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Abstract The process of building three-dimensional (3D) geological models can be framed as an
inverse problem where a model describing the 3D distribution of rock units is non-uniquely derived
from geological observations. The inverse problem theory provides a powerful framework for inferring
these parameters from all geological observations, in a similar way to how a geologist can iteratively
update their structural interpretation while mapping. Existing geological knowledge is usually indirectly
incorporated into 3D models using the geologist’s non-unique interpretation as form lines, cross sections
and level maps. These approaches treat constraints derived from geological knowledge in the same way
as direct observations, diluting and confusing both information provided by geological knowledge and
hard data resulting in significant subjectivity. We present a geological inversion using Bayesian inference
where geological knowledge can be incorporated directly into the interpolation scheme with likelihood
functions and informative prior distributions. We demonstrate these approaches on a series of synthetic
fold shapes as a proof of concept and a case study from the Proterozoic Davenport Province in the Northern
Territory, Australia. The combined inversion of geological data and knowledge significantly reduces the
uncertainty in possible fold geometries where data is sparse or highly ambiguous. This could be used by
geologists while mapping to propagate information about uncertainties throughout the mapping/model
building process and would allow for different structural interpretations to be rapidly tested for targeted
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data collection.

1 INTRODUCTION

Building three-dimensional (3D) geological models is a com-
plicated task requiring an assimilation of available datasets, prior
geological interpretation, and geological knowledge. Recent de-
velopments in 3D modeling algorithms and techniques [Calcagno
et al., 2008; Massiot and Caumon, 2010; Caumon et al., 2013;
Hillier et al., 2013, 2014; Laurent et al., 2016; Grose et al., 2017,
2018; Cowan et al., 2003] have significantly improved how direct
observations can be used to constrain surface geometries. The
process of creating 3D geological models to represent subsur-
face geometries can be framed as an inverse problem where the
aim is to infer parameter values for the interpolation algorithm
given geological observations [Grose et al., 2018]. Geological
models, and as a result, geological inversions are usually under
constrained. However, there are often geological rules and ad-
ditional geological knowledge that are not directly incorporated
into the interpolation schemes that would further constrain sub-
surface geometries [Jessell et al., 2010a, 2014].

A priori geological knowledge is usually indirectly incorpo-
rated into 3D models using subjective form lines, cross sections
and level maps [Jessell et al., 2010a, 2014]. Usually these in-
terpretive constraints are defined by the geologist summarising
available observations and geological knowledge. The geolo-
gist’s interpretation is subjective and will typically produce a
single non-unique solution to a complex problem [Jones et al.,
2004]. For example, the geologist may want to refine the fold
style obtained by interpolating available observations, e.g. , if
folds in the field have been observed to be tighter than the mod-
eled geometries. A common way to produce expected geometries

is to introduce interpretive cross-sections that locally describes
the expected shape. This approach is problematic because the
interpolation algorithms used for implicit modeling treat these in-
terpretive constraints in the same way as direct observations, i.e.
, they would locally define the orientation and position of the in-
terpolated surfaces whereas the intention was only to control the
fold style. When used in this way, geological knowledge results
in over-constraining the range of possible results. In this paper,
we propose to incorporate geological knowledge into an inverse
problem framework allowing for the mathematical descriptions
of geological knowledge to be used directly without requiring
subjective interpretive constraints.

A new framework for modeling folded surfaces has signifi-
cantly improved the incorporation of structural geology concepts
[Laurent et al., 2016; Grose et al., 2017, 2018]. Using these
developments, structural modeling can be framed as an inverse
problem and structural data can be inverted for fold geometries
[Grose et al., 2018]. This approach uses Bayesian inference to
sample from the possible combination of parameters (joint poste-
rior distribution) describing the fold axis geometry and the fold
shape for local structural observations (e.g. foliations, bedding,
fold axis and intersection lineations). These developments allow
for refolded folds with complex non-cylindrical geometries to be
modeled.

The description of an inverse problem using Bayesian infer-
ence can be easily generalised to incorporate a diverse range of
observation types [Malinverno and Parker, 2006]. Wood and Cur-
tis [2004] suggest a framework for incorporating Geological Prior
Information explicitly for modeling sedimentary structures. They
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show that the addition of additional geometrical information can
significantly improve the modeled sedimentary structures away
from data. Wellmann et al. [2017] and de la Varga and Well-
mann [2016] have used Bayesian inference to include additional
information into implicit modeling schemes, for example fault
displacement, layer thickness and fault movement direction. In
this contribution, we incorporate geological knowledge into the
inversion framework from Grose et al. [2018] using a combina-
tion of informative prior distributions and additional geological
likelihood functions. This approach allows for a combined inver-
sion of local structural observations and global geological knowl-
edge. The probabilistic framework can also be used to determine
where the model is relatively well constrained and where it is
not. The combined inversion of local observations and global
knowledge allows for feedback in terms of the quality of the ob-
servations, for example inconsistent observations and knowledge
can be determined by analysing the joint posterior distribution.
We present proof-of-concept synthetic examples to demonstrate
the application of these new likelihood functions to known ex-
amples and a 3D case study from the Davenport Province in the
Northern Territory, Australia. Our results show that the addition
of geological knowledge significantly reduces the variability in
interpolated model geometries where the direct observations are
sparse or highly ambiguous. The combined inversion of geo-
logical data and knowledge provides a promising framework for
real-time geological mapping where geological uncertainties can
be propagated allowing for different structural interpretations to
be tested, identifying targets for additional data collection.

