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Rayleigh-Bénard convection in a horizontal layer of a non-Newtonian uid between slabs of arbitrary thickness
and nite thermal conductivity is considered. The rst part of the paper deals with the primary bifurcation and
the relative stability of convective patterns at threshold. Weakly nonlinear analysis combined with Stuart-Landau
equation is used. The competition between squares and rolls, as a function of the shear-thinning degree of the
uid, the slabs’ thickness, and the ratio of the thermal conductivity of the slabs to that of the uid is investigated.
Computations of heat transfer coef cients are in agreement with the maximum heat transfer principle. The second
part of the paper concerns the stability of the convective patterns toward spatial perturbations and the determination
of the band width of the stable wave number in the neighborhood of the critical Rayleigh number. The approach
used is based on the Ginzburg-Landau equations. The study of rolls stability shows that: (i) for low shear-thinning
effects, the band of stable wave numbers is bounded by zigzag instability and cross-roll instability. Furthermore,
the marginal cross-roll stability boundary enlarges with increasing shear-thinning properties; (ii) for high
shear-thinning effects, Eckhaus instability becomes more dangerous than cross-roll instability. For square patterns,
the wave number selection is always restricted by zigzag instability and by “rectangular Eckhaus” instability. In
addition, the width of the stable wave number decreases with increasing shear-thinning effects. Numerical simu-
lations of the planform evolution are also presented to illustrate the different instabilities considered in the paper.

DOI: 10.1103/PhysReVvE.96.043109

I. INTRODUCTION thermal boundary conditions that have to be satis ed are the

continuity of temperature and heat ux. According to Cerisier

et al. [7], the temperature uctuation occurring in the liquid
lose to a nearly insulating slab distorts the temperature distri-

of Getling [1] and Koschmiederd] and more recently in ution.Thistemperature distortion can lead to an instability of
Bodenschatzt al. [3] where the most signi cant progress the L.”d Iayer. Asaconseque.nce, at thresh.old,the tempe_rature
in the eld is identi ed. Comparatively to the Newtonian dradient is small and the uid organizes in a pattern with a
case, only a limited number of studies were devoted tosma!lwave number. Furthermore, theoretical anq experimental
non-Newtonian uids and still fewer to nonlinear develop- Studies show that squares may be the convection patterns at
ments. Yet, non-Newtonian uids intervene in a very broadthe onset instead of rolls. Experimental evidence of square
range of industrial processes such as polymer and foodstuffé@tterns was reported by Legal, Pocheau, and Croqugite [
processing and in complex physical phenomena such as tif@d Legal and Croquetté@]} The competition between roll
convective movements in the Earth’s mantle. Here, we focugnd square patterns for a Newtonian uid has been examined
on the shear-thinning behavior, i.e., nonlinear decrease dfh weakly supercritical Rayleigh-Bénard convection by Busse
the effective viscosity with the shear rate, which is the mos@nd Riahi [L0], Proctor [L1], and Jenkins and Proctofi.].
common property of non-Newtonian uids. In recent articles The results are presented in terms of the Prandtl number Pr
[4-6], the nature and the stability of patterns that emergeand the ratio of the thermal conductivities of slabs and
in Rayleigh-Bénard convection for shear-thinning uids have uid. It has been shown, for instance, that for Pr10 and for
been studied using a weakly nonlinear analysis. Boussinesgjabs with thickness equal to the width of the uid layer, that
approximations have been adopted and the slabs have betite convective pattern at threshold is in the form of squares
considered as perfectly conducting. Using Carreau model tawhen < = 1. These studies were extended recently to
describe the shear-thinning behavior of the uid, it has beershear-thinning uids by Bouteraa and Nouatd. It has
shown in Ref. ] that: (i) rolls are the only stable convective been found that the critical value., below which squares
patterns at threshold and (ii) there is a critical value of theare stable, decreases with increasing shear-thinning effects.
shear-thinning degree de ned by Eq. (2) above which the Recently, experiments were done by KebicHel][ using
bifurcation becomes subcritical. carboxymethylcellulosCMC) solutions as shear-thinning
Most analyses consider ideal situations where the boundingiid. In the Rayleigh-Bénard setup, the slabs are made of
horizontal surfaces are perfect conductors of heat. Howevepolycarbonate with a ratio of thermal conductivities 0.25.
in many laboratory experiments and in engineering and|V measurements done in one vertical section do not allow
geophysical problems, the slabs have a nite conductivity andhe determination of convection pattern type.
they are no better conductor thanthe uiditself. Inthiscase,the These studies are valid only in the immediate vicinity
temperature disturbances do not vanish on the boundaries. T¢ the threshold with perfectly periodic pattern. However,
as the Rayleigh number Ra is increased above the onset
Ra, the growth-rate of the perturbation is positive for any

* Corresponding author: cherif.nouar@univ-lorraine.fr wave number within a band ~ with = (RaS Ra)/Ra,

Studies on patterns formation and their stability in
Rayleigh-Bénard convection for Newtonian uids have been
considered in several papers. A review can be found in boo
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around the critical wave numbég. A wave packet centered is adopted as a rst approach to examine nonlinear effects
on k. can be constructed with the unstable modes. Tharising from the rheology.

