

A. The Routh reduction and its usefulness

In an essay on the stability of motion, Routh (Routh,
1877) introduced a recipe to eliminate from the very be-
ginning the ignorable coordinates® in a problem via a
‘modification’ of its initial Lagrangian. This method is
often referred to as the ignoration of coordinates after
the terminology that Thomson and Tait introduced in
the revised edition of their treatise on natural philoso-
phy (Thomson and Tait, 1879). However, what these au-
thors called in this way was actually a similar elimination
but realized at the level of the kinetic energy specifically,
for those systems characterized by the existence of some
coordinates, said ‘cyclic’, which do not appear in the ki-
netic energy whereas no (generalized) force acts in their
direction.”® As was noticed by Lamb and Pars (Pars,
1965), Larmor (Larmor, 1883) gave the first a variational
version of Routh’s procedure. For the sake of complete-
ness, we give a brief account of the method.

Suppose that the Lagrangian expressed in a system
{t,q'} admits exactly m < n ignorable coordinates,

53 Since they do not appear in the Lagrangian, Routh called them
‘absent coordinates’.

54 This is how Lamb (Lamb, 1920) defines ‘cyclic systems’. Regard-
ing coordinates, the adjective ‘cyclic’ is nowadays a synonym for
‘ignorable’ and its use was considered as a ‘pity’ by Synge because
of its confusion with the topological sense of the term (Synge,
1960).
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q',...,¢™ say. The motion is thus submitted to the m
constraints p; = C; where C; is the actual constant value
of p; (i = 1,...,m). However, this information is not
taken into account in the original Hamilton’s principle
which considers all the evolutions between two endpoints,
and a fortiori the irrelevant ones which do not respect the
constraints. Narrowing the study to evolutions compati-
ble with the constraints leads to the well-known reduced
principle (Larmor, 1883)

5/(L—p1(j1—---—pm(jm)dt=0, (51)

for arbitrary variations of ¢™*!, ..., ¢" vanishing at the

extremities of time while the variations of ¢',...,¢™ are
adapted for the sole purpose of maintaining the con-
straints. In fact, it is assumed that the equalities

g;zci (i=1,...,m)

determine unambiguously ¢', ..., ¢™ as functions

q' =t g" T C . C) (52)

but it is certainly the case if L is regular, an assumption
which will be tacitly understood. Hence, the function

Ri=L—-Ci¢"—- = Cpni™ (53)

in which each occurrence of ¢ is replaced by ¢’, for i =
1,...,m, is a genuine Lagrangian governing the dynamics
of the n — m last degrees of freedom. Once the latter
solved, the ignored ones are obtained by a quadrature
based on (52).%°

The dynamical function (53) was called modified La-
grangian by Routh (Routh, 1877). We shall rather
call it a reduced Lagrangian or a Routhian func-
tion (Marsden and Ratiu, 1999; Pars, 1965; Rutherford,
1951). To the best of our knowledge, the first use of the
letter R to designate this function in honour of Routh is
to be found in Whittaker (1904).°® One of the most fa-
mous application of the process is certainly the ignoration

55 Considering a dynamical system of equations @' = X?(t,z*),
there are two main ways of reducing its order by one. The
first one supposes the existence of a first integral I(t, mk) =C
and consists in performing a change of variables z* — 3¢ such
that y1 = I, say. The second one supposes that X2,... XN
do not depend on z!, in which case the system reduces to
@t = X(t,2%,...,2N), i = 2,..., N, while ! is obtained by
a final quadrature. The existence of an NPS, and thus of an
ignorable coordinate, allows to conjugate these two reductions
and decrease by two the order of the initial system (the degree
of freedom is eliminated). Furthermore, the reduced problem
remains posed in variational terms.

