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A multi-stream Vlasov modeling unifying relativistic Weibel-type instabilities We present a multi-stream model obtained from the Vlasov-Maxwell system of equations based on the invariance of the canonical momentum in the perpendicular direction in a 1D-2V phase space.

The model is conceived for the study of the Weibel and current filamentation instability in the relativistic regime, but turns out to be of more general importance. It can be used numerically for the study of the non linear, kinetic dynamics with a drastic reduction of the computational cost with respect to the integration of the corresponding Vlasov-Maxwell system.

The origin of magnetic fields observed in laboratory and astrophysical plasmas is a challenging problem in plasma physics. In this context, the Weibel instability [1] is of key importance, as witnessed by the impressive number of papers appeared in these last few years. This instability, starting from an initial temperature anisotropy, generates "quasi-static" magnetic fields through the redistribution of currents in space that grow more and more separated by the self-consistent electromagnetic fields [2] . The typical scale length of the generated magnetic fields is the electron skin depth.

Magnetic fields can also be generated by a similar process, the Current Filamentation instability (CFI), driven by electron momentum anisotropy of counter-streaming electron populations. Any infinitesimal transverse perturbation separates these currents that repeal each other, thus reinforcing the initial perturbation. As a result, the system generates magnetic field in a way similar to the Weibel case [3][4][5]. These instabilities share the common point of phase space anisotropy and present mathematical analogies and similar behaviors, as for instance the possibility of generating magnetic fields by extracting the free energy from a velocity distribution function anisotropy [6][7][8].

This aspect underlies the similarity between Weibel and CFI instabilities and allows us to built a new theoretical model starting from the possibility of representing temperature anisotropy by means of a finite number of counter streaming beams. This "multi-streams" model turns out to be of more general importance and not limited to the Weibel case only.

We underline that, as a consequence of the strong physical and mathematical analogies, the CFI instability has been often named Weibel instability, in particular in the laser-plasma interaction context. Furthermore, the Weibel instability can be described, in the multi-stream model, by at least three streams in the perpendicular momentum space. More generally, it is always possible to describe any perpendicular temperature effect by several streams. Therefore, for the sake of simplicity, in the following we shall refer to a "Weibel-type instability" as to any instability driven by phase space anisotropy generating magnetic field.

In laser plasmas, the CFI typically occurs as a consequence of the acceleration of a "hot" electron bunch that induces a colder, although denser return current in order to maintain quasi-neutrality [9]. The corresponding self-consistently generated magnetic fields, play a key role in the strongly non linear relativistic dynamics [10,11], in the scattering at the critical surface contributing to beam divergence [12] and in the expansion of plasma into vacuum [13].

The Weibel and/or CFI is also often invoked in Astrophysics where it has been proposed as the source of a seed magnetic field [14] at a cosmological level [15]. In addition, it plays a basic role in the dynamics of relativistic collisionless shocks [16] associated with gamma ray bursts [17].

From a theoretical point of view, the relativistic theory [18], recently revised for a beam-plasma system in the linear, kinetic limit [19], is still not completely satisfying as in the non-relativistic limit [20].

For these reasons, it is important to improve the models to be numerically exploited in order to address the non linear, collisionless relativistic regime, starting from any possible initial condition representing an anisotropic distribution state in phase space. In this perspective, the present work considers an unified Vlasov model, allowing to treat electromagnetic Weibel-type instabilities where kinetic effects play a key role. Models using a reduced phase space dimension are of interest for the understanding of the physical processes underlying the plasma dynamics of "real" systems.

