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Abstract 

The distribution of electrons in the 4f orbitals of lanthanide ions is often assigned a crucial 

role in the design of single-molecule magnets (SMMs), which maintain a magnetization in 

zero external field. Optimal spatial complementarity between the 4f-electron density (4f-ED) 

and the ligand field is key to maximizing magnetic anisotropy — an important factor in the 

ability of lanthanide complexes to display SMM behaviour. Here, we have experimentally 

determined the ED distribution in two dysprosium molecular complexes by interpreting high-

resolution synchrotron X-ray diffraction with a multipole model. The ground-state 4f-ED is 

indeed found to be an oblate ellipsoid — as is often deduced from a simplified Sievers model 

that assumes a pure |±15/2> ground-state doublet for the lanthanide ion. The large equatorial 
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asymmetry, determined via a model wavefunction, was found to contain significant MJ-

mixing of |±11/2> and only 81% of |±15/2>. The experimental molecular magnetic easy axes 

were recovered, and found to deviate by 13.1° and 8.7° from those obtained by ab initio 

calculations. 
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Lanthanide ions continue to represent the focus of forefront multidisciplinary research, 

playing a crucial role in areas as diverse as magnetic resonance imaging1 and cell labelling, 

structure determination of large proteins via paramagnetic NMR2 and the development of 

building blocks for molecule-based storage devices, quantum computing3 and spintronics.4. 

Central to the development of all these applications is the non-uniform distribution of a few 

electrons amongst the lanthanides’ seven 4f orbitals, and its consequences for the ensuing 

magnetic anisotropy. Magnetic anisotropy plays a particularly important role in the 

development of single-molecule magnets (SMMs), which possess the ability to maintain a 

magnetization in zero external field. Since the discovery of the SMM property,5-7 numerous 

molecular systems have been shown to exhibit restricted equilibration of magnetization8-14. 

The common origin of this behaviour is magnetic anisotropy, which expresses the differences 

in resulting magnetization as a function of the direction of the external magnetizing field 

relative to the molecular orientation.  

Recently, Rinehart and Long15 presented an explanation for the relaxation of magnetization in 

lanthanide complexes.16 Their underlying idea was that the reversal of the magnetization 

from the state MJ = -J to the state MJ = +J  via the intermediate MJ-states, i.e. neglecting 

quantum tunneling, could be interpreted as being accompanied by a 4f electron density (ED) 

redistribution. This rationalizes the energy barrier to magnetization reversal as being caused 

by a classical rotation of the 4f ED, tightly bounded to the magnetic moment orientation, into 

a configuration of energetically unfavorable 4f-ligand electrostatic repulsion at the top of the 

barrier. Thus, the ease of this ED reorientation is strongly influenced by its electrostatic 

interactions with the surrounding ligand field. Consider, for instance, the trivalent 

dysprosium-ion, which has a 4f9 configuration and the ground state term is 6H15/2. Basic 

theoretical calculations suggest that the valence ED for the MJ = 15/2 state belonging to the 

6H15/2 multiplet has a pronounced oblate character — i.e. there is significantly less ED in the 



 4

direction of the vertical Z-axis than in the equatorial XY-plane.17 If the surrounding ligand 

field complements this oblate ED shape by having most of its negative charge occupying the 

regions along the Z-axis, the electrostatic repulsion is minimized. Building upon these ideas, 

Chilton and Soncini created a program to calculate the energetically most favourable 

direction (or easy axis) of magnetization for Dy compounds with Dy exclusively in the |MJ = 

15/2> state, by minimizing the classical electrostatic repulsion energy between the charge 

distributions of the ligands and the Dy ion.18 It was soon realized that a linear ligand field 

would maximize the stabilization of the |MJ = ±15/2>, eventually leading to the discovery of 

the record-breaking dysprosocenium SMM.19-22 

However, the above-described argumentation relies on a calculation of the pure |MJ = 15/2> 

state of an isolated atom, neglecting MJ-mixing effects, dynamical correlation effects, and 

covalent bonding effects. It is thus of importance to gain additional experimental insight into 

the properties of the ED to unambiguously prove this relationship, and the prime approach is 

to use high-resolution single-crystal X-ray diffraction.23 This method allows a complete 

