N

N
N

HAL

open science

A non-hydrostatic non-Boussinesq algorithm for
free-surface ocean modelling

Francis Auclair, Lucie Bordois, Yvan Dossmann, Thomas Duhaut, Alexandre

Paci, Caroline Ulses, Cong Tu Nguyen

» To cite this version:

Francis Auclair, Lucie Bordois, Yvan Dossmann, Thomas Duhaut, Alexandre Paci, et al.. A non-
hydrostatic non-Boussinesq algorithm for free-surface ocean modelling. Ocean Modelling, 2018, 132,

pp.12-29. 10.1016/j.0cemod.2018.07.011 . hal-01914770

HAL Id: hal-01914770
https://hal.univ-lorraine.fr /hal-01914770v1
Submitted on 9 Oct 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License


https://hal.univ-lorraine.fr/hal-01914770v1
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Accepted Manuscript

OCEAN MODELLING
Ihiiga: SO icrcom,/locale/ ocemad

A non-hydrostatic non-Boussinesq algorithm for free-surface ocean
modelling

F. Auclair, L. Bordois, Y. Dossmann, T.Duhaut, A. Paci,
C. Ulses, C. Nguyen

PII: S1463-5003(18)30264-6

DOI: https://doi.org/10.1016/j.ocemod.2018.07.011
Reference: OCEMOD 1327

To appear in: Ocean Modelling

Received date: 6 July 2017

Revised date: 25 July 2018

Accepted date: 31 July 2018

Please cite this article as: F. Auclair, L. Bordois, Y.Dossmann, T.Duhaut, A.Paci, C. Ulses,
C. Nguyen , A non-hydrostatic non-Boussinesq algorithm for free-surface ocean modelling, Ocean
Modelling (2018), doi: https://doi.org/10.1016/j.ocemod.2018.07.011

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service
to our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and
all legal disclaimers that apply to the journal pertain.


https://doi.org/10.1016/j.ocemod.2018.07.011
https://doi.org/10.1016/j.ocemod.2018.07.011

ACCEPTED MANUSCRIPT

Highlights
e An original time-split approach is implemented in a free-surface ocean model.
e NH flows are simulated in a natural way, propagating acoustic waves.
e The three-mode algorithm is detailed and its performances are evaluated.
e Acoustic, surface-gravity and internal-gravity waves are studied
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Abstract

A three-mode time-split algorithm is proposed to simulate non-hydrostatic ocean processes in a natural way:
fast pressure adjustments via acoustic waves are explicitly represented. The full set of compressible Navier-
Stokes equations is integrated for a free-surface ocean with three time-steps respectively. associated to the
internal, external and compressible (non Boussinesq) modes. The resulting threesmode algorithm can be
implemented either in a fully compressible configuration or in a “pseudo-compressible” configuration by
artificially lowering acoustic-wave velocities to reduce computational costs: The present description of the
three-mode algorithm focuses in the first place on the simulation of non-hydrostatic processes in free-surface
ocean models.

Several test simulations related to linear and non-linear acoustic, surface and internal gravity waves are
studied in details with the proposed three-mode algorithm.



1 Introduction

Fast pressure adjustments in fluids occur primarily through acoustic waves. These adjustments are closely
related to the bulk compressibility of fluid and the system of Navier-Stokes equations includes physical
processes at all ocean scales spreading from general circulation to high-velocity sound waves not to mention
surface gravity waves.

In the last decades, three types of approaches have basically been proposed to deal with acoustic waves in
weather forecast models. To filter these high-velocity waves, Ogura and Phillips (1962) and many others ever
since, imposed the anelastic approximation. As a consequence, a global 3D Poisson system has to be solved at
every time-step. Durran and Blossey (2012) did not impose such approximation  and proposed to simulate
high-velocity acoustic waves using an Implicit-Explicit multistep /method:.Courant number restrictions are
circumvented using an implicit scheme but a global Helmholtz 3D.equation must be solved. Avoiding solving
large 3D systems of equations, Janjic (2003) proposed this.time to simulate explicitly acoustic waves based
on a time-split approach. Propagation of sound waves«is-permitted with a small, Courant-number limited,
time-step and a large time-step is used for atmospheric slower processes. All those approaches have in
common the necessity to simulate the consequences ‘of the transient adjustments due to acoustic waves but
they all care much less about the details of the propagation of the acoustic waves: only the result of the faster
transients is then of interest. Still with the objective to limit Courant number restrictions, Chorin (1967)
proposed to reduce acoustic wave<velocity, leading to an artificial compressibility. Several atmospheric
numerical models (see Skamarock and Klemp, 2008 for a complete list) can thus simulate faster pressure
adjustments in a natural way. These’ models are particularly well-adapted to modern, massively parallel
computing: they are based:on local (in space and time) equations and do not require solving global systems.

In non-hydrostatic ,ocean’ models, pressure-correction, Boussinesq algorithms have been preferred since
Marshall et al. (1997). Because acoustic waves are four to five times slower in the atmosphere than in the
ocean, one could at first conclude that their simulation imposes stronger Courant-number restrictions in the
ocean and that it"is consequently much more expensive than in the atmosphere. The treatment of bulk
compressibility and acoustic waves are of the same nature in the atmosphere and in the ocean but the spectral
gap between faster incompressible dynamics and acoustic waves is larger in the ocean.

“Non-hydrostatic effects” are naturally associated to acoustic waves. As a consequence, acoustic wave
dynamics can be viewed as a natural solver for hydrodynamic pressure. In the same way as in atmospheric
models, the consequences of the transient compressible adjustments of pressure are of interest and we propose
to retain bulk compressibility (or at least artificial or pseudo-compressibility) to simulate non-hydrostatic
pressure adjustments in otherwise incompressible ocean configurations. The main originality compared to

atmospheric models lies in the implementation of a compressible (“non Boussinesq™) mode in a free-surface
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ocean model which is already based on a barotropic / baroclinic time-split approach. This leads to a “three-

mode time-split algorithm”.

A three-mode time-split algorithm

Since Blumberg and Mellor (1987), most ocean models simulate long surface gravity waves with a barotropic
/ baroclinic time-splitting. We propose to make one further step in this time-split strategy by implementing a
third, compressible (non-Boussinesq) mode in the barotropic (hereafter external) mode, this 2D mode
remaining itself embedded in the slow, baroclinic (hereafter internal) mode. The resulting “three-mode
algorithm” is consequently based on three time-steps, the smaller being dedicated the-fast (3D) dynamics of
acoustic (or pseudo-acoustic) waves. This leads to a limited number of modificationsiin existing numerical
models: (i) the Boussinesq or Anelastic approximations must be abandoned;)(ii) ‘momentum rather than
velocity becomes a prognostic variable, (iii) the vertical velocity must be-prognesticated at the internal mode
time-step through the corresponding momentum equation and (iv) .the time-splitting must be extended to
include a third, faster, compressible mode to propagate acoustic waves:, In its present implementation, the
three-mode algorithm is however less general than a full Nayier-Stokes model as only the linear (advection-
free) acoustic part of the dynamics is solved with a small time-step and the sound speed remains constant,
requiring temperature and salinity to be computed only at the larger internal-mode time-step.

Hydrostatic assumption

We can wonder why, in the first place, the hydrestatic assumption should be revoked in ocean models. The
reason is essentially to provide an aceurate description of wave dynamics and to introduce non-hydrostatic
processes such as vertical motions inyconvective chimneys (Marshall and Schott, 1999), non-hydrostatic
dispersion in solitary waves (Lamb; 2004) or the “non-traditional” component of the Coriolis force leading to
more accurate representation of the vorticity balance (Gerkema et al., 2007). Following Vallis (2006, Chapter
2.7), it can be shown that, o be in hydrostatic equilibrium, a homogeneous ocean must have small aspect ratio

(e=H/L <<1) with H-and'L the vertical and horizontal length scales whereas a stratified ocean must satisfy

(Fr282 <<1) with Fr=V/NH, N a typical Brunt-Vaisala frequency and V an horizontal velocity scale.

Several approaches have been proposed to circumvent the hydrostatic approximation for a Boussinesq flow
(Marshall“et.al., 1997; Casulli 1999; Auclair et al. 2011). Pure pressure-projection (Boussinesq) algorithms
(Chorin, 1967) require to first step-forward momentum equations before adjusting the non-hydrostatic
pressure. A 3D Poisson system must then be solved for. Pressure-correction methods additionally require that
an up-to-date non-hydrostatic pressure force is taken into account when advancing momentum equations (first
step) and only an increment of the non-hydrostatic pressure is calculated by solving for the 3D Poisson
system (Dukowicz and Dvinsky, 1992; Mahadevan et al. (1996); Marshall et al. (1997) and many others...).
An additional difficulty with non-hydrostatic modelling in free-surface ocean models is associated to the

strong coupling of the non-hydrostatic and surface-induced components of the pressure field (Auclair et al.,
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2011). To our knowledge, none of these non-hydrostatic algorithms is based on an explicit simulation of

acoustic waves in the context of a free-surface ocean.