corresponding convective pattern is modulated spatially on To our knowledge, the present study is the rst one
ascale of0(1/ 7). The stability analysis of these convective that considers the in uence of the rheology on secondary
patterns with respect to long wavelength perturbations is ofnstabilities. The structure of the paper is as follows. In
great interest. It allows, in particular, the determination of theSec. Il the problem is formulated. Linear stability analysis
range of stable wave numbers. Typical instability mechanismis brie y considered in Seclll. The nature of the primary
are Eckhaus (E), zigzag (ZZ), and cross-roll (CR) instabilitiespifurcation and pattern selection are discussed in Béc.
[15]. Eckhaus instability is a phase instability that acts on thdt is observed that shear-thinning effects favor formation of
roll phase to change the wavelength, compressing or dilatingplls. The stability of the convective patterns with respect
the pattern. Zigzag is also a phase instability that arises froriP inhomogeneous spatial perturbations is investigated in
perturbations parallel to the roll axes: it creates undulationS€¢.V, using the amplitude equations formalism. In uence of

along the roll axes when the wavelength is too large. Cross-roffhear-thinning effects is highlighted. In S¥¢, time evolution
instability is an amplitude instability that consists of a setOf the convective pattern is illustrated from the numerical
of rolls growing perpendicularly to the original pattern. For Simulation of amplitude equations. The paper ends with a
a Newtonian uid with perfectly heat conductive slabs, the conclusion where the relevant results are summarized.
instability mechanisms that tend to limit the stability region
of rolls depend on the Prandtl number and on the boundary
conditions, rigid or stress-free boundary conditions, as shown We consider a shear-thinning uid layer of in nite horizon-
by Busse 15 and Bolton and Busself]. At large Prandtl  tal extent that is heated from below and cooled from above.
number, say P¥ 10, with no-slip conditions the region of We assume the rigid slabs that enclose the uid have arbitrary
stable convection rolls is bounded by the zigzag instabili’[yCOl’]dUCtiVitieS and thipknesses. The thermal cqnductivity and
and the cross-roll instability, which is followed by the bimodal diffusivity are notedK and ~ for the uid and K, and %
convection when Ra is increased. At low Prandtl numberfor the slabs. We de ne as the ratio oK, andK and we
say Pr< 1, Eckhaus instability becomes more dangerousissume asin Refsl],21]that = Ko = 5 This assumption
than cross-roll instability and the domain of stable zigzagis reasonable for several couples ( uid, slab) where the ratio
enlarges as Pr decreases. Furthermore, other speci csecondaorfythe thermal capacities of the uid and the slabs (°Cp) uia
instabilities like “skewed-varicose instability” and oscillatory ] ) ("Cp)stabs
instability [17] participate in bounding the stability domain "€mains of order 1. for instance(watercopper)= 1.22 and
of rolls. Generally, non-Newtonian uids are highly viscous " (@lyceringlass)= 1.67. . .
and so the corresponding Prandtl number is large. Therefor@ Dimensional quantities are denoted with the symbol hat ().
1

Il. PROBLEM FORMULATION

: : e ; the following, we notal the depth of the uid layer, T =
only universal secondary instabilities—Eckhaus, zigzag, an¢t' % - ' . '
y y 9zag S T,, the temperature difference between the outer surfaces

cross-roll—are considered in this paper. fthe upper and lower slabs. Because of the thermal expansion
Square patterns are also subject to long wavelength instabil: PP ' P '

ities. In the case of poorly conducting slabs and for Newtonianhe temperature dlff_erer_]ce between the two plates induces a
uids, Hoyle [18] has shown that the range of stable Wave\./ertlcaildensny strati cation. Heavy cqld u|d|§ above awarm

' . . . : - light uid. Forsmall T, the uid remains motionless and the
numbers is .restrlc_t.ed by zlgzag instability and by Eckhau eat is transferred by conduction with a linear temperature
rectangular instability. According to Hoylel§), this latter 16 across the uid layer. In the uid,3d/2< 2 < d/2,
instability hgs a threg-dlmensmnal charagter since thg systeif hydrostatic solution and the temperature pro le are
responds differently in each of the two horizontal directions. It

behaves like one of two rolls that constitute square pattern and dP _ S ~aMs (TS

grows locally atthe expense of the other. This is why Holmedal dz ~ od ( o)]

et al. [19 called this instability Long wavelength cross-roll A s f 3

instability.” This study was extended by Holmedaq] to the and Teong= ToS ——— =, N}
general case of slabs with different nite conductivities and 1+2/ d

thicknesses of the slabs. whereg is the acceleration due to gravity andthe dimen-

The objective of this paper is to investigate the in uencesionless thickness of slabs. Thaxis is directed upwards with
of shear-thinning effects on the stability of the convectivethe origin located at the middle ofthe uid layer. The reference
patterns and the width of the stable band of wave numbertemperaturel, is the temperature at the middle of the uid
in Rayleigh-Bénard convection with slabs of nite conduc- layer, o the uid density atTo, andlo is the zero-shear rate
tivity and arbitrary thickness. The rheological law introducesViscosity atTo. The temperature difference between the top

additional nonlinearity and coupling between ow variables. and the bottom of the uid layeris Tr = T[1+ 2/ |].
This additional nonlinearity will induce stronger interactions The temperature pro les in top and bottom plates are
between the two sets of rolls that constitute square patterns R R T 1.1 .3

than in the Newtonian case. Therefore, shear-thinning effects Teond= To+ 5 > S > K ;