experimental parameterization of the ED in the crystalline state, inherently including spin–

orbit effects and intermolecular interactions. These effects are exceedingly difficult to 

quantify by theoretical calculations, but are provided “for free” in the experiment. However, 

application of the method to heavy elements such as lanthanides remains an elusive target, 

primarily because of the lack of sufficiently accurate data to describe the spatially 

overlapping 4f and 5p electrons. This is evidenced by the fact that only two experimental ED 

studies of lanthanide compounds have been published,24,25 both of these having filled or 

empty 4f shells. This is not the case for Dy(III) with its partially filled 4f shell, and this study 

is therefore of significance for ED research. Key to the current success has been the 

combined use of synchrotron radiation,26-30 an experimental temperature of 20 K,31,32 and 
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novel detector technology, thereby allowing high-resolution data with minimal systematic 

errors. 

As benchmark compounds, we have chosen both known polymorphs of Dy(dbm)3(bpy), (1A, 

Figure 1) and (1B), in which Dy(III) is coordinated to three molecules of 

dibenzoylmethanoate (dbm), and one 2,2’-bipyridine (bpy). Compound 1B is known to 

behave as an SMM with an energy barrier of 16.5 K,33 and some of us have just determined 

its magnetic susceptibility tensor using polarized neutron diffraction.34  

 

Results 

The main purpose of this study is to demonstrate the experimental determination of the ED 

distribution in lanthanide molecular complexes. Explicit details about how the total ED is 

obtained are given in the Methods section. In order to ensure the validity of this approach, we 

need to fulfil three conditions: Firstly, we probe the ED exclusively from the ground state. 

The first excited state for 1A (1B) is calculated to be 161 cm-1 (149 cm-1) above the ground 

state for 1A (1B), and with an experimental temperature of 20 K, their Boltzmann population 

is negligible. Secondly, while we do model the total ED including any covalency, any two-

center bonding involving the 4f electrons on the central Dy-ion and the surrounding ligand 

atoms is neglected during extraction of 4f-orbital populations. It is well known that the 4f 

electrons in lanthanides are effectively shielded by the 5s and 5p electrons, and the extent of 

electron sharing with the ligands involving the 4f electrons will be small. We have verified 

this assumption, as outlined in detail in the Supplementary Information (Section 3), by 

showing clear evidence that the chemical bonding involving Dy is primarily ionic. Thirdly, 

we verified the applicability of the multipole model to describe the ED in lanthanide systems 

by refining against noise-free theoretical structure factors. The development of a new 

procedure was required for the calculation of such structure factors based on a multi-
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configurational wavefunction. Using the simulated data, we obtain a highly reliable model, 

clearly confirming that the multipole approach has the capability to accurately describe the 

complex electronic distribution around Ln-ions.  

 

Experimental determination of the Dysprosium 4f orbital populations 

In this section, we thus assume that the DyIII ion is described by a purely atomic ED (see 

Methods, see Eq. (5)), whose departure from sphericity is solely determined by the non-

uniform distribution of the nine electrons in the seven 4f orbitals. This deviation results from 

the crystal field splitting of the ground spin-orbit multiplet (an assumption strongly supported 

by the found lack of covalency in the Dy-ligand bonding). Under this assumption, we have 

developed (Methods, Eq. (6)) a description of the first order reduced 4f-density matrix in 

terms of the experimentally measured multipoles which allows us to access the 4f-orbital 

populations (Table 1 and 2). 

 

The ab initio calculations and magnetic data are consistent with a ground doublet dominated 

by |MJ = ±15/2>, if this is represented on a basis of |JMJ> multi-electron spin-orbit states, 

where the quantum number MJ defines the projection of the total angular momentum J along 

the magnetic anisotropy axis. Thus, using basis functions quantized along the magnetic easy 

axis, this leads to 4f-orbital populations of 1.5 in each of the four ml = ±3,±2 functions and 

1.0 in the remaining three (݉௟ = ±1,0). The experimental 4f-orbitals populations defined 

along the ab initio quantization axis clearly show that the nine open-shell electrons are not 

uniformly distributed among the 4f-orbitals, but instead nearly consistent with the idealized 

occupation pattern predicted for a pure |±15/2> state. It is more meaningful to compare the 

electronic populations Nm of different angular momentum shells, reported in columns A 

