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Packing of sedimenting equiaxed dendrites
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The packing of free-floating crystal grains during solidification has a strong impact on the phase-change process
as well as on the structure and the defects in the solidified material. The packing fraction is affected by the particular
dendritic morphology of the grains and by their low inertia resulting from the small density difference between solid
and liquid. Understanding the grain packing phenomenon during metal alloy solidification is not experimentally
possible since packing is coupled to many other phenomena. We therefore investigate the packing of equiaxed
dendrites on a model system, consisting of fixed-shape nonconvex model particles sedimenting in conditions
hydrodynamically similar to those encountered in solidifying metals. We perform numerical simulations by a
discrete-element model and experiments with transparent liquids in a sedimentation column. The combination of
experiments and simulations enables us to determine the packing fraction as a function of (i) the grain morphology,
expressed by a shape parameter, and (ii) the hydrodynamic conditions, expressed by the particle Stokes number.

DOI: 10.1103/PhysRevE.97.012910

I. INTRODUCTION

During solidification of metal alloys, a solid nucleates and
grows from liquid in the form of dendritic crystal grains that
freely float in the liquid melt. Because in alloys of technical
interest the solid phase has a higher density than the liquid,
the grains settle and eventually pack at the bottom of the
solidifying zone. This happens in a wide variety of industrial
solidification processes, for example, in large castings or in
welding. The way the grains pack has important consequences
on the microstructure of the solidified piece (grain size, shape,
crystallographic texture, and formation of secondary solid
phases) and on several types of defects (porosity and chemical
segregation) that can form during solidification.

Unfortunately, little is known about the packing of dendritic
crystal grains. Even the most elementary piece of information
on the packing, the packing fraction, is poorly characterized.
Because of the particular morphology of the dendrites (noncon-
vex) packing fractions of spheres or other particles of simple
convex shape cannot be used. Models of casting processes,
where the packing fraction is one of the key parameters, resort
to values in a very wide range, from 0.20 up to 0.637 [1–6]. The
choice is mostly justified indirectly, by a good fit of the model
prediction to experimental characterizations of the piece, for
example, in terms of chemical segregation [3]. The disparities
in packing fraction are speculated to be due to differences in
grain morphology and in hydrodynamic conditions during the
settling of the grains; however, clear understanding is lacking.

Particle packing has historically been an attractive problem
in physics, essential for the understanding of the properties
of granular media as well as of the atomic structure and state
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transitions in matter [7]. One of the main concerns has been the
determination of the minimum and the maximum packings.

For random arrangements of particles [8], an upper and
a lower limit of packing are commonly accepted, known as
random close packing (RCP) and random loose packing (RLP),
respectively. Extensive work has been done on assemblies of
spherical particles. In the case of monodisperse hard nonco-
hesive spheres, the random packing fraction has theoretically
been shown to be between 0.536 (RLP) and 0.634 (RCP) [9].
Much less knowledge exists on nonspherical particles and most
studies tackle only convex particles [10–12].

Dendritic crystal grains have a nonconvex shape and the
packing properties of such particles are strikingly different
from convex particles. The packing fraction depends strongly
on their topology and various shape parameters. Values as low
as ∼0.1 have been reported for dendritelike spiky equiaxed
particles [13]. Research on nonconvex particles is scarce and
is only emerging [14,15].

Experimentally, the transition between RLP and RCP de-
pends on the protocol used to generate the packing. Generally,
looser packings are generated with a lower ratio between parti-
cle inertia and dissipation [16]. Random loose packing is com-
monly generated by particle fluidization in a density-matched
fluid [17–21] and RCP by mechanical shaking [22,23].

Viscous dissipation is expected to play an important role
in packings resulting from settling of dendritic grains during
solidification. The inertia of the grains is low due to the small
solid-liquid density difference [e.g., (ρs − ρl)/ρs = 0.06 in an
Al-Zn alloy].

A determination of the packing fraction directly in a solid-
ifying system is extremely difficult because of the progressing
solidification of the interstitial liquid. We therefore perform
discrete-element method (DEM) numerical simulations and
experiments on a transparent model system. The setup in
both the experimental and the numerical model consists of
particles of fixed shapes similar to dendritic grains. The
model particles are packed by sedimentation under conditions
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hydrodynamically similar to those encountered in metal alloys.
With a combination of carefully designed experiments and
simulations we are able to determine packing fractions in
a range of hydrodynamic conditions and for a variety of
particle shapes, both representative of solidification systems.
We quantify the influence of the grain morphology, expressed
by a shape parameter, and of the hydrodynamic conditions,
expressed through the Stokes number, on the random packing
fraction.

