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Abstract

The paper investigates the peel test of an elastic-plastic film on an

elastic substrate. The case of a film material presenting a saturation of

the yield stress is considered. Based on earlier approaches of the lit-

erature, see for instance Kim and Aravas (1988) (Kim, K.S., Aravas, N.,

1988, International Journal of Solids and Structures, 24, 417-435), a semi-

analytical expression for the work done by bending plasticity is proposed.

The validity of the present expression is established based on finite ele-

ment calculations. It is shown that for the interpretation of the results

of peel test at 90 degrees when the peel force and the curvature are mea-

sured, the present approach can provide a precise value of the interface

fracture energy.
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1 Introduction

The peel test is an affordable test conducted to determine the strength of the

interface between two materials or between two layers. Depending on the me-

chanical behavior of the materials which form the interface, the prediction of

the interface fracture energy from the force measurement is not always straight-

forward. A large effort has been provided in the literature to analyze in detail

such experiments. For inextensible tape on a rigid substrate, Rivlin (1944) ob-

served that the peel force during steady state provides a direct measure of the

interface fracture energy. From an energy balance, Kendall (1973) and Kendall

(1975) extended the Rivlin’s approach to take into account the elastic contribu-

tion of the peel arm. Still in that configuration, the sole knowledge of the peel

force provides an estimate of the interface fracture energy. The possibility of

obtaining this interface property when complex material behaviors are present

needs the evaluation of the work expenditure during peeling. An important

contribution proposed by Kim and Aravas (1988) is the following. From the

moment curvature relationship for the peel arm (assuming pure bending under

plane strain), the work expenditure (or work done by bending plasticity) was

obtained. They investigated the case of materials presenting hardening (power-

law expression for the yield stress). Based on their work, the knowledge of the
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peel force and the slope of the film at the tip of the process zone is needed to

predict the interface fracture energy. Kim et al. (1989) and Aravas et al. (1989)

considered an elastic-perfectly plastic material. With this specific behavior, an

explicit moment curvature relation during the bending and the reverse bending

was obtained. In addition, a closed form expression for the work expenditure

was proposed. As a consequence, from the energy balance of the peel test, the

interface fracture energy was derived from the knowledge of two experimental

observations: force and angle at the tip. This model has been adopted and

discussed widely in the literature. Kinloch et al. (1994) analyzed the case where

the film may also develop plasticity during the test. Instead of considering a

power-law relation for the hardening behavior as in Kim and Aravas (1988), they

considered that for a certain class of materials, the non-linear response of the

material can be modeled by a bilinear relationship. Therefore, an explicit ex-

pression of the work done by bending plasticity was also found. The model was

shown to be salient for a polyethylene film. Moidu et al. (1998) revisited this

approach by still considering a film material having a bilinear elastic-plastic

behavior. One may also cite Williams and Kauzlarich (2005) for considering

pre-strain and also non-linear response. More recently, a large strain formalism

has been proposed by Molinari and Ravichandran (2008) since during the de-

cohesion process, the thin film may experience intense bending/reverse bending

generating large strain.

Close to the crack tip, the assumption of pure bending response may be

questionable. Therefore, Wei and Hutchinson (1998) adopted finite element

calculations to analyze in detail the mechanical response of the system in the

vicinity of the process zone. The detached arm was still modeled with the

bending approach. The interface response was modeled by introducing cohesive

elements. They also proposed a parametric analysis of the peel test based on
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non-dimensional parameters, see also Kim and Kim (1988). They showed that

the interface fracture energy depends upon the material parameters (elastic and

plastic responses) and also properties of the cohesive element. Thouless and

Yang (2008) conducted also finite element simulations of the peel test, consid-

ering an elastic-plastic film. They evaluated precisely the relative importance

of mode I and II components of the energy release rate in the cohesive zone.

Wei (2004) compared the bending model of Kim and Aravas (1988) and Ar-

avas et al. (1989) with the combined model of Wei and Hutchinson (1998). He

extended the previous approach by taking into account the elastic compress-

ibility. By still adopting a power-law relationship for the hardening response of

the film, a semi-analytical expression was found for the link between moment

and curvature during bending, but it was not possible to provide a simple ex-

pression for the reverse bending phase. So clearly, as the material description

becomes more complex, the possibility to derive analytical or semi-analytical

expression for the work done by bending plasticity is reduced. Wei and Zhao

(2008) proposed a critical assessment of the different methods (bending versus

combined bending + FE approaches). They illustrated their findings on specific

configurations for metallic films made of aluminium or copper on a ceramic.

Peel tests were conducted at various angles (135o and 180o) in addition to 90

degrees. The thickness of the Al film was varying from 20 to 200 microns. They

also considered ultra-thin film of copper deposited on a ceramic (from 1 to 15

microns). Based on previous works (Wei and Hutchinson (1998), Wei (2004)),

they concluded that the combined model (cohesive element and bending of the

free arm) is valid for a weak interface strength. For a strong interface case, a

full finite element model is preferable. Zhao and Wei (2007) confirmed that a

two-parameter model is needed to obtain the interface fracture energy from a

peel test. Instead of measuring the base angle at the crack tip, they measured
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the curvature of the film during the bending/reverse bending process. With

this information (force + curvature), the strength of the interface can be de-

termined precisely. They were also able to propose values for the cohesive law

parameters (interface fracture energy and separation strength). Experimental

evidence based on copper thin films was discussed. To analyze T-peel test on

Cu/Cr/ polyimide system, Song and Yu (2002) determined the mechanical re-

sponse in tension of both Cu/Cr and polyimide. The plastic response of Cu

appeared to saturate at very small plastic strain so copper was modeled as an

elastic-perfectly plastic material. From the theoretical expression of the work

done by bending plasticity proposed by Kim and Aravas (1988), Aravas et al.

(1989) and Kinloch et al. (1994), the interface fracture energy was obtained.

For a similar configuration, one can also mention the work of Yang et al. (2000)

on the symmetrical 90o-peel test on Al bonded by a thin adhesive layer.

From Wei and Hutchinson (1998) and Zhao and Wei (2007), when the ma-

terial response is known, the most important parameters controlling the deco-

hesion are the interface fracture energy and the strength of the interface. When

the peel force and the curvature are measured in experiments, the interface

fracture energy can be theoretically found. The goal of the paper is to propose

a contribution to the precise definition of the work done by bending plastic-

ity for a particular class of material responses. Indeed, as shown in Song and

Yu (2002), the yield stress of copper saturates rapidly. As a consequence, in-

stead of adopting an elastic-perfectly plastic response as proposed in Song and

Yu (2002), we propose to adopt a Voce (1948) hardening law to mimic such

saturation behavior. The paper is organized as follows. First the geometrical

configuration and the material response are presented. In a second part, a semi-

analytical expression for the moment curvature during bending/reverse bending

of metallic material, described by a Voce law, is proposed. Therefore, the work
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done by bending plasticity can be derived. Closed form expression is provided

in some specific cases. Finally, the proposed expressions are compared to the

Aravas et al. (1989) approach and validated based on finite element simulations

of peel test.