(experimental) and C (theoretical). For a pure |±15/2> doublet, we expect the m=3 and m=2 
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shells to be populated with three electrons in each shell, the m=1 shell with two electrons, and 

the m=0 shell with one electron. For 1A it is clear that, aside from almost half an electron 

transferred between shells m=2 and m=0, the overall experimental populations indicate a 

multi-electron ground state wavefunction rather dominated by a |±15/2> doublet. This picture 

is even clearer for 1B, where again half an electron from m=2 relative to the pure |±15/2> 

doublet state is re-distributed, this time evenly among the rest of the orbitals. The 

experimental populations are thus also consistent with the Hund’s rule character of such state, 

according to which the 4f orbital shell with the highest angular momentum should be the 

most populated.  

The experimental multipole model of the ED allows us to estimate all 28 unique matrix 

elements of the first order reduced 4f-density matrix. These show (Tables S5-6) that the 

experimental density matrix is not diagonal. We can rationalize this based on the following 

arguments: Firstly, the experimental magnetic anisotropy axes might not lie in the same 

direction as the ab initio axes, and rotation of the basis of tesseral harmonics (i.e. the real 

spherical multipoles, for details see SI, section 6, Eq. (S2)) from the experimental magnetic 

anisotropy axis to our chosen reference frame would introduce off-diagonal elements in the 

reduced density matrix. We show in the next section that the experimental easy axis forms an 

angle of only 13° for 1A and 8.7° for 1B with the ab initio easy axis. Secondly, even if the 

directions of the experimental and theoretical easy axes coincide, in the absence of high axial 

symmetry the hypothesis of a pure |±15/2> is an idealization for a molecule. The effect of 

going beyond the pure |±15/2> approximation is treated in the final section. Finally, despite 

our best efforts to use state-of-the-art experimental and theoretical methods, experimental 

uncertainties and theoretical approximations necessarily introduced will account for some of 

the discrepancies between experiment and theory. 
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Spatial shape of the 4f electron cloud 

We now use the experimentally determined multipolar expansion to analyze the shape of the 

4f ED in the two molecules, in the spirit of the approach by which Sievers illustrated the 

theoretical lanthanide densities (for details, see SI, Section 7).17 When DyIII is in a ground 

state strongly dominated by the |±15/2> component, we expect the magnetic easy-axis to lie 

along the axis of the associated oblate ellipsoid representing the 4f ED. We are thus left with 

the task of finding this unique direction defining the 4f ED. 

To accomplish this, we characterize the oblate character of Eq. (6) by ignoring any harmonic 

of order higher than two, thus keeping in the expansion only the monopolar (ܼ଴଴) and the five 

quadrupolar (ܼଶ௠ఒ ) terms. We can write (see Section 6 in SI) the experimental 4f density for 

1A and 1B in the truncated quadrupolar approximation ߩଶ as (using the experimental 

multipole values, see Table S5): 

,ߠ)ଶexp,1Aߩ  ߶) = 9.0	 ෨ܼ଴଴ − 0.26	 ෨ܼଶ଴ − 0.02	 ෨ܼଶଵା − 0.08	 ෨ܼଶଵି + 0.05	 ෨ܼଶଶା − 0.07	 ෨ܼଶଶି   (1a) ߩଶexp,1B(ߠ, ߶) = 9.0	 ෨ܼ଴଴ − 0.32	 ෨ܼଶ଴ + 0.03	 ෨ܼଶଵା + 0.09	 ෨ܼଶଵି − 0.07	 ෨ܼଶଶା + 0.07	 ෨ܼଶଶି   (1b) 

 
By rotating Eq. (1) in the ellipsoid principal axes frame, the ellipsoid surface represented by 

Eq. (1) may be simplified to its canonical form, Eq. (2), (for details see Section 7 in the SI): 

,ߠ)ଶߩ  ߶) = 	଴଴ܣ ෨ܼ଴଴ + 	ଶ଴ܣ ෨ܼଶ଴ᇱ (ߠ) + 	ଶଶܣ ෨ܼ′ଶଶା ,ߠ) ߶)                              (2) 