II. PACKING OF EQUIAXED DENDRITIC GRAINS

A. Grain morphology and geometrical models

Metal alloys most often solidify in the form of dendritic
crystal grains. The morphology of equiaxed dendrites growing
freely in idealized conditions has been characterized in detail
[24,25]. In realistic process conditions the grain morphology
is affected by interactions (soft impingement) between the
growing grains and by convection. The resulting grain mor-
phologies are observed to range from clearly dendritic, with
two or three levels of fine ramifications, to coarse dendritic
(also called globular or cellular), with only coarse primary
branches [26,27]. The grain morphology depends on the
chemical composition of the alloy and on the solidification con-
ditions (cooling rate, population density of nucleated grains,
and convection). In certain casting processes, morphological
transitions [3] or mixed dendritic and globular structures [4,28]
can be observed within the same cast piece.

In models of solidification at the mushy-zone scale, den-
dritic grains are often described by a dendrite envelope [29–
31], which is a smooth surface connecting the tips of the
dendrite branches. The concept of the envelope is used to
describe the particular shape of the grain without having to
account for all the fine-scale features of the branched structure.
Envelopes are also used to define dendritic grains in the
numerical and experimental models presented in this paper.
To account for the wide variety of grain morphologies, two
simplified envelope models with variable shape parameters
are employed: a dendrite envelope and a globular envelope.
Both models are shown in Fig. 1. They both represent grains
with six primary branches growing in 〈100〉 directions of
a cubic structure. Three geometrical parameters are used to
describe each grain morphology. The sphericity � is the ratio
of the surface area of a sphere with the same volume as the
nonspherical particle (equivalent sphere) to the surface area
of the particle. The ratio of the equivalent diameter of the
envelope to the widest length of the envelope χ is defined by
the diameter of the equivalent sphere denv and the widest length
of the envelope lenv (the length of the line segment that joins the
tip of two branches and passes through the envelope center).
The third parameter η is the ratio of the equivalent diameter
of the principal cross section to the perimeter of the principal
cross section. The principal cross section is the section made by
the plane that contains the envelope center and four branch tips.
Note that both envelope models have octahedral symmetry.

(i) The dendrite envelope model [see Fig. 1(a)] is based on
six quadrilateral pyramids with an apex angle θ , attached to a

FIG. 1. (a) Model of the dendrite envelope, consisting of six
pyramids with an apex angle θ around a central cube. The surface
discretization used in the DEM numerical model is also shown.
It consists of 527 clumped spheres arranged on the surface of
the particle, internally tangential to the surface. The body and the
global coordinate systems are shown to visualize the orientation. (b)
Model of the globular envelope, where six clumped spheres form the
envelope. The same representation is used in the DEM model.

central cube. The sphericity as a function of θ is
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In the particular case of the dendrite envelope model, η depends
on the apex angle θ :
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Figure 2(a) shows the geometrical properties of the dendrite
envelope �, η, and χ as a function of the apex angle θ .
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(a)

(b)

FIG. 2. Geometrical properties �, η, and χ for (a) the dendrite
envelope, as a function of apex-angle θ , and (b) the globular envelope,
as a function of the eccentricity parameter 1 − ξ .

(ii) The globular envelope model is based on six partly
overlapping spheres of diameter dmrk [see Fig. 1(b)]. The center
of each sphere ri with respect to the grain center is given by

ri =
√

2

2
ξdmrkei, i = 1, . . . ,6, (5)

where ei are the unit vectors of the six branch directions and ξ

is a dimensionless parameter in the interval [0,1]. If ξ = 0 the
six spheres converge to a single sphere, whereas for ξ = 1 the
maximum eccentricity of the spheres is reached and the overlap
is reduced to point contacts. The geometrical parameters �(ξ )
and χ (ξ ) are computed numerically, whereas η(ξ ) is expressed
analytically:

η(ξ ) =
{

4π [ξ 2 + ξ cos(arcsin ξ ) + arcsin ξ + π/4]

(π + 4 arcsin ξ )2

}1/2

.

(6)

Figure 2(b) shows the geometrical properties of the globular
model �, η, and χ as a function of the parameter 1 − ξ .

B. Hydrodynamic conditions

The dynamics of a particle approaching the packed layer
is governed by buoyancy, drag, and lubrication forces. We
will present an analysis based on a simple model of a sin-
gle falling spherical envelope, which shows that the Stokes
number is the sole parameter that governs the dynamics of the
grain approaching the packed bed. Consequently, the Stokes
number should also indicate the dependence of the packing
configuration on the inertia of the settling particles. This result
agrees with the experiments of Farrell et al. [16], which have
shown that the influence of the hydrodynamic conditions of
the particle settling on the packing fraction is governed by the
Stokes number.