2 GEOLOGICAL KNOWLEDGE AND INTERPRETATION
Geologists use visual features in an outcrop to define geologi-
cal observations [Rudwick, 1976; Frodeman, 1995]. These char-
acteristics and patterns in the rocks by themselves do not provide
all of the possible geological information. It is only by correlating
between outcrops and applying geological rules that the observa-
tions can be related to geological features such as fault planes,
tectonic cleavages or stratigraphic horizons. Frodeman [1995] ar-
gues that the process of geological reasoning defines geosciences
as an interpretive and historical science, highlighting the role of
interpretation, synthesis, and broader knowledge when construct-
ing and testing hypotheses. According to Frodeman [1995], this
process is iterative where the geologists interpretation is contin-
uously updated by additional data and knowledge. Most geolog-
ical observations are made in the context of the outcrop or the
regional structural architecture. The local observations are then
used to inform and test the understanding of the outcrop, deforma-
tional history and/or regional structures. An example of is when
geologists produce a geological map by building their interpre-
tation while mapping and using this knowledge to guide further
interpretations. The creation of a geological map can be sub-
jective and is a significant source of uncertainty as it is difficult
to separate observations from interpretation [Jones et al., 2004].
Although, some aspects of a geological map are less subjective,
such as measuring the orientation of bedding and fault surfaces,
other observations such as fault displacement and overprinting
relationships can be more subjective. It also means that when
creating a map, geologists generally only record their favoured
interpretation and not the range of possible interpretations [Bond
et al., 2007a; Riggs et al., 2009]. The geologist’s interpretation is
usually guided by geological knowledge to interpolate between
direct observations. An alternative approach suggested by Jones
et al. [2004] would be to have ‘interpretation tools’, effectively
a geological interpolation algorithm similar to those used for 3D

modeling, that can include all of the different geological observa-
tions and knowledge. These ‘interpretation tools’ could then be
used to produce multiple possible maps/models, where the geolo-
gist’s expertise can then be used to assess the validity of possible
models instead of trying to construct a single model [Jessell et al.,
2010b; Wijns et al., 2003].

Geological knowledge includes observations that describe the
geometry of geological features but do not locally constrain the
geometry of these features. They may not necessarily have an
explicit location, for example inferring fold style in a fold series
applies to the whole series and not only a single location in the
series. Geological knowledge is updated by combining observa-
tions and geological rules for example, using observations of one
structure to infer the geometry of another or by visualising the
geometries that could be physically possible. Folds are often de-
scribed using qualitative descriptors that also have an associated
quantitative measure. For example: fold hinge geometry, fold
tightness, wavelength, amplitude, symmetry, and fold vergence.
These descriptive terms are difficult to turn into systematic crite-
rion for modeling because they describe feature of the resulting
model and not a direct control on the local model geometry.

In summary, the interpretation process is highly subjective and
will result in a single non-unique solution to a complex problem
[Jones et al., 2004; McCaffrey et al., 2005; Bond et al., 2007b].
Jones et al. [2004] suggested, that an interpolation algorithm capa-
ble of incorporating indirect geological observations would pro-
vide a way of propagating not only the uncertainty associated
with each observation but also the uncertainties associated with
the interpretation.

3 STRUCTURAL MODELING OF FOLDS AS AN INVERSE
PROBLEM

3.1 Parametrisation of fold geometries

Recent developments in implicit modeling techniques and sta-
tistical methods for characterising fold geometries have signifi-
cantly improved the use of geological observations for modeling
folded surfaces [Laurent et al., 2016; Grose et al., 2017, 2018].
These methods have incorporated the fundamental concepts from
structural geology into implicit modeling schemes. A curvilinear
coordinate system is defined to characterise the structural ele-
ments of the fold with three coordinates represented by 3D scalar
fields x, y and z. Three direction vectors (e,, e, and e;), shown in
for a schematic fold in Fig. 1 A, are defined by the normalised gra-
dient of the scalar fields representing the fold frame coordinates
[Laurent et al., 2016]. The z coordinate is interpolated so that
e, is orthogonal to the axial foliation and the isosurfaces of z are
parallel with the axial surface of the fold. The y coordinate is in-
terpolated so that y measures the distance along the axial surface
of the fold and e, represents the trend of the fold axis. For similar
folds, the geometry of the fold is the same for conformable layers
and x does not need to be interpolated. The orientation of the fold
axis is defined locally by rotating the direction of the y coordinate
(ey) by the fold axis rotation angle (ap) around e,. This charac-
terisation of the fold-axis locally throughout the model domain
allows for non-cylindrical folds to be modeled when the fold-axis
rotation angle varies with respect to the y coordinate value. The
orientation of the folded surface can then be found by rotating the
fold frame around the fold-axis by the fold-limb rotation angle

(ap).
In general, these two angles may vary with respect to the three
coordinates (x, y, z). To represent fold geometries, we consider



A. Schematic 3D fold

B. Fold Shape

C. Fold Limb S-Plot
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Figure1 A: 3D diagram of a refolded fold showing folded surfaces with a deformed axial surface. i and ii are locations on the same antiformal fold
limb . iii corresponds to the point of inflection in one fold limb. iv and v are points on the same fold hinge. B: Synthetic fold profiles representing
the shape of the fold in the fold frame. The key locations in (A) are indicated in the fold profile. C: S-Plot showing fold rotation angle profile for the
fold in (A) with the key locations indicated on the S-Plot. i and ii are closer in the fold frame coordinate than in Euclidean distance. Figure adapted

from Grose et al. [2017]

that a, and a; only vary with respect to one coordinate, respec-
tively y and z. This simplification assumes that (1) the folds
are not dying out and propagate with a same style when moving
along the fold axis; and (2) the folding style is similar. While
not addressed in this paper, non-similar folds can be represented
with this framework assuming that o; also varies with respect to x.
However, the variation of this additional parameter would render
the probabilistic treatment of such a dataset to be more complex,
and is thus beyond the scope of this paper.

