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X-ray constrained Spin-Coupled wavefunction: a new tool to
extract chemical information from X-ray diffraction data

Abstract: The X-ray constrained wavefunction (XCW) approach is a
reliable and widely used method of Quantum Crystallography that
allows the determination of wavefunctions compatible with X-ray
diffraction data. So far, all the existing XCW techniques have been
developed in the framework of the Molecular Orbital theory and,
consequently, provide only pictures of the “experimental” electronic
structures that are far from the traditional chemical perception. Here
we propose a new strategy that, by combining the XCW philosophy
with the Spin-Coupled method of the Valence Bond theory, enables
to directly extract traditional chemical information (e.g., weights of
resonance structures) from X-ray diffraction measurements.
Preliminary results have shown that the new technique is really able
to efficiently capture the effects of the crystal environment on the
electronic structure and can be considered as a new useful tool to
perform chemically sound analyses of the X-ray diffraction data.

Besides the well-known multipolar model,!” one of the new pillar-
methods of the emerging field of Quantum Crystallography® is
Jayatilaka’s X-ray constrained wavefunction (XCW) approach,®
which is the most widely used strategy among the techniques
that aim at extracting wavefunctions or density matrices from
experimental X-ray diffraction or scattering data.” It consists in
determining wavefunctions that not only minimize the energ
the investigated systems, but that also maximize the agree
between calculated and experimental structure factors
amplitudes. So far, the approach has been mainly
within the Molecular Orbital theory, especially in the
of the Hartree-Fock formalism, but also includin
corrections.®™ Therefore, in its original form, t
strategy provides completely delocalized pictur:
structures that can be rationalized in ter
chemical concepts (e.g., local bonds,
structures, resonance structures, etc.) by only apply
posteriori Quantum Chemical Topology methods®®” or othe
bonding-analysis techniques, such as the Natural Bond Orhjtals
strategy and the Natural Resonance Thgory.”! The only atte
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from X-ray diffraction
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Here we present a novel XCW method that allows the extraction
usual che | information from X-ray diffraction data without
orming posteriori analyses or introducing a priori
mation. To accomplish this task we have coupled the XCW
ophy to the Spin-Coupled (SC) approach,”'" a Valence
I technique that provides a fully correlated description of
ic structure, but still interpretable in terms of one-
s and close to the traditional chemical perception.
In fact, fro e shapes of the SC orbitals it is generally possible
to draw conclusions on the spatial arrangements of the
electronic clouds and the hybridization of atoms. Furthermore,
frorg, the weights associated with the different spin-coupling
, one can get insights into the relative importance of the
ance structures for the system under exam.

the new X-ray constrained Spin-Coupled (XCSC) technique,
e wavefunction ansatz assumes the analytical form of a
traditional SC wavefunction for a system of N electrons in the
spin-state (S, M):

Ny Ny
fs fs
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where S and M are the quantum numbers associated with the
spin operators $2 and S, , respectively, A is the usual
antisymmetrizer, fs”" is the number of linearly independent spin-
eigenfunctions (and, equivalently, of the linearly independent
Spin-Coupled structures) for the system under exam given by
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Y. is the k-th Spin-Coupled structure, 0, is the k-th spin-
eigenfunction and [Cs,k} are the spin-coupling coefficients that
provide the weights of the Spin-Coupled structures {t¥..} in
wavefunction ¥,. As in any SC calculation," in order to reduce
the large computational cost, the N electrons of the investigated
system are subdivided into two groups: a subset of 2N; core (or
inactive) electrons and a subset of N, valence (or active)
electrons. The former are described by frozen doubly occupied
Molecular Orbitals previously obtained through a Hartree-Fock
computation, while the latter are those really treated at Spin-
Coupled level. For this reason, in equation (1), ¢f is a frozen
“core spin-orbital” with spatial part ¢f and spin part a, ¢f is a



frozen “core spin-orbital” with spatial part ¢; and spin part g8,
and @, is the product of the N, “active Spin-Coupled orbitals”,
namely:

@, (T1:7'2: ---TN,,) = ¢1(ry) P2(r2) ... ‘PN,,(TN,,) 3)

Due to the non-orthogonality of the Spin-Coupled structures in
equations (1), the real weights of structures {y¥,,..} are not
given by the spin coupling coefficients [Cs,k}, but by the
corresponding  Chirgwin-Coulson coefficients,!'® which are
defined like this:

2
Wsi = |Cs,k| +ch,k CsjSkj  (4)
j#k
where S,; is the overlap integral between Spin-Coupled
structures 1y, and gy, ;.

Using equation (1) as ansatz, the goal of the new XCW
technique is to find the active Spin-Coupled orbitals {¢;} and the
spin-coupling coefficients [Cs,k} that minimize the functional:

Jl{o3, {Cs,k}] =Ww[{¢3}, {Cs,k}] + 2 (x?[{e:}, {Cs,k}] -4A) (%),
The first term W is the energy part of the functional, namely

(Wo|Ho |Wo)

Wl{gd {csi}] = (Wl Wy)

(6),
with H, as the non-relativistic Hamiltonian operator for the
reference crystal-unit (see Supporting Information for more
details), while the second term takes into account the constraint
of the experimental data. In particular, 1 is an external multiplier
that is manually adjusted during the calculations and that gives
the strength of the experimental constraints, A is the desirgd
agreement between theoretical and observed values (usually,
equal to 1) and y? represents a measure of the statj
agreement between the calculated and the theoretical structure
factors amplitudes:

PR B ol 1 i e il
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with N, as the number of reflections used as c
the number of adjustable parameters, h as t
indexes labeling the reflection, o, as the e
uncertainty associated with the generic experimental st
factor amplitude |F;*?| and n as an overall scale-factor, which
determined by minimizing the y? value and which multiglies
each computed structure factor amplituge |F£®<|.

Coupled calculations with the
the orbitals. For both type of
7 electrons of the aromptic ri
electrons and have

with frozen doubly occupied
from Restricted Hartree-Fock

been spin-coupled in 5
5 possible resonance
in Figure 1. The first two
Kekulé resonance structures
he other three are those of Dewar
for the XCSC calculations, we
have exploited the uni , the Anisotropic Displacement
Parameters (ADPs) and all the structure factors amplitudes
associated with the crystallographic structure of benzene
(particularly, 2412 structure factor amplitudes used as
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constraints). The X-ray constrained calculations have been
carried out by progressively varying the external multiplier A from
0 (unconstrained SC calculation) with steps of 0.05. As
termination criteria for the XCSC calculations we have adopted

those already proposed in the fggmework of the XC-ELMO
method® %Y (see Supporting Infor&
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ance structures). The adopted
re also shown in structure A.

the unconstrained and
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labels for the carbon at

After performing
considered the tre
(see Figure
computation,

ns, we have initially
the external multiplier 1

are the ones characterized by
in the y? value. Exploiting the adopted
CSC calculations have been halted at 1
vertical red dotted line depicted in
Figure 2.
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re 2. Variation of the y? statistical agreement in function of the external
tiplier A for the XCSC calculations.

Table 1. y? statistical agreement and electronic energy values for the
analyzed unconstrained and X-ray constrained Spin-Coupled wavefunctions.

Method x* Energy (Er)
Spin-Coupled 243 -230.808252
XCSC (1 = 0.20) 1.77 -230.778317
XCSC (1 = 0.40) 1.65 -230.752291

For the sake of completeness, the y? values resulting from the
unconstrained and X-ray constrained Spin-Coupled calculations
are reported in Table 1 together with the corresponding
electronic energies. As already observed for other XCW
strategies, the energy associated with the experimentally
constrained wavefunction is higher than the corresponding
unconstrained energy. This is due to the fact that, when we
determine an X-ray constrained Spin-Coupled wavefunction,
additional constraints are introduced without taking into account
new variational parameters. Therefore, the obtained Spin-
Coupled orbitals and spin-coupling coefficients correspond to a
minimum point on the hyper-surface of functional (5) and not to
a minimum point for the energy of the system.
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Figure 3. First row: three-dimensional plots of the symmetry unique unco
dimensional plots of the differences between the square moduli of the
dimensional plots of the differences between the square moduli of th

dimensional plot, the contours are drawn at +1 - 1073 e/bohr® and at +2,4,8-10" e/bohr® (with
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pled orbitals (0.06 e/bohr® isovalues are plotted). Second row: two-
.20) and unconstrained Spin-Coupled orbitals. Third row: two-
) and unconstrained Spin-Coupled orbitals. For each two-
n integer ranging from -3 to 0) in a plane parallel to and 0.5 A

above the one defined by the carbon atom on which the orbital is mainly localized and the other®wo carbon atoms bonded to it. Red and blue contours indicate

positive and negative values, respectively.