 

Upon this rotation we may determine (i) its oblate character, as predicted by the ab initio 

calculations, and (ii) the direction of its shortest principal semi-axis corresponding to the 

direction of the magnetic easy axis. We obtain: 

,ߠ)ଶexp,1Aߩ  ߶) = 9.0	 ෨ܼ଴଴ − 0.27	 ෨ܼଶ଴ᇱ (ߠ) + 0.08	 ෨ܼ′ଶଶା ,ߠ) ߶)                      (3a) ߩଶexp,1B(ߠ, ߶) = 9.0	 ෨ܼ଴଴ − 0.33	 ෨ܼଶ଴ᇱ (ߠ) + 0.10	 ෨ܼ′ଶଶା ,ߠ) ߶)                      (3b) 
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This confirms that we have experimentally probed the strong oblate ellipsoidal character of 

the DyIII ion, independently for both complexes investigated here. Eq. (3) reveal a sizeable 

axial quadrupolar coefficient for 1A (A20 = −0.273) and especially for 1B (A20 = −0.329), 

both close to the axial quadrupolar coefficient of the ideal oblate |±15/2> states, A20(±15/2) = 

−0.321 (see SI, Section 6). It is noteworthy that while the pure states |±13/2> and |±11/2> 

also exhibit oblate charge distributions, they give rise to significantly smaller axial 

quadrupoles (A20 (±13/2) = −0.193, A20 (±11/2) = −0.083). Again, this is strong indications 

that the experimental oblate shape of the 4f ED measured here is associated to a ground state 

dominated by the |±15/2> doublet.   

From the eigenvalues of the rotation matrix turning Eq. (1) into Eq. (3), we can quantify the 

angular density along the principal axes. For 1A (1B), we find c = 0.6034 (c = 0.5800) along 

the experimental easy-axis Z, where depletion of 4f ED occurs. These values are to be 

compared with the values derived from the pure |±15/2> state of c = 0.5836 along the Z easy-

axis (see SI, Section 7). Since the z-axis of the experimental xyz-frame was deliberately 

chosen to coincide with the ab initio magnetic easy-axis, the angle between the direction of 

the experimentally determined short principal axis c, characterizing the spatial direction of 

maximal depletion of 4f-ED, and the ab initio easy axis, is the Euler angle β = 13.1° for 1A 

and β = 8.7° for 1B. We illustrate in Figure 2 the relative orientation of experimental and ab 

initio magnetic axes, together with a plot of the ab initio (see Eq. (4)) and experimental (Eq. 

(1)) 4f EDs in the ellipsoidal approximation. 

 

We thus find a very small difference between the measured axial quadrupolar coefficient A20, 

and that predicted by theory for a Dy(III) ion in its maximally oblate state |±15/2>. This leads 

to the conclusion that our measurements of the asphericity and the absolute spatial orientation 



 10

of the 4f ED are in agreement with a ground doublet dominated by a |±15/2> state. However, 

we also note that if the ground state were described by an almost pure |±15/2> doublet, the 

rhombic quadrupolar coefficient A22 should be negligibly small, which is in stark contrast to 

what we find here. In the next section, we therefore discuss the origin of this XY-asymmetry. 

We remind that there is a comparatively large XY-asymmetry in the atomic magnetic 

susceptibility for Dy in 1B, as determined using polarized neutron diffraction.34 In that study, 

we obtain directly the individual components of the atomic susceptibility tensor, and find the 

ratio of the two XY susceptibilities to be 1.53. 

 

XY-asymmetry and ground state composition 

As shown in Eq. (3), the rhombic contributions are sizeable (A22+ ~ 0.1), showing that the 4f 

ED displays a larger accumulation along X than along Y. Importantly, such rhombic departure 

is not allowed in Sievers’ theory.17 To investigate this matter further we used the full ab initio 

wavefunctions of the ground doublet หΨ±ൿ = ∑ ܽெ±|ܯܬൿା௃ெୀି௃  (see Table S4 for the list of ܽெ± ), 

to compute the theoretical multipoles of the 4f ED (see Methods, Eq. (7), and SI, Section 8). 