Boussinesq assumption

Large to regional scale ocean models most often rely on both the Boussinesq and hydrostatic assumptions
leading to a description of the ocean in which buoyancy has a central role. In more or less the same way as the
anelastic approximation restricts the range of atmospheric processes, the Boussinesq assumption is justified
by the small deviations of the ocean density from a reference value and it provides an efficient framework to
study slow, large-scale processes which are characterized by small vertical-to-horizontallength-scale ratios. It
basically decouples the dynamics and thermodynamics of the ocean, filters out acoustic. waves and leads to a
mathematical degeneracy of the non-hydrostatic system of equations: the filtering ef the acoustic waves
transforms the initially hyperbolic system of equations into an elliptical .system. Boussinesq flows conserve
volume but not mass, leading to discrepancies in the transient adjustment processes following for instance the
surface heating of the ocean (Huang and Jin, 2002). Another consequence of the Boussinesq assumption
concerns the way energy is transferred between the kinetic and potential'compartments (Tailleux, 2010).
When combined, the Boussinesq and hydrostatic assumptions®provide a simple, valuable and accurate
representation of “slow and large scale” ocean processes. Nevertheless, the access to ever more efficient
computing facilities associated to the desire to impravethe simulated dynamics by —for instance- extending
the space-time spectrum toward “high-frequencies, and small-scales” lead oceanographers to question and
then circumvent these assumptions (Shchepetkintand McWilliams, 2011, Section 5). Greatbatch et al. (2001)
propose to reconsider the concept of yelogity: to conserve mass, velocity should indeed not be considered as
the result of a Reynolds averaging-butrather as the result of a Favre averaging. When the objective is mainly
to recover the non-Boussinesq ‘steric effect under the hydrostatic assumption without reintroducing the
acoustic waves, DeSzoeke and, Samelson (2002) have shown that pressure coordinates constitute a valuable
choice. A divergent formulation’of the velocity field can instead be obtained by improving the accuracy with
respect to the density anomalies (Dewar et al., 2015). These aspects are not further investigated “numerically”
hereafter: the,modelling of the steric effect with the present three-mode non-Boussinesq algorithm should be

investigated-inia following study.

Following_time-split approaches currently implemented in weather forecast models and adapting these
approaches to the context of a free-surface ocean, we propose to abandon both the hydrostatic and Boussinesq
approximations. First of all, the acoustic waves are reintroduced in order to recover mathematical
hyperbolicity. From this standpoint, the proposed algorithm can thus be viewed as a “physical solver” for
non-hydrostatic ocean flows. In terms of parallel computing, a consequence is that computations are local in
space. Limiting the perspectives to a simple reduction of computational cost would be over-simplistic since
conservation of mass can also be advantageously recovered by integrating in time the full continuity equation.

The proposed algorithm additionally leads to the recovering of a physical (i.e. non-Boussinesq) treatment of
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the Kinetic to internal and gravitational potential energy exchanges. The three-mode algorithm provides de
facto another way to deal with the pressure dependence of the EOS by re-introducing a first-order pressure
dependence of the density.

Second viscosity is also reintroduced in the momentum equations since velocity divergence does not vanish
any more: the corresponding damping process can be considered as an efficient (natural) filter for acoustic
waves. This second-viscosity filter is equivalent to the selective numerical filter proposed by Skamarock and
Klemp (1992) to damp “divergent modes” in their atmospheric model.

Section 2 is dedicated to the density and pressure decomposition, the Non-Boussinesq mode-splitting
algorithm is then described in details in Section 3. Auclair et al. (2011)’s test configurations and the
compressible configurations of acoustic waves are revisited in Section 4. Discussion and conclusions are
finally given in Section 5.

2 From compressible Navier-Stokes Equations to Boussinesg Assumption

2.1  Compressible Navier-Stokes equations

Full compressible Navier-Stokes system in CarteSian (z-) coordinates is given by:

pz—\z =—Vp+pg+ ESIEC + PVAV + pAV (ﬁ \7) (1a)
P —9p) (1)
d©®.S) _ (1) 4

= 0.¢%) (Lc)
p=p(6,5,0) (1d)

where \7=(u,v, W) is the velocity, p the total pressure, p the density, 0 the potential temperature, S the

salinity, v the (constant) kinematic viscosity and A the (constant) bulk or “second” viscosity (hereafter both
viscosities are assumed homogeneous to simplify notations). The second velocity participates to the damping
of acoustic waves. The Lagrangian derivative of momentum varies according to Equation (1a) with the
pressure force, the weight, the Coriolis pseudo-force and the viscous diffusion. The second-viscosity diffusion

is an efficient filter in term of numerical cost whereas it is also the “natural filter” for acoustic waves. On the

right-hand side (RHS) of the heat and salinity evolution equations (1c), ¢(9) and (1)(5) gather compressibility
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and diabatic processes®. The last equation is the general EOS for seawater: density is a function of potential

temperature, salinity and (total) pressure. The Coriolis pseudo-force can be written in a compact form (Q

being the earth angular velocity):

8F, =—2pQ AV 2)
At the surface of the ocean, the boundary condition is given by the continuity of the pressure field and viscous
stress tensor. The presence of a free-surface additionally imposes a non-trivial kinematic condition at z=_
with  the free-surface anomaly:

wlz=0)= % +ulz=0) 2 Wz=0) ®

At the bottom (z = —H) with H the ocean depth, the no-permeability kinematic condition leads to:

oH —Vv(z= —H)a—|_|
OX oy

The depth-integral of the continuity equation (1b) can be combined with the kinematic conditions (3) and (4)

w(z=-H)=-u(z=-H) (4)

to obtain an evolution equation for the mass of a water column:

oH+¢p _ a(H+Qpu a(H+)pv
ot ox oy

©)

where the overbar stands for (vertical) depth-average over the water column.

2.2 Boussinesq approximation

The formulation of the-Boussinesq assumption first requires that a thermodynamical equilibrium state be

chosen as a reference."The corresponding reference density p, is homogeneous and stationary. The

Boussinesq approximation then requires that:

e (BQ-i) density anomalies (p—p, ) are negligible with respect to the reference density,

o (BQ-ii) the vertical scale (Hp) over which this density field varies is much larger than the ocean vertical

scales: H ! = 1p <<H™.
p 0z

Both requirements are satisfied with a reasonable accuracy (less than a few percent) by large-scale fields
whereas atmospheric dynamics is commonly studied using the less-restrictive anelastic assumption (BQ-i).

Under the Boussinesq assumption, the compressible Navier-Stokes system (1)—(5) simplifies to:

® Following for instance Griffies (2004, chapter 5), right-hand side of (1c) can be decomposed in a diffusion flux and a

source term.
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ﬁ=—i6p+£g—2§zw+mv (6a)

dt Po Po

V=0 (6b)

d(®,S) _ (69,6) (6¢)
dt

P=Pbq(0,5—pe92) (6d)

Thermodynamically speaking, the Boussinesq equation of state (6d) for seawater .can only relate density,
temperature and salinity to an approximation of pressure (the high-frequency component. of the total pressure
field being filtered out) leading to the so-called “seawater Boussinesq approximation” (Young, 2010). The

Boussinesq assumption has several additional consequences recalled in Appendix,A.

2.3 Density and pressure decomposition

First order pressure dependence can be retained in EOS (1d):

0
p=p(6,5,p)=po + P, (e,s,pmf)ra—g 5p +0(dp?) @)

0,S

op

~ L with cs(0,S,p)= »

0. cs dp

where @

p the velocity of acoustic waves and p.s is a chosen reference
p

0,S

pressure. A decomposition of the pressure field follows:

G
P =Pam +pog(C—Z)+I(pbq —po Judz' + 3p ®)

Pn

with pan'the atmoespheric pressure at the surface of the ocean, py the hydrostatic component based on the
Boussinesg. component of density and op the non-hydrostatic increment of pressure. The reference pressure
(p. )/Mmust then be chosen. For the numerical configurations presented in the following, the reference

pressure is the hydrostatic pressure for a homogeneous, constant reference density; it is equal to the depth-

dependent reference pressure used in the Boussinesq EOS (6d), i.e.:
Pref =—Po92 9)

For the same type of expansion, Dewar et al. (2015) choose the static pressure caused by P, and by a mean

density profile as a reference pressure.
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Because the sound speed cs(e,S, p) depends on the potential temperature, salinity and pressure, the

“compressible” or “non-Boussinesq” pressure (Sp) and density (Sp) anomalies are not linearly correlated in

a general case. We disregard this dependence in the experiments that follow for simplicity.

Considering for simplicity that atmospheric pressure is also constant, the non-Boussinesq system of equations

can now be written in a conservative form:

8p\7 apuv ﬁpvv 8pWV =(h) = _ = - = (= —
=— — — -V —-Vop + +OF. + pvAV + pAV V.V 10a
o pw Y pe Py p+08pg+ 0k +pvAV+p ( ) (10a)

op

o ~v.{ov} (10b)
op(6,S)  dpu(6,S) apv(6,S) opw(6,S) © 4
ot ox oy oz Pl o) (10¢)
p=p(0.5.)=puq (0.5-pogz)+ L2 p (10d)
p 0,S

o

where V" is the horizontal component of the gradiént.in Cartesian coordinates.

The decomposition of density (10d) is thus partially\in line with the expansion proposed by Dewar et al.

(2015) but p, is here supposed to be in hydrastatic equilibrium with p,, whereas Dewar et al. more generally

consider that the Boussinesq field canbe‘at least partly non-hydrostatic. The proposed algorithm also differs

from theirs by retaining the full expression of the continuity equation and, as a consequence, the acoustic

waves. No additional terms needta’be implemented in the present vertical momentum equations to provide an

accurate kinetic to internalienergy conversion.

The decomposition of‘the pressure field can finally be compared with the one used in a pressure-correction

algorithm:

P =Pam+Podl —2)+ (pbq —po)gd2'+q (11)

N Sy

Pr

where g is the “Boussinesq” non-hydrostatic “pressure correction” obtained by solving a 3D Poisson system.

In Equation 8, dp is the non-hydrostatic pressure increment linearly associated to the non-hydrostatic density

anomaly dp through (10d).