Using this scheme, fold geometries can be represented by two
1D curves that respectively capture the geometry of the fold axis
in the axial surface, and the fold shape looking along the fold
axis. Grose et al. [2017] calculate the fold rotation angles directly
from structural observations and use the fold frame coordinates
to extract the different elements of the fold geometry. By using
the fold frame coordinates the geometry of conformable layers
are extracted relative to the z coordinate (Fig. 1B). The S-Plot
(Fig. 1C), is a cross plot of either fold rotation angle and the as-
sociated fold frame coordinate, e.g. ap is plotted against y and
ay, against z. The S-Plot is scale independent because it plots the
fold rotation angles and not the trace of the fold shape. A sam-
ple semi-variogram (S-Variogram) also calculated on either fold
rotation angle using the associated fold frame coordinate can be
used to automatically identify the wavelength of folding [Grose
et al., 2017]. The geometry of the fold can then be represented
using two 1D Fourier series where one represents ap for the y
coordinate values and another represents a;, for z values. Grose
et al. [2018] use these 1D functions as the forward model for
a geological inversion where the fold rotation angles calculated
from observations are used to falsify possible fold geometries.
The unknown parameters relate to the Fourier series coefficients,
fold wavelengths and a misfit parameter for each rotation angle.

3.2 Inverse modeling of fold geometries

The two different approaches to solving inverse problems are
the Frequentist approach, using observations to directly infer the
model parameters, and the Bayesian approach, using observations
to modify the existing understanding of the model parameters
[Tarantola, 2006]. As described in Grose et al. [2018], Bayesian

inference can be used to find the joint probability distribution of
possible parameters representing the fold geometry. Bayes’ the-
orem states that the joint posterior distribution of the parameters
P(0| D) can be updated using the likelihood P(D | 6) of the data
given the parameters, the prior probability of the parameters P(6)
and the probability of the data P(D):
P(D|6) - P(6)

POID) = == ()
P(D) is constant for all parameter values and means the joint pos-
terior is proportional to the likelihood multiplied by the prior dis-
tributions. The joint posterior distribution can be sampled from
using numerical techniques; in this contribution we use a Markov
Chain Monte Carlo (MCMC) sampler using the Metropolis-
Hastings algorithm implemented in PyMC?2 [Patil et al., 2010].

The prior distribution of the parameters P(6) represent prior
knowledge of parameter values. Grose et al. [2018] use weakly
informative priors that allow for the range in physically possible
fold geometries to be modeled. The calculated fold limb rotation
angle for structural data depends on the current orientation of the
fold axis [Grose et al., 2017]. This relationship means that the
likelihood function P(D | 6) has two parts, one to represent the
probability of the observed fold axis rotation angle values given
the parameter values and another part represents the probability
of the observed fold limb rotation angle values given the param-
eter values for both Fourier series. Within this framework, the
uncertainty in the observations can be incorporated into the de-
scription of the fold geometry representing the misfit between the
model and the observations using an uninformative prior distribu-
tion, Jeffrey’s prior [Sivia, 1996]. This approach means that no
assumptions about the inherent uncertainty of the data is required,
and a range of possible interpretations can be created from avail-
able structural data.

Grose et al. [2018] primarily consider direct structural obser-
vations and do not provide a framework for incorporating geo-
logical knowledge into the inversion. In the following section,
we extend the method using additional likelihood functions and
informative prior distributions that allow geological knowledge
to be incorporated into the geological inversion.



A. 3D fold sketch showing geological observations

B. Fold shape with geological observations

C. S-Plot with likelihood functions
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Figure 2 3D fold sketch showing knowledge likelihood. A: 3D fold sketch with two vergence observations indicating the direction to the nearest
antiform and an axial trace likelihood. B: Fold shape for fold in (A) showing fold tightness, vergence observations and axial trace location. C: S-Plot
showing the structural vergence enforcing the sign of the rotation angle, tightness constraints enforcing the range in rotation angle and axial trace
location. The colour shading for the tightness and axial trace indicates the fuzzy nature of these constraints with darker colour indicating higher

probability.

4 ADDING GEOLOGICAL KNOWLEDGE TO THE GEOLOGI-

CAL INVERSION

The inversion of geological observations can be easily gener-
alised using Bayesian inference to incorporate a diverse range
of observations for solving the inverse problem [Malinverno and
Parker, 2006]. For example, fault offset and stratigraphic unit
thickness can be incorporated into geological modeling using
standard implicit schemes [de la Varga and Wellmann, 2016;
Wellmann et al., 2017]. This approach uses geological data as the
parameters for the inverse problem and uses geological knowl-
edge to falsify the resulting models. We propose using geological
likelihood functions describing geological knowledge of folded
surfaces into the fold modeling framework [Laurent et al., 2016;
Grose et al., 2017, 2018].

4.1 Fold tightness

Fold tightness can be quantified by measuring the interlimb
angle for folds (e.g. w in Fig. 2B). More qualitatively, instead of
measuring the fold interlimb angle, the fold tightness is described
using the terms recommended by Fleuty [1964]. These terms
each cover a small range of interlimb angles and are common
nomenclature used by structural geologists when describing the
shape of the fold looking down plunge. A similar measure termed
hinge angle [Williams and Chapman, 1979; Bastida et al., 2005]
can be used perpendicular to the fold axial surface to describe the
degree of variation of the fold axis. The expected range of fold
rotation angle can be calculated for the interlimb/hinge angle (w)
as A(L’L,p =180 — w.

Table 1 contains the different descriptive terms recommended
by Fleuty [1964] and the associated range in fold tightness. These
descriptive terms can be incorporated into the fold modeling
framework using normal likelihood functions. The likelihood
function parameters are listed in Table 1 and a Normal distribu-
tion is used where the mean (u) is the average fold rotation angle
for the fold tightness class and the standard deviation (o) is half
of the range of the class. The likelihood function can either be

Table 1 Fold tightness descriptive terms and interlimb angle

Descriptive terms Interlimb angle Likelihood N(u,0)
gentle 180° — 120° 30°, 30°
open 120° - 70° 85°, 25°
close 70° —30° 130°, 20°
tight 30° - 0° 165°, 15°
isoclinal 0° 180°, 10°

implemented for defined domains within the model or as a global
value. In the first case, the median value of the fold rotation angle
is calculated for the fold frame coordinates defining the domain.
In the second example, the median value is calculated for a com-
plete wavelength of the largest fold that will be representative for
the whole model area. The calculated median value is then used
in the normal likelihood function given the associated parameters
in Table 1.