We note that the ab initio calculations predict a ground doublet dominated by |±15/2> 

(~92%), as well as a non-negligible contribution from |±11/2> (~ 8%). 

Applying the developed Eq. (7), with the results of our ab initio calculations, we get the 

following expression for the theoretical density in the quadrupole approximation:   

,ߠ)ଶtheo,1Aߩ  ߶) = 9.0	 ෨ܼ଴଴ − 0.30	 ෨ܼଶ଴ᇱ (ߠ) + 0.03	 ෨ܼ′ଶଶା ,ߠ) ߶)                            (4) 

 
We can see from Eq. (4) that the corrections to simple Sievers’ theory brought about by the 

mix in the ground doublet of a |±11/2> component are quite sizeable, and exactly in the 

direction predicted by our experimental data, with a non-negligible rhombic term accounting 

for the mixing. However, the 8% mixing of |±11/2> obtained via the popular ab initio method 
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used here only accounts for roughly about a third of the measured rhombic distortion of the 

ED. This is yet another indication of the tendency of these programs to predict ground states 

with too high purity. For instance, this bias is highlighted by comparison of simulated and 

measured magnetic susceptibility data of 1A, as shown below in Figure 3. The limiting value 

of χT of a Kramers doublet for T approaching zero is given by (߯ܶ)்ୀ଴ = ேఓಳమଷ௞ಳ × ௚మೣା௚೤మା௚೥మସ , 

which equals 11.8 emu K mol-1 for the ab initio result, while experimentally it is around 10.5 

emu K mol-1. If instead we use the g-values obtained from the highly mixed ground state35 

resulting from the fit to the experimental ED, we obtain a value of 11.1 emu K mol-1, in much 

better correspondence with the experimental magnetization measurement. 

 

To examine in more detail the degree of mixing that accounts for the experimental 

rhombicity, we consider first a simple two-level model of the ground Kramer’s doublet 

consisting of |11/2ۧ and |15/2ۧ, which allows us to parameterize the canonical 

quadrupoles in terms of a mixing angle α (see also SI, Section 8). If we maximize A22 under 

the constraint that |A20| remains in the range 0.25 ~ 0.3, we find that this simple two-level 

model allows for at most 32% mixing of |±11/2> (α = 68.9°), leading to A20 = −0.25, A22 = 

0.048, which is, however, still only about 60% of the experimental rhombic mixing obtained 

from the ED for 1A.   

A more flexible model allows mixing of those eight |MJ> states that differ by 2 units of 

angular momentum from each other, starting from |+15/2> and is parameterized by the 7 

mixing angles α1, α 2, …., α7 as: 

|KD +ۧ = cos ቀߙଵ2 ቁ ฬ152 ඀ + sin ቀߙଵ2 ቁ cos ቀߙଶ2 ቁ ฬ112 ඀ + sin ቀߙଵ2 ቁ sin ቀߙଶ2 ቁ cos ቀߙଷ2 ቁ ฬ72඀ + ⋯
+ sin ቀߙଵ2 ቁ sin ቀߙଶ2 ቁ⋯cos ቀߙ଻2 ቁ ฬ− 92඀ + sin ቀߙଵ2 ቁ sin ቀߙଶ2 ቁ⋯ sin ቀߙ଻2 ቁ ฬ−132 ඀ 

(4a) 
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This model wavefunction Eq. (4a) is expected to lead to the maximal rhombic quadrupole 

term in the associated ED represented in a canonical form, consistent with our Eqs. (7) and 

(S13). We use α1 to constrain the axial quadrupole so that 0.3 ≥ |A20| ≥ 0.25, consistent with 

experiment within an expected error of 0.03 on the multipole parameters, while the remaining 

six angles are varied to maximize the rhombic quadrupole coefficient |A22|. We find that the 

best match to the experimental canonical quadrupoles consist of A20 = −0.25, A22 = 0.07 

(closely resembling the experimental values for 1A, A20 = −0.27, A22 = 0.08), obtained using 

the substantially mixed wavefunction with 81% |15/2>, 5.6% |11/2>, 3.8% |7/2>, 4% |3/2>, 

3.4% |−1/2>, 1.7% |−5/2>, 0.4% |−9/2>, 0.04% |−13/2>. 