We have afterwards studied more in detail the
experimental constraints on the Spin-Coupled w,
comparing the results of the unconstrai

constrained Spin-Coupled calculations. In order to
how the effects of the X-ray diffraction data are prog
taken into account in the computations, we have considere
only the final XCSC wavefunction at A = 0.40, but also the
intermediate one obtained for 1 = 0.20. We initially focuse§ on
the Spin-Coupled orbitals and, in Figuge 3, other than depi
the unconstrained (symmetry unique)
their differences with those resultin
calculations. For all the orbitals, the

In other
localized on the carbon
ined ones. The effect

clouds from the bonding regio
words, the XCSC orbitals a

At a second stage we h
coefficients and, more

e spin-coupling
corresponding
directly measure the relative
ce structures (see Table 2).
constrained Spin-Coupled
that have a
ones, each of them
%, which is fully consistent with the
performed on benzene molecular
hase."'"> "Y' Nevertheless, as we
onstraints in the computations,
structures A and B sti the most significant, but they
gradually lose their importance in favour of Dewar resonance
structure E, whose weight passes from about 6% in gas phase

importance of
In gas phase
wavefunctions)

in the intermediate XCSC wavefunction (1 = 0.20) and to
11% in the final XCSC wavefunction (1 = 0.40).

le 2. Chirgwin-Coulson weights (in %) of the benzene Spin-Coupled
'sonance structures, as obtained from unconstrained (1 = 0.0) and X-ray
onstrained Spin-Coupled calculations.

Chirgwin-Coulson weights
Resonance Structure

2=0.0 A=0.20 A =040
A 40.45 39.13 38.22
B 40.45 39.17 38.26
C 6.34 5.90 5.63
D 6.23 6.79 6.76
E 6.53 9.01 11.12

To further study the effects of the wavefunction fitting, we have
also compared the unconstrained Spin-Coupled electron
densities with the XCSC ones obtained for 1 = 0.20 and 1 =
0.40. In Figure 4, we have plotted the differences between the
X-ray constrained electron distributions and the reference
unconstrained Spin-Coupled electron distributions both on a
plane above the aromatic ring (first row in Figure 4) and on a
plane below the aromatic ring (second row in Figure 4). The
reason why we plotted the differences both above and below the
benzene aromatic ring is to show that the difference-maps fully
respect the symmetry of the inversion center of the molecule. In
fact, the benzene crystallographic geometry used for our
calculations is not exactly planar and the plots only on one side
of the ring result in non-centrosymmetric pictures. However, the
differences shown in Figure 4 indicate that the introduction of the



constraint of the X-ray diffraction data entails a redistribution of
the molecular electron density, mainly from the C-C bonds to the
carbon atoms, thus confirming what we have already observed
by analyzing the differences between the unconstrained and X-
ray constrained SC orbitals. Also in this case, the entity of the
charge redistribution increases as the experimental constraints
become more and more important in the functional to minimize.

A B

Figure 4. Two-dimensional plots of the differences between X-ray constrained
and unconstrained Spin-Coupled electron densities. Plots above the aromatic
ring (in a plane parallel to and 0.5 A above the one defined by atoms C1,
and C6): (A) pxcsc/a=0.20 = Psc/a=0.00s (B) Pxcscsa=0.40 — Psc/a=o0.00- Plots b
the aromatic ring (in a plane parallel to and 0.5 A below the one defi
atoms C1, C2 and C6): (C) pxcsca=o.20 — Pscja=0.00s (B) (D) pxcsc/f=0.40 —
Psc/a=o0.00- FOr each plot, the contours are drawn at +1 - 1073 e/bohr® and at
+2,4,8-10" e/bohr® (with n as an integer ranging from -3 to 0). Re;
contours indicate positive and negative values, respectively.

To summarize, here we have proposed the first ful
ray constrained wavefunction method. The new te
the extraction of chemical information (e.g.,
resonance structures, spatial extensions of the

Coupled orbitals, by the variation
weights and by the global chang

perform
Neutron
ies already devised
dels of charge

techniques™" to obtain ex
also worth noting that, if wi
ELMO-VB strategy, the new m
the first multi i X-
method. For thi
exploited in the
matrices from scatte

clude the very preliminary XC-
d can be really considered as
constrained wavefunction
approach could be also
ct two-electron density
experiments, but also to investigate
approach is able to capture electron
tion data, a still open problem that,
in an effective way by mainly
efunction fitting on the electron

analyzing the efie
density.["®
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