In his treatise, Routh points out afterwards that, whether
q',...,q"™ were ignorable or not, if each occurrence of a C;
is replaced by p; in the right-hand side of (53), the resulting
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of the azimuthal motion in central force fields which ‘con-
verts’ the rotational kinetic energy into the centrifugal
potential (Lanczos, 1952; Rutherford, 1951). Reversing
the argument, one can wonder if a given potential en-
ergy appearing in the formulation of a mechanical prob-
lem is not, after all, only an ‘apparent fiction’ emerg-
ing from some ignorated degrees of freedom. This is, in
substance, the terms of an old question essentially dis-
cussed by Thomson and Hertz at the end of the 19th
century (one can also cite Helmholtz who searched for
an interpretation of heat as the resultant of a cyclic mo-
tion taking place inside the core of thermodynamical sys-
tems). While Routh certainly considered his reduction
procedure as an helpful mechanical theorem, chiefly for
the study of steady motions, Thomson (Thomson, 1885,
1888) and Hertz (Hertz, 1899) were questioning through
it the possibility of reducing the concept of ‘potential
energy’ to purely kinematical considerations in terms of
concealed motions. More on the positions of these pro-
tagonists can be found in Liitzen (2005).57

In essence, the Routh reduction makes a bridge be-
tween equivalent variational formulations of a given prob-
lem. Another famous application of the procedure is no-
tably the emergence of the historical least action prin-
ciple as the result of the ignoration of time in the ex-
tended Hamilton’s one (Bazariski, 2003; Lanczos, 1952;
Murnaghan, 1931) that was reviewed in the previous sec-
tion. Indeed, if L does not depend on ¢, this variable is
an ignorable coordinate of the extended Lagrangian .Z.
Consequently, pg = —H is a first integral. Let —F be its
actual value. Before being allowed to process to the igno-
ration of ¢ = ¢, one must firstly verify that the equality

i i v’ OL oP oP
G(q 7U07U ) = 1)_0 8q1 (qu ’U_O> - L(Qka ’U_O> =F (54)

determines unambiguously v° as a function of the ¢°, the
v*, and E. Since .Z is singular, this step, which is for ex-
ample missing in Lanczos (1952), cannot be overlooked.

function of ¢, the ¢*, the velocities ¢™*1,...,¢", and the mo-

menta pi,...,Ppm, constitutes a partial transformation into the
Hamiltonian formulation: it behaves like a Lagrangian for the
m first degrees of freedom and like a Hamiltonian (though with
an opposite sign) for the others. This more general point of
view was privileged by Routh afterwards (Routh, 1882), the
‘modified Lagrangian’ appearing as its corollary. In some text-
books (Goldstein et al., 2002; Landau and Lifschitz, 1976), the
Routhian is introduced as the function

R=pig* + - +pmi™ — L

in order to recover the usual sign in the Hamiltonian canonical
equations.

57 Remarkably, the theory of Kaluza and (Oskar) Klein (Kaluza,
1921; Klein, 1926) is precisely the realisation of the program of
Thomson and Hertz to electromagnetism. In this theory, the
electromagnetic gauge field results from a cyclic motion taking
place in a hidden fifth dimension which is topologically equivalent
to a circle.
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Taking the partial derivative of © with respect to v° gives

@_ vivl  9%L ﬁ 4 0%L ( )
900 ~ 00 agag \1 w0 ) = o0 agiag 41

But this is always nonzero (except eventually at some
isolated instants where all the velocities vanish simulta-
neously) by the hypothesis made on the regularity of L.
Thus, by the implicit function theorem (Spivak, 1965),
the equality (54) effectively determines v" as a function
©(q*, v, E) and one can form the ‘extended Routhian
function’

#(q' ") = [L (ql} m) + E] (¢’ v E)

B ; OL K
" o w(q’“, vk E) )

The parameter ¢ remains insignificant: any choice of
o leads to the same functional form of the extended
Routhian. That simple observation, in conjunction with
the fact that Z is a Lagrangian governing the n degrees
of freedom carried by the ¢°, guarantees the homogeneity
of degree 1 of Z in the v’. This property was established
in Bazanski (2003) by explicit computations.®®

One is left with the reduced variational principle ob-
tained by the ignoration of time:

[0 i (0 g ) o =0

for any variation of the ¢’ vanishing at the extremities.
When o is chosen to be the time ¢, one recovers the
‘least action principle’ as defined in Whittaker (1904).
The latter generalizes the old one which was focused on
time-independent natural problems and which is often
summarized by (Goldstein et al., 2002; Lanczos, 1952;