Using all 28 ab initio multipoles calculated via Eq. (7), we obtain a new set of 4f populations 

defined in the ellipsoidal principal axes (columns E in Table 1 & 2). These vary little with 

respect to the populations of the pure |±15/2> states, but we note that the changes for the 

m=0, m=1 and m=2 shells occur in the direction observed in the experiment, i.e. increasing 

the populations of the m=0 and m=1 and reducing the m=2 shells. However, at variance with 

the experiment, we also observe a slight decrease in the population of the m=3 shell. 

 

Discussion 

In conclusion, we have used high-resolution, low-temperature synchrotron X-ray diffraction 

data collected for two independent polymorphs of dysprosium-based SMMs to obtain 

experimental multipole models for the total ED distribution. Using these, we have extracted 

4f orbital populations and found them in quite good agreement with those resulting from a 

ground doublet dominated by |MJ = ±15/2>. Ab initio results rationalize the appearance of a 

rhombic term in the quadrupolar density in terms of a sizeable contribution from the |MJ = 

±11/2> state, which still preserves a 92% dominance of |MJ = ±15/2>. However, a more 

quantitative agreement with the observed stronger rhombic XY-asymmetry could only be 



 13

recovered via a model wavefunction allowing a stronger mixing, leading to a ground KD 

dominated only by 81% by of |MJ = ±15/2>, in a clear confirmation of the failure of current 

ab initio models to predict substantial ground state mixing. 

By analysis of the spatial shape of the 4f ED in the two compounds we have unambiguously 

proven that the 4f-ED associated with the Dy3+-ion is oblate, however less cylindrically 

symmetrical than expected. In addition, we have derived the magnetic easy axis direction 

from the rotation of the quadrupoles. This constitutes an experimentally validated link 

between electronic structure and magnetic properties. Importantly, this study provides 

experimental observations of the 4f ED in functional single-ion magnets, and expands upon 

the simple yet effective electrostatic model, by giving a much more detailed view of the 

valence density shape. We note that the present magnetic anisotropy axis of 1B is in full 

agreement with that found using polarized neutron diffraction on the same compound, as well 

as aligned with both ab-initio and the electrostatic model results.  

 

Methods  

Synthesis 

Compound 1 was synthesized according to literature instructions.33 Crystals were obtained by 

recrystallization from evaporation of 1:1 ethanol/acetone solution. 

 

Single crystal X-ray diffraction data collection and reduction 

Single crystal X-ray diffraction data was collected at beamline BL02B1 at SPring8 in Japan. 

A single crystal of 1A with dimensions 110x80x55 μm and of 1B of 60x80x90 μm was 

mounted directly on a pointed glass tip using epoxy glue and cooled to 20 K using a He-flow. 

The diffraction data was measured using Fuji Imaging Plate detector technology. The data 

was collected using 3° ω-scans, and a total of 59 frames for 1A and 116 frames for 1B 
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provided datasets with completeness and redundancy of 96.7% and 2.7 for 1A and 97.9% and 

5.5 for 1B. The resolution was 0.43 Å for 1A and 0.35 Å for 1B. The data was integrated 

using a box-sum method in which we reject all partial reflections. The integrated reflections 

were scaled using the software RAPID_AUTO, and the program SORTAV33,36 was used to 

discard outlier reflections and merge equivalent reflections, providing internal agreement 

factors of 2.3% (1A) and 5.4% (1B) 

 

Experimental multipole modeling. 

The Hansen-Coppens model:30 	
(ܚ)ୟ୲ߩ = ௖ܲߩୡ୭୰ୣ(ܚ) + ௩ܲߢ′ଷߩ୴ୟ୪ୣ୬ୡୣ(ݎ′ߢ) +෍ ܠ܉ܕ࢒(ݎ′′ߢ)ᇱଷܴ௟′ߢ

ୀ૙࢒ ෍ ௟ܲ௠±݀௟௠±(ߠ, ࢒(߶
ୀ૙࢓ . 

with lmax = 6 was used to describe the charge density. Radial functions are from bank files 

used by XD2006. The effectiveness of the model is tested with the refinement on theoretical 

structure factors. The crystal structure was solved using SHELXT,37 and refined using 

SHELXL38 in Olex2,39 before it was imported into XD40 for initial multipole modeling. The 

final refinements were carried out in JANA200641. More details can be found in SI. 