10/51



3 The three-mode non-hydrostatic algorithm

The three-mode splitting algorithm is now detailed and we implement it into a Boussinesq, hydrostatic, free-
surface ocean models already based on a baroclinic / barotropic time-splitting. In the first place, this algorithm

aims at simulating fast pressure adjustments leading to non-hydrostatic dynamics.

3.1 Decomposition of the momentum equations

Momentum equations (10a) include in their RHS both “slow”, “fast” and “very fast” terms respectively

computed in the internal, external and “compressible” or “Non-Boussinesq” (NBQ)-modes:

|

op

F:Ki‘f-/_ie‘f-/iq (12)

The operators A= (AX , Ay,AZ) can be written (13a):

R, =-PW W _PW_ Gty 4 5F 1 pvar (132)
OX oy oz
A, =—Vop+8pG + pAV (V.9) = —c2¥ep+8pG + pAV (V.V) (13b)

By depth integrating the horizontal component of the slowest terms, one obtains the component

corresponding to the external made (]\e) and to its internal-mode residue (Ai):
Aiy>e and/A, =A, —A (13c)

Relations(13c)express a common external / internal mode-splitting based on the momentum decomposition:
pV = El + (p\?)' . Under Boussinesq assumption this decomposition is applied to velocity not to momentum.

Relation (13b) makes the additional assumption that non-linear advective processes do not evolve at “very
fast” time scales. This leads to linear acoustics but is fully relevant if we focus on non-hydrostatic processes.

The three-mode algorithm can then be implemented in two different ways: either with a realistic acoustic
velocity (the algorithm is then in a “compressible configuration”) or with a lower, unrealistic, acoustic

velocity (we shall then talk about “pseudo-compressible configuration”).
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Time-steps for the NBQ, external and internal-modes are respectively written At,, At,=N,At, and
At; = N At, recalling that At, <At, <At;.

The three-mode algorithm is now discretized with a simple, low-order and well-known Leapfrog time-
stepping. The advantages (simplicity, well-known treatment of the conservation of energy (Marsaleix et al.,
2008) of this implementation together with its main drawbacks (stability only when associated to an Asselin-
like time filter, optimal numerical properties under a reduced range of Courant numbers and phase-shift in the
propagation of high-frequency waves) are known and well-documented (Lemarié et al., 2015). The present

use of the Leapfrog scheme is thus to be viewed as a reference implementation which undoeubtedly needs to

be followed by a detailed analysis of a comparative analysis of higher-order space-time schemes.

3.2 Treatment of the continuity equation: conservation of mass

The full non-Boussinesq continuity equation (1b) is central to~the three-mode algorithm. It enforces
conservation of mass and, through its various formulations, it is‘used to/prognosticate the surface elevation
anomaly (Eg. 5), to compute the cross-c vertical velocity (Appendices B and C) and it is at the root of the flux
formulation of advection (Eg. B.4). It can also appear insthescomputation of the grid depth in o-coordinates
and more generality in s-coordinates.

The presentation of the algorithm is now restricted to (X, z) plane without loss of generality and the velocity is
V= (u, w). The grid is supposed to move vertically at'the internal-mode time-step and to remain steady during
the integration of the NBQ-mode. Details.of o-grid implementation are given in Appendix B. The continuity

equation can alternatively be reformulated in function of (w) after substitution of Relation (B3).
If (ni,ne,nq) are the time-stepuindices for the internal, external and NBQ-modes, the fast, compressible,

NBQ-mode can be written:

ng+l _ fg-1 _ 2689% 62{pu}nq az{pw}nq Ne | AD;
fpups ={pu" B 2at, —cl =+ =T 2t (A + AT
=AM

=nbgx

(14a)

n

q 2 ng 2 Nq
{pw]" ™ = {pw}" ™ + 2Atq[— c? —888'32 ~3p"g+n 0 a{p“} 2 tow] J +2At Al

20X 0z°

n
=Ad
:Aan,z

(14b)
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ap bq

Sp ng+1 _ 8[3 ng-1 _ ZAtq

o{pu™ o {pw}™

on, tpuf™ 0 {pw) (140)
oX 0z

The system has been reduced to 3 equations with 3 unknowns by substituting the non-Boussinesq pressure

anomaly by the non-Boussinesq density anomaly:

Sp™ =cZp™ (15)

Several choices have been made to end up with NBQ-system (14), the most significant being the use of p and
{pv} as prognostic variables. The resulting system is linear in this couple of variables. Once again this choice

is dictated by the necessity to end up with a discrete approximation of (14c) thatus both conservative and
accurate. This treatment is different from the approach proposed by Gatti-Bono-and Colella (2006) to solve
for the compressible Euler equations. Gatti-Bono and Colella indeed chose to decompose both the density
(and thus pressure) and momentum fields. The divergence operator of the-second-viscosity is additionally
applied to the momentum and not to the velocity as in (13b) to optimize computations.

The linear operators which are necessary to compute the pressure force, the second-viscosity operator and the
divergence of momentum in (14) are directly derived from:the gradient and divergence matrices defined by
Auclair et al. (2011) and are given in Appendix €. in “g”-coordinates. The originality of the approach
proposed therein is to compute separately the,matrices for the divergence and gradient operators. The
Laplacian operator was then obtained bysa. matrix multiplication. This procedure permits a consistent
discretization of the divergence and gradient matrices in terms of energy conservation and facilitates the
formulation of the bottom, surface and lateral boundary conditions.

Linear equations (14a-b) can thus be-reformulated in matrix-vector notations. The fluxes related to the second
viscosity are linear and do not requirethe computation of any new operators.

The system of equations“of,the NBQ-mode is linear and an integration of the NBQ mode basically consists in
three matrix-vector,multiplications, two for the momentum equation (14a) and one for the continuity equation
(14b).

3.3 Externaland-internal modes

External ‘and_internal-modes are already discussed in Auclair et al. (2011) and only a short description is
given hereafter. For surface-wave and more generally barotropic dynamics, the depth-integrated momentum

and continuity equations can be formulated as:

Ne

{pu™ = {pu™" - 2at,p,0 =+ 241, (<Kq,x )+ K?jx) (162)

—ANe
=AY

OX
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(H+)" {puf"

ne+1 1 ne-1 n.—1 0
(pg) " (H+C) " =(p,)" (H+C)* " —2at, >

(16b)

where < >e and hereafter < >i stand for time-averages at respectively external and internal time-steps.

In equation (16b), the bottom topography and as a consequence the o-coordinate grid (Appendix B) can
additionally vary with the slow internal mode time-step (Appendix D and Auclair et al., 2014).

The “total” density p, is the summation of the reference density with the Boussinesq low-frequency and non-

Boussinesq anomalies: p, =p, +p,, +3p . In this expression, the Boussinesq component is equal to its

latest available value.

The low-frequency internal-mode system of equations is:

n;+ n;,— a(;ni 0 ¢" n;
{puj"™ ={pu}" l+2Ati(—poga—X—a—XL Ph,0dZ

_oulpul™ _ aWipuif e yafoul
x| oz o |

=AM

= x
n;

+ 2t (A, )

(17a)

- . o oafpwl" “owpwi"
= “roat| —[ phodz - = SF"
{ow}™™ = {pw}" "+ .(GZL phigiz - == | R

| +VA{9W}?"1J

. |i Z |i
EA?‘IZ
+2Ati<Aq’z>ini
(17b)
a{pW}|| I =<_aPQ> _a{pu}i| I (17C)
oz | ot v ox |,

n;+1

OX | 0z |i

<pq>ini+1 (Gn'+l,sni+l): <pq >ini—1 (eni_l’sn,—l)_'_ ZAt[— apu (G,S)|ni+l _ apW (O,S)|

+p™ (00,00 )]

(17d)
Pbq = Pbq(6:S—pog2) (17¢)

Several differences need to be acknowledged between the present formulation of external and internal modes
and their pressure-correction formulation proposed by Auclair et al. (2011):
¢ As momentum rather than velocity becomes the prognostic variable, both the external and internal modes

need to be reformulated in terms of momentum. The velocity field might be needed by the NBQ algorithm
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(to compute advective fluxes or in specific diffusion schemes) and it can then be calculated knowing the

density <pq>i.

¢ In the external mode, the iteration of the NBQ-mode at each external time-step provides an alternative to

solve the cross-dependencies in traditional algorithms pointed out by Shcheptekin and McWilliams (2011).

Indeed, the depth-average density <pq>e is available when the external mode is integrated and more

specifically when free-surface anomaly is prognosticated through (16b) whereas (model) o-grid related
variables are updated at internal time-step and are thus available in the NBQ mode. In,the internal mode

now, the continuity equation (17c) is only needed to calculate cross-c vertical velogity v _ .

The non-hydrostatic component of the pressure force which appears in both the external-and internal modes
is given by the NBQ component of pressure. This component is indeed.-deduced from the corresponding
component of density using the EOS (15) in the NBQ algorithm.

Neither the free-surface anomaly nor the momentum have to be eorrected.in external or internal modes in
the present NBQ algorithm whereas such correction is needed in pressure-correction methods. Indeed the
continuity equation recovers its status of prognostic equation.and )is not a constraint any more. This is of
considerable importance for the algorithm to be easily-implemented with higher-order, mode complex but
maybe more efficient time-stepping compared to L.eap-Frog:

3.4 Three-mode time-splitting

Figure (1.a2) shows the pressure<carrection time-stepping used by Auclair et al. (2011). The NBQ time-

stepping is represented in Figure (1b)sthe common Boussinesq external / internal mode-slitting algorithm is
extended to include a third (NBQ) mode.