Sommerfeld, 1952)
5 / Tdt =0,

(55)

(58)

58 A quick inspection of (55) shows that % is homogeneous of de-
gree 1 in the v* iff ¢ has the same property. The proof of the
homogeneity of degree 1 of ¢ was given in Bazariski (2003) on
the basis of the homogeneity of degree 0 of ©. The demonstra-
tion is very simple but it may be rendered easier by avoiding any
calculations. Indeed, let A\ be a constant coefficient. On the one
hand, one has by the definition of ¢:

0(q’, v(¢*, W', E), W) = E. (56)
On the other hand, one has by the homogeneity of ©:
O(d', Mp(d', v, B), \') = (¢, (¢, v', B), ') = E. (57)
Equations (56) and (57) induce the equality
O(d",¢(q", A, B), W') = ©(¢", Ap(q", 0", E), ')

from which is extracted the sought homogeneity of .



up to a removable factor 2. However, in these problems,
the function ¢ is easily determined:

i i 9i54'¢
E)=\|———=
e(d',d", E) E—V)
leading quite naturally to the Jacobi principle (Jacobi,
1866):

5 / \/ (E — V)giydgidgi = 0, (59)

which amount to seeking the geodesics of the manifold
with respect to the modified metric whose components
are h;; = (E —V)g;;. It is easily extended to the more
general Lagrangian (28) by adding to the functional (59)
the circulation of A. Jacobi’s principle is also often taken
as synonym for the least action principle (Appell, 1896;
Lamb, 1920). It is, in a way, its achievement regarding
natural systems: the time ¢ is completely eliminated and
the problem is now posed in purely geometric terms.

The equations of the trajectory are derived from Ja-
cobi’s principle after the introduction of a parameter.
The most natural choice is the arclength because it is
an intrinsic quantity. However, in our desire of reduc-
tion, we may chose one of the coordinates, say ¢'. In
this way, one obtains a problem with n — 1 degrees of
freedom. The other side of the coin is that it is no more
autonomous (unless ¢! were ignorable) and, more serious
still, the reduction is far from being intrinsic. It is nev-
ertheless interesting to note that this reduction can be
realized for any Lagrangian by choosing ¢! as parameter
o in (58). The Lagrangian thus obtained is

o OL < j ¢ )
=i\ e )
where the empty bullet symbolizes the total derivative
with respect to the independent variable ¢' while ¢! is
simply the number 1. One recovers here the theorem of
Whittaker (Whittaker, 1900, 1904) on the reduction of
the degrees of freedom ‘by means of the energy-equation’.
The latter can thus be added to the list of principles and
theorems inferred from the application of Routh reduc-
tion procedure.

L/(q17q27" "qn7é27” .

B. Successive reductions

Hitherto, we have only considered individual NPS.
Since one such symmetry amounts to the existence of a
cyclic coordinate, one can always use it to reduce by one
the number of degrees of freedom through the ignoration
process. Now, let us suppose that ®; and ®, are two
NPS of the general problem discussed in section III, with
BH terms f; and fy respectively. Let &, and &, be their
generators. By the compatibility (2) between the prolon-
gation and the linear structure of vector fields, it is clear
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that, for any constant A, £; + A&, is again a generator of
NPS, with BH term f; + Afs. Then, by the compatibil-
ity (3) with the bracket, one finds easily that [£;,&,] is
also a generator of NPS, with BH term &,(f2) — & (f1)-
It proves that the set of NPS forms a Lie group.