The motion of a single spherical envelope vertically ap-
proaching a smooth packed bed, freely falling through a
quiescent viscous liquid, is given by

d

dt
(ρsphVsphvsph) = F	g + Fd + Flub, (7)

where ρsph, Vsph, and vsph are the envelope density, volume,
and velocity, respectively. On the right-hand side of Eq. (7) we
consider the apparent weight F	g = (ρsph − ρl)Vsphg0, which
is the difference between the grain weight and the weight of the
liquid of the same volume (with ρl being the liquid density),
the drag force Fd, and the lubrication force Flub, which is the
result of the squeezed fluid layer between the grain and the
packed bed.

We assume negligible rotational kinetic energy. We also
assume negligible grain growth (i.e., constant grain size)
during the approach, the Stokes regime for the drag force
(Fd = −3πdsphμlvsph), and the classical solution of the
creeping-flow equations for the lubrication force [32] [Flub ≈
−(3/2)πd2

sphμlvsph/z], whereμl is the dynamic viscosity of the
liquid and |z| is the gap between the surface of the sphere and
the packed bed. We obtain the following equation of motion in
dimensionless form:

d2z∗

dt∗2
+ 2

St

(
1 + 1

2z∗

)
dz∗

dt∗
= − 2

St
. (8)

The dimensionless gap is given by z∗ = z/dsph and the dimen-
sionless time by t∗ = dsph/v

sed
sph. The Stokes number St is given

by

St =
(

ρsph

ρl

)(
dsphv

sed
sph

9νl

)
, (9)

where vsed
sph is the steady-state sedimentation velocity far from

the packed bed and νl is the melt kinematic viscosity. A
solidifying crystal grain is immersed in liquid of the same
material. In metals of industrial relevance the relative density
difference between the solid and the liquid phases is generally
of only a few percent, i.e., ρsph/ρl ≈ 1. To estimate the Stokes
number in metal alloy solidification, we further estimate the
viscosity of liquid metals νl to range from 0.5 up to 2.0 mm2/s,
the grain size dsph to be between 100 and 1000 μm, and the
sedimentation velocity to range from o(10)−1 to o(100) mm/s.
These estimations were obtained from measurements and pro-
cess simulations of typical casting processes for the production
of steel and aluminum alloys [3,6,33]. Stokes numbers in the
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interval from o(10−3) up to o(10) are obtained for these values,
which are low inertia-to-dissipation conditions [16].

III. NUMERICAL MODEL OF PACKING

A. Description

A DEM model is used to solve the dynamics of a granular
system that simultaneously sediments and packs at the bottom
of a square prism domain. The domain walls are semirigid
in order to reduce the wall effect. This is done by decreasing
the wall stiffness and permitting the particles in contact with
the walls to be partially outside the domain, but keeping the
center of the particle inside. Our DEM model can account for
arbitrary particle geometry and solves for both translation and
rotation of each individual particle based on balances of forces
and momenta [34,35].

The liquid is not modeled directly. Instead, a special inter-
particle contact model is used in order to mimic the hydraulic
lubrication effects prior to impact between particles. As shown
by the estimations in the preceding section, the ratio between
the grain inertia and viscous dissipation in solidification-
process conditions is relatively low [St ∼ o(10−3) · · · o(10)].
This means that the lubrication effect dissipates most of the
kinetic energy of the grain during its approach, just before
impact on the packed bed. Due to this dissipation the effective
restitution coefficient upon impact is nil [36]. This is valid for
hydrodynamic conditions characterized by a particle Stokes
number lower than approximately 10 [36]. In our model the
dissipation is reproduced by using critical damping in the
classical Kelvin-Voigt inter-particle contact model. Addition-
ally, the grains are ensured to have a low kinetic energy;
they are introduced with a very small vertical acceleration
(a = 10−5g0). In this way the kinetic energy is dissipated
during the contact, which successfully mimics the viscous
dissipation due to lubrication in low-St conditions. This contact
model does not account for the transformation between liquid
and crystal when a pair of crystals enter in contact.

A clumped-sphere model is used to describe the nonspher-
ical morphology of the equiaxed grains. In the case of the
dendrite envelopes a surface discretization is carried out by
means of small monodisperse nonoverlapping spheres [see
Fig. 1(a)]. The spheres are arranged such that the outer tangent
planes coincide with the envelope surface. For the globular
envelopes, six overlapping monodisperse spheres are used to
discretize the volume of the particle. Note that the spheres are
only used for contact detection. The mass and the inertia tensor
of each particle are defined independently.

Each envelope is characterized by its position and orien-
tation. The positions of the envelopes in the container are
initialized by a random sequential addition, whereas the initial
random grain orientations are initialized by the Shoemaker
algorithm [37].