4.2 Fold vergence

Structural vergence can be obtained by finding the acute angle
between two consecutive foliations. Vergence is the direction
to rotate the younger foliation towards the older foliation when
looking along the fold axis and indicates the direction towards the
nearest antiform [Bell, 1981]. Vergence provides the structural
geologist with information related to the location of fold closures
that may not be visible due to outcrop limitations. Vergence can
also be calculated from the asymmetry of parasitic folds where
the long limb of the fold indicates the vergence direction. A
similar concept can be applied to the fold axis to determine the
fold plunge, which is the fold hinge-line vergence and is defined
by asymmetric variations of the intersection lineation in the fo-
liation plane [Alsop and Holdsworth, 1999]. Although the fold
hinge-line vergence is not commonly observed or recorded, the
geologist often has some additional knowledge about the plunge
of the fold axis that could be used to infer the hinge-line vergence.



Structural vergence and fold hinge-line vergence can be used
to determine the relative sign of the fold rotation angles. Fig. 2A
and B shows two vergence observations on a schematic 3D fold
(A) and the fold shape in the fold frame coordinates (B). When
plotted on the S-Plot (Fig. 2C) the vergence constraints indicate
that the sign of the rotation angle should be negative at z = —75
and positive at z = —25. This criterion can be included into the
inversion scheme using a likelihood function that assesses the
sign of the rotation angle. We use a discrete probability density
function where the probability of a consistent vergence constraint
(v = [-1, 1]) is given by:

P(S ign (aL,p) = v) =p 2

where p is the probability of the current combination of parame-
ters being consistent with the vergence observations. We suggest
that p < 1, because if p = 1 the probability of a conflicting
constraint is 0 and therefore it is not possible for these constraints
to not be honoured by the sampler.

4.3 Fold symmetry/asymmetry

When mapping, geologists will often be able to observe
whether folds are symmetrical or asymmetrical. Fig. 3A shows a
symmetrical fold shapes and Fig. 3B an asymmetrical fold shapes.
The fold rotation angle of both folds are plotted in Fig. 3C. The
symmetrical fold (blue curve) has a median value of 0° repre-
sented by the horizontal blue line. The fold rotation angle for the
asymmetrical fold (green curve) has been vertically shifted on
the S-Plot and has a median fold rotation value of 40° shown by
the horizontal green line. Fold asymmetry and tightness both de-
scribe the fold shape and are not independent [Hudleston, 1973].
The median value of the fold rotation angle depends on the tight-
ness of the fold and the degree of asymmetry. A gentle fold that
is highly asymmetrical would have a similar median value to a
tight fold that is only slightly asymmetrical. The tightness and
asymmetry can be separated by finding the ratio between the ab-
solute value of the median and range of the fold rotation angle for
the current model parameters. This analysis is shown in Fig. 3
where the asymmetry is shown as the absolute value of the me-
dian fold rotation angle value divided by the range of the fold
rotation angle values for the curve (e.g. blue and green vertical
lines in Fig. 3C).

This measure of asymmetry can then be incorporated using
a normal distribution as the likelihood function assessing this
ratio. When mapping, the degree of asymmetry is usually not
recorded and generally folds are described as either symmetrical
or asymmetrical. For this reason, we propose having a likelihood
function for symmetrical folds using a normal distribution with
a mean of 0 and a standard deviation of 0.1. For asymmetrical
folds, a normal distribution with a mean of 0.5 and standard devi-
ation of 0.2 covers the range of expected fold shapes. However,
these parameters can be changed or other likelihoods functions
used if the geologist has more specific knowledge about the fold
asymmetry. In theory, the asymmetry ratio could be calculated
from outcrop observations of smaller scale asymmetrical folds.
However, the scale independence of fold asymmetry would need
to be validated for natural folds.

4.4 Fold wavelength

In some cases, the data may not capture the full wavelength of
the main fold geometry. For example, outcrops may only con-
strain the geometry of a single limb of the fold or only sam-

ple a single hinge without crossing the point of inflections. In
these cases, the geologist could incorporate additional informa-
tion into the geological inversion, where the wavelength could be
constrained by wavelength values from surrounding areas or the
wavelength could be constrained from other data such as interpre-
tation of magnetic or gravity potential field datasets. The prior
distribution can either be defined by a standard probability density
function (PDF) where the distribution parameters are specified
by the geomodeler (e.g. for a Gaussian distribution: mean and
standard deviation), or by estimating the PDF from samples (e.g.
wavelength of folds from outside of the model area associated
with the same deformation event) using Kernel Density Estima-
tion (KDE).

4.5 Interpretations: form lines and axial traces

Form lines represent the trace of a foliation on the map sur-
face and can either represent a direct observation of a geological
feature or a combination of observation, interpretation and geo-
logical experience. Generally, there is no explicit 3D information
recorded with the form lines, but it is possible to calculate the
fold limb rotation angle for form lines using the geometrical re-
lationship between the fold axis and the folded foliation. The
orientation of the folded geological surface is orthogonal to both
the tangent of the form line and the fold axis, and can be calcu-
lated by finding the vector product between the two normalised
vectors representing the fold axis and the tangent to form line.
The fold rotation angle can then be calculated for orientation
measurements as detailed in Grose et al. [2017]. This knowledge
can be incorporated into the geological inversion in the same way
as orientation observations using a Gaussian likelihood function
with an uninformative hyperparameter (Jeffrey’s prior) represent-
ing the misfit between the observation and the model [Grose et al.,
2018].