will modify not only the range of stable wave number but also R

the more restrictive instability mechanism. A weakly nonlinear d . 1 -

analysis based on the amplitude equations formalisg2{] 5 7 ot d @
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and of the uid as
. . T 1 .1.2 _du_1Sn,
Tcond—T0+2 + E SESE ) - d =O_ 2 ' (12)
. 1 . . .d No-slip and nonpenetration boundary conditions as well as
*5 S > () continuity of temperature and heat ux at the interface slabs-
uid read
When the top and bottom plates are poor thermal conductors, 1
a large part of T occurs across the plates and remains only vV z=t = =0, (13)
a small part T; of T, acting as a driving force for the 2
convection. When T; exceeds a critical value, the convection 1 1
sets in and convective patterns emerge. The stability of the z=% > = p Z=% 5 (14)
hydrostatic solution is considered by introducing temperature
and pressure perturbations as well as a uid motion. The uid 1 o 1
is mcompressmle and Boussmesq approximations are adopted. Z z=+¢ 2 = > z=% 5 (15)
We used, fio, =, K T and— as characteristic scales of Temperatures of the outer surfaces of the upper and lower slabs

length, viscosity, time, veIOC|ty pressure, and temperature, rey
are xed, thus,
spectively. Using these scales, the perturbation equations read

1 1.
z= -+ = z=S =S = 0. 16
- v=0, 4) P 2 P 2 (16)
1 v In the momentum equations, the pressure eld can be elim-
— —+ (V- WV =S p+ e+ - , (5) inated using thecurl of Eq. ). We then take theurl of
Prt Eqg. 6) one more time. Using the continuity equation, and
—+ (- ) = Raw+ (6) projecting ontoe,, we get the following evolution equations
t ' for the vertical vorticity and the vertical velocityv:
P _
- - ’ 7 1
t g ") o ocwes X[V W
wherev = ue + ve, + We,, p are, respectively, the velocity .
and pressure perturbations, and , are temperature = +e- x[ -(uS1 ] (17)

perturbations in the uid and the slabs, respectively, and

2
is the deviatoric of the stress tensor. The Prandtl (Pr) and i ——Se [ x x[(v. V]
Rayleigh (Ra) numbers are de ned by Prot
A An — 2 2 & S
) o 4 = 2w+ 3 S x x[ -(u31) Il e (18
Pr= @, Ra= —OgM .
| ° oo —+ - ) = Raw+ 2, (19)
We consider a purely viscous shear-thinning uid, t
=p()a ®) —£= 7 (20)
where is the second invariant of the strain-rate tensor: where
1 Vi V]' \V; u 2 2
=2 o = —+ —1 9 - _ & = 2 = 4
o i X X 9) xSy and § " +y2.
wherev; are the components of the velocity ardare the  From the continuity equation and the vertical vortic-
spatial coordinates. ity de nition, one can deduce the horizontal velocity

Concerning the nonlinear rheological lagw{ ), we have componentsy, v):
used a Carreau moddl?]. In dimensional form, it is given by

2 s W o« 2 « ‘w

TS0 u=S S —; v=S + —.  (21)

—FSSHA = (1+ 27" (10) H Xz Yy H y z X

HoS H The boundary conditions fav are
where " is the in nite-shear viscosityp, the zero-shear _ _ _
viscosity, a characteristic time of the uidp. the shear- w=Dw=0 at z=+1/2 (22)
thinning index. For several polymer solutiong, = [ig  For the temperature, the boundary conditions are
[23]. Hence, neglectingn © with respect toug, we have in
dimensionless form p=0 at z=% U2+ ), (23)

ncSl
pH=(1+ 2)z 11) =, at z=+ 12, (24)

A Taylor series expansion gfaround the base state (where the
uid is at rest) allows us to de ne the degree of shear-thinning D =D, at z=+x12 (25)
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Five dimensionless parameters appear in the governing 3.5 . . :
equations: the Rayleigh number Ra, the Prandtl number Pr,

the thermal conductivities ratio, the dimensionless thickness
of the slab , and the shear-thinning degreeln the present
study, Pr= 10. Actually, our results do not vary signi cantly
with Prwhen Pr  10.

I1l. LINEAR STABILITY ANALYSIS
A. Critical conditions

For innitesimal perturbations, the Boussinesq
Eqgs. (L7)—(20) are linearized, and one obtains

1

——= 26

Prt (26)
LW oo g, Ra 27)
Prot Ho

T:W+ ) (28)

Tp: 2. (29)

At the linear level, the rheology of the uid does not play any

role. Furthermore, the vertical vorticity decouples and obeys

a diffusion Eq. 26) and thus can be neglected in the linear
theory. Assuming a spatial periodicity in the horizontal plane
we seek a normal mode solution under the form

W(X,y,Z,t) F11(Z)
x)y,zt) = Gu(@@ expik-r+st), (30)
D(vaiz!t) Gpll(z)

wherer = (X,y) is the vector position in the horizontal plane,
andk is the wave vector. Substituting EQQ) into Eqgs. 27)—
(29) leads to the differential equations
SPPYD? S kK?)F1; = S K?ReGyy + (D2 S K)?Fu1,  (31)
sSGy = Fpi1 + (D2 S kZ)G]_]_, (32)

sGpii= (D?SK)Gpuy, (33)

with k = | k|. The boundary conditions are

Fiu= DFu=0 at z= 0,1, (34)
Gpuu=0 at z=S, 1+, (35)