B. Simulations

Packings were simulated for six different monodisperse
noncohesive frictionless equiaxed dendritic and globular enve-
lope collections, generated with the aforementioned geometric
models (Sec. II A). The possible cohesive forces between par-
ticles are not considered in this paper, but the role of cohesive

TABLE I. Simulated grain collections.

Geometry model Collection characteristics

dendrite 1000 grains, θ = 45◦ (nonconvex)
dendrite 1000 grains, θ = 60◦ (nonconvex)
dendrite 1000 grains, θ = 90◦ (convex,

rhomboid dodecahedron)
globular 1000 grains, ξ = 1.0
globular 1000 grains, ξ = 0.8
globular 1000 grains, ξ = 0.6
spherical 2000 grains,
ellipsoidal 1000 grains, axis ratio 1.25:0.8:0.8

forces in the nonconvex dendrite envelopes is discussed in [35].
Due to the wet contact between the particles (fluid acting as a
lubricant), the interparticle friction is neglected in this paper.
The effect of the interparticle friction on the packing fraction
is studied in detail in [35].

Dendritic particles with three different apex angles and
globular particles with three different eccentricities were used.
Thus, a wide range of morphologies, in terms of the properties
shown in Fig. 2, are represented. Moreover, two other monodis-
perse noncohesive frictionless collections were packed in order
to validate our model by comparison with results from the
literature: spheres and revolution ellipsoids (prolate spheroids).
The details of the simulated grain collections are presented in
Table I. An envelope density of 1400 kg/m3 and an equivalent
diameter of 7 mm were employed for all collections. The same
square-prism simulation domain of 84 × 84 × 500 mm3 was
used for all collections, except for the spheres. For the spheres
the dimensions were 84 × 84 × 1000 mm3.

Two examples of packings of dendrite and globular en-
velopes are shown in Fig. 3. For both collections the three-

FIG. 3. (a) and (b) Packing of 1000 dendritic envelopes of apex
angle θ = 45◦ [a 3D view and a vertical slice through the packed layer
are shown in (a) and (b), respectively]. (c) and (d) Packing of 1000
globular envelopes of ξ = 1.0 [a 3D view and a vertical slice of the
packed layer are shown in (c) and (d), respectively].
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dimensional (3D) view of the packing and a 2D view of a
vertical slice are shown.

C. Packing fraction

Once the granular system achieved a mechanically stable
equilibrium, a Voronoi tessellation of the granular system
was made by means of the VORO++ open library [38]. The
input parameters to build the tessellation are the centers of the
envelopes and the walls of the rectangular simulations domain.
The sum of the volume of all Voronoi cells corresponds to the
volume of the simulation domain: The Voronoi cells of the
upper layer of packed particles spread to the top wall of the
domain, whereas, for the rest of particles, the Voronoi cells
give the particle’s local volume.

We compute the volume-averaged packing fraction at a
region � as the ratio of the volume of the envelopes whose
centers are contained in � to the volume of the Voronoi cells
whose corresponding particle centers are contained in �:

〈
gpack

env

〉
�

=
∑

Venvi∑
Vcelli

∀i, ri ∈ �, (10)

where Venvi and Vcelli are the volume of the envelope i and the
volume of its corresponding Voronoi cell, respectively. The
position of the center of the particle i is given by ri.

We choose the densest inner region of the packing to
compute the volume-averaged packing fraction �, which is
given by the intervals [22,62] × [22,62] × [10,20] mm3. In
this way, we avoid the wall effect due to the semirigid bottom
(within 1.5denv from the bottom wall) and vertical semirigid
walls (a region up to 3denv). We also avoid the upper particle
layers of the packing that are looser.

In order to quantify the random uncertainty of the simulated
packings due to the random initial conditions, the simulations
for the spheres and for dendrites of apex angle θ = 45◦ were
repeated 10 times. Low relative standard deviations of the
volume-averaged packing fraction in � of 0.3% and 1.5% were
found for the spheres and the dendrites, respectively.

IV. PACKING EXPERIMENTS

Packing experiments were made for eight different particle-
fluid combinations in order to investigate the influence of
the particle geometry and of the hydrodynamic conditions
on the packing fraction. Two monodisperse particle collec-
tions (spheres and equiaxed dendrite envelopes of apex angle
θ = 45◦) were packed by sedimentation in four different
fluids: glycerol, a glycerol-water solution, water, and air (dry
packing).

