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Abstract  

The 3 method may be used to estimate the thermal conductivity of an electric conducting wire. 

In this method, an alternating voltage with an angular frequency  is applied to the wire. The 

resulting low tension 𝑈3𝜔 of angular frequency 3that appears in the total tension is extracted 

by a lock-in amplifier. The amplitude of 𝑈3𝜔 is directly linked to the thermal conductivity of 

the wire and enables its estimation. All authors using the 3 method for the determination of 

the thermal conductivity of an electric conducting wire considered that the heat flux produced 

by Joule effect in the wire is constant. This hypothesis leads to a linear form of the heat transfer 

equation. In this paper, an analytical model taking into account the dependence of the heat flux 

on the temperature is developed, it leads to a non-linear form of the heat transfer equation. The 

importance of the non-linearity in certain cases is demonstrated and the analytical solution is 

used to define a unique criterion that must be verified to ensure the validity of the linear 

solution.   

 

Keywords: thermal conductivity, non-linearity, 3  method, transient method, wire 

 

1. Introduction 

During the last decades the 3 method became one of the most popular methods to measure the 

thermal conductivity of the thin layers. Its origin goes back to the works of Corbino [1] who 

detected a low tension of angular frequency 3 when he applied an alternating voltage of 

angular frequency  to a resistance. This phenomenon was successively used to measure the 

calorific capacity of the heating element itself and then to measure the calorific capacity of a 

substrate by using a wide ribbon and a 1D model of heat transfer [2-7]. The method such as it 

is presently known results from the works of Cahill who proposed a 2D analytical model which 

can apply to a thin strip [8]. This allows the measurement of the thermal conductivity of low 

thickness layers [9-10]. 

Several authors [11-18] have then adapted and used this method initially developed to 

characterize flat thin layers for the thermal characterization of electrical conductive wires of 

micrometric and even nanometric diameter [19]. 

Lu and al [11] presents a 1D model in which the convective and radiation transfers on the 

surface of the wire are neglected. They deduce an expression of the component 𝑈3𝜔 with 

                                                 
1 Ding, T., Jannot, Y., Schick, V. et al. Analysis of the non-linearity of the heat transfer equation in case of a 

time-dependent heat source: application to the 3ω method. J Eng Math (2020). https://doi.org/10.1007/s10665-

020-10040-z 



 2 

angular frequency 3 of the measured tension in the form of an infinite sum. They show then 

that for low frequencies, the first term of this sum is sufficient to obtain a satisfying precision.  

Dames and Chen [12] use the same 1D model and present another expression of the average 

temperature of the wire. They deduce a simplified expression of 𝑈3𝜔 close to the relation 

obtained by Lu and al [11]. 

The models and the methods proposed by Lu and al [11] and Dames and Chen [12] were then 

used by other authors to realize the thermal characterization of wires with different composition 

and dimensions: carbon fiber of diameter 7 m and of length between 0.8 and 1.9 mm [13], 

platinum wire of diameter 25 m [14], bismuth tellurure wire of diameter 180 nm and of length 

4 m [15 ], nickel wire of diameter 150 nm and of length 5.4 4 m [16], nanowire of carbon of 

diameter 45 nm [17], silicon wire of diameter 150 nm and of length 5 - 10 m [18]. 

Nevertheless, all the authors, Depasse et al [20] excepted, made the hypothesis that the heat 

flux produced in the wire by Joule effect is constant.  But in most experiments the current 

intensity is kept constant so that the heat flux is not constant because the wire electric resistance 

varies with the temperature. In this case, the system of equations satisfied by the temperature is 

no longer linear.  

The object of the presented work is to establish an expression of 𝑈3𝜔 based on a model taking 

into account the radiation and the convective losses, the heat transfer between the connecting 

wires and the wire to be characterized, as well as the non-linear heat source.  

In this paper the classical device and the principle of the 3𝜔 method will first be detailed. The 

expression of the mean temperature rising of the wire, considering a constant heat flux but 

taking into account the connecting wires, will be established. Then a more complete model 

taking into account the variation of the heat flux will be developed.  

A sensitivity study of the wire mean temperature to the thermal parameters to be estimated will 

be undertaken for various dimensions and thermal properties of the wire. The importance of the 

non-linearity of the heat source in certain conditions will be demonstrated and the model 

simulation will be compared to experimental results obtained on a micrometric wire. 