2 Configuration

A two-layer woven composite/Cu sample is considered in this theoretical work.

This configuration is representative of the one often present in printed circuit

board. More generally, a system with a thick elastic substrate and a thin duc-

tile film can also be investigated through the proposed approach. As shown in

Fig. 1 a), the metallic film thickness t is usually small compared to the one of

the substrate (t between 17.5µm and 70µm). Song and Yu (2002) characterized

electroplated Cu layer under uniaxial tension. The measured uniaxial stress was

saturating at early stage of the deformation. Based on this observation, they

analyzed the T-peel test by adopting the elastic-perfectly plastic approach pro-

posed by Aravas et al. (1989) and Kinloch et al. (1994). Instead of considering

the material as an elastic-perfectly plastic one, we propose to model its plastic

response by adopting a Voce (1948) law. In that case, the mechanical response

is written as:

σ̄ = Eǭ for σ̄ ≤ σo (1)

σ̄ = σo +Q(1− exp(−γ(ǭ− ǫo))) for σ̄ > σo (2)

where E is the Young modulus, σ̄ the equivalent von Mises stress, ǭ the accu-

mulated strain and ǫo = σo

E
. The material is assumed incompressible. In the

following of the paper, when plastic yielding is triggered, the yield stress (2) will
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be written as:

σ̄ = α− β exp(−γǭ) (3)

with α = σo + Q and β = Q exp (γǫo). With the present modeling, the initial

yield stress is σo and the saturation value of the yield stress is α, see Section 3

and Fig. 2 for an illustration of the adopted response. The present work can be

viewed as an application of the bending approach proposed by Kim and Aravas

(1988) for a specific material response presenting a saturation of the yield stress.

The moment curvature relationship during peeling test is analyzed assuming

that 2D plane strain prevails, following the work of Kim and Aravas (1988),

Aravas et al. (1989), Kinloch et al. (1994) or more recently Wei (2004). The

main equations of the analysis are recalled below with emphasis of the novelty

in the moment curvature relationship induced by considering the Voce law for

plastic yielding. During the steady state phase of the test, any material point

will experience a bending/reverse bending path, see Fig. 1 b). So the stress and

strain tensors are (neglecting shear components):

σ =













σ11 0 0

0 σ11

2 0

0 0 0













ε =













ε11 0 0

0 0 0

0 0 −ε11













(4)

In the elastic domain, path (OA), from the Hooke’s law and owing to incom-

pressibility, one has σ11 = 4E
3 ǫ11 while during plastic loading, |σ11| = 2√

3
σ̄.

Pure bending is supposed to prevail. As in Kim and Aravas (1988), the ax-

ial strain is related to the position of the material within the cross-section by

ǫ11 = −Kz where K is the curvature of the central surface (coordinate z = 0)

and z is varying in the range [− t
2 ,

t
2 ]. In Section 3, it will be shown that for a

certain range of material parameters, even if the pure bending approach is not

fully justified, the work done by bending plasticity is still estimated accurately.
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This aspect was already mentioned by Kim and Kim (1988).

The bending moment per unit width of the film is classically given by:

M = −
∫ t

2

− t

2

σ11zdz = −2

∫ t

2

0

σ11zdz (5)

In the elastic phase of peeling (Path OA in Fig. 1 b), the moment curvature

relationship is:

M =
EKt3

9
0 ≤ K ≤ Ke (6)

with the elastic limit curvature Ke =
√
3σo

Et
.

For a ductile thin metallic film, the maximum curvature KB in point B of

Fig. 1 b) is larger than Ke so plasticity plays an important role and a precise

calculation of the work done by bending plasticity is needed to extract the true

(or objective as named in Kim and Kim (1988)) interface fracture energy Γ from

the measurement of the peel force. The moment curvature relationship during

the plastic loading (path AB) is:

M = −2

∫ h

0

σ11zdz − 2

∫ t

2

h

σ11zdz (7)

where h = σo

√
3

2EK corresponds to the position of the elastic-plastic transition

surface when the curvature K is between Ke and KB . Note that during the

plastic loading and due to 2D plane strain, the accumulated strain is ǭ = 2√
3
Kz.

Owing to the behavior (2) of the film, the expression (7) of the moment becomes:

M =
8EKh3

9
+

4√
3

∫ t

2

h

(

α− β exp(−2γKz√
3

)

)

zdz (8)

By integration by parts, the integral term on the right hand side of Eq. (8) is

evaluated since
∫ z2

z1

z exp(δz)dz = F (δ, z2)− F (δ, z1), (9)
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with the function F defined as F (δ, z) = exp(δz)( z
δ
− 1
δ2
). As a consequence, an

explicit expression for Eq. (8) is found:

M =
αt2

2
√

3
+

σ2

o

E2K2
(
σo
√

3
−

√

3α

2
)−

4β
√

3

[

F (−
2γK
√

3
,
t

2
)− F (−

2γK
√

3
, h)

]

(10)

During the unloading phase, corresponding to path (BC) on Fig. 1 b) (KB −

K∗
B ≤ K ≤ KB), the moment M is linked to the curvature K as in Kim and

Kim (1988) by:

M =MB +
E

9
(K −KB)t

3 (11)

where MB =M(K = KB) given in Eq. (10). In the following, we denote hB =

σo

√
3

2EKB

the position of the elastic-plastic transition surface when the curvature

is maximum and equal to KB . The unloading phase ends in C when reverse

plasticity develops at the outer surface of the film z = t
2 . Let us denote KC =

KB − K∗
B ≤ KB the curvature leading to this condition. Following Kim and

Aravas (1988) or Kinloch et al. (1994), the curvature KC is defined as follows:

2σ̄√
3
= − 2σ̄√

3
+

4E

3
(KB −KC)

t

2
(12)

where σ̄ stands for the yield stress prevailing at z = t
2 at the end of plastic

bending phase (i.e. for K = KB) : σ̄ = α − β exp(−γKBt√
3

). As a consequence,

one obtains: Kc = KB −K∗
B with K∗

B = 2
√
3

Et
(α− β exp(−γKBt√

3
))

For the peel test, the reverse plastic loading, path (CD) on Fig. 1 b), exists

since the free arm is pulled into straight plane with a final curvature of KD = 0.