Suppose that &, and &, are independent. There exists
an equivalent Lagrangian admitting both the invariances
under ®; and @, iff one can find a function A(t, ¢%) such
that

fi+&(A)=0 and fo+&(A)=0.  (60)

In addition to the existence of such a gauge, one will
be able to convert the two invariances by the indepen-
dence on two extended coordinates iff §; and &, com-
mute. One sees that the possibility of converting two
independent NPS into two ignorable coordinates are sub-
jected to strong conditions. Suppose that &; and &, com-
mute. Applying &; on the right equality of (60), &, on
the left one, and subtracting, one obtains the necessary
condition &;(f2) — &,(f1) = 0. By Poincaré’s lemma on
differential forms, this condition is also sufficient when &
is two-dimensional.
For the sake of illustration, consider the Lagrangian

L1 i+ Fq
2

which traditionally describes the rectilinear dynamics of
a particle submitted to a uniform and time-independent
force F'. The problem, in its terms, is obviously invari-
ant under time and space translations. These invariances
manifest themselves by the NPS &, = 0; and &, = 0,
with BH terms f; = 0 and fo = F't, respectively. Since
&, (f2)—&,(f1) = F, it is impossible to find an equivalent
Lagrangian admitting the two symmetries of the problem
when F' # 0. At most, we can work with a t-independent
Lagrangian or a g¢-independent one. If, for some rea-
son, we are more interested in the g¢-independence, it
suffices to introduce the function A = —Ftq verifying
fo + 04(Ftq) = 0 and to work with the equivalent La-
grangian

1
L’:L+A:§q2—th'.

When the two independent NPS ®; and ®5 verify the
conditions leading to two ignorable coordinates, one can
at once reduce the degrees of freedom by two thanks to
Routh procedure. However, these conditions are a pri-
ori too restrictive: to reduce the degrees of freedom by
two, it suffices to be able to make two successive reduc-
tions by one. Performing a change of coordinates and
gauge if necessary, one can suppose that L is already
a ®;-invariant Lagrangian expressed in a system {¢,q'}
adapted to £, = 01. The momentum p; being the first
integral induced by ®1, let ¢ be the function such that

7qnuc)'
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Figure 5 Schematic representation of the foliation of £ in-
duced by the vector field &; through the introduction of an
adapted system {¢"} such that & = O:. Vertical lines are
integral curves of &, while horizontal subspaces are leaves of
the foliation. The reduced space of events results from the
identification between points in the same vertical line, leaf af-
ter leaf (here p and p’ are identified). The vector field £, can
be quotientized iff its projection 7 into the leaves is invariant,
as illustrated in the figure.

Then, by Routh procedure, one obtains the reduced La-
grangian
7qn) =L- qua

R(t7q27"'7qn7427"'

each occurrence of ¢! in the right-hand side being implic-
itly understood as the function ¢. Locally, the reduced
space of events is obtained by identifying all points of
a same integral curve of ®;. To put it another way,
points differing only by the value of their coordinate ¢
are no more distinguished. The adapted coordinate sys-
tem {t,q'} realizes locally a foliation of & into leaves of
equation q! = cst (see figure 5). At each point p the vec-
tor &, can be ‘projected’ into the leaf passing through p
to give the vector

n= ZEQ‘@L 252_5%31-
n#l

Consider, now, an integral curve of £;. It is transverse
to the family of leaves and &, defines a ‘projected vector
field’ i along it. If, and only if, its components do not de-
pend on the point along the integral curve then 7 can be
‘quotientized’ into a genuine vector field over the reduced
space of events. In other words, its components must not
depend on ¢'. It is quite simple to verify that this condi-
tion amounts intrinsically to a commutation rule of the
form

[51752] =g&, (61)

where g is some scalar field over £.
We now have to answer to the following question: un-
der this hypothesis, is n the generator of an NPS @/, of
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the reduced variational problem? If so, it will allow us
to decrease by one a second time the number of degrees
of freedom. The prolongation of n with respect to the
reduced space of events is

M =n+>" (& —q'¢)

i>1

)
g’

and one has
n(R) = [0~ (@ - i'@)ni]
d .
- |§h-cg)]  -an

=

q

If fo — C&3 do not depend on ¢! then

d .
n(R) = = (- C&) - &R

and 7 is the generator of an NPS of the reduced problem.
There are two possibilities: (i) either f or £ depends on
q' and C has precisely the value such that fo — C&L do
not depend on ¢!, (ii) neither fo nor £ depends on ¢
whereas C is arbitrary. The first situation is non generic
and will be put aside. One concludes that fy as well as
all the components of £, must not depend on ¢'. But,
recalling that f; = 0, it amounts to both the intrinsic
conditions

[51752]:0 and  &;(f2) —&2(f1) =0

which put us back to the simultaneous reduction pre-
viously discussed. The first equality is the reason why
Routh reduction can only be repeated when the group
of NPS is Abelian, and the second one constitutes a fur-
ther restriction. As a final remark, let us mention that
a generalization of Routh procedure to the non-Abelian
case exists — although the reduced variational principle
is no more of the Hamilton type — and was achieved only
recently (Marsden and Scheurle, 1993).