 

2. Materials and methods 

Figure 1 represents the 3 device generally used to measure the thermal properties of an 

electrical conductive material which electric resistance varies linearly with the temperature. The 

low diameter wire is welded to higher diameter connecting wires. A high value of the ratio 

between the diameter of the connecting wires and the diameter of the wire to be measured 

ensures that the temperature of the welds remains constant during the measure. The validity of 

this hypothesis will be further discussed. The temperature is assumed to be uniform in a cross-

section of the wire since its diameter is low.  

A sinusoidal current with intensity  𝐼 = 𝐼0 𝑐𝑜𝑠(𝜔𝑡) passes through the wire so that a heat flow 

rate is generated in it by Joule effect. This heat flow rate 𝑃 is generally considered as constant: 

𝑃 = 𝑅 𝐼2 ≈ 𝑅0 𝐼0
2cos2(𝜔𝑡) =

𝑅0 𝐼0
2

2
 [1 + cos(2𝜔𝑡)] = 𝑃𝐷𝐶 + 𝑃𝐴𝐶,   (1) 

with: 

𝑅0  Wire electrical resistance at 𝑇𝑒𝑥𝑡 (Ω) 

𝑅  Wire electrical resistance at temperature 𝑇 (Ω)  
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Figure 1: Schema of the measurement device 

It is the sum of a constant part 𝑃𝐷𝐶 = 𝑅0 𝐼0
2 2⁄  and of a sinusoidal part 𝑃𝐴𝐶 =

(𝑅0 𝐼0
2 2⁄ ) cos(2𝜔𝑡). The mean temperature rise is proportional to the heat flow rate, thus it 

contains a constant part and a sinusoidal part:         

 ∆𝑇(𝑡) = 𝑇̅ − 𝑇𝑒𝑥𝑡 = ∆𝑇𝐷𝐶 + ∆𝑇𝐴𝐶 cos(2𝜔𝑡 + 𝜑),      (2) 

where 𝑇̅ is the wire mean temperature along 𝑂𝑥 (cf. Fig.1) and ∆𝑇𝐷𝐶 and  ∆𝑇𝐴𝐶 are the two 

mean temperature amplitudes due respectively to the continuous and sinusoidal parts of the heat 

flow rate. 𝜑 is the phase shift between the current and the temperature. 

Since the wire resistance varies linearly with the temperature, it can be written as: 

𝑅(𝑡) = 𝑅0(1 + 𝛼Δ𝑇) = 𝑅0[1 + 𝛼∆𝑇𝐷𝐶 + 𝛼∆𝑇𝐴𝐶cos (2𝜔𝑡 + 𝜑)],   (3) 

with: 

𝛼 Temperature coefficient of the electric resistance (K-1) 

The electrical potential difference 𝑈 = 𝑉1 − 𝑉0  (cf. figure 1) can be expressed by the formula: 

𝑈 = 𝑅0𝐼0(1 + 𝛼∆𝑇𝐷𝐶) cos(𝜔𝑡) +
𝑅0𝐼0

2
𝛼∆𝑇𝐴𝐶cos(𝜔𝑡 + 𝜑) +

𝑅0𝐼0

2
𝛼∆𝑇𝐴𝐶cos(3𝜔𝑡 + 𝜑). (4) 

The third harmonic 𝑈3𝜔 of 𝑈 is measured and used to estimate the thermal conductivity 𝜆 of 

the wire because it only contains one term (contrarily to the first harmonic 𝑈1𝜔), directly 

proportional to the amplitude ∆𝑇𝐴𝐶 of the mean temperature rise: 

𝑈3𝜔(𝑡) =
1

2
𝑅0𝐼0 𝛼 ∆𝑇𝐴𝐶  cos(3𝜔𝑡 + 𝜑).       (5) 

A complete model of the amplitude ∆𝑇𝐴𝐶 will now be developed and then used to calculate its 

sensitivity to the different characteristics of the wire.  

 

3. Steady periodic regime with constant heat flux 

In this section, the case of the steady periodic regime with a constant heat flux is considered, 

and the influence of the connecting wires will be studied.   
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3.1 Analytical model 

 

 

 

Figure 2: Geometrical characteristics 

The wire temperature 𝑇 and the connecting wire temperature 𝑇𝑐 verify the following equations 

(cf. figure 2): 

Heat equation for the wire: 

∂2𝑇

∂𝑧2 −
ℎ𝑚

𝜆𝑆
 (𝑇 − 𝑇𝑒𝑥𝑡) +

𝑞̇

𝜆
=

1

𝑎
 
∂𝑇

∂𝑡
 ,   for 0 < 𝑧 < ℓ

2⁄ ,   (6) 

with: 𝑚 = 𝜋𝐷,  𝑆 =
𝜋𝐷2

4
  and 𝑞̇ =

𝑅𝐼2

𝑆ℓ
 , 

where ℎ is the heat transfer coefficient (W m-2 K-1) on the perimeter of the wire, 𝑎 the thermal 

diffusivity (m2 s-1) of the wire and 𝜆 its thermal conductivity (W m-1 K-1). 