Let us denote h
′

(K) the position of the elastic-plastic transition surface during

the reverse plastic loading. By construction, h
′

is larger than hB , meaning that

a material point with z > h
′

has already faced plasticity during the bending

phase up to the curvature KB . Similarly to Eq. (12), an implicit relationship



10

a)

σ

Substrate

Film

P
φ

t
element

σ

δ

Γ

cohesive

traction separation law

R

z

x

Φ

b)

 0

N
o

rm
a
li
z
e
d

 M
o

m
e
n

t 
p

e
r 

u
n

it
 w

id
th

 M
/M

o

Normalized curvature K/Ke

A

B

C

D

E

Figure 1: a) Peel test configuration. The film thickness is t. The peel angle
is Φ and the force per unit width is P . The traction separation law is also
presented where σ̂ represents the peak stress and Γ the interface fracture energy.
A local coordinate system is adopted so that the position z = 0 corresponds to
the middle plane of the film. During peeling, the film is facing bending. Let
us denote R the radius of curvature of the top surface z = t

2 . b) Schematic
normalized moment versus normalized curvature under plane strain. Letters
correspond to specific loading phases during the peel test.

for h
′

is found:

α− β exp(−2γKBh
′

√
3

) =
E√
3
(KB −K)h

′

(13)
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In the theory as discussed by Aravas et al. (1989), the reverse plastic loading

can continue for negative curvature. During peel test, according to Fig. 1 b),

such a possibility is not considered. For a given curvature KB −K∗
B ≥ K ≥ 0,

the mechanical state of a material point in the film varies depending on its

position. For 0 ≤ z ≤ hB , the material is elastic. For hB ≤ z ≤ h
′

, the material

is also in the elastic regime but has faced some plasticity during the bending

stage (AB). Finally, in the third part h
′ ≤ z ≤ t

2 the material point develops

reverse plasticity. For the latter part of the film, the accumulated strain is as

given in Kim and Aravas (1988) and Kinloch et al. (1994):

ǭ =
2√
3

[

(2KB −K)z −
√
3

E

(

α− β exp(−2γKBz√
3

)

)

]

(14)

By considering the three above strain histories, the momentM can be evaluated

in a semi-analytical manner:

M =
8EKBh

3

B

9
−

8E

9
(KB −K)(h

′

)3 +
2α
√

3
(2(h

′

)2 − h2

B −
t2

4
)

−
4β
√

3

[

F (−
2γKB
√

3
, h

′

)− F (−
2γKB
√

3
, hB)

]

+
4β
√

3

∫ t

2

h
′

z exp(−γǭ)dz (15)

with h
′

defined in Eq. (13) and ǭ in Eq. (14). Note that when the curvature

KB and the parameter γ are large and the ratio σo+Q
E

is small (situation which

is observed for peel test of copper film on an elastic substrate), the accumulated

strain can be approximated by:

ǭ =
2√
3
(2KB −K)z (16)

In that case, a closed form expression for M defined in Eq. (15) is available.

Indeed the integral term of the right hand side of Eq. (15) becomes:

∫ t

2

h
′

z exp(−γǭ)dz = F (−
2γ(2KB −K)

√

3
,
t

2
)− F (−

2γ(2KB −K)
√

3
, h

′

) (17)
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The domain of validity of this approximate solution will be discussed in Section

3.

Eqs (6), (10), (11) and (15) provide the moment curvature expressions for

a Voce hardening law. Two limiting cases have been explored in the literature

because of the possibility to derive analytical expressions for the moment cur-

vature relation and therefore for the work done by plastic bending. First, when

the material is elastic-perfectly plastic with Q = 0 in Eq. (2) (i.e. α = σo and

β = 0), the corresponding relationships provided by Aravas et al. (1989) and

Kim and Kim (1988) are recovered. Second, when the parameter γ is small, the

Voce hardening law can be replaced by its first order Taylor expansion:

σ̄ = σo +Qγ(ǭ− ǭo) (18)

After some calculations, it can be shown that the moment curvature expressions

derived by Kinloch et al. (1994) for bilinear material are also obtained.

As proposed by Kendall (1973), Aravas et al. (1989) or Wei and Hutchinson

(1998) among others of the literature, the energy balance provides a link between

the peel force per unit width P (see Fig. 1 a), the interface fracture energy Γ

and the work done by bending plasticity Ψ:

P (1− cosΦ) = Γ + Ψ ⇒ Γ = P (1− cosΦ)−Ψ (19)

Eq. (19) is obtained assuming that the change of elastic strain energy due to the

extension of the film under the peel force P is negligible. The term Ψ contains

the plastic dissipation and the residual strain energy contribution during plastic

bending, see Kim and Aravas (1988), Kim et al. (1989) or Martiny et al. (2008).

As mentioned by Kim and Aravas (1988), the work done by bending plasticity

(or the work expenditure) per unit crack advance is Ψ =
∫

L
MdK where L is



13

the loading path (OABCD) in the moment curvature of Fig. 1 b):

Ψ =

∫ Ke

o

MdK +

∫ KB

Ke

MdK +

∫ KB−K∗

B

KB

MdK +

∫

0

KB−K∗

B

MdK (20)

Interestingly, the moment curvature relationship is known for the whole path

(OABCD). Owing to the explicit expression on the path (OABC), the first three

terms on the right hand side of Eq. (20) can be evaluated analytically. More

details can be found in Appendix A. Finally, we obtained:

Ψ =
σ2

ot

6E
+

αt2

2
√

3
(KB −Ke) + (

σo
√

3
−

√

3α

2
)
σ2

o

E2
(
1

Ke

−
1

KB

)

−

√

3β

γ2

[

G

(

−
γt
√

3
,KB

)

−G

(

−
γt
√

3
,Ke

)]

+

√

3β

γ
exp(−

γσo

E
)

(
σo

E
+

1

γ
)(

1

KB

−
1

Ke

)−MBK
∗

B +
Et3

18
(K∗

B)
2 +

[

8EKBh
3

B

9

−
2α
√

3
(h2

B +
t2

4
) +

4β
√

3
F (−

2γKB
√

3
, hB)

]

(K∗

B −KB) + I (21)

where the function G(x, y) is defined as G(x, y) = exp(xy)
y

and I given by:

I =

∫

0

KB−K∗

B

[

8E

9
(K −KB)(h

′

)3 +
4α
√

3
(h

′

)2

−
4β
√

3
F (−

2γKB
√

3
, h

′

) +
4β
√

3

∫ t

2

h
′

z exp(−γǭ)dz

]

dK

(22)