VI. CONCLUDING REMARKS

In writing this paper, we aimed to lay out the most
significant issues regarding Noether’s theory in classical
mechanics, without hiding a certain aesthetic bias in the
choice of the topics covered. We believe that fundamental
physics cannot be contemplated without aesthetic moti-
vations, if not emotions, and it is especially true concern-
ing the idea of symmetry which is both a transcendental
concept and a guiding principle, while being always more
or less connected with our view of the world.

In this year marking the centenary of Noether’s article
Invariante Variationsprobleme, our work on the subject
will be certainly one among many others and we hope
that it will contribute, in its own way, to improve the
understandings of her wonderful insight.
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APPENDIX
‘Generalized’ symmetries

In the body of the article, we focused our attention
on point transformations, that is, on transformations of
the events between themselves. But, since we are chiefly
interested in evolutions, there is no reason to not consid-
ering more general transformations of them depending
also on their velocities. Formally, it amounts to allow a
dependency on the velocities of the components of the
generators & whereas the prolongations formulas remain
evidently unchanged.”® The price to pay is obviously a
more abstract geometric background which will not be
discussed here and, worse still, the lost of the concept
of adapted extended coordinates. Nonetheless, one will
be able to give a more accurate definition of a Noether
symmetry, closer to the original spirit of Noether and
Bessel-Hagen.

The higher generality introduced here is not without
redundancies. Let [¢(¢)] be an evolution and assume that
it is infinitesimally transformed into an evolution [q. (¢)].
They are infinitely close to each other with respect to
some obvious notion of distance (Gelfand and Fomin,
1963). In the limit ¢ — 0, the transformation tends to
the identity and all the properties of [¢.(¢)] at the instant
t, tend to the ones of [¢(t)] at the instant ¢. Since we are
only concerned with the first order in e, the difference
between any two quantities infinitely close to each other
multiplied by ¢ will be neglected, as usual. The trans-
formed evolution [g.(t)] is then readily obtained:

¢ (t)=q'(t. —e7) =q'(t.) —erd'(t.) = ¢'(t.) — e 7' (t)
=q'(t) +e(& — ' (t)r).

59 Note that, in this case, the transformation of the position de-
pends on the velocities, the transformation of the velocities de-
pends on the second derivatives, etc. Hence, any €% evolution
(k > 1) is mapped into a %1 one.
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Figure 6 There is not an unique manner of transforming an
evolution into another one. Transformations gather in equiv-
alence classes. Here is shown the synchronous representative
®o of &, generated by the generalized vector field &, given
by (62).

This relation shows that all the transformations whose
generators share the same characteristics & — ¢'t are
equivalent in the sense that they map an evolution into
a same other one, albeit in a different manner. In partic-
ular, the equivalence class of ® contains an unique syn-
chronous representative @, videlicet

(t,q"(t) — (t,q. (1) = (£, ¢"(t) + (& — ¢'()7)),
generated by (see figure 6)
&= (& —d'7)o:. (62)

Now, one says that ® is a Noether symmetry of the
variational problem if there exists a BH term .Z(t,q, q)
verifying (12) up to the first order in ¢, for any evolu-
tion [¢(t)]. Gathering S[q(¢)] and S[q.(¢)] under a single
integral as in I11.B, one deduces that ® is a Noether sym-
metry with BH term % iff (16) is fulfilled, with f (¢, ¢*, ¢*)
the representative of .%. (In the special case where ® is
a point transformation, .# cannot depend on the veloc-
ities and one recovers the context of II1.B.) Except the
end of IIT.C where are considered the consequences of
the two invariance issues, the discussion found in that
subsection remains as it is and one infers from the sym-
metry the first integral (23). Moreover, the redundancy
aforementioned gives rise to a third invariance issue in
addition to those discussed in ITI.C.