Fold axial traces represent the location of fold hinges and could
be incorporated as additional data points constraining the fold ro-
tation angle to be 0° at that location. However, this approach
does not capture the uncertainty associated with what these ob-
servations represent. A fold hinge has a fold limb rotation of
0° and higher regions of uncertainty are associated with location
of the fold hinge. This observation can be incorporated in the
geological inversion using a separate likelihood function assess-
ing the location of the closest fold hinge associated with the fold
parameters. The likelihood is calculated using a Gaussian distri-
bution where the mean is the axial trace fold frame coordinate
value and the standard deviation is represented by Jeffrey’s prior.
If two fold hinges are within half of the wavelength of the axial
trace constraint, the outcome is geologically unlikely and returns
a minimum probability.

4.6 Data polarity and younging

Structural observations generally represent the unsigned orien-
tation of the structural feature. For example, bedding observa-
tions represent the surface trend of lithological contacts, however
the surface normal (younging direction) can also be recorded. By
contrast, tectonic foliations lack a younging direction, and the
normal to the surface cannot be related back to any observable
structural information. The polarity of the observations can be ad-
justed by the geologist to give the most reasonable fold geometry,
which in most cases is adequate, however it does introduce some
additional subjectivity into the model building process. It is pos-
sible to incorporate this uncertainty into the geological inversion
by modifying the Fourier series model.



A. Symmetrical fold shape B. Asymmetrical fold shape C. S-Plot
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Figure 3 Fold asymmetry likelihood. A: Symmetrical fold shape B: Asymmetrical fold shape C: S-Plot showing fold rotation angle for fold in (A)

and (B). A« and Md(a) is shown for both fold rotation angle curves.

The fold rotation angles (&) can be corrected using a factor j;
that follows a discrete uniform distribution with possible values
of [-1,1]:

ar=a-j; 3)

This approach allows for data to be corrected using an objective
function integrated into the geological inversion, reducing the po-
tential for uncertainty and bias to be introduced into the modeling
during data correction and outlier identification.

5 ResuLts

5.1 Synthetic proof of concept examples

In Fig. 4, the reference fold is a parasitic fold train that is only
sampled in a single limb of the main fold. In this example, only a
quarter wavelength of the main fold is captured in the data and the
main fold wavelength cannot be identified using the S-Variogram
(Fig. 4C). The geological inversion captures the main high fre-
quency features in the S-Plot associated with the parasitic folds,
but does not capture the main fold wavelength (Fig. 4E). The
interpolated fold geometry (Fig. 4D) using the fold constraints
with only a single wavelength prior (Fig. 4F) is unsatisfactory
and only captures the smaller parasitic folds. While, the result-
ing 3D model may fit the structural observations, it would not fit
the geologist’s interpretation, which may be based on geological
knowledge. Additional prior knowledge of the main fold wave-
length can be incorporated using an informed prior distribution.
For example, in Figs. 4G,H geological knowledge is incorpo-
rated using a prior distribution for an additional wavelength with
a mean of 180m (an overestimation of the true fold wavelength)
and standard deviation of 60m. The posterior distribution for the
main fold wavelength, A, in Fig. 41, is slightly over estimated
and the variability increases away from the structural observa-
tions. This effect could be reduced by using a more informative
(smaller standard deviation) prior distribution. The inversion re-
sults also show an asymmetry in the main fold that is not seen in
the reference model. The asymmetry of the large fold could be
corrected using a fold symmetry likelihood function if geological
knowledge suggests that the folding is symmetrical.

Fig. 5 contains examples using the different geological like-
lihood functions. The reference fold is a sinusoidal curve with

a wavelength of 150m and two data points are used. In all ex-
amples, the S-Plot curve for the reference fold is shown by the
solid blue line in the plots on the left, with the data points (black
circles) and the geological knowledge likelihood functions. The
fold wavelength is constrained by an informed prior distribution
with a mean of 150m and standard deviation of 50m. In the first
example (Fig. 5A1), geological knowledge is used to constrain
the location of the fold hinges. The axial trace locations (red dots)
have been intentionally offset from the true fold hinge location to
simulate possible uncertainties. Fig. 5A2 shows the resulting fold
rotation angle curves when only knowledge about the axial trace
location and the fold symmetry are included in the inversion. A
large range exists in the sampled fold geometries with significant
variability in the tightness of the folds, seen in the range of the
fold rotation angle for the inversion. The high variability can be
addressed by including additional knowledge about the fold tight-
ness in the inversion and results in a more concentrated posterior
distribution (Fig. 5SA3). In both of these examples, enough infor-
mation in the two orientation observations exists to constrain the
type of observed fold hinge (i.e. the slope of the S-Plot curve de-
termines if the fold hinge is synformal or antiformal). However,
if these points were closer together, the folding less tight or if
no observations are available, the interpolated geometry should
have an equal probability for synformal or antiformal hinges. In
most practical cases, axial trace data usually contains some infor-
mation about whether the fold hinge is synformal or antiformal,
which could be included using vergence constraints.

In Fig. 5B1, structural vergence is known in five locations
within the model area, shown by the arrows indicating the sign
of the fold rotation angle. The inversion in Fig. 5B2 only uses
structural vergence and fold symmetry knowledge. The resulting
fold shapes have a similar wavelength to the reference model with
some variability in the hinge locations particularly away from the
data locations (e.g. z > 200). There is a wide range in fold tight-
ness with folds ranging from close to isoclinal. When additional
knowledge is used to constrain the fold tightness, the variability
in the hinge locations is reduced (Fig. 5B3). The inversion re-
sults show a wavelength that is underestimated in comparison to
the reference model, however the inversion results are consistent
with the geological knowledge. Additional knowledge constrain-
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represents additional geological knowledge.

ing the wavelength of the folds or the location of fold hinges
could be included to reduce this variability.