Step 1: the external mode is integrated between t; and (t; + At, ) with time-step At,:

e Step lanthe!NBQ mode is first integrated with time-step At, from t to t, +At, and (pq,f\q) are
time-averaged over [t, —At,,t, +At, | to calculate their external-mode equivalent (<pq>e,<7\q>e) at
ton

o/ Step 1b: the external mode is advanced from t, to t, + At,.

Both coupling terms (pq,f\q) and (Ce,{[f/}e,f\e), are time-averaged over [t; —At;,t, +At;] to be
used in the internal-mode. At this point, the complete solution at t; is available.

Step 2: an iteration of the internal mode is carried out between t; and (t; + At; ).
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After “Step 17, (total) density (pq) is available for both the external and internal modes (respectively through

<a>eand <pq>i ). Variables are time-averaged when they are exchanged between the NBQ-mode and the

external or internal-modes. Only the final value of the NBQ-component of density (in a Leapfrog

formulation) is needed:

tg+At,

(o), = (Pa), =5 b3 +05) (18)

This is similar to the treatment of the free-surface anomaly which is computed in the external-mode and

exchanged with the internal mode:

(A (19)

The RHS of the momentum equations are (Leapfrog) averaged when-communicated from NBQ-mode to large
time-step modes:

<7\q>- - tﬁt A (20)
' 4NeNq tg=t,—At; +At,

- 1 to+AL, L

(Aq), TN, HZM:/A\tq (21)

The latest value is exchanged between external or internal modes and NBQ mode, indeed:
~ \M rte=ty ~ \ Mo =ty
<Ae>q =A™ and <Ai>q = Al (22)

These filtering are clearly time-stepping dependent and the above averages are exclusively associated with the

Leapfrog scheme.

3.5  Stability of the three-mode algorithm and pseudo-acoustic regime

The stability of the NBQ mode and an accurate representation of the induced non-hydrostatic processes by the

external and internal modes are more important than an accurate representation of compressible processes.

The number of iterations N, (Nq = At, /Atq) depends on the numerical properties of the linear system

(14a) — (14c¢). This system describes the propagation and damping (due to second viscosity) of linear acoustic

Ng

waves subject to slowly varying forcing: <Ke>nq and <7\i> at the RHS of momentum equations (14a) and
q

q

(14b). The inviscid formulation is given and discussed in Appendix A (Eg. Ab).
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A simple unidirectional evaluation of the Courant number for acoustic waves is given by Co, = c.At, /AX.

This means that the time-step At, depends on the space-time discretization and on the (pseudo-) acoustic

wave velocity: the lower this velocity, the larger the time-step. The explicit damping due to the second

viscosity can also lead to stability restrictions associated to the dedicated Courant number:
Co, = kAtq / AX*. NBQ time-step At, must be primarily chosen based on these simple stability criteria.

To minimize computational cost, the acoustic wave velocity (c;) can be reduced and the new system of

equations is not compressible any more but “pseudo-compressible”. Stability is consequently enhanced since

Courant number Cois proportional to ¢, A lower bound exists for the acoustic velocity and can be

estimated on simple physical grounds. Acoustic waves have indeed been introduced-in the three-mode
algorithm in order to propagate pressure anomalies. If the velocity scale of the dynamical processes of interest
is (much) slower than the acoustic wave velocity, these acoustic waves can propagate pressure anomalies with
very few interactions, interferences or coupling with other dynamical'processes. This must still be the case in
the pseudo-acoustic regime which means that the pseudo-acoustic_velocity must be “reasonably” larger than
the velocity scale of the dynamical processes (say 5 to 10 times larger and less than real acoustic velocity).
Here “reasonably” means here that incompressible dynamics must not be modified by any kind of spurious
interactions, interferences or coupling. The lower bound fer. the acoustic velocity is thus associated to the
fastest simulated processes. We can anticipate that the/Second viscosity reduces this coupling by limiting the
amplitude of the acoustic waves (Section 4). In this,case, the interactions, interferences and more generally
the coupling between the fast NBQ (non-Boussinesq) mode and the external and internal modes do not
disappear but their amplitude is reduced and their time-scale can be enhanced (Skamarock and Klemp, 1992).
Such interactions or coupling can'in,particular occur due to the presence of the free-surface which can lead to
specific acoustic modes. In_terms of pressure, this means that surface-induced and non-hydrostatic pressure

anomalies are correlated«=As a consequence the implementation of the fast NBQ-mode in the external mode

can lead to interactions reguiring the reduction of the external mode time-step At, . Let o, = At /At, ., be

the reduction coefficient'where At, .., is the maximum external time-step associated to the Courant number

for the propagation of the fast long surface waves (COe =./gHAt,/ AX). A situation with no acoustic
coupling leads to o, =1. When the surface-wave and (pseudo-) acoustic-wave velocities are separated by

less than one order of magnitude, interactions can occur requiring a smaller coefficient o, : the closer to each

other the velocities, the smaller the coefficient. The likely interactions of the free-surface with the acoustic

waves do not change the Courant number requirements for the (pseudo-) compressible modes.
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4  Acoustic, surface and internal waves in ocean configurations

The ability of the complete three-mode non-Boussinesq algorithm to represent acoustic, surface and internal

waves whether linear or not is now evaluated based on dedicated test configurations.

o Experiments A and B (Section 4.1) focus on the propagation and damping of acoustic waves.

e Experiment C (Section 4.2) focuses on the damping and dispersion of short-length scale’surface-waves.

e Experiments D and E (Sections 4.3 and 4.4) focus on the generation, propagation, dispersion and damping
of both linear and non-linear non-hydrostatic internal waves. Georges Bank canfiguration is in particular
revisited and compared to the Boussinesq pressure-correction implementation propesed by Auclair et al.
(2011), the idea being to evaluate the ability of the new algorithm to deal with complex topographies and
complex dynamics.

In the remaining sections, Auclair et al. (2011)’s pressure-correctionsBoussinesq algorithm is called “NH”

whereas the present non-Boussinesq algorithm is called “NBQ™, When these algorithms are compared

hereafter, the NH pressure-correction Poisson system is solved using’HIPS* solver.

4.1  Acoustic waves

The propagation, damping and reflexion of, acoustic waves are first investigated in two dedicated

configurations.

4.1.1 Experiment A: sphericalwaves

A rather simple configuration of generation and propagation of acoustic waves is how presented in order to
verify the primary characteristics' of acoustic waves. Waves are generated by a high-frequency source of
“sound” located at the centre of a 512 x 512 x 512 m closed domain. This source is represented as a forced

harmonic oscillation/of the NBQ-component of density 6p . No stratification is imposed and the fields of

salinity and temperature are chosen uniform. Currents and surface displacements are initialized to zero. In
Experiment A, the phase-velocity of acoustic waves is constant and equal to 1500 ms™. Table 1 gathers the
primary numerical parameters of the chosen configuration. CFL criteria related to acoustic waves and, to a
smaller extend, surface gravity waves basically set the time-steps (Section 3.5). Dynamics is restricted to
acoustic waves: their propagation and reflection on solid walls is simulated by the NBQ mode and their
interaction with the free surface is given by both the external and NBQ modes. Consequently NBQ and

external mode times-steps (Atq =0.1ms=At,/ 2) are chosen close to each other whereas internal mode time-

* http://hips.gforge.inria.fr/
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step is two orders of magnitude larger. The implementation in the ‘“acoustic configuration” is thus
investigated in a 3D configuration with the complete three-mode algorithm.

Figure (2) shows a vertical section of the high-frequency density anomaly (8p ). The propagation of spherical
acoustic waves can be observed. The front of the wave is observed to move at 1500 m/s and its length scale is
given by: A, =c,T, =1500x 2.5 x107 =37.5m in agreement with the linear theory of acoustic waves. In the

absence of viscosity, the amplitude of the resulting 3D spherical acoustic wave can be shown to decrease as

the inverse of the distance to the source (r) as its amplitude fits the analytical. spherical wave

(—0 e‘z“'(”TO‘”“)J within 1.4 % (with a standard deviation of 3.7 10?) in the tank domain. Figure (2) shows
p

reflections of the acoustic waves at the solid wall of the tank and at the free-surface as well.
3D acoustic waves can thus propagate in a dynamically coherent way with, expected characteristics when

compared to the linear theory of acoustic waves. The CFL criteria associated with their fast phase-velocity

does not limit the internal mode time-step that can be chosen two-orders of ‘magnitude larger (Ati = 200At, )

4.1.2 Experiment B: acoustic wave filtering and reflexion.in.ocean configurations

In Experiment B, acoustic waves are generated by the oscillations of the bottom topography (Appendix D).
Two configurations are studied (Figure 3): the first ‘one (with high-frequency oscillations) focuses on the
generation and propagation of small-scale<acoustic waves (with vanishing surface waves), the second one
(with lower-frequency oscillations) is_dedicated to the generation of surface gravity waves (with non-
vanishing acoustic waves) in an ocean-like configuration. Acoustic and surface-gravity waves are generated

by an oscillating sine-shaped .submaring” mount of horizontal length-scale (L,). Numerical and physical

parameters are presented in Table 2,"Besides the frequency of the oscillations, these two configurations have
different vertical-to-horizontal length-scale aspect ratio. This ratio is equal to 1 in the acoustic wave
configuration whereas, it isyless than 1/10 in the ocean configuration. When not specified, the kinematic and
second viscosities vanish’in both configurations.

Figures (3a) and (3b) show a vertical section of the density anomaly (8p) after 10 forcing periods (0.1s).

