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Ion Temperature Gradient Instability (ITG)
and trapped ion modes (TIM)    (1)

Low frequency ion-temperature-gradient-
driven instabilities responsible for ion
turbulence in tokamaks.

Trapped particles have unfavorable magnetic
drift leading to the trapped particle instability
i.e. a low-frequency interchange-type  instability
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Ion Temperature Gradient Instability (ITG)
and trapped ion modes (TIM)    (2)

Instabilities characterized by frequencies of
the order of the trapped particle precession
frequency and radial scales of the order of several
« banana » widths.

Because of their large scale and in spite of their
low-frequencies, these instabilities could lead to a
huge transport corresponding to a Bohm-like
confinement.
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Ion Temperature Gradient Instability (ITG)
and trapped ion modes (TIM)     (3)

It is well known that turbulent transport can be
greatly reduced in the presence of a negative magnetic
shear

Magnetic shear describes the dependence of field
line direction on the coordinate accross closed flux
surfaces

Where q is the safety factor
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Hamiltonian formalism in angle-action
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« banana » orbit
of a trapped ion
after projection

• Classic phase space             may be described by a system of
 three action varables                     and their three corresponding
angular variables
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TIM model
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• The motion of trapped ion is thus characterized by three invariants:

•For cyclotron motion at frequency

•For bounce motion at frequency

•For precession motion at frequency

                                                                   (toroidal kinetic momentum)
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TIM model

• Trajectory of trapped particle may be described by (Garbet et al JCP
87, 249 (1990) )
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• Functions                  and                are periodic and represent
respectively the bounce motion and the deviation from the regular
precession motion.
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TIM model

• The low frequency response of ion plasma is usually obtained by gyro-
averaging the Vlasov equation over the cyclotron phase      :

                                         becomes then an adiabatic invariant

• For trapped particles, it is also possible to make a second average
over now the bounce motion. Finally we have transformed a Vlasov
problem of six independant variables into a 2D                phase space
where the precession phase is                       and       is the poloidal flux
(divided by       ).
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TIM model

• Each adiabatic invariant reduces the dimentionality by a factor two
and a trapped particle is fully described by the position of the
« banana center »
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• The system is then described by an ensemble of distribution
  functions  of type                                ,which numerically allows a
parallelization along the direction of adiabatic invariants (indeed
simple parameters)
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Bounce motion
• For a trapped ion, as                 , the revolution of the banana  motion

 is completed within a time

where                                    with

The bounce frequency is then

Where the dimensioness quantity is

With the complete elliptic function integral
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Toroidal precession motion

• The precession frequency                    is determined by the

average over the bounce motion, we have:

with

•                                            is the « trapping » parameter
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Bounce-averaged Vlasov model  (1)
• In the gyrokinetic approach, the evolution of an ensemble of particles
is described by the distribution function                  which obeys the
Vlasov equation:

•  In a first approach, let us assume that the Hamiltonian is the sum of
the equilibrium Hamiltonian plus a perturbation term:
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Bounce-averaged Vlasov model  (2)
• It is then possible to write the perturbation term in the form

Adiabatic part                resonant wave-particle contribution

where                                                          is the diamagnetic frequency

•We have use
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Bounce-averaged Vlasov model  (3)
• The term              is reduced to

This procedure of reduction (by suppressing the high-frequency terms)
may be generalized by introducing the distribution function at the
requester order

•The gyro-average leads to « smooth » quantities
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Bounce-averaged Vlasov model  (4)

• The expression of the « particle density » may be obtained via

The gyrokinetic equation can be simplified in the case where the
density gradient vanishes and the temperature diamagnetic frequency

                                is much smaller than the precession frequency
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                   introduces an operator which transform        into its
global gyro-average (bounce motion plus cyclotron motion).
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Bounce-averaged Vlasov model  (4)

Normalizing the energy to the equilibrium temperature, the gyro-
averaged Vlasov equation becomes:
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Bounce-averaged Vlasov model  (4)

• Gyro-average operator

The present implementation of this operator is based on a Padé
approximation of the Bessel function

The « banana center » particle density is then given by
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Consequently we have reduced the 6D Vlasov equation into a sert
of 2D Vlasov equations (indeed              equations), acting on a 2D
phase space:                    , the precession angle and poloidal flux
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Linear analysis (1)
• Dispersion relation for TIM is obtained by linearizing the reduced
Vlasov equation with :

where the equilibrium distribution function and potential are taken as
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Linear analysis (2)
• Following standard Landau analysis of Vlasov equation

The quasi-neutrality condition (assuming the polarization contribution
Negligible gives (with the usual Landau prescription on the imaginary
part of frequency):

yields
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Linear analysis (3)
• Resolution in the case of a marginal solution (corresponding to
real frequency) leads to the determination of the threshold of
ITG instability for TIM:

We have thus for frequencies:

with
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Linear analysis (4)
• The marginal solution for pertubation term for potential is

The case l=1  corresponds to the lowest gradient and the dispersion
relation can be expressed as follows (with a frequency shift given by

                                   and assuming
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Numerical resolution of the dispersion
relation of TIM
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Vlasov simulations (1)
• The code solves, in a self-consistent way, the gyrokinetic
Vlasov equation, together with the quasi-neutrality condition:

The numerical method is based on a standard semi-lagrangian scheme
Allowing a very fine resolution in phase space and the start-up of the
ITG instability from the roundoff errors .
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Vlasov simulations (2)
• We used normalized quantities: the time is normalized to the
inverse drift frequency         , the poloidal flux is given in
 units , and the potential is expressed in           units.
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Numerical results (1)

• For reversal magnetic
shear of
S=-0.50
we observe the
stabilization (damping of
the initially perturbed
mode)
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Numerical results (2)

we observe the linear
phase plus a nonlinear
mode coupling with the
Growth of mode n=30
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• we choose to increase the magnetic shear to value s=+0.50
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Numerical results (3)

Initial perturbed mode
n=10

Mode n=30 with
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Numerical results (4)

Initial perturbed mode n=10 Two dominant modes

! 

s = 0.50  

! 

s = 0.50  

! 

n =10  

! 

n = 30 



CIRM Conference:  November 2- 6 2009

Numerical results (4)

Second mode becomes dominant Inverse cascade to mode n=10
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Phase space representation of U (1)

Excitation of
mode n=10
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Mode coupling
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Phase space representation of U (2)

Strong growth
of mode n=30 in
red! 
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Mode n=10
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CIRM Conference:  November 2- 6 2009

Last example with a magnetic shear of s=1

• several resonant
three-wave interactions
seem implicated
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Conclusion
• ITG driven Trapped Ion Modes (TIM) are studied by solving a Vlasov
equation averaged over the cyclotron and bounce motions in presence
of a magnetic shear

•Kinetic effects as resonant ave-particle interactions are accurately
described

•The magnetic shear appears to play a major role in the stabilization
process of the ITG instability as predicted by Kadomtsev and Pogutse
(Nuclear Fusion 1971)

The introduction of the magnetic shear allow us to study the different
Regimes of turbulent transport from state described by a small
number of toroidal modes till large band for full-developped turbulence