Gu= Gpu at z= 0,1, (36)
DGy = DG p;y at z= 0,1 (37)

The eigenvalue problem Eqs31)—(33) with the boundary
conditions Eqgs. 34)—(37) is solved using a Chebyshev
collocation method. The marginal stability curve Ra(s
determined by the conditios = 0. The minimum of the
marginal stability curve gives the critical Rayleigh number
Ra. and critical wave numbek.. We recover the results of

PHYSICAL REVIEW E96, 043109 (2017)

3,

180G
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<
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800Q

.............. Ra. =720
10" 10° 10" 10° 10°
. (b)

FIG. 1. Evolution of the critical wave numbdsg, (a) and the
critical Rayleigh number Rgb) as a function of ratio of the thermal
conductivities for different values of the slab thickness: (1)

=001, =013 =104 =10

vary from, respectively, 3.11 and 1708 to 0 and 720%4].

An explanation of this evolution can be found in Re25]

in the limit of perfectly insulating slabs. From a physical
point of view, such con guration means that the temperature
eld is xed in the solid (or evolves on a very long time
scale compared to that of the uid). As a consequence, the
temperature gradient, and therefore the energy ux, is xed in
the solid. Hence, the temperature uctuations at the interface
do not propagate inside the solid and primary bifurcation needs
less energy to occur, which explains the decrease gi\ith
decreasing .

RemarkLinear stability analysis gives the critical Rayleigh
number Rafor instability onset and determines the modulus
k. of the critical wave-vectok of the unstable modes. The
direction of k is arbitrary. This orientation degeneracy is
related to the isotropy of the horizontal plar&s]. There is
also a pattern degeneracy that results from the linear theory
itself; indeed, any superposition of normal modes,

[w(r,z), (r,2), p(r,2)]
= c explk -r)[Fi11(2),G11(2),G1p (2], (38)

Ref. [13] for = 1 and we extend them to other thicknesseswith |k | = k. and where the 's are constant coef cients, is
on Fig. 1. We observe thak. and Ra decrease with also a solution of the linear problem with a zero growth rate at
decreasing the ratio of conductivities. Actuallyk; and Ra criticality.
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. . . . . . IV. PATTERN SELECTION AT THE ONSET OF
CONVECTION

The selection of the convective pattern is determined by
the nonlinearities of the problem, i.e., nonlinear inertial and
< nonlinear viscous terms. A weakly nonlinear analysis based
on amplitude expansion method similar to that considered
in Refs. p,27-30] is used as a rst approach to investigate
nonlinear effects on the competition between convective
patterns. Actually, the pattern that emerges near the onset
of convection are either rolls or squares. Further calculations

‘ ‘ how that hexagons are unst .
0 10 0 show that hexagons are unstal8¢l P

it 10°

10

10°

10°

FIG. 2. Evolution of ¢ versus for Pr= 10 and different values

A. Principles of the amplitude expansion method: Case of
of .(1) =001, =013 =1,(49) = 10.

square

For a square pattern, the fundamental solution in the linear
regime is Ae'* T + B k") 4, with k, orthogonal tok;
Near the onset of convection, the growth ratef the (the two vectorsk; andk, have the same modulus), and
perturbation may be approximated using Taylor expansion, B are the complex amplitudes of the perturbation along the
Ra$ Ra two wave vectors and 13(z) stands forFi1(z),G11(2), or
—Ra (39) Gp11(2). The interaction of the fundamental solution with
% itself, through the quadratic nonlinear inertial terms produces
where ¢ is the characteristic time for the instability to grow. It the rst harmonic A?e?k" + B2e?k2") ,, and a coupling
is given by o = Ra(g), g, Itis obtained from the curve, between modek; andk,, ABe'** k27,5 The interaction
temporal ampli cation rates versus Rayleigh number Ra, at of the fundamental with its complex conjugate leads to an
the critical conditions. Its evolution is represented in Flg. other coupling between modksandk,, AB € kiSkar o
The increase of with decreasing is related to the increase where () denotes the complex conjugate and a correction of
of the thermal diffusion time in the slab &s diminishes. For  the base state] A% | + | B2|) o.. The feedback at the cubic
> 10, we recover the value corresponding to a perfect heairder on the fundamental solution through nonlinear inertial
conductor, o = 0.053. Note that o does not depend on the and viscous terms i A? | +| B2 [)(Ae'kt" + BekeT) 43
rheological parameters. From this cascade of nonlinear interactions, the nonlinear
solution can be written as

B. Characteristic time of the instability

s= —+0(? with =
0

|
(rzt) = (A" + B(t)€") 11(2) + c.c.+ (AX(1) e + BX(1)e?") 2(2) + A()B(1)e ™ )" a5(2) + c.c.
A [ +] B ) 0+ ADB (EXSIT ng @)+ cot (A% | +] B(H) DA X
+ B(t)ekeT) 13(2) + c.c.t ... (40)

(

In Eq. @0), (r,z,t) stands for the vertical velocity pertur- the Fredholm alternative. The latter states that the resonating
bation,w, or the temperature perturbationor ,. For the  forcing terms have to be orthogonal to the kernel of the adjoint
vertical velocity perturbation,  is denotedr; , and for the  of the linear operator. This allows the determination of landau
temperature perturbation;; is denoteds; . saturation coef cientg; and .