With a anishing second-viscosity coefficient (Figure 3a), acoustic waves propagate obliquely from the
oscillating mount toward the free surface (along black solid lines) before reflecting downward at the surface
(along, black dashed lines). The incident wave interferes with the reflected waves forming patterns of
interferences. The black arrow above the surface shows the distance over which the acoustic wave is supposed

to have propagated after 10 periods (L »,, =c,10T, ). The wave length-scale (., =c.T, ~L,) confirms that the

wave is generated by the oscillating bathymetry. Figure (3b) presents a similar acoustic wave configuration
but, this time, the second-viscosity coefficient does not vanish. Acoustic waves are damped compared to the

previous configuration and the reflected waves have much lower amplitudes. Consequently the patterns of
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interferences have small amplitudes and their extensions are spatially limited. The diffusion length-scale

(Lp ) has the same order of magnitude as the depth.

Figures (3c) shows the same configuration but for typical “ocean scale ratios”, i.e. for a small vertical to
horizontal aspect ratio. In this case, the length scale of the acoustic waves generated by the oscillations of the

bathymetry is large compared to the ocean depth: A, =c, T, =100m >>H, =0.2 m and the horizontal
resolution (Ax =0.1m) is of the same order of magnitude as the depth (H<0.2 m). A particularity of the

proposed configuration is that the slope of the bathymetry is quasi-horizontal and the resulting acoustic waves
propagate quasi-vertically. The resulting up-and-down quasi-vertical motion generates simple patterns of
interferences with two maximum of vertical velocity in each column of watér. These” waves reflect
alternatively at the surface and at the bottom of the ocean. They remain nearly invisible on Figure (3c) (solid

and dashed arrow show the position of respectively ascending and descending.waves).

4.2  Surface gravity waves

4.2.1 Experiment C: Natural oscillations of 10 x 10m tank

The surface oscillation of 10 x 10 m tank are now investigated in some details with the complete three-mode
algorithm. Amplitude and phase errors of the surface escillations are more specifically investigated when
acoustic wave phase-velocity is varied in both compressible and ”pseudo-compressible” configurations. The
ability of the present algorithm to propagate short:surface (gravity) waves is consequently evaluated in details.
Following Chen (2003), the initial free-surface anomaly is given by:

~10°3 K
¢(x,t)=10 co{lo xj (23)

Tiny initial amplitudes’ (only 1"mm) are chosen to avoid the formation of non-linear bores during long
integrations. For this simple.configuration, linear, inviscid theory gives a period of natural oscillations of T, =
3.59 s. The primary numerical parameters of the experiments are given in Table 3.

With internal; external and compressible (NBQ) mode time-steps respectively equal to 0.482 s, 0.16 ms and
0.08 ms, amplitude error are both less than 1% of the analytical solution after 10 periods meaning that the
numerical solution can hardly be distinguished from the analytical solution when plotted as a function of time
(not shown).

With their pressure-correction algorithm and the same internal and external mode LeapFrog time-stepping,

Auclair et al. (2011) uses an internal time-step equal to 3.21 ms (for an equivalent grid) which is about 3

orders of magnitude smaller than the present internal time-step At, =0.48s. This is a consequence of the

non-hydrostatic character of the small length-scale surface wave whose induced velocity is not constant over
the water column. This z-dependence is simulated by the 3D NBQ-maode in the three-mode algorithm whereas

with the pressure-correction method of Auclair et al. this imposes strong stability constraints to the internal
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mode. A consequence is that the barotropic / baroclinic time-splitting remains attractive when implemented
with the three-mode algorithm.

Experiment C can provide further insight into the consequences of a lowering the acoustic wave velocity on
the damping and dispersion of surface gravity waves. Figure 4 compares the amplitude (4a) and phase (4b) of
the oscillations after 50 periods with linear, inviscid theory. Amplitude and phase errors are expressed in
percent of respectively the amplitude and phase of the analytical solution. Four sets of bars show the
amplitude and phase errors when the velocity of pseudo-acoustic waves is varied. In order to vary as few

parameters as possible, the NBQ time-step remains equal to half the external time-step. The external mode is

replaced by the non-dimensional external mode coefficient o, (let’s recall that o, =At, /At . ). A non-

vanishing second viscosity is chosen for Set 2 only.

Figure 4 clearly shows the existence of a minimum phase velocity for acoustic waves: bellow this minimum
velocity of about 40 ms™ both the amplitude and phase errors drastically increase. This minimum velocity
appears to be equal to 4 to 5 times the maximum velocity of the long surface.gravity wave velocity (equal to
10 ms™). This can be explained by the physics of surface waves; the pressure disturbances need to be fast
enough to propagate the surface-induced pressure anomalies over the water column. This is also confirmed by
the fact that a reduction of the time-step by about 2 orders of. magnitude between Set 1 and Set 4 does not
reduce the errors with acoustic velocities lower than 40 ms’. For phase-velocities larger than 40 ms™ now,
amplitude and phase errors show a rather weak.dependence on acoustic velocity but, as expected, they vary

with o, : the lower this ratio (and the time-steps),-the lower the errors. When o, is smaller than 0.05,

amplitude and phase errors do not exceed a few percent.

When results of Sets 1 and 2 are compared, we can additionally observe that non-vanishing second viscosity
damping greatly extents the demain- of )stability of the three-mode algorithm. This confirms that damping
acoustic waves reduces the.couplingwith the free-surface. The individual stability of the NBQ mode (Section
3.5) is not problematic here: when not damped, acoustic waves can feed strong surface-acoustic modes that in

turn impose strong,Courant. number limitations on the external time-step.

4.3  Linearinternal tides in Ridge configuration (Experiment D)

Experiment D simulates the generation of linear internal gravity waves in a non-hydrostatic configuration.
This_experiment is adapted from Auclair et al. (2014) and it is similar to Experiment B: internal wave are
generated’in a closed tank by the oscillation of a ridge-like bathymetry simulating real ocean tidal oscillations.
Auclair et al. compared the NH implementation to the measurements in the CNRM-GAME tank reaching the
conclusion that their time-varying bathymetry algorithm was adapted to direct numerical simulations.

The primary dynamical and numerical parameters are given in Table (4, Tank configuration). External and

NBQ-mode time-steps have the same order of magnitude ( At, =7.8410° ms= At, /2) but the internal-mode

time-steps is two orders of magnitude larger (At, =1.57ms) (like in the Experiments A and C). Internal mode

time-step is given by (Mode 1) internal gravity-wave phase-velocity (see Table 4 for the time-step and
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Courant number). Both External and NBQ-mode time-steps are given by high-frequency oscillations of

bottom topography.

Figure (5) shows a vertical section of the Brunt-Véiséla frequency anomaly (ANZ). Internal wave rays can be
observed in this “subcritical case” making an angle (0~42.5°+0.5°) in agreement with the dispersion
relation given by linear inviscid theory (sin ©=2xr/(T,N,)) where T, and N, are respectively the period of

ridge oscillations and the Brunt-Vaisala frequency of the initial stratification (see Table 4, Tank
configuration). Rays reflect at the surface and bottom of the water column and at lateral walls.
In this configuration dedicated to linear rays of internal waves, the consequences of lowering the acoustic

wave velocity are now investigated. The RMS errors for the (u, w) velocity fields arepresented in Figure (6).

The RMS error is defined as the square root of the mean of the squares of the difference between a given
implementation and the reference implementation. The Reference implementation“is the NBQ configuration
with a 1500 ms™ acoustic wave phase-velocity (compressible configuration). High-velocity acoustic waves
impose a small NBQ time-step (At, = 7.8410°° ms). Two sets of expériments have been carried out for NH and
NBQ configurations: one using time-steps similar to those of the Reference configuration, the other with the
largest possible time-steps. The principal parameters are presented.in‘Table (4-Test configuration).

Figures (6a-d) show the RMS errors for NH and NBQ cenfigurations relative to the Reference with pseudo-
acoustic wave phase-velocities of 10, 20, 50 and 100 'ms:. (pseudo-compressible configuration). Figures (6a-
b) show the RMS errors obtained when all the configurations are integrated with the same time-steps as the
Reference simulation whereas RMS errors.shewn ‘in Figures (6¢c-d) are obtained for configurations with
optimal (larger) time-steps. Oscillations-at,half the forcing period can be observed and a quasi-stationary error
level is reached after 3 to 4 periods.

With small time-steps equal to‘those of the Reference simulation, equivalent RMS errors (smaller than 107%)
are obtained for NBQ configurations with acoustic velocities larger than 50 ms™ and for the NH
configuration. RMS errors for both components of velocity increase when the pseudo-acoustic wave phase-
velocity is decreased, reaching RMS errors of 2.5 % for a phase-velocity of 10 ms™,

Two sets of optimal time-steps are shown in Figures (6¢) and (6d) for the NH configurations: NH(02) is
integrated with.an external mode time-step equal to half the time-step of the first configuration NH(01). This
latter configuration shows rather large RMS errors for both components of the velocity whereas the former
NH(02).presents levels of RMS errors at least one order of magnitude smaller, indicating a strong dependence
to the'time-step. For pseudo-acoustic wave velocities smaller than or equal to 20 ms™, RMS errors reach the
same order of magnitude as NH(01) and are approximately one order of magnitude larger than those obtained
for pseudo-acoustic wave phase-velocities strictly larger than 20 ms™.