A. Setup

The experimental setup is shown in Fig. 4. It is composed
of two 1000-mm-long concentric vertical columns made of
transparent acrylic and integrated in a supporting metal struc-
ture. The inner column is cylindrical with a 120-mm internal
diameter, whereas the outer column has a square cross section
with an internal side of 160 mm. Both the cylindrical column
and the space between the two columns are filled with the
same fluid. This double-wall configuration is designed in order
to cancel the horizontal optical deformation of the observed

FIG. 4. Shown on the left is the experimental setup with the
dendrite collection settling and packing and on the right the zoomed
image at the packing zone.

particles due to the refraction on the curved surface of the
cylinder. The particles are inserted into the inner cylindrical
column. Initially they are contained in the upper part of the
column, above the hopper, closed by a gate. The lengths of the
upper and the lower parts of the column are 400 and 600 mm,
respectively. The whole device volume is filled up with the
solid particles and the liquid, avoiding the presence of air. The
gate is then opened and the grains pass through the hopper that
ensures a constant grain flow. The grains then sediment through
the lower part of the column and pack over a horizontal grid.

B. Particles and fluids

The objective of the particle design and fluid selection is
to establish a hydrodynamic similarity between the model
experiment and the settling and packing during solidification
of metal alloys. The particles (density and size) as well as the
fluids (density and viscosity) were chosen in order to have
particle Stokes numbers of the same order of magnitude as in
metallurgical casting processes (see Sec. II B).

Two monodisperse noncohesive particle collections were
used: spheres and dendrites. The set of spherical particles was
composed of approximately 12 200 particles, airsoft pellets
made of a material based on cornstarch [see Fig. 5(a)]. The
sphere size was chosen to have a large container-to-particle
diameter ratio (D/d = 20) in order to minimize the effect of
the container wall on the average packing fraction. This effect is
estimated to loosen the average packing fraction of the spheres
by less than 2%. This estimation was obtained by integration of
the function that describes the variation of the packing fraction
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FIG. 5. Grains used in the experiments: (a) spherical particles of
5.92 ± 0.05 mm diameter and (b) equiaxed dendrite envelopes of
θ = 45◦ of widest length lenv = 12.59 ± 0.22 mm.

in the vicinity of a container wall as a function of the distance
from the wall, determined by Mueller [39]. A wall effect of the
same order of the spheres is assumed for the dendrites. This
was verified by means of the DEM simulations.

The collection of dendrites was formed by approximately
4400 envelopes [see Fig. 5(b)]. The nonconvex equiaxed
particles were made by additive manufacturing. An innovative
material based on quasicrystal-polymer composites [40] was
used to achieve a target density and to avoid open porosities
that could lead to fluid absorption and consequently to particle
density variation. The resulting bulk density of the composite
material was ρs = 1484 ± 17 kg/m3, measured by means of
a pycnometer according to the protocol in [41]. A sample
of 30 nonconvex particles was randomly chosen for mass
measurement in a precision balance. The particle mass was
0.3541 ± 0.0357 g, with a level of confidence of 95%. Their
equivalent diameter denv was 7.70 ± 0.31 mm and the widest
length lenv was 12.59 ± 0.22 mm. The density of the spherical
particles was similar to that of the dendrites (ρs = 1391 ±
6 kg/m3, measured with a pycnometer). The sphere mass was
0.1532 ± 0.0074 g, with a level of confidence of 95%. The
sphere diameter denv was 5.92 ± 0.05 mm.

The spherical and dendritic grain collections were packed
in four different hydrodynamic conditions provided by four
different fluids: pure glycerol, a glycerol–22.3 vol. % water
solution, water, and air. Each fluid provides a different ratio
between the particle inertia and the fluid viscous dissipa-
tion, expressed by the dimensionless Stokes number St =
ρsdenvv

sed
s /9μf , where μf is the fluid viscosity and vsed

s is the
theoretical settling velocity for a single particle. Table II shows
the theoretical Stokes numbers achieved by each protocol
(see Appendix A for more details). Despite the glycerol,
glycerol-water solution, and water protocols being enough to
reproduce the Stokes number range in grain sedimentation

TABLE II. Theoretical Stokes number.

Particle Glycerol Glycerol and water Water Air

sphere 1.2 × 10−3 0.5 198 o(105)
dendrite 5.0 × 10−3 1.7 368 o(105)

during solidification, the air protocol (dry packing) is added
in order to widen the range of Stokes numbers.

C. Packing fraction

The volume-averaged packing fraction in the packed bed
was calculated as the ratio of the total volume of the particles
to the total volume occupied by the packed bed g

pack
env =

Vs/Vt . Similar techniques were often used in the literature
[10,18,19,42]. The total solid volume Vs was obtained from
the total mass and from the solid density measured by the
pycnometer (Vs = ms/ρs). The volume of the packed bed
was determined from its height in the cylindrical vessel by
reconstruction of the volume from a 2D image for each
packing. Details of the measurement procedure are given in
Appendix B.