The expression (21) is semi-analytical. Based on the present derivation, the work

done by bending plasticity Ψ has almost a closed form expression except for the

last term. Indeed, h
′

defined by the implicit relationship (13) is a function of

the current curvature K. Nevertheless, when the radius of curvature is small

(KB large) and the parameter γ has an important value, the expression for the

accumulated strain (14) is given by Eq. (16). In addition we propose to define

h
′

of Eq. (13) by h
′

=
√
3α

E(KB−K) . Based on these two assumptions, the last
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integral term I can be evaluated in closed form:

Iapprox =
4α3

√

3E2
(

1

KB

−
1

K∗

B

)−

√

3β

γ2

(

G(−
γt
√

3
, 2KB)

−G(−
γt
√

3
,KB +K∗

B)

)

+

√

3β

KBγ2

(

G(−2
γα

E
,
KB

K∗

B

)

−G(−2
γα

E
, 1) +G(−2

γα

E
,
KB +K∗

B

K∗

B

)−G(−2
γα

E
, 2)

)

(23)

The present approach also contains, by construction, the elastic-perfectly plastic

case. Indeed, when the parameter Q of Eq. (2) is set to zero, the material is

obviously elastic-perfectly plastic. In that case, since α = σo, one obtains

K∗
B = 2Ke, hB = σo

√
3

2EKB

. It is easily shown that the expression of Ψ is identical

to the expression provided by Aravas et al. (1989) or Kim and Kim (1988) for

an elastic-perfectly plastic material:

ΨPP =MoKe(2
KB

Ke

− 5 +
10

3

Ke

KB

) when KB ≥ 2Ke (24)

where Mo = 1
2
√
3
σot

2 is the fully plastic moment. As discussed previously, the

present approach also contains the bilinear response for an elastic-plastic mate-

rial proposed by Kinloch et al. (1994) or Moidu et al. (1998) when the parameter

γ is small.

When γ is large, the saturation of the yield stress occurs at small strain.

Therefore, it can be argued that the material is almost elastic-perfectly plastic

with a yield stress being equal to the saturation stress Q+σo. This assumption

was adopted by Song and Yu (2002). This case will be discussed in Section 3.

One can also mention that the extension of the present approach to a constitu-

tive behavior containing a finite number of Voce law:

σ̄ = σo +

N
∑

i=1

Qi (1− exp(−γi(ǭ− ǫo))) (25)
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is straightforward. This can be done by imposing α = σo +
∑N
i=1Qi, and

by replacing β by βi = Qi exp(γiǫo) and γ by γi. For the sake of brevity,

corresponding expressions with the summation are not reproduced here.

3 Results

The first part of this section is devoted to the evaluation of the moment cur-

vature response of a thin film under bending/reverse bending. The difference

between the present development based on a Voce yield stress with the one of

Kim and Kim (1988) for elastic-perfectly plastic response is illustrated. In a

second part, the interface fracture energy estimated based on the work done by

bending plasticity is compared to the one imposed in finite element simulations

of the peel test at angle Φ = 90o. Finally, the effect of the parameters of cohe-

sive law on the peel force and curvature is investigated for peel tests at various

angles Φ in the range [45o; 135o].

3.1 Predictions of the model

The effect of the parameter γ of Eq. (2) on the elastic-plastic response of

the metallic film is first investigated in Fig. 2. The reference parameters for

the elastic-plastic behavior of the film are listed in Table 1. The parameter γ

influences the deformation level for which the yield stress approaches the plateau

σo + Q. Indeed for a small value of γ (here γ = 5), a large strain is needed to

reach the saturation regime (around ǭ = 1), while for a large value of γ (here

γ = 160), a small strain is sufficient for the yield stress to reach the plateau

(around ǭ = 0.03). The initial plastic hardening modulus ∂σ̄
∂ǭ

(ǭ = ǫo) is highly

affected by the value of γ. For a metal, it must be lower than the Young’s

modulus, leading to the condition for γ : γ ≤ E
Q
. With the present material

parameters of Table 1, one obtains: γlim = 361.
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Table 1: Reference parameters for the elastic-plastic behavior of the metallic
film and for the cohesive law

t E ν σo Q γ Γ σ̂
µm GPa MPa MPa N/m MPa

35 65 0.26 100 180 5-160 1055 10
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Figure 2: Elastic-plastic behavior of the metallic film. A Voce hardening law
Eq. (2) is considered. Depending on the value of γ, the saturation state is
reached for different accumulated strains.

It is also interesting to observe the difference between the moment curvature

evolution predicted by adopting a Voce hardening law and by assuming that

the material is elastic-perfectly plastic. For illustration, in Fig. 3, the curvature

of the metallic film is KB = 4000m−1, leading to a radius of 0.25mm. The

film thickness is t = 35µm. Two elastic-perfectly plastic cases are considered.

The first one assumes that the yield stress of the material is σ̄ = σo while

in the second case it becomes σ̄ = σo + Q. As expected, the response based

on the Voce law is located between the two curves corresponding to elastic-

perfectly plastic materials. Since the work done by bending plasticity Ψ is the

area formed by the curve along the path (OABCD), it is clear that assuming
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an elastic-perfectly plastic behavior for the material is only salient for very

large values of γ. It is interesting to notice that due to strain hardening, the

moment of curvature response during the reverse bending (path CD of Fig. 1

b) for γ = 160 corresponds closely to the response of an elastic-perfectly plastic

material with σ̄ = σo + Q. Nevertheless, during bending (path AB of Fig. 1

b), some differences exist which affect the work Ψ. On the contrary, for γ = 40,

the work done by bending plasticity Ψ is strongly overestimated by assuming

an elastic-perfectly plastic response with σ̄ = σo + Q. Fig. 3 b) displays the

evolution of Ψ as γ is enlarged, keeping KB = 4000m−1. It is observed that

Ψ is increasing rapidly for small values of γ. Indeed, as γ becomes larger, the

response of the material becomes closer to an elastic-perfectly plastic response,

see Fig. 2. As a consequence, the value of Ψ saturates, reaching ΨPP predicted

by the elastic-perfectly plastic approach of Aravas et al. (1989) and Kim and

Kim (1988). These trends are confirmed for two values of Q : Q = 90 or

180MPa.