(111) Invariance under a change of representative. Let
us consider a transformation ® equivalent to ® in the
sense that its generator

€ =70+ "0 = "0,

has the same characteristics than &, i.e. is such that
& — ¢'t! =& — ¢'7. Tt is easily checked that

RT(L,&, f) =RT(L, ¢, f + (7' — 7)L).

Hence, &’ is also a Noether symmetry, with BH term
f'=f+ (" —7)L. Tt generates the same first integral

I:f_pu§H :fl_puglu-



The property of being a Noether symmetry or not is thus
independent of the chosen representative of a transforma-
tion class. Furthermore, assuming that ® is a Noether
symmetry with BH term f, one sees that the transfor-
mation &y generated by

(Aol o D)

is the only representative for which the symmetry is
strict. Consequently, to each Noether symmetry corre-
sponds a strict one giving rise to the same first integral,
and even if uncountably many symmetries disappear by
narrowing the study to strict invariance, none of their
associated first integrals are lost.

We shall mention that non point symmetries are gen-
erally hard to seek without making lucky ansatze, in con-
trast with point ones which can be found in an algorith-
mic way for most of them (see e.g. Leone and Gourieux
(2015) for a case study about damped motions). More-
over, as was noticed by Noether, the interpretation of I
as an invariant of the symmetry is no more obvious and
needs a careful analysis (Sarlet and Cantrijn, 1981).

The converse of Noether’s theorem

In this second part of the appendix, let us establish
the converse of Noether’s theorem (Leone and Gourieux,
2015; Sarlet and Cantrijn, 1981), viz.: to any first in-
tegral I corresponds a Noether symmetry (and even an
uncountable number of such symmetries).

Let I be a first integral. It is, by definition, a quantity
depending on ¢, the ¢°, and the ¢*, which is characterized
by the vanishing of its total derivative along the motions:

a1
" = 0. (63)

{E:(L)=0}

Since the Lagrangian is regular, the Euler-Lagrange
equations can be put under the normal form ' =
Qi(t, ¢*, ¢*) where, explicitly:

. (" OL 0%L 0%L
iy 22 Y= vy
=N (aqﬂ‘ ot ¢ aq‘jaq’f>’

with (H™) the inverse of the Hessian matrix (H;;). The
equivalence between the initial Euler-Lagrange equations
and their normal form is rendered manifest by

Ei(L) = Hij(¢7 — ).
The introduction of the quantities ¢ allows to re-
place (63) by the equivalent identity

o 01
at 14

o Al
o2 A e
o " ¥ e @ THEWD

oI
o’

=0.
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Hence, I is a first integral iff it verifies identically

dr el
— = —HY— E;(L).
dt oG (L)
The quantities
» Ol
A= —-HY—
o¢

constitute a set of integrating factors (or multipliers) of
the Euler-Lagrange equations associated with the first in-
tegral. Now, it is clear from (21) that any transformation
® generated by a vector field &€ having the A’ as character-
istics will be a Noether symmetry with BH term p,{*+1.
All of them form the class of Noether symmetries asso-
ciated with the first integral I whose synchronous rep-
resentative ®y has for generator &, = p'0; and for BH
term p;A* + I. The unique strict representative is thus
generated by

PN 4 T P T
= g+ (N - g,
3N T t+< q 7 >

and  coincides with the transformation that
Candotti et al. (1972) introduced to establish the
converse of Noether’s theorem.®® It can for example
be used to find the symmetries associated with the
conservation of the Laplace-Runge-Lenz vector, and
compared with Lévy-Leblond (1971).

The existence of this strict representative is the reason
why, even if one only deals with the strict invariance as
in Noether’s paper, each first integral corresponds never-
theless to a symmetry, and of course vice versa. We must
however mention that the converse exposed here does not
correspond to the one which can be found in Noether’s
paper. Indeed, she proved the converse of the statement
that each finite symmetry group of dimension p generates
p linearly independent divergence relations.
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