In the square lattice, time evolution of the amplitude per-

turbations is governed by Stuart-Landau amplitude equations, _ ) )
B. Nature of the primary bifurcation

dA _ —AS (@AR+ |B]IA, (41) As shown in Ref. §], the self-saturatiory; and crossed
dt 0 saturation coefcients can be written as the sum of
dB _ = 2 2 Newtonian N superscript) and non-Newtonian contributions
dt ~ _OB S (@IBI"+ [AI)B, (42) (nN superscript):

whereg; and are, respectively, self-saturation and crossed- 5

saturation coef cients. The form of the amplitude Egé1)( o1 = glN Sg ’1‘N, (43)

and @2) is completely determined by the rules of invariance 5

via symmetry by rotation of an anglé 2 and by translation = Ng§g ™, (44)

[31,32]. Substituting Eqs.40)—(42) into Egs. (8)—(20) yields

after some algebra to a set of differential equations for each It is therefore possible to de ne a critical valug of the
mode that are solved sequentially. To avoid secular terms at tt&hear-thinning degree above which the bifurcation becomes
cubic order, compatibility conditions have to be enforced usingsubcritical.
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1
8t i
. «.\\(4) |
% @ @\ PN 1
—
4r ) 1
) g
10°  10° 10! 10’ 10" 10° 10°
(a) Rolls - )
10 0 2 4 104 N 6 8
--------- ] FIG. 4. The rati(y1 as afunction of for = 1052 and different
8p 1 valuesof : (1) =001,(2 =01,(3) =1,(4) = 10.The
° L < thin curve corresponds to the case of prefect heat conductor plates. It
% 6 | is represented as a reference curve.
- ® o\ O\ ¥ . . . R
interpretation may be related to the reduction of viscosity with
4 1 increasing shear-thinning effects, which leads to an increase of
the convection intensity. Nonlinearities and coupling between
5 ‘ ‘ ‘ ‘ ‘ modes become stronger which favor roll patterns.
10° 107 10* 10° 10t 10 10° Using shear-thinning decompositiongyfand [Eqgs. @3)
(b) Squares and @4)], itis found that rolls are stable wher»  sgr, with
N & 4N
FIG. 3. Critical degree of shear-thinning, above which the pri- SR = ? ) ' (47)
mary bifurcation becomes subcritical, versusfor rolls (a) and N S g’l‘N

b).(1) =001,(2 =013 =1,(4) =10. - . .
squares (b). (1) @ ®) @ Stability domains of squares and rolls are represented in the

plane (, )fordifferent inFig.5. The curves represent the

Inthe case of rolls, = O and boundaries between squares and rolls: below the boundary,

g\ squares are stable, and above the boundary, rolls are the
c= —N- (45)  stable convective patterns. For the limit of Newtonian uids,
9 i.e., = 0, we recover the results of the literature?]: for
In the case of squares,= 0 and Pr 10 and = 1, rolls are stable patterns provided that
gl + N > = 1. We notice that the domain of stability of squares
c = gTN+—“N (46)

Variations of . with for different  are depicted in 10 ' )

Figs. 3(a) and 3(b) for rolls and squares respectively. For R~ @ 1

large , the asymptotic limit of is .= 2.15x 10°* in al — TS~ |
agreement with Refs4[6]. With decreasind<, (decreasing @) ~

), the intensity of convection decreases, therefore, it is not 1

surprising that stronger shear-thinning effects are needed t® 6k i

obtain a subcritical bifurcation. =
(e} 4
C. Convective patterns at threshold 4 .

A linear stability analysis of stationary roll and square
solutions of Egs.41) and @2) allows to show that squares
are stable when <g 4, i.e.,, when the coupling between
the two orthogonal modes that describe the square pattern
is weak enough. By contrast, wher g 1, the coupling is too 0 )
strong, the squares lose their stability and rolls are the stable | 3 2 1 0

. - - L 10 10 X 10 10
nonlinear state. A similar phenomenological description can
be found in Ref. 26]. Figure 4 shows that with increasing FIG. 5. Stability domains of rolls and squares as a function of
» g Increases, and thus the interaction between the two and for different values of : (1) = 0.01, (2) = 0.1, (3)
orthogonal modek; and k, becomes stronger. A possible = 1,(4) = 10.

Squares
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2500
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2000
0.9
0.85 1500
0.8 1000
0.75

500
0.7

FIG. 6. Rolls. (a) Velocity vectors and viscosity eld over a roll for a Carreau uid witk 1054 at = 0.1. (b) Distribution of 2. Inthe
white zone, 2 < 200.
shrinks when decreases, which is understandable. Indeedhy Fig.7. It vanishes at the walls, because of the high value of
the thinner the slabs are, the weaker the thermal resistance tbe thermal conductivities ratio,.
Then the problem is closer to the case of perfectly conducting
slabs where rolls are the preferred patterns. For 1, the
dependence ofsgg with respect to  is weak. 2. Case of poorly conducting walls: = 0.01, =1
Finally, we observe thatssg increases as decreases. Because of the symmetries of the square solution, no uid
Poorly conducting slabs favor square patterns as shown ipasses through the vertical diagonal planes and the vertical
Refs. [L0-12], so stronger shear-thinning effects are necessargell boundaries. The sides of the square have a length equal
so that rolls become the preferred planform. This last resultigo 2 /k .. The viscosity distribution and the velocity eld in
in agreement with Ref1[3]. a horizontal plane close to the upper walH 0.49) and in a
vertical diagonal plane are illustrated by Régor Carreau uid
with = 10°%at = 0.1. The viscosity is minimal at location
where the shear ratg,; and y, [dark regions in Fig8(a].
Inthis section, features of the ow, temperature distribution, Contours of the temperature perturbation in a diagonal square
and shear-thinning effects on the viscosity eld in a roll and acell section and in a lateral section that delimits the square cell
square solutions are studied for highly and poorly conductingire shown in Fig9. It is worth noting that the temperature
slabs. perturbation does not vanish at the walls and the vertical
thermal gradient is weak.