Here we restrict our analysis to plane waves propagating along the x-direction assuming ions as a fixed neutralizing background. Let us consider the Hamiltonian of one particle, of rest mass m and charge e, in the electromagnetic field (E, B), which in the relativistic regime reads H = mc 2 (γ -1) + eφ (x, t). By using the canonical momentum

P c = p + eA ⊥ , the Lorentz factor can be expressed as γ = [1 + (P c -eA ⊥ (x, t)) 2 /m 2 c 2 ] 1/2
, where φ and A denote the electrostatic potential and the vector potential, respectively. In the Coulomb gauge (divA = 0),

A = A ⊥ (x, t)
and the Hamilton equation is dP c /dt = -∂H/∂q. Since we are limited to plane waves propagating in the x-direction, the Hamilton equation splits in the longitudinal and perpendicular directions, dP cx /dt = -∂H/∂x and dP c⊥ /dt = -∂H/∂q ⊥ = 0. Thus, owing to the invariance of the perpendicular generalized canonical momentum, it is possible to represent the plasma evolution by a class of initial conditions invariant under the dynamics. This approach is analogous to the one used for a drift-kinetic model in Ref. [21], which has been exploited also in the framework of magnetized plasmas to investigate the process of magnetic reconnection [22].

Without loss of generality, we can consider a plasma, where the particles are divided into N bunches of particles, each "stream" j (with j = 1, ..., N ) having the same initial perpendicular momentum P c⊥ = C j = const. We can now define, for a particle population j, a reduced Vlasov-type equation and a distribution function f j (x, p x , t). The corresponding Hamiltonian of one particle of stream j is then given by H j = mc 2 (γ j -1)+eφ (x, t), where the Lorentz factor can be expressed as

γ j = [1 + p 2 x /m 2 c 2 + (C j -eA ⊥ (x, t)) 2 /m 2 c 2 ] 1/2
. The distribution function f j satisfies the reduced Vlasov equation, for j = 1, ..., N :

∂f j ∂t + p x mγ j ∂f j ∂x + eE x - 1 2mγ j ∂ ∂x (C j -eA ⊥ ) 2 ∂f j ∂p x = 0 (1) 
For each population j, we define the stream density as n j (x, t) = ´fj dp x and the current density as J ⊥j = e (C j -eA ⊥ ) ρ j /m with a relativistic density ρ j = ´fj /γ j dp x . Our kinetic multi-stream model is given by N reduced Vlasov equations of type (1), for each stream j, self-consistently coupled to the longitudinal electric field E x and the potential vector A ⊥ (x, t), allowing to reduce the 4D phase space into a 2D one (plus 2N values for the corresponding C j ). The Maxwell-Gauss equation is rewritten in the form ∂E x /∂x = (e/ε 0 )(n(x, t) -n 0 ) and the potential vector satisfies the equation

∂ 2 A ⊥ /∂t 2 -c 2 ∂ 2 A ⊥ /∂x 2 = (1/ε 0 ) J ⊥
Here the coupling with the multi-stream model is made through the source terms n = j n j and J ⊥ = j J ⊥j .

We now focus on the possibility of deriving a generalized dispersion relation of Weibel-type in the fluid approximation. By assuming cold streams, f j (x, p x , t) = n j (x, t)δ(p x -u j (x, t)), and considering the moments of the Vlasov equation ( 1), it is possible to build up a closed multi-fluid model in the form:

∂u j ∂t + u j m γ j ∂u j ∂x = eE x - 1 2m γ j ∂ ∂x (C j -eA y ) 2 (2) 
∂n j ∂t + ∂ ∂x n j u j m γ j = 0 (3) 
We consider a linearly polarized electromagnetic plane wave (with P c⊥ = C j e y = const and A ⊥ = A y (x, t) e y ). The term γ j represents the mean Lorentz factor obtained from the standard expression by replacing the variable p x by the quantity u j representing the longitudinal momentum of the stream j in the fluid approximation. We consider an expansion around an equilibrium characterized by a mean density n 0j and a mean longitudinal momentum u 0j = 0 and assume j=1,N n 0j = n 0 and j=1,N C j n 0j /Γ 0j = 0, corresponding at zero order to the neutrality condition and to the requirement that the initial net current is zero, respectively. Here Γ 0j takes into account, at zeroorder, the pure transverse contribution in the expression of the Lorentz factor

Γ 0j = [1 + C 2 j /m 2 c 2 ] 1/2
. By linearizing and performing a time / space Fourier transform, we get the dispersion relation for Weibel-type instabilities:

  1 - N j=1 ω 2 pj ω 2 Γ 0j      -ω 2 + k 2 c 2 + N j=1 ω 2 pj Γ 3 0j + k 2 c 2 ω 2 N j=1 ω 2 pj Γ 3 0j C 2 j m 2 c 2    = - k 2 c 2 ω 4   N j=1 ω 2 pj Γ 2 0j C j mc   2 (4) 
In Eq. ( 4) the term ω 2 pj = n 0j e 2 /mε 0 is the "plasma frequency" of the particle bunch j. The analytical formulation of the linear dispersion relation, Eq. ( 4), as a discrete summation over an assembly of streams provides a general and exact approach able to take into account any anisotropy of the distribution function, even in the relativistic regime.

The model represents an exact reduction of the phase space dimension (elimination of the transverse momentum variable p ⊥ ) since the multi-stream approach makes use of the transverse canonical momentum invariance. The transverse momentum is hidden in the various streams j (with j = 1, ..., N ). For a precise description of a continuous distribution, larger values of N would be needed. Nevertheless, interesting results can still be obtained with N as small as 1, 2 or 3. The case N = 1 corresponds to a cold (Dirac-type) distribution function in the perpendicular direction and this choice has been intensively used in Refs. [23,24] to describe laser-plasma instabilities as parametric Raman-type instability in the relativistic regime. The more interesting cases N = 2 and/or N = 3 can be used to describe Weibel-type instabilities. In particular, the dispersion relation, Eq. ( 4), with N = 2 reduces to the particular case of the CFI case in the relativistic regime in agreement with previous results in Ref. [25]. A relevant feature is the fact that Eq. ( 4) contains only linear and quadratic terms in C j . This suggests that our model is well suited to describe physical systems that can be modeled by a limited number of moments as density, pressure and "temperature". Indeed we can consider to define the term N j=1 ω 2 pj C 2 j /Γ 3 0j m 2 c 2 as equivalent to a "relativistic temperature".

For instance in the non relativistic limit we recover the well-known case of the Weibel instability [1] driven by a temperature anisotropy by taking N = 3 streams (see Fig. 1). For this purpose, it is necessary to initialize the system in the form of a distribution function given by F (x, p x , p y ) = n 0 δ(p x ) j=1,3 F j δ(p y -C j ), where F j is a normalization constant. We assume a symmetric distribution: C 2 = 0, F 1 = F 3 and C 1 = C 3 . The non relativistic limit is recovered by taking the limit Γ 0j → 1 in Eq. ( 4), where now the second term tends to zero (corresponding to the zero net current condition j=1,3 C j F j = 0).

As a result, we obtain the dispersion relation of a Weibel-type instability in the usual form k

2 c 2 + ω 2 p -ω 2 + (k 2 c 2 /ω 2 ) 3 j=1 ω 2 pj C 2 j /m 2 c 2 = 0.
In particular, starting from a Maxwellian distribution, we get F 1 = F 3 = 1/6 and F 2 = 2/3, and C 1 = C 3 = 3 1/2 mv th , where v th is the thermal velocity. Finally, still in the non relativistic limit, the C j quadratic sum k 2 c 2 /ω 2 j=1,3 ω 2 pj C 2 j /m 2 c 2 reduces to k 2 v 2 th /ω 2 . We point out that, from a numerical point of view, our reduced model allows for a drastic reduction of the computational time when only a small number of streams is required. It is well-known that a full 3D kinetic approach, based on non-particle (Vlasov) codes, is today at the limits of computer capabilities. Thus reduced models are also of interest in high performance computing. By introducing only three streams in our model, the multi-stream model allows us to introduce a perpendicular temperature and so to represent any temperature anisotropy effect. The multi-stream model (hereafter the R-model) offers an exact description of the plasma dynamics even with a small number of streams. On the other hand, in the full Vlasov approach (hereafter the V-model), the exchange of momentum is described by a differential operator, ∂/∂p y , to be numerically approximated by some scheme. Therefore, a mesh in the transverse momentum space p y is required instead of a "limited number of streams" used in the R-model, corresponding to a saving factor of order N py /N in computer time with respect to the V-model. We focus now on the non linear behavior of the CFI.