 

Computational details 

The electronic structure calculations of 1 was done with CASSCF/RASSI/SINGLE_ANISO 

implemented in the MOLCAS 8.2 package42. Complete active-space self-consistent field 

(CASSCF) calculation is carried out with on the X-ray structure. For all atoms, basis sets are 

atomic natural orbitals from MOLCAS ANO-RCC library. ANO-RCC-VTZP for the Dy ion, 

VTZ for close N and O, VDZ for the other atoms. The calculations employed the second 

order Douglas–Kroll–Hess Hamiltonian, where scalar relativistic contractions were taken into 

account in the basis set and the spin–orbit coupling was handled separately in the restricted 
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active space state interaction (RASSI-SO) procedure. The active electrons in seven active 

spaces include all the 9f electrons in the CASSCF calculation. We calculated all the roots in 

the active space. We have mixed the maximum number of spin-free states, which was 

possible with our hardware (all from 21 sextets, 128 from 224 quadruplets and 130 from 490 

doublets). The magnetic properties were obtained using SINGLE_ANISO.43 Energy level 

diagram, g-tensors of the ground and first excited states, and projections of wavefunctions in 

the effective 15/2 pseudo spin space are reported in the Supplementary Information (Section 

5). 

Theoretical structure factors were calculated analytically up to a resolution limit of sin(θ)/λ = 

1.7 Å-1 by exploiting spin orbit natural orbitals (SONO), whose orbital coefficients file have 

been obtained through the RASSI program in MOLCAS 8.242, and by placing molecule 1 in a 

large 25 Å × 25 Å × 25 Å cubic cell. The calculations were performed using a routine of the 

XC-ELMO program44 that implements an extension of the Obara-Saika and Head-Gordon-

Pople recurrence relations for molecular integrals45,46 to the computations of the Fourier 

transforms of basis functions products. More details can be found in SI, Section 10. 

Computation of theoretical structure factors.  

 

Theoretical analysis of the multipolar expansion of the 4f ED   

As detailed in the Supplementary Information (Section 6), the atomic 4f ED is ߩସ௙(ܚ) = ଶ|(ݎ)߮| ෍ ௠భఒభ,௠మఒమܼଷ௠భఒభܦ ,ߠ) ߶)ܼଷ௠మఒమ ,ߠ) ߶)௠భఒభ,௠మఒమ  

                     (5) 

where ܦ௠భఒభ,௠మఒమ is the 7x7 reduced density matrix represented on a basis of real 4f atomic 

orbitals ߰ସ௙,௠ఒ(ݎ, ,ߠ ߶) = ଷ௠ఒܼ(ݎ)߮ ,ߠ) ߶), featuring 28 unique elements, including the seven 
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4f orbital populations (diagonal elements). Eq. (5) can be exactly re-expressed as a finite 

linear combination of tesseral harmonics ܼଷ௠ఒ ,ߠ) ߶) (see SI for details): 

(ܚ)ସ௙ߩ = ଶ෍|(ݎ)߮| ෍ ௞௤஛Ω௞௤஛ܼ௞௤஛௤஛଴,ଶ,ସ,଺௞ߤ ,ߠ) ߶) 
                                 (6) 

where the 28 coefficients ߤ௞௤஛ are the 4f multipoles measured in this work. Knowledge of the 

28 multipoles in Eq. (6) gives access to all 28 elements of the reduced density matrix ܦ௠భఒభ,௠మఒమ (and vice versa) by solving the linear system Eq. (S4), a strategy that was used 

here to determine the 4f orbital experimental populations reported in Table 1.   

To determine theoretical multipole coefficients ߤ௞௤஛ in Eq. (6), using our ab initio results, we 

generalized the Sievers model17 valid for a pure M-component of a spin-orbit multiplet, to a 

crystal field level that is an arbitrary mix of M-levels, as detailed the SI (Section 8). Given 

the ab initio ground Kramers doublet wavefunction |Ψۧ = ∑ ܽெ|ۧܯܬା௃ெୀି௃  for the Dy3+ 

complex (reported in Table S4), we thus obtain the theoretical multipoles as (see also Eq. 