V. RESULTS AND DISCUSSION

A. Influence of the particle shape on the packing fraction:
Low Stokes conditions

The average packing fractions obtained by the DEM simu-
lations (with a protocol that mimics the low Stokes conditions
of the experiments in glycerol) are shown as a function of
the particle sphericity in Fig. 6. The experimental packings of
spheres and dendrites in glycerol are added for comparison
with the model. Additionally, our results are compared to
data from the literature obtained under similar conditions.
Packing fractions of spheres and prolate revolution ellipsoids
of axis ratio 1.25:0.8:0.8, obtained by DEM simulations of
sedimentation in low inertia-to-dissipation conditions [43],
are shown, as well as the packing fractions of nonconvex
frictionless particles with six branches (C-shaped particles),
packed via a sequential deposition protocol [13].

The influence of the particle shape on the packing is
often expressed by the relation of the packing fraction to
the particle sphericity, shown in the plot in Fig. 6. From this

FIG. 6. Averaged packing fraction 〈gpack
env 〉� as a function of the

particle sphericity �. The experimental sphere and dendrite packings
in glycerol are shown with red rhomboid markers. The numerical
results from the literature for settling frictionless spheres and rev-
olution ellipsoids of axis ratio 1.25:0.8:0.8 [43] (Lit. sph. & ellip.)
and the numerical results of C-shaped particles packed by sequential
deposition under gravity [13] (Lit. C-shaped) are also included.
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FIG. 7. Average packing fraction 〈gpack
env 〉� as a function of η. The

experimental sphere and dendrite packings in glycerol are shown with
red rhomboid markers. The numerical results of hexapod particles
(C-shaped) packed by sequential deposition under gravity [13] (Lit.
C-shaped) are also included.

classification we can conclude that the packing becomes looser
with decreasing envelope sphericity, for both dendritic and
globular envelopes. However, different tendencies are found
for the dendrite and globular geometries, with a much stronger
influence of the sphericity for the dendritic envelopes.

Good agreement between the numerically simulated pack-
ing fraction and the experimental packing fractions of the
dendrite envelope of θ = 45◦ (� = 0.7) is achieved. In the
case of the spheres (� = 1), a 5% higher packing fraction is
obtained by the DEM model. This difference can be attributed
to the importance of the interparticle friction for the sphere
packing. Friction is not accounted for in the DEM model.
However, our DEM results for spheres and ellipsoids show
very good agreement with the DEM simulations of frictionless
particles by Delaney et al. [43]. For dendrite envelopes, a
similar dependence of the packing fraction on sphericity is
found as in the numerical simulations of nonconvex particles
(C-shaped particles) by Malinouskaya et al. [13]. Because the
packing fractions of dendrite and globular envelopes follow
very different trends with sphericity, we can conclude that
sphericity is not a universally suitable geometrical property
to describe the influence of the nonconvex envelope shape on
the packing fraction.

In Fig. 7 the packing fraction of the monodisperse col-
lections is plotted as a function of the parameter η. In this
case, the packing fraction follows different tendencies with
η for the globular envelopes, dendritic envelopes, and C-
shaped particles from [13]. Equivalently to the sphericity,
the parameter η (geometrical property of the principal cross
section of the particle) does not give a more general functional
relationship.

Finally, in Fig. 8 the packing fraction is shown as a function
of the parameter χ . The packing fraction becomes looser with
decreasing χ . Most importantly, the relation of the packing
fraction to χ is very similar for the globular envelopes, dendrite
envelopes, and C-shaped particles from [13]. Among the three
geometrical parameters studied, χ seems the best parameter to
account for the influence of the shape on the packing fraction
for the nonconvex models under study (globular and dendrite

FIG. 8. Average packing fraction 〈gpack
env 〉� as a function of χ .

Experimental sphere and dendrite packings in glycerol are shown
in red rhomboid markers. The numerical results of hexapod particles
(C-shaped) packed by sequential deposition under gravity [13] (Lit.
C-shaped) are also included.

envelopes) and C shapes from [13]. This data collapse indicates
a single functional relation between χ and the packing fraction
for the three types of hexapod particles.

The shape parameter χ can relate the nonconvexity of the
hexapod particles to their capability to fill up the space in a
more general manner than other geometry measures. It seems
that the distance between the packed particles is governed by
the largest length of the particle branches in a way that is
common to all the hexapods investigated in our simulations
and in the work by Malinouskaya et al. [13]. For hexapods the
parameter χ appears to reflect the spatial arrangement in the
packing in a way somewhat more general than the sphericity,
which relates to the particle surface area, or the parameter
η, which relates to the cross section equivalent diameter to
perimeter ratio. Based on our data, we propose an empirical
relation of g

pack
env as a function of χ , valid for equiaxed hexapod

particles:

gpack
env = 0.616 + 0.084(1 − χ ) − 1.340(1 − χ )2. (11)

The proposed function tends to the sphere packing as χ tends
to unity in a similar asymptotic manner as indicated by the
data from the DEM simulations. In addition, this proposed
function follows the same tendency of C-shaped particles of
Malinouskaya et al. [13].