A conclusion from the present set of linear internal wave experiments is that provided pseudo-acoustic wave
velocity larger than 20 ms™ are specified, NBQ configurations show low levels of RMS errors with respect to

the Reference (realistic) 1500-ms™ implementation.
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4.4  Non-linear internal waves: solitons

Two experiments of non linear internal waves are now investigated, both of them being presented in details in
Auclair et al. (2011). Note that the pseudo-acoustic wave phase-velocity (4 ms™) is only 0.27 % of the
realistic 1500 ms™ phase-velocity. The first experiment (E) is a two-layer tank configuration selected among
Horn et al. (2001)’s experiments, the second experiment (F) is a vertical section of internal tides in the region

of Georges Bank similar to the experiment investigated by Lamb (1994).

4.4.1 Experiment E: Solitary waves in tank configuration

Table 5 gathers the primary physical and numerical parameters used to implement ‘NH and NBQ
configurations of 4 to 6 solitary waves corresponding to Horn et al. Regime 2'(their Figure (15.d)).
Oscillations of the pycnocline are obtained by forcing a tilt at initial time-step-Figurey(7) shows the resulting
evolution in time of the depth of a middle-pycnocline isopycnal surface for-NBQ (dashed line) and NH (solid
line) models. In both implementations, a train of 6 solitary waves appears after 180 s, the number of solitary
waves decreasing to 5 and than 4 solitons after a few reflections at.the“lateral solid walls and approximately
350 s of simulation.

Both the number of solitons and the arrival time of the train agree with experimental results described by
Horn et al. (2001) and with the numerical results reperted by Hodge et al. (2006, their Figure (3.12)
corresponding to Scenario 3). Interestingly enough,\NH=and NBQ configurations do not present any clear
discrepancies. A time bias of plus or minus two seconds can be observed in the NBQ implementation with
respect to the NH implementation. No clear tendency can be highlighted for the amplitude of the oscillations
of the pycnocline.

To conclude this first simulation-of nen-linear internal solitarity waves, NH and NBQ algorithms provide

density fields in agreement with measurements in tank and with numerical models found in the literature.

4.4.2 Experiment F: Gearges Bank solitary waves

A vertical section acrass Georges Bank (Gulf of Maine) is now investigated. Like Experiments C and E, the
resulting configuration is similar to the configuration presented by Auclair et al. (2011) in order to facilitate
comparisons ‘between the NH and NBQ algorithms. The numerical configuration is similar to the
configuration simulated numerically and analysed by Lamb (1994) as well. The numerical parameters are
given.in Table 6. M2 internal tide surface wave is introduced through the eastern (offshore) boundary
condition, this wave can propagate across Georges Bank shelf break and it leaves the domain through the
western shoreward open boundary. Note that slow internal-mode time-step was restricted by a few hot spots
(locally high values of vertical-advection Courant number). The simulated vertical section allows the
investigation of the large non-linear internal waves generated in the pycnocline region by strong tidal
currents. These internal waves are observed propagating both shoreward and off-shore. They owe their non-
linear character not only to the strength of tidal currents in the region but also to the steep slopes of the shelf

break and to the moderate strength of the pycnocline. Cyclic transverse (cross-shore) open boundary
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conditions permit the occurrence of along shore currents associated with Coriolis traditional pseudo-force.
Solitary waves impose CFL criteria and consequently the internal mode time-step is similar to the time-step
used in the NH pressure-correction configuration by Auclair et al. (2011).

Figure (8) shows a vertical section of the total density field after 1.625 tidal period (To) and should be
compared with Auclair et al.’s Figure (5.a2) and with Lamb’s Figure (6.m). The three figures compare
generally well. Solitary waves are generated by tidally induced motions above the shelf break and are
propagating both shoreward and off shore. After 1.625 T, depressions A; and B; (generated during the first
simulated tidal period) are located at respectively about 28 and 14 km from the shelf break. The location of
depression (A;) is approximately similar in the three simulations although the locations of depressions (B;)
differ by a few kilometres in these same numerical modelling studies. The shoreward most location is
observed in Lamb experiment before NBQ and NH implementations.

Figures (9.a and 9.b) present cross-shore and vertical components of velocity. after only one tidal period

(To)and should now be compared with Lamb’s Figures (7.a) and (7.b) and Auclair et al.’s Figures (5.a) and

(5.b). The comparisons of the velocity components show close agreements between the three modelling
studies. Minima and maxima of velocities have similar locations and their vertical structures are in close
agreements. Amplitude of velocity anomaly whether shoreward or cross-shore are also similar.

As a conclusion, these results show that in this demanding ocean configuration, NBQ and NH
implementations provide close and realistic high-frequency high-resolution ocean circulation, NBQ algorithm
presenting density and velocity fields with amplitude ranging between those obtained by Lamb (1994) and
Auclair et al. (2011).
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5 Discussion, conclusion

Time-split approaches are currently used in weather forecast models (Skamarock and Klemp, 2008) to
explicitly integrate sound waves with a smaller time-step. To our knowledge, the explicit simulation of such
waves in free-surface ocean models based on a barotropic / baroclinic time-splitting is original.

Under the Boussinesg assumption, the mathematical degeneracy of the non-hydrostatic problem leads to the
necessity to solve a large and, more importantly, global 3D Poisson system at each internalmode time-step.
No such system needs to be solved when acoustic waves are explicitly simulated with/the three-mode time-
splitting. A consequence is that surface-induced non-hydrostatic processes (such as_short surface gravity
waves) can be represented with the external and compressible (NBQ) modes: exclusively imposing stability
constraints on these two modes only. The internal-mode time-step can cansequently be considerably increased
compared to the pressure-correction method making the barotropics/ baroclinic time-splitting in non-
hydrostatic models particularly attractive. Since the details of the propagation of the acoustic waves are not of
primary interest to simulate non-hydrostatic, incompressible, “slow” processes, the present study confirms
that the velocity of the acoustic waves can be reduced to limit Courant-number restrictions.

Three wave configurations (surface-gravity, internal-gravity and acoustic waves) have been studied. In the
former configuration (oscillations of the free ‘surface) the physical coupling of the non-hydrostatic and
surface-induced components of pressure appearsias a key aspect of the three-mode free-surface algorithm.
Errors on the amplitude and phase-shift-ef the surface oscillations have been shown to remain acceptable in
pseudo-acoustic regimes as long as the acoustic wave velocity is larger than 5 times the velocity of long
surface gravity waves.

Linear internal wave rays/ave then been studied in a moving-ridge (tank) configuration to evaluate RMS
errors of the velocity fi€ld with respect to the (1500 ms™) acoustic wave configuration. Once again, as long as
pseudo-acoustic wave,velacity remains larger than both surface and internal wave velocities (i.e. faster than
the fastest dymamical, processes in the numerical domain), the amplitude of the RMS errors remains low
reaching asstationary level after a few forcing periods. Non-linear configurations of internal waves and, in
particular, solitary waves have been studied in a tank configuration and in a realistic, ocean-scale,
configuration. In both cases, the three-mode algorithm compares well with similar analytical studies
(Experiments A, B and C), with measurements in tanks (Experiments D and E), with in-situ observations
(Experiment F) or with other modelling studies published in the literature (Experiments C, D, E and F).

In the present study, test cases show that the three-mode algorithm is well-adapted to parallel implementations
although details are left to a future manuscript. The three-mode algorithm is also rooted in the Navier-Stokes
equations and, as such, can be used in the future as a standard to evaluate new non-hydrostatic algorithms.
Future studies should now assess the ability of the three-mode splitting algorithm to simulate compressible

dynamics.
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Appendix A: Consequences of the Boussinesq assumptions

(CSQ-i) Boussinesq momentum is approximated by pv~p,v (first order approximation with respect to the

density anomaly) leading to an approximate conservation equation (6a).

(CSQ-ii) Neglecting the density anomalies with respect to a chosen reference state leads to an approximate
form of the conservation of mass (6b). Once depth-integrated and combined with the unchanged kinematic
conditions (3-4), the conservation of mass transforms into the conservation of the volume of the water
column:

oH+C)__aH+c)v, aH+Cy

ot ox oy

(A1)

Another consequence of the approximation of the continuity(equation (6b) through the Boussinesq
assumption is the mathematical transformation of the resulting:system of equations from a hyperbolic
formulation to an elliptic formulation in terms of acoustic waves. Acoustic waves are supposed to propagate
with an infinite velocity. The filtering of these fast; numerically demanding waves is justified by the

Boussinesq approximation in large-scale and even in‘regional’and coastal-scale ocean modelling.

(CSQ-iii) Continuity equation further loses“itssstatus of prognostic equation for density, a consequence being
that Boussinesq momentum equations must be solved under the vanishing-divergence constraint (6b) whereas
density can be diagnosed using the’'EOS. In hydrostatic Boussinesq models, vertical velocity is also usually
diagnosed using the continuity, equation and in non-hydrostatic Boussinesq models, this equation is a

constraint for which pressuresbecomes the Lagrange multiplier (Salmon, 1998, p 313-315).

(CSQ-iv) The dependence of the density in the total pressure through the EOS cannot be maintained under the
Boussinesq assumption leading to EOS (6d). The dependence in (— pogz) provides a “consistent Boussinesq
energy conservation law” (Young, 2010) and Shchepetkin and McWilliams (2011) further show that a
“stiffened” formulation is to be preferred to a more accurate formulation using the free-surface anomaly

(— pog(C—Z)) which can create a vertical shear in surface induced barotropic currents leading to cross-

dependencies when barotropic / baroclinic mode-splitting is implemented.

(CSQ-v) Boussinesq assumption provides a consistent framework to study ocean dynamics in association
with its own Bernoulli-like formulation of energy conservation (Young, 2010). A number of processes (in
terms of ocean circulation) are excluded:

o bulk-compressibility processes such as acoustic waves (as already stated above their elimination is precisely

one of the reasons of the popularity of the assumption),
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o the steric effect is not excluded, it only has to be adjusted using the constraint on total ocean mass (Griffies
and Greatbatch, 2012).
o dynamical processes related for instance to surface heating which can be crudely simulated whereas details

are incorrectly depicted (Mellor and Ezer, 1995).