(S13)): 

௞௤ఒߤ = 	 ௤ܰ݁ି௜గଶഊܬܵܮۦ||ܱ௞||ۧܬܵܮ ෍ (−1)௃ିெభା௤ା௃
ெభஹெమୀି௃ ൫ܽெభ∗ ܽெమ

+ ∗ெమܽ	ߣ ܽெభ൯ ൬ ܬ ݇ ଵܯ−ܬ ݍ  	ଶ൰ܯ
(7) 

where ܬܵܮۦ||ܱ௞||ۧܬܵܮ is the same reduced matrix element derived by Sievers17, and Nq = 1/2 

(Nq= 1/√2) if q = 0 (q > 0). Via Eq. (7) we computed the ab initio multipoles (Table S5), 

hence via Eq. (S4) the ab initio 4f orbital populations (Tables 1 and 2), and density matrix 

(Table S6). 

 

ASSOCIATED CONTENT 
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Figure 1. ORTEP depiction of the solid-state molecular structure of 1A, with 50% 

probability ellipsoids. The eight atoms of the first coordination sphere are labeled along with 

the central Dy(1). Hydrogen atoms have been omitted for clarity. 

Figure 2. Electron density isosurfaces and unique magnetic axes. a-d, Overlay plots of the 

molecular structures showing experimental (red) and ab initio (green) 4f ED and 

experimental ellipsoid principal axes represented by red and blue arrows. Red arrows indicate 

the shortest axis, “oblate direction” while the two blue arrows indicate the two longer axes. 

Also shown are the ab initio magnetic axes of the ground doublet, with green arrows showing 

the easy-axis and black arrows showing the perpendicular magnetic axes with quasi-zero g-

values. The isosurfaces have been calculated including all 28 multipoles for 1A (a) and 1B 

(c), and in the ellipsoidal (monopole+quadrupoles) approximation for 1A (b) and 1B (d), as 

described by Eq. (1) (experimental) and Eq. (4) (ab initio). Colour code: grey, carbon; white, 

hydrogen; blue, nitrogen; red, oxygen. 

Figure 3. Temperature dependence of the magnetic susceptibility (χT) for 1A. The 

experimental values are shown with the dotted line, while the calculated values are shown 

using the solid line. Polymorph 1A is the preferred product, and we have therefore not been 

able to obtain sufficient amounts of 1B to enable magnetic measurement of this polymorph.  

 

 

 

Table 1. 4f-orbital populations for 1A. The experimental values are based on a reference 

frame with the z-axis along the ab initio easy axis. Columns show: A (m-shell populations 

from experiment); B (m-shell populations from experiment, using easy axis as z-axis); C (m-

shell populations for pure |±15/2>); D (m-shell populations from ab initio). 

Orbital ml A B C D 	4݂௭య 0 1.40 1.25 1.00 1.02 4݂௫௭మ 
±1 2.10 2.23 2.00 2.05 4݂௬௭మ 4݂௭൫௫మି௬మ൯ ±2 2.33 2.33 3.00 2.94 4 ௫݂௬௭ 4݂௫൫௫మିଷ௬మ൯ ±3 3.17 3.19 3.00 2.99 
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Table 2. 4f-orbital populations for 1B. The experimental values are based on a reference 

frame with the z-axis along the ab initio easy axis. Columns show: A (m-shell populations 

from experiment); B (m-shell populations from experiment, using easy axis as z-axis); C (m-

shell populations for pure |±15/2>); D (m-shell populations from ab initio). 

 

 

4݂௬൫ଷ௫మି௬మ൯ 

Orbital ml A B C D 	4݂௭య 0 1.16 1.11 1.00 1.02 4݂௫௭మ 
±1 2.13 2.25 2.00 2.06 4݂௬௭మ 4݂௭൫௫మି௬మ൯ ±2 2.51 2.37 3.00 2.93 4 ௫݂௬௭ 4݂௫൫௫మିଷ௬మ൯ 
±3 3.20 3.27 3.00 2.98 4݂௬൫ଷ௫మି௬మ൯ 
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