B. Influence of the hydrodynamic conditions
on the packing fraction

The influence of the hydrodynamic conditions on the pack-
ing was studied by settling experiments in four different fluids.
In Fig. 9 the measured packing fractions of spheres (green
circles) and dendrites (blue triangles) are shown as a function
of the theoretical Stokes number. Each of the experiments
is repeated a certain number of times (10 times for glycerol
and glycerol-water protocols and 30 times for water and air
protocols).

The packings become looser with decreasing Stokes num-
ber. A similar tendency of the packing fraction with the
Stokes number was found by Farrell et al. [16] for sequential
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FIG. 9. Average packing fraction gpack
env as a function of the Stokes

number St of our experimental packings of spheres (green circles) and
dendrites of apex angle θ = 45◦ (blue triangles). The packing fraction
data are generated from repeating each experiment a certain number
of times (Sec. B). The experimental RLP [18] (dashed purple line) and
RCP (dotted black line) of spheres are also added. The results from
[16] (Lit. ref. sph) correspond to a sequential sedimentation of steel
monodisperse spheres at different Stokes number. The considerably
looser packing fractions are due to the small vessel size as reported
by the authors [16]. Solidif. St range refers to the characteristic Stokes
number interval in metal alloy solidification.

sedimentation of monodisperse steel spheres (also shown in
Fig. 9 for comparison). Note that the packing fractions from
Ref. [16] are somewhat lower due to the strong wall effect of
the small vessel that was used in that study and possibly due to
different interparticle friction coefficients, as reported by the
authors.

In the case of spheres, for the studied Stokes range, we find
the packing fraction to be between 0.575 ± 0.008 and 0.628 ±
0.011. Our results remain between the RLP (0.55) and the
RCP (0.64). However, the packing of spheres that we obtained
at the lowest Stokes number (St = 1.2 × 10−3 in glycerol) is
considerably denser than the loosest experimentally obtained
packing of 0.55 [18]. This may be due to a lower Stokes
number of sedimentation in [18] since the particles are initially
fluidized and after it they sediment and pack in the presence of
an upward residual fluid flow that lessens the particle inertia
and consequently the Stokes number of sedimentation. On the
other hand, the dry packing of spheres provides a result similar
to the so-called dry faster pouring of spheres from the literature
(0.632 from Ref. [21]).

In the case of the dendrites in the studied Stokes number
range, we find the packing fraction to be between 0.397 ±
0.012 and 0.468 ± 0.018. The dendrite packings are much
looser than sphere packings at all Stokes numbers. The dif-
ference is somewhat larger at lower Stokes numbers. The
influence of the Stokes number on the packing fraction of
dendrites is found to be significant and larger than for spheres.
It is also interesting to compare the packing of the nonconvex
dendrites to settling-driven packings of convex Platonic solids,
which were studied by Baker and Kudrolli [10]. Such a
comparison shows that dendrite envelope packings at all St are

considerably looser than the loosest packing of any Platonic
solid. Notably, the nonconvex dendrites pack about 20% looser
than octahedra, a convex shape often used to approximate
dendrite envelopes.

Farrell et al. [16] have shown that the packing fraction of
spheres sedimenting in a liquid varies continuously between
two limits as a function of the particle Stokes number (for a
sequential sedimentation protocol, i.e., the spheres are packed
one by one). The low limit is reached when St � 10 and the
high limit when St � 104. In our cases of collective sedimen-
tation and packing (of both spheres and dendrite envelopes)
a continuous increment of the packing fraction with Stokes
number is shown for the hydrodynamic conditions under
study. In this way, we show that the collective sedimentation
considerably affects the tendency of packing fraction with
Stokes number: The transition between supposed lower and
upper limits is much wider than in the case of sequential
sedimentation. The trend of the packing fraction with the
Stokes number is little dependent on geometry for an equivalent
collective sedimentation protocol.

VI. CONCLUSION

We investigated the packing of spherical and nonconvex
model particles by sedimentation in fluid. Our model particles
have a geometry similar to envelopes of dendritic equiaxed
crystal grains that form during solidification of metal alloys
and they sediment in conditions hydrodynamically similar to
those encountered in metal casting processes. The results can
therefore be used for the description of grain packing in such
processes. A combination of experiments and DEM numerical
modeling was used to investigate the influence of the particular
nonconvex shape of the particles and of the hydrodynamic
conditions on the packing.