D. Flow structure, viscosity, and temperature pelds

1. Case of highly conducting walls: = 100, =1

The ow structure and the viscosity eld for aroll solution g comparison between roll and square solutions for bxed
are illustrated by Fig6. The interior of the roll is practically and
isoviscous withy 1. The viscosity is minimal at the walls
where the shear-ratg, is maximal. It is also weakly reduced
at the four corners for a roll because of the elongational rat

2z2=S xx.

The distribution of the temperature perturbation over a rol

with hot ascending ow and cold descending ow is illustrated

For xed values and , velocity and viscosity elds are
etermined for roll and square solutions. Itis observed that the
maximum of shear rate and therefore the minimum of viscosity
joceurs for the stable pattern.

F. Heat transfer
The heat transfer through the horizontal uid layer is

described by the Nusselt number, Nu, the ratio of the total
200 heat to the purely conductive heat ux, i.e., when the uid is
at rest:
0 _
Nu=1S —
-200 Z =512
400 = 18 (|AI* +|B|*)(DG2)z=s 12, (48)

where (A|? + | B|?)Gy2 is the modi cation at the second order
FIG. 7. Rolls. Contours of temperature perturbation over a rollof the conductive temperature pro le due to the interaction of

with hot ascending ow and cold descending ow. Case of Carreauthe fundamental mode with its complex conjugate. The overbar

uidwith = 10°%at = 0.1. denotes the average over one wavelength. Using the stationary
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0.96
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FIG. 8. Squares, = 0.01, = 1. Velocity vectors and viscosity eld in (a) a horizontal plane close to the upper wall and (b) in a vertical
diagonal plane. Case of Carreau uid with= 10°*at = 0.1.

solutions of the amplitude equations, one obtains V. SECONDARY INSTABILITIES
Nu = 18 — (DGo)=5 12 forrolls, (49) Departing from the critical conditions, a band of wave
091 numbers of widthO( ™), centered ork = k. will now have
3 > . i
& (DGoo)wsya forsquares  (50) a positive growth-rate. The wave packet centered on the most

unstable wave number can be considered as a monochromatic
wave, with complex amplitude modulated in space and time.
Figure 10 shows the variation of the Nusselt number as a Inasquare lattice, and up to third order in the perturbations,
function of the shear-thinning degree at 0.1, = 0.01 the spatiotemporal evolution of the amplitudes is described by
and four different values of . The Nusselt number increases a set of two coupled Ginzburg-Landau equations derived by
with increasing shear-thinning effects in agreement withNewell and Whitehead?0] and Segel40]:

Refs. b,33,34]. This is a consequence of the increase of the

rolls amplitude. As expected, the Nusselt number decreases

0@+ )

signi cantly with increasing the slab thickness. The difference A Z 02 ) )
between Nu rolls and Nu squares is small. Nevertheless, Nuisy = A+ © 5 S 2 y? AS (GilAlI7+  [BIDA,
larger for the stable convective pattern in agreement with the

maximum heat transfer principle: “The only stable solution (1)
is the one of maximum heat transpor84936]. This is also B 2 P2 2

illustrated by Fig11, where Nuisrepresentedasafunctionof — = _g+ 0 __ § —— B S (u|B?+ |A]P)B,
forgiven = 4x 105%and = 1052 At = land = 0.1 t 0 o Y 2k X

squares are stable and rolls are unstable, whereasat).Ol, (52)

rolls are stable. Other principles can be considered to predict
the stable pattern such the maximum entropy production or the ”_
maximum viscous dissipatioB7,3§]. Indeed, it can be shown where the coherence length, is dened by =

that for a steady solution, Ra(Nu1)=  j jd [39,  zrg( kFia)R «,- It does not depend on rheological properties
where is adomain delimited by the top and bottom walls andand can be calculated from the curve of the growth-rate
one wavelength in the andy directions. For shear-thinning versus k S k). For 10, the coherence lengtly varies
uids one can consider the principle of maximum viscosity between 0.375 and 0.415. For 10, we obtain o = 0.386,
reduction, as indicated in the previous section. which is in agreement with the literaturé1].
M 0.5 T 11400
.
N L
200w O i
0 ;w,",}/ i 0
B I9s
-300 i 5 -200
-400 f b -400
; =l -0.5 . .
4 6 8 10 7w 6 8 14 &ty
7 [ke 7/ke
(3
FIG. 9. Squares, = 0.01, = 1. Temperature distribution and velocity vectors in (a) a lateral section which delimits the square cell,