For material parameters of Table 1 and two values of γ : 40 and 160,

the work done by bending plasticity evaluated based on Eqs. (21) and (22) is

presented in Fig. 4 a) for a curvature K in the range 1000m−1 to 10000m−1

leading to a radius of the film varying from 100µm to 1mm. As expected, Ψ

is larger when the normalized curvature is increased. For large value of the

normalized curvature, the response is seen to be almost linear for both values of

γ. This could have been anticipated. Indeed, Fig. 3 a) has shown that for large

γ, the moment versus curvature response is quite similar to the one estimated

based on an elastic-perfectly plastic approach. Therefore, in that case, the work

Ψ for a Voce law or for an elastic-perfectly plastic material (with σ̄ = σo +Q)

must be quite similar. From Eq. (24), the increment of work ∆Ψ produced by

an increment of the normalized curvature ∆K
Ke

is expressed as follows, when K
Ke
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Figure 3: a) Estimated moment curvature relationship for an elastic-perfectly
plastic material and a material with a Voce yield stress. Effect of the parameter
γ controlling the deformation for which the yield stress saturates, see Eq. (2).
b) Work done by bending plasticity as a function of the parameter γ for two
values of Q = 90MPa and Q = 180MPa. Mo is the fully plastic moment. Ke

is the elastic limit curvature.

is large:

∆Ψ = 2Mo∆K (26)

With the parameters of Table 1, we observe that ∆Ψ ≈ 15∆K
Ke

. This is consistent

with the observation of Fig. 4 a). In addition, for the two values γ = 40 and

γ = 160, we have found that the approximate relationship for Ψ based on Eq.
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(23) almost coincides with the one obtained with Eq. (21) (results not presented

here).

Next, a more precise comparison between the predicted work done by bend-

ing plasticity Ψ evaluated using the Voce law or an elastic-perfectly plastic

response (ψPP with σ̄ = σo + Q) is presented in Fig. 4 b). For the value

γ = 40, the normalized ratio ψ
ψPP is below 0.9 when the normalized curvature

K
Ke

is equal to 88 (K = 6676m−1 or a radius of 149µm). Adopting an elastic-

perfectly plastic aproximation for this material when analyzing results of the

peel test will lead to a 10% difference for the interface fracture energy Γ, see the

energy balance equation (19) for a test at Φ = 90o. When γ = 160, we clearly

observe that for K
Ke

= 88, less than 3% difference remains. Note that Fig. 3 is

built with a value of the curvature of KB = 4000m−1 (KB

Ke

= 52). In that case,

a 15% difference exists between Ψ based on expression (21) and ΨPP for γ = 40

while for γ = 160, a 4% difference remains.

3.2 Finite element validation based on peel test

In this section, we analyze the peel test for a two-layer sample made of woven

composite and copper. The plastic behavior of copper is described by Eq. (2).

The substrate, representative of a woven composite used in the printed circuit

board industry, remains elastic. Its elastic behavior has been identified based

on the strategy proposed by Girard et al. (2018). The in-plane Young’s mod-

ulus is around 20.6 GPa, while the out-of-plane one is 16.4 GPa. The in-plane

Poisson’s ratio is 0.17.

A Finite Element (FE) model of the peel test under plane strain conditions

has been considered on ABAQUS Software for various angles Φ, see Fig. 1 a).

The interface is modeled with cohesive elements: a bilinear traction-separation
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Figure 4: a) Work done by bending plasticity Ψ versus normalized curvature
K/Ke for two values of γ : γ = 40 and γ = 160. b) Ratio between the work
done by bending plasticity evaluated based on a Voce law and an elastic-perfectly
plastic response. Material parameters for the Voce law are given in Table 1.

law in mixed mode is considered. Before failure initiation, the traction separa-

tion law adopted here is such that σn = Knnδn and σt = Kttδt. In the present

work, we adopt Ktt = Knn = 106N/mm3. σn, σt are respectively the nor-

mal and tangential components of the traction force. δn and δt are the normal

and sliding displacements at the level of the cohesive element. The following
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quadratic failure initiation and linear failure criteria are adopted :

(

σn
σ̂n,c

)2

+

(

σt
σ̂t,c

)2

= 1
Gn
ΓI

+
Gt
ΓII

= 1 (27)

with Gn =
∫

σndδn and Gt =
∫

σtdδt. ΓI (resp. ΓII) is the mode I tough-

ness (resp. mode II toughness). The adopted cohesive law is implemented in

ABAQUS (2013) software. More information can be found elsewhere. Note that

other choices for the cohesive law could have been adopted, see Ortiz and Pan-

dolfi (1999) or Thouless and Yang (2008). Discussion about mixed mode ratio

can also be found in Tvergaard and Hutchinson (1993), Kinloch et al. (1994),

Yang and Thouless (2001), Wei (2004) and Martiny et al. (2008). In our FE

simulations, as in most of the literature on the subject, only two parameters

are kept for the definition of the cohesive law by imposing: σ̂n,c = σ̂t,c = σ̂ and

ΓI = ΓII = Γ. σ̂ represents the peak stress and Γ the interface fracture energy,

see Fig. 1 a).

The goal of the finite element simulations is to provide values of the peel

force and the curvature for a given cohesive law and a given material behavior

for the thin film. Knowing the curvature, the work done by bending plasticity

Ψ can be evaluated by Eq. (21). Subsequently, the interface fracture energy Γ is

derived from the energy balance (19). The predicted value for Γ is compared to

the one adopted in FE simulations. The reference parameters for the cohesive

law and for the elastic-plastic behavior of the film are listed in Table 1.

Four-node plane strain elements (CPE4R) are adopted with 9 elements in

the film thickness for Φ < 90o. For Φ ≥ 90o, 18 elements in the film thickness

are considered since the curvature is smaller (sometimes around 100µm for Φ =

135o). A mesh sensitivity study has been carried out by considering larger mesh

density. By increasing the number of elements, and therefore by reducing the
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element size, the predictions in terms of peel force and curvature are preserved.

The cohesive element size in the 1 direction is five times lower than the element

size in the film. The height of the cohesive elements is vanishingly small. In

all calculations, the velocity for the peel arm is V = 0.5mm/s. To ensure that

the peel angle Φ remains constant during the FE simulation, the substrate is

moving in the horizontal direction with the same velocity V = 0.5mm/s. Note

that the length of the substrate is 50 mm long. It has been checked that a

stationary process prevails after quite a short period of time.

First, we present a comparison of the model capability based on a peel test

with Φ = 90o. This working condition is most often used in the literature and

for practical applications. For instance, a peel test at Φ = 90o is recommended

by the Institute for Interconnecting and Packaging Electronic Circuits via the

IPC-TM-650 2.4.8 standard on measuring the peel strength of metallic clad

laminates, IPC (1994). The force versus time is presented in Fig. 5 for three

values of γ: 5, 40 and 160 and for two values of Q : 90 and 180 MPa. A

stationary process for the peel force is established after 3s. We clearly observe

that for the same interface fracture energy Γ = 1055N/m(orJ/m2), the force

is larger when γ and/or Q increase. Indeed, for Q = 180MPa, the level of the

force evolves from 1531N/m with γ = 5 to 1707N/m for γ = 160. From the

energy balance (19), and since Γ is fixed, this enhancement of the force means

that the work done by bending plasticity Ψ is larger.