In Fig. 5C1, two vergence observations are near the data points
and an axial trace observation near the fold hinge where z > 250m.
There are three interpolated fold hinges that are not captured by
the geological knowledge or observations. Fig. 5C2 shows the
resulting inversion where no knowledge about fold tightness is
included. The inversion results show that the fold geometry is
not well constrained using only this geological knowledge. The
fold tightness contributes significantly to the variability with fold
geometries ranging from open to close. In Fig. 5C3, the addi-
tional knowledge of the fold tightness significantly reduces the
variability in the fold geometries. The fold tightness constraint
not only reduces the range in the interpolated fold tightness but
also makes the resulting fold wavelength more consistent to the
reference model. This outcome indicates that knowledge related
to the fold tightness is very important in constraining the resulting
geometries.

In all previous examples, the polarity of the orientation data has
been consistent, whereas in Fig. 6 the polarity of 35% of the data
has been reversed. This difference is indicated by the direction

of the arrows in Fig. 6A. The observations with reversed polar-
ity do not fall on the reference curve for the fold rotation angle
(Fig. 6B). The wavelength of the fold is usually estimated by find-
ing the local maximum of the S-Variogram [Grose et al., 2017,
2018]. In this example, the S-Variogram has a large nugget effect
(y intercept of semi-variogram), which suggests weak correlation
between close data points Fig. 6C). This behaviour is because the
sign of the calculated fold rotation angle changes with the polarity
meaning that the correlation exists between two data points with
inconsistent polarity would be small. In this case, the wavelength
was able to be estimated to be ~ 160m. In some cases, for exam-
ple, where too many data points have inconsistent polarity, it may
not be possible to use the S-Variogram to estimate the wavelength.
In these cases, the wavelength could either be defined using geo-
logical knowledge using an informative prior, or the S-Variogram
could be calculated using the absolute value of the fold rotation
angle. When the absolute value of the fold rotation angle is used,
the local maximum would correlate with the quarter wavelength
of the fold. Fig. 6D and E show the interpolated fold shape and
fold rotation angles where the polarity is assumed to be correct.
The posterior distribution for the wavelength is consistent with
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Figure 5 Synthetic examples demonstrating different geological knowledge likelihood functions. Al: Reference S-Plot showing axial trace
locations (red dots) and two surface orientation constraints (black dots). A2: Simulated fold rotation angles using data, axial trace and asymmetry
likelihoods. A3: Using the same constraints as (A2) and interlimb angle likelihood. B1: Reference S-Plot showing vergence observation location
(black arrows) and two surface orientation constraints (black dots). B2: Simulated fold rotation angles using data, axial trace and asymmetry
likelihoods. B3: Using the same constraints as (A2) and interlimb angle likelihood. C1: Reference S-Plot showing axial trace location (red dots),
vergence constraints black arrows and two surface orientation constraints (black dots). C2: Simulated fold rotation angles using data, axial trace,
vergence and asymmetry likelihoods. A3: Using the same constraints as (C2) and interlimb angle likelihood.

the reference geometry (150m) Fig. 6F. However, there is sig-
nificant variability associated with the fold geometry. When the
polarity is incorporated into the inversion using Eq. (3), all of the
observations with incorrect polarity are identified and the interpo-
lated fold shape and fold profile (Fig. 6G,H) match the reference
model. The addition of Eq. (3) results in the posterior distribution
of the wavelength (Fig. 6]) having a reduced standard deviation,
meaning that accounting for the incorrect polarity improves the
fit of the models to the data.

5.2 Case study: Davenport Province

In the final example, we demonstrate an inversion of geological
observations and knowledge using a case study from the Daven-
port Province, a poly-deformed fold belt in the Northern Territory,
Australia. It is a well exposed Proterozoic terrane where mainly
sedimentary packages have been folded to form a Type 1 inter-
ference pattern during the Paleoproterozoic Barramundi Orogeny
[Blake and Page, 1988]. Fig. 7A shows the location of the Daven-
port Province, in Northern Australia and a simplified geological
map shows the main fold axial traces and stratigraphic units.

The model area (Fig. 7B) contains three major northwest-
southeast trending, doubly plunging folds: the Devils Marbles an-
ticline (north), Curtis syncline and the Ridgewall anticline (south).
The structural observations have been digitized from the publicly
available Bonney Well map sheet. The folds have a half wave-
length of approximately 7km and can be clearly seen in aerial
imagery (Fig. 7B). Only the orientation of bedding has been
recorded and no direct observations were made of the fold axis
or axial foliations. The associated cross section [Stewart et al.,
1986] suggests that the folding is upright, and we use this inter-
pretation to constrain the geometry of the axial foliation with the
interpreted axial trace locations.

The orientation of the axial foliation has not been recorded,
meaning that an appropriate assumption is used to describe the
observed fold geometry as a Type 1 interference pattern as sug-
gested by Blake and Page [1988]. Type 1 fold interference pat-
terns can be represented with a single fold frame where the z
coordinate is aligned at best with the axial traces of the northwest-
southeast folds and the y coordinate is interpolated to align with
the axial trace of the northeast-southwest folds. If two fold frames
were to be used, the z and y coordinates for the two folding events
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would be close to parallel. This approach does make the assump-
tion that the axial surface of the older fold is not folded by the
younger folding event. The interpolated scalar fields for the fold
frame y and z coordinates are shown in Fig. 8. We use the assump-
tion that the folding is similar meaning that the x coordinate does
not need to be interpolated. To constrain the orientation of the
fold axis, Grose et al. [2017] use the intersection of the z coordi-
nate isosurfaces and orientation of the folded foliation. However,
because the fold frame has not been constrained with field obser-
vations, this technique results in very inconsistent calculated fold
rotation angles (Fig. 9A). For example, the calculated fold axis
rotation angle for y = —30, 000 is between —40° and 10°.