We have shown that the most important influence on the
packing is that of the envelope geometry. As the morphology of
the particles changes from spherical towards a more nonconvex
geometry, the packing fraction decreases. To describe the
influence of the nonconvex particle morphology on the packing
fraction we proposed the ratio between the equivalent diameter
and the widest length of the particle χ .

The influence of the fluid in which the grains settle on the
final packing fraction is given by the particle Stokes number.
The packing fraction clearly decreases with decreasing Stokes
number, due to the lower kinetic energy with which the
impacting grains can rearrange the packing. We have shown
that grain settling in solidification processes is clearly in the
low inertia regime. The packing fractions are thus close to
RLP and are only weakly influenced by the variations of
St. The influence of hydrodynamic conditions on packing in
solidification processes is therefore much smaller than the
impact of the particle morphology.

Further work should focus on the influence of particle
growth during the settling on packing, improving the contact
model in the presence of solid-liquid phase change. More
complex hydrodynamic conditions that can be present in
solidification processes, such as settling to an inclined packing
front and in the presence of a shear flow, should also be
investigated.
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TABLE III. Fluid properties.

Property Glycerol Glycerol and 22.3 vol % water Water Air

ρf (kg/m3) 1262a 1201a 1000 1.2
μf (mPa s) 1180a 50.4 (measured) 1.0 0.018

aReference [45].
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APPENDIX A: APPENDIX A: THEORETICAL STOKES
NUMBER

The theoretical Stokes number of the granular system for
each fluid protocol is computed by St = ρsdenvv

sed
s /9μf . In the

case of glycerol and water protocols, the limit sedimentation
velocity is quickly reached. Assuming gsed

env � g
pack
env , the influ-

ence of multiparticle interactions during settling is neglected,
hence vsed

s is given by the balance of apparent weight and
particle drag for a single particle [see Eq. (A1)]

vsed
s =

(
(4/3)C−1

D (Re)

(
ρs

ρf
− 1

)
godenv

)1/2

, (A1)

where the Reynolds number is given by Re = ρfdenvv
sed
s /μf

and the drag coefficient C−1
D is computed assuming spherical

geometry with the Oseen correction to the Stokes drag coeffi-
cient when Re < 5 and the drag coefficient proposed in [44]
when Re � 5.

In the case of settling in air, the grains do not reach the
limit velocity within the column height. Drag and buoyancy
are negligible and the acceleration is due to gravity only. The
settling velocity prior to packing vsed

s is computed by Eq. (A2)
with h ≈ 0.5 m,

vsed
s = (2goh)1/2. (A2)

In Table III the fluid properties are collected for each
protocol. The viscosity of glycerol depends on temperature
and was taken from [45]. The column fluid temperature was
measured by means of a thermocouple and was approximately
21 ◦C during all experiments. The viscosity of the glycerol-
water solution was measured with a falling-ball viscosimeter.

FIG. 10. Estimation of the total occupied volume Vt from a 2D
image. Nonconvex dendritic grains are in the image. The horizontal
and vertical axes are shown in pixels.

APPENDIX B: APPENDIX B: PACKING FRACTION
MEASUREMENT

The hopper is designed to give the packed granular system
a convex top surface. Flatter mound structures are found for
glycerol and glycerol-water protocols compared to water and
air protocols. The flatter mound may be a consequence of
the importance of the lubrication forces between grains for
glycerol and glycerol-water solution protocols. In this way the
grains easily slip, not being able to form high mound structures.

The observed surface shapes made it reasonable to assume
that the surface is axisymmetric and this assumption was used
to estimate the total volume occupied by the packing. In order
to increase the accuracy of the estimations, a semirevolution
model was used. The left and right halves of the surface
contour determined from a photograph (see the blue dashed
line in Fig. 10) were each used to calculate the volume of
an axisymmetric half dome. These volumes were then used
to calculate the total volume of the packing. The perspective
distortions due to the different distance of the vessel center and
sides from the camera were carefully corrected when using the
length measurements from the images. The sedimentation and
packing experiments were repeated 10, 10, 30, and 30 times for
the glycerol, glycerol-water, water, and air protocols, respec-
tively. The uncertainty of the packing fraction measurement
includes the measurement uncertainties of the solid volume
Vs and total volume Vt ,

	g
pack
env

ḡ
pack
env

≈ 	Vs

V̄s
+ 	Vt

V̄t
. The solid volume

uncertainty is given by the pycnometer uncertainty 	Vs

V̄s
≈ 	ρs

ρ̄s

and 	Vt

V̄t
includes both the random character of the packing

phenomenon and the measurement error. We assume 	Vt to
be two standard deviations (level of confidence of 95%).
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