A key factor controlling Ψ is the maximum curvature KB , existing at the

end of the loading path (AB). During the stationary process in FE simulations,

the radius of curvature R of the top surface z = t
2 can be measured. The area

where the thin film is detached from the substrate is presented in Fig. 5 b). It is

observed in this figure, that in the case of a peel test with an angle of Φ = 90o,

the film is curved with a radius R, which is assumed to be representative of
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Figure 5: a) Force per unit width versus time. Different values of material
parameters Q and γ are tested. b) View of the film curvature during the bend-
ing/reverse bending process. The cohesive elements are removed for presenta-
tion purposes. The axial strain ǫ11 is displayed. A local orientation is adopted
so that the direction 1 is always parallel to the central surface, as presented in
Fig. 1.

the curvature at point B of Fig. 1 b). To be consistent with the bending

model where the curvature is measured from the central surface of the film,

the curvature KB is linked to R by KB = (R + t
2 )

−1. Fig. 6 presents the

corresponding evolution of the curvature versus γ for the two different values
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of Q. The evolution of the curvature versus γ is not monotonic. For moderate

values of γ, KB is first decreasing. As γ becomes larger, KB reaches a minimum

and subsequently increases slightly. Note also that depending on the respective

value of Q which is scaling the saturation of the flow stress, the minimum of the

curve is reached for larger value of γ as Q increases. The non-monotonic trend

can be understood as follows. On the one hand, from Fig. 5, it is seen that when

γ is increased from 5 to 40, the level of the force is slightly increased. From

the balance of energy, a larger force level is linked to an increase in work done

by bending plasticity Ψ. Nevertheless, in Fig. 3 b), it has been shown that,

when γ is increased from 5 to 40, Ψ is strongly enhanced for a fixed curvature.

As a consequence, to preserve the balance of energy and the slight increase of

the force, the curvature is reduced in order to propose a moderate increase in

Ψ. On the other hand, when γ is large, the value of Ψ saturates, assuming

that the curvature remains fixed, see Fig. 3 b). Therefore, the larger peel force

observed for γ=160 when compared to γ = 40 originates from the increase of

the curvature, which induces larger work done by bending plasticity.

The prediction of the work done by bending plasticity can be obtained via

Eq. (21) based on the curvature KB captured by the finite element calculation

(Fig. 6). In addition, from the numerical measurement of the peel force (Fig.

5), and from Eq. (19), the interface fracture energy Γ is estimated. The result

of the dialog between the present model and the finite element calculation is

illustrated in Table 2. We collect in this table three predictions for Γ based, first

on the estimate of Ψ provided by the current approach Eq. (21), second, on Eq.

(23) and a third one, based on the elastic-perfectly plastic assumption for the

film behavior, Eq. (24). The obtained values are compared to Γ = 1055N/m,

which is the prescribed value in the finite element simulations. All the results
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Figure 6: Effect of the γ parameter of Eq. (2) on the curvature KB of the film
during a peel test at Φ = 90o. The ductile film behavior is elastic-plastic with
a yield stress described by a Voce law (2). Material parameters are listed in
Table 1.

are provided based on a 90o peel test. Our present approach is able to predict

the Γ value with less than 1.5% in the whole range of γ for the two considered

cases Q = 90MPa and Q = 180MPa, see Table 2. As expected, adopting the

formula (24) proposed by Aravas et al. (1989) is only valid when γ is larger

than 40. In that case, the stress-strain response in tension is quite similar to

the one expected when the material has an elastic-perfectly plastic behavior,

see Fig. 2. Note also that the estimate of the interface fracture energy based

on the approximate solution Eq. (23) is also accurate for the values of the γ

parameter considered in the present paper. This observation confirms a previous

finding where a limited difference has been observed between predictions of the

interface fracture energy based on Eqs (21) and (23), see results of Fig. 4.

Fig. 7 a) presents the time evolution of the axial strain component ǫ11 for

material points located on the upper part (z = 16.6, 14.6 and 12.6µm) and on

the lower part (z = −16.6, −14.6 and −12.6µm) of the film cross-section. As

expected, material points located at the lower (resp. upper) part of the film
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Table 2: Predicted interface fracture energy. From the force and curvature
measured owing to finite element simulations (here Γ = 1055N/m, Φ = 90o),
the work Ψ is evaluated based on the present approach (21), on the approximate
solution (23) and on the elastic-perfectly plastic approach of Aravas et al. (1989),
see Eq. (24). From the energy conservation (19), the interface fracture energy
is estimated.

Estimated Γ (N/m) for Q = 90MPa
γ 5 10 20 40 80 160

Γ from Eq.
(21)

1056 1053 1050 1054 1046 1044

Γ from Eq.
(23)

1051 1050 1048 1053 1045 1043

ΓPP (24) 831 891 946 995 1014 1028

Estimated Γ (N/m) for Q = 180MPa
γ 5 10 20 40 80 160

Γ from Eq.
(21)

1052 1047 1050 1058 1069 1066

Γ from Eq.
(23)

1031 1035 1044 1055 1060 1066

ΓPP (24) 662 769 873 956 1007 1041

z < 0 (resp. z > 0) experience positive (resp. negative) axial strain ǫ11. The

maximum strain is reached when the curvature is maximum, i.e. for loading

condition B of Fig. 1 b). During the unloading stage (BC), the strain is slightly

decreasing while the strain magnitude is strongly reduced in the reverse bending

phase (CD). Nevertheless, due to plasticity development and the presence of

the peel force, a residual strain remains in the peel arm. This residual strain is

homogeneous in the thickness, meaning that the curvature is close to KD = 0

(straight arm at the end). It is also interesting to mention that for the condition

presented here (Φ = 90o), the strain profile in the thickness is almost skew-

symmetric. This is in close agreement with the bending theory of the beam

which is based on the assumption that any material point entering into the

process zone will experience pure bending/reverse bending with the axial strain

of the form ǫ11 = −Kz. Fig. 7 b) presents the strain development inside the

film thickness at the exact end of the bending process, condition B. Since KB
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can be evaluated from finite element simulations, the theoretical predictions of