Using the aerial imagery and the interpolated fold frame it is
possible to infer the fold hinge line vergence and use this to con-
strain the fold axis rotation angle. The orientation of bedding
in the fold hinge can be used to determine the geometry of the
fold axis. For example, the Devils Marbles antiform plunges
shallowly east and e, is oriented to the east suggesting the fold
axis rotation angle should be negative in this area. Most bed-
ding observations in the fold hinge suggest a shallowly plunging
fold where the dip of bedding is about 30°. The dip seems to

be consistent on each fold hinge, which suggests that the fold
axis is symmetrically folded and would have an equivalent fold
axis rotation angle range to a gentle fold shape (Table 1). These
observations can be included in the fold geometry inversion us-
ing fold symmetry and fold hinge angle likelihood function. The
fold limb rotation angle is well constrained by the observations
of bedding. This is incorporated into the inversion using the geo-
logical knowledge likelihood functions to constrain the fold axis
geometry to be symmetrical with a range in the fold axis rotation
angle of 60° and three hinge-line vergence constraints inferred
from the analysis of the aerial photography and structural obser-
vations. The half wavelength of the fold axis is constrained by
measuring the average distance between plunging fold hinges,
of approximately 50km. The joint posterior distribution for the
fold axis rotation angle and fold limb rotation angle is shown in
Fig. 9E and F. The variability between the profiles increases away
from the data for the fold limb rotation angle, suggesting high
uncertainty, where the z coordinate is greater than 5, 000m.

Fig. 10A shows the geometrical variability in the inversion
results with the highest variability being associated with the
northwest- southeast folding. There is also variability associated
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with the interpolated fold axis that can be seen by the change
in angle variability along the interpolated fold hinge locations
(Fig. 10A). The interpolated surfaces all capture the main ge-
ometries of the observed map pattern. The location of largest
variability is associated with the fold north of the Devils Marble
anticline. The interpolated surfaces are all very steeply dipping
approaching vertical. This is in agreement with the recorded
orientation of bedding which is consistently dipping 80°. The ge-
ological interpretation in the cross section suggests a more open
fold geometry with less steeply dipping limbs.

In Fig. 11B the frequency of form lines corresponding to a
single isosurface for all 200 inversion realisations are shown by a
scaled colour map. The areas with higher frequency correspond
to the locations where the geometry is more consistent between
inversion realisations. The axial traces of the major folds high-
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lights that the main structural features observed in the aerial pho-
tography are captured by the geological inversion (Fig. 11A). For
example, the basin associated with the Curtis syncline is high-
lighted by the absence of any form lines. Areas of large variabil-
ity between the interpolated form lines, such as the location of
the syncline to the north of the Devils Marble anticline, present
targets for additional data collection.

6 DiscussioN

3D geological models are constructed using available geolog-
ical observations that directly constrain the surfaces being mod-
eled. Geological knowledge has usually been incorporated into
the modeling process by the geologist first interpreting the re-
sulting geometry and adding in interpretive constraints [Jessell
et al., 2010a, 2014; Maxelon et al., 2009]. In this contribution,
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Figure 11 Resulting geological uncertainty of a single form surface intersecting topography for all inversion results overlain on aerial imagery.

we have used the flexibility of Bayesian inference to combine  points for the fold limb rotation angle. It is possible that the best
both geological data and knowledge into a geological inversion fitting model for both observations and knowledge would not be
scheme [Grose et al., 2018]. The addition of these constraints  produced without directly using geological knowledge within the
can significantly reduce the range of possible fold geometries  inversion scheme. This issue becomes even more important if
specifically where geological data is sparse or ambiguous (e.g.  form lines are used to calculate the fold limb rotation angle be-
Fig. 5). In all examples, the fold tightness constraint significantly ~ cause there is no 3D information in the form line, the best solution
reduces the variability between the inversion realisations. This  for the fold axis minimises the range in fold limb rotation angle.
outcome is an expected result as the majority of the observed A number of studies have inverstigated uncertainties in geolog-
variability between fold geometries was in the inferred tightness. ;.4 interpretations [e.g. Bond et al., 2007a, 2011; Torvela and
This constraint could be applied by upscaling tightness observed Bond, 2011; Bond et al., 2015]. These studies have primarily fo-
at an outcrop scale to the geometry of the folds being modeled.  ¢;ed on the interpretation of seismic datasets and have provided

The fold axis geometry is an important part of the fold mod- interesting insight into the role of experience and expertise in ge-
eling workflow and often only limited observations are recorded  ological interpretation. In their study, Bond et al. [2007a] used
on geological maps. It is important that the fold axis is consis- a cohort of geologists with skill levels ranging from experienced
tent with the structural observations and the geologists knowl-  geologists to students. All of the cohort were shown to exhibit
edge because the fold limb rotation angle is calculated in the  availability bias where they were more likely to interpret the tec-
plane normal to the fold axis [Grose et al., 2017, 2018]. Where  tonic setting they had the most experience with. This observation
the geometry becomes more complicated and more uncertainty  is consistent with Frodeman [1995]’s interpretation of geology as
exists in structural observations, calculating the intersection be-  a historical science, where analogies are an important part of ge-
tween the interpolated z coordinate and folded foliation does not  ological reasoning. For seismic interpretation, the geologist may
provide a good constraint for the geometry of the fold axis (e.g.  use the structural style they are familiar with as an analogy for
Fig. 9A). This failure will result in fold geometries that are much  the interpretation area. Anchoring bias also affected the interpre-
more extreme than the observed folding. In Fig. OF and F, the  tations across the cohort where the interpreters expected to see a
joint posterior distribution was sampled using only the geologi-  particular structure for a given setting. Similarly, the interpreters
cal knowledge likelihood functions for the fold axis and the data ~ were seeking confirmation for their interpretations by asking the
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geographical location, to infer the broad tectonic setting of the
study area. These observations by Bond et al. [2007a] suggest
that the interpretive aspect of geology plays a significant role
throughout the interpretation of geological datasets. In a struc-
tural mapping context, these results suggest that while mapping,
the geologists current interpretation plays a significant role for
guiding both outcrop interpretation and often in identifying the
next location to map. In a study following the path taken by un-
dergraduates during field mapping, Riggs et al. [2009] find that
more advanced students systematically test multiple interpreta-
tions resulting in better geological maps.