y = /k ¢and (b) in a vertical diagonal section. Case of Carreau uid with 105%at = 0.1.
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@)
1075 L
(@) = (2
|
23104 ®
@
10°
@
0 2 4 104 x a 6 8 0 0.02 0.04 . 0.06 0.08 0.1
FIG. 10. The Nusselt number as a function of the shear-thinning FIG. 11. Nusselt number vs.at = 4x 10%%, = 10°2 and
degree at = 0.1, = 0.0l Pr= 10 and different values of : four different values of . Thick lines, rolls; thin lines, squares.
1) =001, =01,(3) =1and(4) = 10. Thick lines,
rolls; thin lines, squares. Thereafter, we examine the stability of the stationary solution
A. Stability of a roll modulated solution Egs. 63) and 64) with respect to in nitesimal perturbations,

in terms of amplitudes, andrg and phases o and g. The

In the following, we consider rst the case where rolls perturbed solution can be written as

emerge at primary bifurcation ¢ sgr). We look for a
stationary solution of the system Egs1)and 62), of the form

Ao= Roexplgx) where q=kSk, (53 A0 = Rotralyt)expt (aly.t)+ ax). (56)

Bo= 0. (54) B(Xay,t) = rB(X,y,t) eXp(i B (X,y,t )) (57)
Substituting the above expressions into Exj) (eads to Substituting Eqs 56) and 67) into Egs. 61) and 62), we
S 2q2 obtain after linearization and separating the real and imaginary

0

Ro = (55) parts of the equations
Ji 0 |
Na _ & 2 & %ra AL O %A Ry 3 ag 1 “ra
— =S 201R§ra+ = — S2QRp——+ ——+ — —_— 58
t gl OrA 0 X2 qRO X kc yz kC Xy2 4k§ y4 ( )
2 2 29 r 2o« 1 3ry o104
_A_- 0 ALrA, 97 Ag Ay — A (59)
t o X2 Ro x ke y? " kRoxy? 4kZ y*
e _ & \n2 2.6 § e 1 s
— = S )R§rs+ q°—rg + — 60
n (1S )RGre QOB o yZ o k& x4 (60)
[
Equation associated with g/t does notcontainlinearterms system are given by
so g does notintervene atthe rst order. Using normal mode 5
decomposition, i.e., (x,y,t) = exp[t + i(Qix + Q)] 1=S29:R3 + O(Qy), (62)
where stands fora, a andrg, an eigenvalue problem is
derived: ,=8 _ng 18 25 9 g 59Q3 + 0 Q202
ot 0 0iR3 o ke tez
LX = X, 61) (63)
2
2= 0"+ @S )R+ 0 Q1Q; .  (64)

whereX = (ra, A,rB)T is the eigenvector, the eigenvalue,
and L a 3x 3 square matrix arising from Eqs5&)- The eigenvectorrfy, a) associated with the rst eigen-
(60). Note that the eigenvalue problem corresponding tovalue 125291R§< 0 is (O(1/Q 1),1)). Therefore, ;
Eq. 60) can be solved independently from the whole describes the relatively rapid relaxation of the amplitude
system. perturbationra to its equilibrium value. The eigenvector

We consider the long wavelength limitwhe@g Oand  (ra, a) associated with, is (O(Q1),1). The second eigen-
Q2> 0. In that case, the relevant eigenvalues of the formevalue describes the evolution of the phase perturbatign
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The third root 3 describes the evolution of rolls growing where the subscript CR means “cross-roll.” When ¢, the
perpendicularly to the original ones. stationary roll solution Eq.53) becomes unstable: new rolls

The eigenvalue , can also be derived using the phaseexpand perpendicularly. It can be shown straightforwardly that
approximation. This approach described in Re88 42] relies  the cross-roll is a more restrictive instability than the Eckhaus
on the fact that the amplitude, relaxes quickly with time, instability, when
it can be considered to be adiabatically slaved to the phase

a. This comes down to writingr o/t = 0. Furthermore, < %91- (72)
in the long wavelength limit, spatial derivatives are very
small compared to the variables themselves. Therefore, the __rq, 4 Newtonian uid at P= 10 and in the case of
amplituder 5 is approximately given by its adiabatic value, perfectly conducting walls,/g 1 = 1.242. Decreasing the

. q2 A conductivity of the wall, , will decrease (g 1) and will give

=S ———. (65)  anarrow band of stable rolls. The width of this band vanishes

9iRo o X as the singularity/g 1 1" is approached.
This expression is substituted in EGY| to determine the

evolution of A. A phase-diffusion equation is then derived:

2 2 T T T T T

A _ A A
n =D x2+D ER (66) o
The longitudinal D and transverseD phase diffusion

coef cients are given by er
% L

2 L 2 2 2 2 S
D=215 0 b =23 (7 4
0 aRg o o ke -

Equation 66) shows that a perturbation of the wave number 2
leads to a readjustment of the system through a phase diffusion
process. The eigenvalue that stems from BE6) {s the same

as o.