the axial strain given by ǫ11 = −KBz in the cross-section is also added to the

figure. We observe that for a peel angle of Φ = 90o where KB = 3759m−1

(i.e. R = 248µm), a very good agreement exists between the theory and the

FE results. A similar comparison is made for two other angles : Φ = 60o and

Φ = 135o. For Φ = 135o, it is seen that the strain distribution is slightly non-

linear, with a larger absolute value of the axial strain at the bottom surface

(z < 0) when compared to the top surface (z > 0). In that configuration the

curvature is KB = 6468m−1 corresponding to a radius of R = 137µm. It will be

shown next that the limited correlation of the present theory in reproducing the

expected value of the interface fracture energy for a large Φ angle is partially

due to the small radius observed. This conclusion was already drawn in Aravas

et al. (1989). Indeed, the plane strain bending approach (with ǫ11 = −Kz) is

considered by Hill (1950) as a good approximation assuming that the minimum

radius is larger than four to five times the film thickness. With t = 35µm

and Φ = 135o, R is smaller than 4t. For Φ = 60o, the measured value of the

curvature obtained by FE simulations is KB = 2434m−1 (R = 393µm). It is

observed in Fig. 7 b), that the axial strain ǫ11 vanishes for z = 5µm in the

FE calculation while in the theory of pure bending, the condition is fulfilled

for the central surface (z = 0). This FE result (ǫ11 = 0 for z 6= 0) observed

mostly for Φ < 90o is due to the fact that instead of pure bending, a more

complex loading path prevails with bending and extension. For Φ < 90o, the

peel force is significantly larger than for Φ > 90o, see Rivlin (1944) or Williams

and Kauzlarich (2005).

Fig. 8 presents the stress-strain loading path faced by the six material

points defined in Fig. 7 a) during the peeling process for two angles : Φ =

90o and Φ = 135o. The loading stages (OABCD) are also added in Fig. 8
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Figure 7: a) Time evolution of the axial strain component ǫ11 within the film
thickness for the peel angle Φ = 90o. Predictions are obtained by finite element
calculations. b) Maximum axial strain ǫ11 within the film cross-section captured
by the finite element calculations. A comparison is made between FE results
and the bending approach for three peel angles : 60o, 90o and 135o. Material
parameters are those of Table 1 with γ = 40.

a). Material parameters listed in Table 1 with γ = 40 are adopted in the

calculations. Fig. 8 a) shows that for an angle Φ = 90o, the assumption of pure

bending/reverse bending is mostly satisfied. During the loading path (OAB),

the trajectory of all points in the stress-strain plane is identical up to a maximum

axial strain ǫmax11 = −KBz. For material points located close to the external
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surface of the film, the accumulated strain ǭ up to point B is large enough so

that the yield stress is close to its saturation value σo + Q. Therefore, during

the reverse bending process (CD), the stress level remains almost constant. In

that stage, the material behavior can be approximated by an elastic-perfectly

plastic response. For Φ = 135o (see Fig. 8 b), the same conclusions hold except

for the maximum strain. Indeed, we observe that the maximum axial strain at

the top surface is 20% larger in absolute value than the strain experienced at

the bottom surface. From the knowledge of the curvature KB , the theoretical

prediction of the stress σ11 versus strain ǫ11 response is also added to Figs 8

a) and b) for two material points located at z = ±16.6µm (see dotted lines

with squares or circles). It is clearly observed that some discrepancies exist

between the theory and the finite element response. Of course, in the theory,

the distribution of axial strain is assumed skew-symmetric, which is not clearly

the case in finite element simulations. The pure bending assumption is better

fulfilled for Φ = 90o than for Φ = 135o.

At least for the parameters adopted (as indicated in Table 1), the proposed

expression Eq. (21) for the work done by bending plasticity enables the recovery

precisely of the interface fracture energy adopted in the numerical calculations

when the peel angle is Φ = 90o, as presented in Table 2. Peel tests with an angle

Φ in the range [+45o,+135o] are also simulated. The reference parameters of

Table 1 are still adopted with γ = 40. Fig. 9 displays the estimated value of the

interface fracture energy Γ assuming that the force per unit width P and the

maximum curvature KB are known quantities (obtained from FE simulations).

As already mentioned, the pure bending theory predicts a consistent interface

fracture energy using Eqs (19) and (21) when Φ = 90o. It is observed that for

Φ = 120o, 135o, the proposed model based on the expression of Ψ leads to an
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Figure 8: Loading path faced by material points located in the film cross-section
during the peeling process. a) Peel angle of 90o, b) peel angle of 135o. A
local orientation is adopted in the finite element simulations. The reference
parameters are those of Table 1 with γ = 40.

estimate for Γ of 1160N/m, instead of 1055N/m. Clearly, the film radius is

too small when compared to the film thickness for the bending theory to be

accurate, see Hill (1950). For Φ = 45o, 60o, the strain map in the film thickness

is not fully consistent with a pure bending approach, see Fig. 7 b). Indeed, for

Φ < 90o, the stretching of the film is more intense, and the tensile contribution

is noticeable. It is observed that for Φ = 60o, the estimate of Γ is still accurate
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(around 5% difference, Γ(60) = 990N/m). The situation is different for Φ = 45o

with more than 10% difference (Γ(45) = 909N/m). The prediction of Γ based on

the approximate relation (23) is not presented since it coincides almost with the

one given by Eq. (21). The prediction of Γ based on the elastic-perfectly plastic

approach Eq. (24) is also superimposed to Fig. 9. The elastic-perfectly plastic

approach is underestimating Γ for the considered material parameters, except

for the large angle condition (Φ = 135o or Φ = 120o). So from Fig. 9, it can

be mentioned that the value of the interface fracture energy can be reasonably

captured by the present work, from the knowledge of the experimental force

and curvature for tests with peel angle around Φ = 90o. Interestingly, it is seen

that the closed form expression derived from Eq. (23) also provides consistent

estimate and can be used instead of Eq. (21), at least for the material parameters

considered here.
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Figure 9: Effect of the peel angle Φ on the estimated interface fracture energy
Γ. The predictions based on the present work Eq. (21) and on Eq. (24) derived
for an elastic-perfectly plastic material are compared. The reference parameters
are listed in Table 1 with γ = 40.