The linear propagation of (small amplitude) acoustic waves across a compressible, isentropic, inviscid, non-

rotating, homogeneous (p = po) ocean initially at rest satisfies a simplified version of Equations (1a-d):

oV -
po =~V &p (A2)
a8 -
PP oV (V) (A3)
ot
8p~c25p (A4)

where gravity has been neglected and anomalies associated with the acoustic waves are written (8v,8p,8p).

This leads to the following (hyperbolic) propagation equationfor acoustic waves:

o28p

atz

2
—c?A(5p)=0 9% _c2A(5p)=0
(or equivalently Ot ) (A5)

Under the Boussinesq equation, (A3) degeneratesto:

V.(8V)=0 (A6)
and pressure anomalies satisfy the'elliptic equation:

A(Bp)=~0 (A7)

The computationalicost of this large 3D linear system required by pressure projection and pressure correction
methods must then be compared with the computational cost of high-frequency acoustic waves. Global
systems potentially require a larger portion of global communications whereas local systems require
communications with neighbours and are thus adapted to massively parallel implementation. Consequently,
both\the ‘computational performances and the scalability of the resulting Boussinesq ocean model depend
essentially on the performances of the Poisson solver implemented to calculate pressure increment. Non-
Boussinesg dynamics is hyperbolic in terms of acoustic waves and it is consequently associated with severe

CFL criteria for the computation of these high-velocity waves.
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Appendix B: Non-Boussinesq system of equations in o-coordinates

The present version of the three-mode algorithm is implemented in o-coordinates. The algorithm has no
particular reason to be restricted to this particular vertical coordinates and can be formulated for any type of
vertical coordinates. A formulation of the equations of the three-mode algorithm is given in the present

appendix.
o—coordinates can be introduced by writing:

2(x,y,0;t)=c[H(x,y, 1)+ &(x, y, t)] - H(x,y,t)=ch(x,y,t) - H(x, y,t) (B1)

where h is defined by h=0z/0c . At the surface (z=_), o =1whereas, at the bottom(z =—H), o vanishes.

Model bathymetry (H) can further be made time-dependent (Auclair et akl, 2014).

Momentum equations in o-coordinates:

In o-coordinates, the non-Boussinesq system of equations can be.expressed in “flux form” as follows:

oh{pv}
at

=—hVMp, —hV,8p+ 8ph§ — adv(ffpv})+hoF, +vA_h{pv}+ 1V (V.h{pv}) B2a)

o2

8hp| :_ahpu| _8hpv| _ OpV,

al, x| oyl o 520
~div, (h{pv})
ohp(6,S)| _ 8hup(9;Sh ohvp(6,S) dpv,(6,S)
- ¢ - P hp(d, b5 )h B2
ol 7 o S +hp(fy. 45 e (B2c)
0
p=p(0.5.p)<ps 0,5 pogz)+ ) 8p (B2d)
pe,s
s

3

where the divergence operator div__ is div_(h{pv})= aha{:z ! }I + ah;SV}I + 8{2 Vo) . The vertical velocity
c s G

do . . .
across o-surfaces v =h d—f is related to the vertical velocity w by:

d d
W(x,y,c;t)zd—izvc +d—i

o0z
=V_+—
ot

0z
+u—| +
OX

v - v, + %, (G—l)d—H (B3)
dt dt

c (o) c
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“o”-subscribe indicates that the derivative is computed along “c” surfaces. The newly defined vertical

velocity v vanishes both at the bottom and at the surface of the water column. The conservative formulation

of the advection in o -coordinates for momentum is:

0V _olevy | olev | atev)| | olpV)
dt, ot |, x|, o | @
} ) ) ] (B4)
_1foh{pvl|  ah{pvjul  ah{pviv| ofpVlv,
hi oé [, ox |, & | oo

Relation (B4) additionally defines the “flux advective” operator. TO optimize -€emputations, one needs
another assumption in the present non-Boussinesq algorithm since in the momentum equations (B2a), the

viscous diffusion operators are related to integrated momentum (h{pv}) not towelegity as they should.

A common difficulty of the formulation of non-hydrostatic models in o-coordinates concerns the vertical

velocity. Indeed, both the cross-c (v, ) and true vertical (w) velogitiessneed to be computed, the latter with

(B2a) whereas the former is a diagnostics based (for instance).on (B3).
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Appendix C: Space-discretization of the divergence and gradient operator

To ensure correct energy transfers, the gradient operator (implemented in the non-hydrostatic pressure force)
and the divergence operator (implemented in the continuity equation) cannot be treated independently. For

readability, both operators are now expressed as functions of coefficients (a, B). These coefficients detailed in

Appendix (C.3) are functions of the grid parameters and are given in the (x, z)—vertical layer.

C.1 Divergence operator

Ke[L K] :
pu] |, ~ipu] \ N
o o _ 2’ 2' _ \gm&q _| 92
[V“'h{pv}]i’k - AX ’ {pW}i,k+; {pw}i, = {ax {pu}] 1 {8x {pu}] 1
o |,k+E o l,k—E
The space-discretization of the last terms (in brackets) is:
o Innerlayers (ke ]L K, [):
2 | =a R v fpul , +a, fu}, +p, fpul
8X . i k+l i+ k+1 i+%,k+l I+%,k i+E k |—E k+1 i—1 k+1 |—1 k |—1 k
e Surface layer | k=K, + 14| & {pu} =B {ou} +P {pu}
max 9 ) L ox E K g FEISURE BT SV il s
c i, K max = 2 2 2 2
e Bottom layer (k:% : [Q fut| =a , fou} ;,+a {ou} |,
2 OX 1 i+=,2 == [ [
o —I,E 22 22 22 22

C.2 Non-hydrostatic pressure gradient operator

The gradient operator implemented in the non-hydrostatic pressure force is a first-order scheme similar to the
one proposed.by Auclair et al. (2011). It is written in the following for the non-Boussinesq pressure increment
but is applied to the non-Boussinesq density increment in the NBQ-mode as the two variables are related by
the linear EOS (B2d).

. 9%p

op: —-op; z. -7,
(i) Horizontal component (k € JL K ) : ~ _ Pk "Mk Ti+1k %k oop|

z;i+l,k AX AX 0z |i+1,k
2 2

. (.1 o
The vertical pressure component at point (I + > k) is given by:
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o Inner layers (ke ]L K |) :

asp 1] P k1 TPy TOPig gk TOPi ke OPia, ke TPk ~OPia, k-1~ OPi k1
Zlit1/2,k 4 AZ; k1172 AZi k172
0-3p; —op;
e Surface layer (kzkmax +lj: p = L K 1K
2 0z i+l k +1 Az
2 mex 2 i+1k +1
2™ 2
(ii) Vertical component
op: —op;:
o Inner layers (ke |1 K ) : op - hk+l ik
% i k+1/2 AZ; k1112
0-op;
e Surface layer (k=k,,, +1/2): 2P = | Ko
ik .+ Az )
2 K e+ =
2
C.3 (o, B)-grid parameters
e Inner layers :
Az Ac
kKelko]: o , = Ziap =ik K Zig T oK
o id ok AAX | A7 4AX  Ac
2 1, 1 1,1
i+=k—= i+=k——
2" 2 2" 2
Az Ac
7. -7 i+—,k Zi1k ~Zik i+—,k
ke[l,kmax[ : [3 ! - |+1,Alr<A i,k 2 _ |+1,4 i 2
i+2,k X Az AX A,
2 i+= k+= i+-,k+>-
272 272
o Surfacelayer (kzkmaerlj:a . .=B ,,=0andB , 1=M
2 2 K = == 2 K +— 2AX
2 2 22 2 2
H . —H.
e~ Bottom layer (kzlj:a , =B, =0anda ,,=—"H" 1
2 oL K 5 2AX
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Appendix D: Time-varying bathymetry in Non-Boussinesq mode-splitting

Auclair et al. (2014) show that bathymetry can be made time-varying with only few adaptations in a free-
surface non-hydrostatic model. Its implementation in the new Non-Boussinesq mode-splitting algorithm is
straightforward.

Model variable for surface anomaly is first replaced by the variations of the water column total depth (i.e.
surface plus bathymetry). The surface pressure gradient and the vertical position of the model grid have then
to be corrected from the motion of the bottom topography.