1. Eckhaus instability

For perturbations that vary only in tlxeirection Q. = 0),
the eigenvalue; Eq. (63) reduces to 8. .
2=5QD +0 Q. (68) 4 ]
| or | 1
For positive longitudinal phase-diffusion coef cie , » 1
is negative, the perturbation is damped and the roll solution2 4- CRE| |
Eq. 63) is stable. Using Eq.56), the stability is satis ed if i
> g= 3q2 g, (69) o =
where the subscript E means “Eckhaus.” Note that this - - - - ‘ ,
instability does not depend on the rheological parameters. 10 10 10 10 10 10° 10
2. Zigzag instability ®) =0.1
For perturbations that vary only in tlyedirection Q1 = 0), o : : : : : 1
the eigenvalue, Eq. (63) reduces to
2=5QD +0Q;. 70 g™ T |
For negativeD , i.e., whenq is negative K < k), rolls at . "SR |
wavelength greater than the critical one, the eigenvajuis B4 © creE| 1
positive, the perturbation is amplied and the roll solution = | )
Eq. 63) is unstable. In this case, the rolls will saturate into o i
bends that decrease the wavelength. Squares|™, e
f R |
3. Cross-Roll instability 57 16'2 : 16-1 1‘00 1‘01 1‘02 0

The eigenvalue 3 Eq. 64) corresponds to the cross-roll
(CR) instability. The system is CR stable if < 0. Using () =0.01

Eq. (59), the system is CR stable if FIG. 12. Boundary between Eckhaus and cross-roll instabilities

for different slabs’ thicknesses: (a) = 1 and (b) = 0.1, (c
7 RT g0 0 ) o0 @ ® ©
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—Forashear-thinning uid/g 1 increases with increasing
shear-thinning effects. Combining EG2j with Egs. @3) and
(44), we can de ne a shear-thinning degreerse, below
which cross-roll is the more restrictive instability:

3ghs2 N

B e 73
N S2 ™ (73)

CRSE —

For > cgrse, the Eckhaus instability takes over as the
most restrictive of the two. Figur&2 shows the variation
of crse as a function of the conductivity of the walls
and for different values of the thickness. We have also
represented the boundariessgr and . (limit of subcritical
bifurcation). As expected,crse increasing with decreasing
In Fig. 13, we have represented in the plaheRa) the
curves that delimit the stability domain of rolls with respect
to (i) cross-roll instability for different and (i) Eckhaus
instability (which is independent of). With increasing shear-
thinning effects (g i increases), the CR stability boundary

enlarges and becomes less restrictive than Eckhaus instabilip

for > CRSE -

B. Stability of a square-modulated solution

In the case where the convection starts with perfect squa
patterns, a stationary solution is given by

Ao(X) = Roexplgx) where q=kSk., (74)

Bo(y) = Roexp(qy). (75)

Replacing these expressions in Edgl)(@and 62) leads to

PHYSICAL REVIEW B6, 043109 (2017)

1820

178G 5 ]

©

n g [ increasing

1 74Q : 1

(1)
Cond.

1700
2.8

3 k

FIG. 13. In uence of shear thinning effects on stability bound-
aries for convection rolls as a function of the Rayleigh number
Ra and the wave numbérfor = 1, Pr= 10, and = 100. (1)
Marginal stability curve, (2) Eckhaus boundary, (3) CR boundary for a
Newtonian uid, (4) CR boundary for a shear-thinning uid with=
02x = 4310°, (5) CRboundaryfor = 0.7x .= 1510%,

6) CR boundary for = 0.9x = 1.9310>*. The vertical dotted
e is the zigzag (ZZ) boundary. The conductive state labeled Cond.
is stable below curve (1).

As inthe case of rolls, we carry out a linear stability analysis of

rtge stationary square solution Eqg4Y—(76). A perturbation

of the form

A(X!yvt) = (R0+ rA(leit)) eXp(i ( A(leit) + qX)),
(77)

B(Xx.y.t) = (Ro+ re(xy,t))exp(i ( s(x,y,t) + qy)),
(78)
is introduced. Substituting, the amplitud&sandB by their

g 2q2 expressions, Eqs7() and (78) into Egs. 61) and 62) leads
0= 0 (76) after linearization to
@+ )o |
ra _ = & Ua & A, q %A Ry % asx 1 “a
— =S 201R5raS2Rirg+ — —S 2 e 2Dy = _— ' 79
t gl o'A o'B N 2 qRO X kc y 2 kc X y 2 4kg y 4 ( )
_A:_g 2A Z_qrA' L 3rA+ﬂzAgi4A (80)
t o X2 Ro x kRoxy? ko y2z "4z y4 '’
's _ & 2, & 2 § rs B, 0 % R g s 1 “g
— =S201R§rE S2R§ra+ — — S2qRp—— + ——— + — —_ 81
t gl o!B oA N 2 qRO y kc X 2 kc X 2 y 4k§ X 4 ( )
_B_ _g ? B Zjﬁ « 1 3rB + ﬂ ? B i ! B (82)
t o Y2 Roy kRox?y ke x2 ~4kZ x4

Using a normal modes decomposition, i.e.(x,y,t) =

exp[t +i(Qix+ Qay)], where stands  for
ra, a,fs, B, the following eigenvalue problem is
derived:

MX X.

(83)

In Eq. 83), X = (ra, a.rs, B)T is the eigenvector, the
eigenvalue andM the 4x 4 square matrix arising from

Egs. (19—-(82). The eigenvalues and eigenvectors can be

determined numerically using Matlab. Examples of results are
shown in AppendiA.

Actually, we are particularly interested by the long wave-
length limit approach, i.,e.Q; 0 andQ, 0. In this
approach, the eigenvalueg and , associated with the
amplitudes a andrg, respectively, are given by

1=S2R3(g1+ )+ 0 Qi Q3;

2 =S 2R3 S )+ 0 Q3Q%. (84)
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