From previous works of the literature (Wei and Hutchinson (1998), Kim and
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Kim (1988), Wei (2004), Martiny et al. (2008) or Thouless and Yang (2008)),

it is known that the results of finite element simulations of peel tests for an

elastic-plastic film are highly influenced by the properties of the interface, i. e.

the parameters of the cohesive law (here the interface fracture energy Γ and the

peak stress σ̂). Next, we propose to investigate their relative influence on the

force and curvature during a peel test. The material behavior is still described

by a Voce law with parameters listed in Table 1 and γ = 40. We assume that for

a given peel angle Φ = 90o, the peel force P is known. For different values of Γ,

the peak stress σ̂ is adjusted so that the peel force P at Φ = 90o is unchanged,

see Martiny et al. (2008). Fig. 10 displays the evolution of the peel force P

and the curvature KB for 6 sets of parameters (Γ, σ̂) defined in Table 3. As

Γ is reduced, the peak stress σ̂ takes larger value leading to a larger curvature

(smaller radius R). Therefore the work done by bending plasticity is enlarged.

For Γ = 1055N/m and σ̂ = 10MPa, the finite element simulation of the peel

test at Φ = 90o has provided a curvature of KB = 3759m−1 (R = 248µm)

while for Γ = 527.5N/m and σ̂ = 72MPa, the curvature is KB = 6042m−1

corresponding to a radius of R = 148µm. After this calibration, the peel force

P is evaluated for four additional angles Φ = 45o, 60o, 120o and 135o. Fig. 10

shows that the peel force is quite insensitive to the 6 sets (Γ, σ̂) for Φ > 90o while

it varies significantly when Φ < 90o. This effect is larger for Φ = 45o than for

Φ = 60o. For instance, with Φ = 45o, one has P = 3777N/m for Γ = 1055N/m

and P = 3300N/m when the interface fracture energy is reduced by a factor of

two: Γ = 527.5N/m. Remember that σ̂ is adjusted in order to preserve the peel

force level at Φ = 90o. Fig. 10 indicates also that the curvature is the most

sensitive feature to any variation of (Γ, σ̂), see also Thouless and Yang (2008)

for the role of the peak stress on the plasticity development at the onset of the

crack propagation. Therefore, to identify the interface fracture energy Γ, a peel
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test at Φ = 90o where the force and curvature are recorded, may be sufficient.

Nevertheless, it seems also important to validate this estimate by confirming the

prediction of the force by performing another test; a peel test at angle Φ = 45o

seems to be a good candidate. Indeed, the peel force P for small angle Φ is

quite sensitive to the value of the interface fracture energy. Of course, all the

present results are valid for the specific cohesive law Eq. (27) and for the given

material behavior.

Table 3: Set (Γ, σ̂) leading to the same peel force per unit width for the peel
angle Φ = 90o.

Γ [N/m] 1055 949.5 844 738.5 633 527.5
σ̂ [MPa] 10 15 21 31 46 72
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4 Conclusion

A semi-analytical expression for the work done by bending plasticity is de-

rived for a material presenting a Voce hardening law. The proposed expression
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contains two situations addressed in the literature where the film has an elastic-

perfectly plastic behavior, Kim and Kim (1988) or a bilinear response, Kinloch

et al. (1994). The work done by bending plasticity is highly sensitive to the film

curvature. As proposed previously in the literature for other material consti-

tutive laws, the knowledge of this work enables the extraction of the interface

fracture energy from the peel force measurement. By comparison with finite

element calculations performed for various angles in the range of [45o, 135o], it

is found that the present theory is accurate to analyze the peel test for Φ = 90o

and provides a satisfactory estimate of the interface fracture energy for other

peel angles. For Φ = 90o, at least for the material parameters adopted in the

present paper, the assumption of pure bending in the process zone is a satisfac-

tory hypothesis. It is also observed that depending on the material parameters,

the elastic-perfectly plastic approach proposed by Kim and Kim (1988), Ar-

avas et al. (1989) can also be justified even for a Voce type material when the

saturation of the yield stress is observed for limited strain.

The cohesive law parameters (interface fracture energy and peak stress) can

be estimated by an inverse method, assuming that the force and curvature have

been identified with recourse to finite element simulations and/or experiments.

The identification of the cohesive law parameters is usually done by considering

a 90o peel test but could benefit from a further validation based on peel tests

carried out for small peel angle Φ < 90o.
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A Derivation of the expression for the work done

by bending plasticity

The present appendix provides some details concerning the derivation of the

expression for the work done by bending plasticity Ψ along the loading path

(OABCD). From the elastic response of the film along path (OA), as depicted

in Fig. 1 b), one obtains based on Eq. (6):

∫ Ke

0

MdK =
σ2
ot

6E
(28)

Since for a thin copper film, the curvature KB is larger than Ke, one needs

to evaluate the contribution to Ψ along (AB). The relationship between the

moment M and the curvature K is given by Eq. (10). With the definition

F (− 2γK√
3
, t2 ) = − exp(−γKt√

3
)
(

t
√
3

4γK + 3
4γ2K2

)

, and with a change of variable u =

γKt√
3
, one easily gets:

∫ KB

Ke

F (−2γK√
3
,
t

2
)dK =

3

4γ2

[

G

(

− γt√
3
,KB

)

−G

(

− γt√
3
,Ke

)]

(29)

where G(x, y) = exp(xy)
y

. The contribution linked to the term F (− 2γK√
3
, h) with

h = σo

√
3

2EK is evaluated in a straightforward manner, so the work done by bending
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plasticity along the path (AB) is:

∫ KB

Ke

MdK =
αt2

2
√
3
(KB −Ke) + (

σo√
3
−

√
3α

2
)
σ2
o

E2
(
1

Ke

− 1

KB

)

−
√
3β

γ2

[

G

(

− γt√
3
,KB

)

−G

(

− γt√
3
,Ke

)]

+

√
3β

γ
exp(−γσo

E
)(
σo
E

+
1

γ
)(

1

KB

− 1

Ke

) (30)

For the unloading path (BC), the contribution to Ψ is readily obtained:

∫ KB−K∗

B

KB

MdK = −MBK
∗
B +

Et3

18
(K∗

B)
2 (31)

The last term corresponding to the reverse plastic loading phase (CD) is the

most complex contribution. Indeed, the expression of M is given by Eq. (15)

where an integral term is already present. In addition, it is related to the position

of the elastic-plastic transition surface h
′

defined by an implicit relation (13).

Therefore one can simply notice that:

∫ 0

KB−K∗

B

MdK =

[

8EKBh
3
B

9
− 2α√

3
(h2B +

t2

4
)

+
4β√
3
F (−2γKB√

3
, hB)

]

(K∗
B −KB) + I

(32)

where the term I is defined by Eq. (22). As mentioned in Section 2, for a metallic

film with large values of KB and γ, the accumulated strain Eq. (14) (resp. h
′

)

can be approximated as proposed in Eq. (16) (resp. by h
′

=
√
3α

E(KB−K) ). After

a standard mathematical development, the integral term I is evaluated and the

approximate closed form expression Eq. (23) is found.
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