A specificity of Auclair et al. (2011)’s NH algorithm is the possibility to specify/boundary conditions

independently for the divergence (D) and gradient (M) operators before constructing.the Laplacian operator
(A = DM). A direct consequence is that new bottom boundary conditions-can,be specified in terms of the

horizontal and vertical components of the velocity. Identical matrix operators are used in the NBQ algorithm
to compute the NBQ mode equations. Consequently, the NBQ boundary conditions associated with a varying

bathymetry remains similar to those implemented in Auclair et'al.’s NH algorithm:

u(z = —H) = u(bathy metry), w(z = —H) = w(bathymetry) (D1)
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Figure Captions
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Figure 1: Schematic representation of NH"(a):and NBQ (b) time-splitting algorithm. Yellow, blue and red
colors are associated respectively with-internal, external and NH / NBQ modes. Horizontal arrows represent
Leapfrog evolution in time and .remaining arrows indicate exchanges between the various modes and,

consequently, the way they areupdated.
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Figure 2: (Experiment A) Vertical section of density non-Boussinesq anomaly (8p) in kg.m™ after 20 s of

acoustic forcing at the centre of the’3D domain. Distances are given in meters.
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Figure 3: (Experiment B): Vertical section of density anomalies.(a~and b) after 80 ms in kg.m™ and of
vertical velocity (c) after 2.5 s in m.s™. (a) Acoustic configuration with a vanishing second-viscosity. (b)
Acoustic configuration with a non-vanishing second-viscosity.*(c) Ocean-like configuration. Black arrows:
direction of propagation of acoustic waves (solid lines).and downward propagating reflected acoustic waves
(dashed lines). Blue arrows: direction of propagation of surface gravity waves.
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Figure 4: (Experiment C) Amplitude (a) and phase (b) errors with respect to linear inviscid theory as
functions of the wave phase-velocity in ms™ after 50 natural oscillation periods. Bar colors indicates the set of

experiments obtained for different external mode coefficients: Set 1: «,=0.1, Set 2: o, =0.1 and
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A=1m3st Set3: o, =0.05, Set 4: o, =0.01. Errors are given in percent of the initial amplitude (a) and of

the natural oscillation period (b).
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Figure 5: (Experiment D) Vertical section.of square Brunt-Vaisila pulsation anomaly (rad’s®) after 10
forcing periods simulated numerically with NBQ-algorithm. This Figure can be compared with Auclair et al.
(2014)’s Figure 1. They plotted the,same vertical section of square Brunt-Vaisdl4d pulsation anomaly (a)

measured by Synthetic Schlieren and-(b) simulated numerically with NH algorithm.
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Figure 6: (Experiment D) RMS errors (%) of horizontali(a;=e)-and vertical (b, d) velocity components during
the first 5 forcing periods for small (1500 m.s™ phase-velocity) time-steps (a, b) and optimally adjusted time-
steps (b, d).

(a, ¢): RMS errors (%) are plotted for NH configuration (dashed line), 10 ms™ (solid line), 20 ms™ (solid line
and + signs), 50 ms™ (solid line and diamonds).and 100 ms™ (solid line and lower triangle) phase-velocity
NBQ configurations.

(b, d): RMS errors (%) are plotted for NH configurations (dashed line for Set (01) of optimal parameters and
dashed line and * for Set (02) of optimal parameters), 10 ms™ (solid line), 20 ms™ (solid line and + signs), 50
ms™ (solid line and .diamonds) and 100 ms™ (solid line and lower triangle) phase-velocity NBQ

configurations.
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second). (Dashed line): NH configuration, (Solid line): NBQ configuration.
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Figure 8: (Experiment ) Vertical sections of the total density anomaly in kg.m™. Horizontal distances are

given en km and depths in meters.
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1. Horizontal distances an& and depths in meters.
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Size of the domain (m)

(L Ly D)

(512, 512, 512)

Number of points of model grid in X,

and y direction. (s ) (512, 512)
Horizontal model grid (m) AX = Ay 1
c -levels Kimax 512 equally-spaced levels
Total simulation time (s) 20
Internal mode time step (ms) At; 22
External mode time step (ms) Ate 0.22
Compressible mode time step (ms) Aty 011
Acoustic Courant number Coq 0:165
Phase-velocity of pseudo-acoustic
waves (ms'l) © 1500
Kinematic viscosity (m?.s™) v 0.
Second viscosity (m”.s™) A 0.
Asselin Filter Parameter 107
Diffusivity (m’.s™) Kb 0.
Amplitude (kg.m*.s™), e-folding (m) N (1000, 25, 25)

and period of forcing (ms)

Table 1: Primary characteristics of Experiment A.
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Acoustic

configuration

Ocean-like configuration

Size of the tank (m) (L, h) (4.1,0.4) (25.6,0.2)

Number of points of model ] ]

- . (F I ) (4096, 1) (256, 1)
grid in x and y direction.
Horizontal model grid (m) AX = Ay 102 0.1
40 equally-spaced
o -levels Kmax 20 equally-spaced levels
levels
Mount Height (m) ho 0.1 0.1
(Sine-shaped )

) (Gaussian-shaped mount)

Mount horizontal scale (m) Lo mount) L

0.4
Gaussian Mount Oscillations A ) ,
. . (Ao,To) (107, 10%) (107,10)

Amplitude (m) / Period (s)

Total simulation time (s) 2.5 2.5
Internal mode time step (ms) At 6.2 10 4.3
External mode time step (ms) Ate 3.110° 0.43

NBQ mode time step (ms) Aty 1.6 10” 0.22
. Coq
Acoustic Courant number ] ) (0.16, 0.16) (0.02,0.22)
(horizontal, vertical)

Phase-velocity of pseudo-

. 1 Cs 10 10
acoustic waves (ms™)

Kinematic viscosity (m>s™) v 0 0
Second viscosity (mm°.s ™) A 0/10? 0
Asselin Filter Parameter 107 107

Diffusivity.(m?.s™) Ko 10° 107

Table 2:"Model parameters for Experiment B in acoustic and ocean-like configurations.
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Size of the tank (m) (L), h) (10, 10)
Number of grid points of model grid . .
. . (F e+ o) (100, 1)
in x and y direction.
Horizontal model grid (m) AX = Ay 0.1
c -levels Kimax 100 equally-spaced levels
Total simulation time (s) 180
Set 1 &2: 642
Internal mode time step (ms) At; Set 3: 482
Set 4: 96
Set 1 &2: 0.32
External mode time step (ms) At Set/3: 0.16
Set 4::0:032
. CFEL/requirements (Section 3.5):
NBQ mode time step (ms) Aty
up to 0.16 ms
. Set 1 & 2:0.032
Surface gravity-wave
Coe Set 3: 0.016
Courant number
Set 4: 0.0032
Phase-velocity of pseudo-acoustic
1 Cs 40
waves (ms™)
Equation of state Compressible
Kinematic viscosity (m?.s™) v 10”7
Second viscosity (m#s™) A Oor1l
Asselin Filter Parameter 107

Table 3: Model\parameters for Experiment C.
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Tank configuration

Test configurations

Size of the tank (m) (L1 M) (@ ,0.394) (1,0.2)
Number of points of model grid (i j
) o e Jmax (4096, 1) (256, 1)
in x and y direction.
Horizontal model grid (m) AX = Ay 102 41073
400 equally-spaced
o -levels Kmax 100 equally-spaced levels
levels
Gaussian Mount Height (m) ho 0.1 0.05
Gaussian Mount horizontal scale ) )
Lo 3.86 10° 3:86 10°
(m)
Gaussian Mount Oscillations s )
. . (Ao, To) (107, 10.05) (10™,10)
Amplitude (m) / Period (s)
Brunt-Visala pulsation (rad.s™) N 0.92461 1
Total simulation time (s) 50.25 50.25
Internal mode time step (ms) At 1.57 3.46
External mode time step (ms) At 1.57 10” 8.67 10
NBQ mode time step (ms) At 7.8410° 4.34 10
Internal wave Courant number
) Coiw 0.2 0.2
(for Mode 1 internal waves)
Phase-velocity of pseudo-
) 1 Cs 10 100/50/20/10
acoustic waves (ms™)
Equation of state(16) Linear Linear
Kinematic viscesity
e, v 10° 10°
(m=s™)
Second.viscosity (m%s™) A 107 10™
Asselin Filter Parameter 107 107
Diffusivity (m*.s™) Ko 107 10°

Table 4: Model parameters for Experiment D in tank configuration (Auclair et al.,, 2014) and Test

configurations.




Size of the tank (m) (L), h ) (6, 0.29)
Number of points of model grid in x . .
and y direction. (s ) (60. 1)
Horizontal model grid (m) AX = Ay 0.1
c -levels Kmax 74 equally-spaced levels
Internal mode time step (ms) At; NBQ: 37.4 NH: 37.4
Total simulation time (s) 400
External mode time step (ms) At NBQ: 0.934 NH: 18.7
NBQ mode time step (ms) Aty NBQ:,0.093"NH: -
Two-layer density difference Ap 20
(kg.m?)
Horn’s parameter A 0.45
Horn’s parameter Y 0.3
Phase-velocity of pseudo-acoustic
waves (ms'l) © 4
Equation of state (16) Linear
Kinematic viscosity (m?.s™) v 10°
Second viscosity (m%s™) A 0.1
Asselin Filter Parameter NBQ: 0.1 NH:0.3
Diffusivity (m.s™) Ko 10”7

Table 5: Model parameters for Experiment E.
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Size of the domain (m)

(67500, 45, 260)

Number of points of model grid in x . . (4500, 3)
and y direction. (I o e ) Cyclic boundary conditions in y-direction.
Horizontal model grid (m) AX = Ay 15
c -levels Kmax 100 equally-spaced levels
Total simulation time (day) 1
Internal mode time step (ms) At; 458.1
External mode time step (ms) Ate 4,58
NBQ mode time step (ms) Aty 0.115
Phase-velocity of pseudo-acoustic
waves (ms'l) & o0
Surface & acoustic wave
Courant number (Co,, Coq) (0.015, 0.0027)
Vertical advection Courant number Coy 0.08 (with local “hot spots™)
Equation of state Compressible and Linear
10°
Kinematic viscosity (m?.s™) v ( horizontally: half of the diffusive part of
the upstream advective scheme)
Second viscosity (m”.s™) A 10°
Asselin Filter Parameter 107
Diffusivity (m%s) Ko 10°
Open boundary layer Flow Relaxation Scheme
Forcing M2-tidal period To (h) 12.4
Coriolis parameters (10*‘,0)

Table'6: Model parameters for Georges Bank experiment (Experiment F).
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