Jones et al. [2004] argue that advances in digital field mapping
could allow for the separation of interpretation from raw field
data. They propose interpretation tools that could use geologi-
cal uncertainties associated with individual data and/or interpreta-
tions as the input to produce an overall estimate of the uncertainty
associated with a given model. This approach would allow for
alternative interpretations to be modeled simultaneously, during
mapping and ultimately would guide the geologist in data collec-
tion. Fig. 11B shows how the inversion framework presented in
this paper could be used for real time geological mapping. This
type of output could be incorporated as a dynamic layer in a
digital mapping program allowing the geologist to interact with
multiple possible interpretations. In Fig. 11B, a single contact
has been interpolated and the outcrop pattern used as a proxy
for model variability. Areas of high variability are associated
with the fold geometries and can be used to help target additional
data for reducing the geological variability. Additionally, produc-
ing a 3D realisation of geological structures during field mapping
would allow for more targeted data collection in areas with higher
variability or structures conflicting with the geologists hypothesis.
For example, in the Davenport Province model, more uncertainty
is associated with the fold hinges in the north-western area of the
model. This result suggested that more data could be collected
to either better constrain the orientation of the folded surface or
to better constrain the orientation of the axial foliation. Build-
ing 3D models while collecting data would be advantageous be-
cause the geologists knowledge would be used to falsify possible
models, effectively as an additional likelihood function for the
model. This approach means that the geologists expertise can be
applied to assessing how well the interpretation fits the observa-
tions rather than producing a single best-fit model [Wijns et al.,
2003; Jessell et al., 2010a]. While it will never be possible to com-
pletely remove the subjectivity from geological studies, moving
towards a quantitative interpretation approach should reduce the
impact of bias on geological reasoning as multiple possible inter-
pretations are presented to the geologist rather than the geologist
generally trying to falsify a single interpretation. The application
to the Davenport Province has demonstrated that the method can
be successfully applied to a poly-deformed structure. In this case
study, there was insufficient data constraining the geometry of the
axial foliation. Additional observations would allow for multiple
fold events to be inverted and would result in a much better rep-
resentation of the geological structures. Applying our inversion
framework during geological mapping would allow geologists to
test how different interpretations fit the observations rather than
trying to identify the best interpretation.

A common approach for trying to reduce geological ambigu-
ity/uncertainty is the use of geophysical inversions to help under-
stand the geometry and distribution of subsurface geology [e.g.
Fullagar et al., 2004; Guillen et al., 2008; Blaikie et al., 2014;
Armit et al., 2014; McLean et al., 2008]. Prior geological knowl-
edge (e.g. an existing 3D model) can be used to perform a con-
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strained inversion. The geometry, density and/or magnetic suscep-
tibility of the rock units are then stochastically varied to reduce
the misfit between the inversion and observed geophysics. How-
ever, these inversion approaches typically do not maintain any
geological meaning when producing the inversion [Jessell et al.,
2010a]. When performing a geometrical inversion, the model
geometries are perturbed by locally varying the stratigraphic unit
without consideration for the type of geological structure or the
topological relationship between geological units. This simplica-
tion can result in model geometries that fit the geophysics but are
geological implausible. One approach [Lindsay et al., 2013a,b] to
maintaining the geological meaning in the models is to use the re-
sults from geological uncertainty simulations as prior geological
models for the inversion. This approach considers the geolog-
ically possible models prior to using the geophysical observa-
tions. However, this technique does not allow for the geophysical
inversion to inform the geological model. A true joint geolog-
ical and geophysical inversion would combine the sampling of
the posterior distribution to sample using both geological like-
lihood functions and geophysical likelihood functions [Jessell
et al., 2010a]. It would be expected that the posterior distribu-
tion of possible models considering geophysical and geological
observations will be different to the posterior distribution of ei-
ther property independently. In much the same way as adding in
additional knowledge reduces the variability in the interpolated
fold shapes, adding geophysical data provides a means of falsi-
fying models that cannot fit the geophysical observations. This
approach has not been previously feasible because 3D modeling
schemes have been unable to predict the full range of geolog-
ical observations. However, using the recent developments in
fold modeling [Laurent et al., 2016; Grose et al., 2017, 2018]
and this paper, as well as methods for simulating fault networks
[Cherpeau et al., 2012; Cherpeau and Caumon, 2015] and incor-
porate knowledge related to fault geometries [de la Varga and
Wellmann, 2016; Laurent et al., 2013], a joint geological and
geophysical inversion becomes more feasible.

7 CoNCLUSION

New geological likelihood functions are proposed for integrat-
ing additional geological data and knowledge into an inversion
scheme for fold geometries. Geological knowledge is incorpo-
rated directly into the interpolation scheme using Bayesian in-
ference. This allows for poorly constrained features such as the
fold axes to be modeled with minimal hard data and still produce
results consistent with the geological interpretation. The incor-
poration of geological knowledge directly into the interpolation
scheme could form the basis of a real-time geological inversion
that could be used to help to address the ambiguity in geologi-
cal interpretations. This approach would allow for information
about geological uncertainties to propagate while mapping and
allow for different structural interpretations to be rapidly tested
for targeted data collection.

Our geological inversion scheme is unique because it uses the
geological observations to falsify possible structural models built
from a parameterised description of the fold geometry using prior
geological knowledge, instead of using observations to infer a sin-
gle best model or a suite of models based on observation uncer-
tainties. We believe that this approach is not only a more rigorous
way of sampling the geologically possible models but also will
allow for a true joint geological and geophysical inversion.
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