In order to show the efficiency of the reduced model, numerical simulations have been performed using a semi-Lagrangian Vlasov solver, which has been presented in Ref. [26]. The Vlasov code solves the full Vlasov equation in the 1D2V phase space, denoted here as the V-model. For the multi-stream model, we solve numerically the reduced Vlasov equation given by Eq. ( 1) in the 1D1V phase space. This multi-stream model is denoted here by the R-model.

Both models are self-consistently coupled to the Maxwell equations. The initial distribution condition is composed by two Maxwellians centered at p 01 /mc = -3e y and p 02 /mc = 3e y . The beam densities are n 01 = n 02 = 0.5n 0 corresponding to a "symetric" case. Here we focus the attention on purely initial sine perturbation (on the magnetic B z -component) with wave vector k 0 = k 0 e x along the xdirection, perpendicular to the two counter-streaming electron beams. At t = 0 we perturb the system using small perturbations of vector potential amplitude ǫ ≃ 10 -4

and we take k 0 c/ω p = 1. The electron temperature is chosen as T e = 2keV in both the p x and p y direction in the V-model while, in the R-model, only the p x direction has a non zero temperature and equal to that of the V-model.

The phase space sampling used in the V-model is N x N px N py = 256 × 257 2 , corresponding to 1.69 × 10 7 grid points.

In the R-model, we take N x N px = 513 2 grid points. Similar results have been obtained with a phase space sampling of 257 2 . The time step used in both simulations is ∆tω p = 0.003.

In Fig. 2, we show the electron distribution in the xp x (top panel) and xp y (bottom panel) phase space, respectively, for the V-model when the instability starts to saturate. The same x-p x phase space dynamics, described by the R-model using the sum of the two streams j f j , is shown in the top panel of Fig. 3 at the same time instant of the one obtained from the V-model and shown in Fig. 2. These figures show that the dynamics is correctly described by the R-model where only two streams are considered. An interesting result of our investigations is an electron cavitation process occurring in the region of high intensity, quasi-static magnetic fields, as shown in Fig. 4. The top panel in Fig. 4 is obtained from the multi-stream R-model, while the bottom panel shows the same diagnostic but now obtained from the V-model. In spite of very small differences in the peaks of density, the electron cavitation presents the same features in both cases.

We have check, at least for the duration of the simulations presented here, that mobile ions do not modify signifi-cantly the results.

In summary, we present a new model based on a multi-stream approach, using a Hamiltonian reduction technique relying on the invariance of the transverse canonical momentum. From a computational point of view, the R-model provides a saving factor of order of N py /N ∼ 100 for the considered case. Such computational gain could be much larger up to N p ⊥ /N ∼ 10 4 in the case of a circularly polarized electromagnetic wave.

The model has been first applied to the study of Weibel-type instabilities in relativistic conditions without imposing significant constraints on the shape of the distribution function (which could be far from a Maxwellian one, in particular in the relativistic regime). Once again, we underline that the R-model is capable of capturing the main features of the physics of the problem, even during the non linear regime of the instability, despite the small number of streams used. Of course, the loss of exact invariance of the perpendicular canonical momentum in two-dimensional spatial systems, precludes the generalization of the method to systems of higher spatial dimension. However, it is possible to replace the exact invariant by an adiabatic invariant when the longitudinal electrostatic instability presents a slow growth with respect to the electromagnetic Weibel instability. The extension to larger phase space dimensions will be the object of future work.
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Figure 1 :

 1 Figure 1: py for the two counter-streaming filamentation instability.

Figure 2 :

 2 Figure 2: (x, px) and (x, py) phase space averaged along py (top panel) and px (bottom panel), respectively, obtained from the V-model at t = 33 in the case of the current filamentation instability.

Figure 3 :

 3 Figure 3: (x, px) phase space obtained from the R-model at t = 33 in the case of the current filamentation instability. The parameters are the same as in Fig. 2.

Figure 4 :

 4 Figure 4: Top panel: Electron density behavior at time t = 33 for CFI using the R-model. Bottom panel: the corresponding density in the physical space obtained by the global V-model.
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