Heat equation for the connecting wires: 

∂2𝑇

∂𝑧2 −
ℎ𝑐𝑚𝑐

𝜆𝑐𝑆𝑐
 (𝑇𝑐 − 𝑇𝑒𝑥𝑡) =

1

𝑎𝑐
 
∂𝑇𝑐

∂𝑡
 ,   for ℓ 2⁄ < 𝑧 < ∞,   (7) 

with: 𝑚𝑐 = 𝜋𝐷𝑐 and 𝑆𝑐 =
𝜋𝐷𝑐

2

4
 , 

where ℎ𝑐 is the heat transfer coefficient (W m-2 K-1) on the perimeter of the connecting wire,  

𝑎𝑐 the thermal diffusivity (m2 s-1) of the connecting wire and 𝜆𝑐 its thermal conductivity (W m-

1 K-1). 

For symmetry reason, the temperature reaches an extremum at the center of the wire: 
∂𝑇

∂𝑧
= 0,      for 𝑧 = 0.     (8) 

The connecting wires are considered as semi-infinite media: 

𝑇𝑐 → 𝑇𝑒𝑥𝑡,      for 𝑧 → ∞.    (9) 

The continuity of the temperature at the welding point leads to: 

𝑇 = 𝑇𝑐 ,      for 𝑧 = ℓ
2⁄ .    (10) 

The continuity of the heat flux assuming a purely 1D transfer in the Oz direction (the 

constriction is neglected) leads to: 

𝜆𝑆
∂𝑇

∂𝑧
= 𝜆𝑐𝑆𝑐

∂𝑇𝑐

∂𝑧
,     for 𝑧 = ℓ

2⁄ .    (11) 

The initial condition can be written as: 

𝑇 = 𝑇𝑐 = 𝑇𝑒𝑥𝑡 ,     at 𝑡 = 0.    (12) 

At first, it will be considered that the resistance 𝑅 is very close to 𝑅0 when calculating the 

volume heat flow rate (W m-3) produced by Joule effect: 

𝑞̇ ≈
𝑅0 𝐼2

𝑆ℓ
=

4 𝑅0 𝐼0
2 cos2(𝜔𝑡)

𝜋𝐷2ℓ
=

4 𝑅0 𝐼0
2 

𝜋𝐷2ℓ
 
1

2
 [1 + cos (2𝜔𝑡)].     (13) 

This approximation is justified by the low value of the temperature coefficient of the wire: 

𝛼 ≪ 1. 

Wire to be characterized 
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L/2 0 
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The heat source can be considered as the sum of a flux step and of a periodic flux with an 

angular frequency 2𝜔. If a flux proportional to sin (2𝜔𝑡) is associated to the periodic flux 

proportional to cos (2𝜔𝑡), the periodic heat source may be written as: 

𝑞̇𝐴𝐶 =
2 𝑅0 𝐼0

2 

𝜋𝐷2ℓ
 exp(2i𝜔𝑡).         (14) 

Writing the periodic solution as: 𝑇 − 𝑇𝑒𝑥𝑡 = 𝜓(𝑧, 𝜔) exp(2i𝜔𝑡) and:  𝑇𝑐 − 𝑇𝑒𝑥𝑡 =

𝜓𝑐(𝑧, 𝜔) exp(2𝑖𝜔𝑡), the equations become: 

d2𝜓

d𝑧2 + 𝐾1 − 𝛽2 𝜓 = 0 ,    0 < 𝑧 < ℓ
2⁄ ,    (15) 

d2𝜓𝑐

d𝑧2 − 𝛽𝑐
2 𝜓 = 0,     ℓ

2⁄ < 𝑧 < ∞,    (16) 

d𝜓

d𝑧
= 0 ,      for 𝑧 = 0,     (17) 

𝜓𝑐 = 0 ,      for 𝑧 → ∞,    (18) 

𝜓 = 𝜓𝑐,      for 𝑧 = ℓ
2⁄ ,    (19) 

𝜆𝐷2 d𝜓

d𝑧
= 𝜆𝑐𝐷𝑐

2 d𝜓𝑐

d𝑧
,     for 𝑧 = ℓ

2⁄ ,    (20) 

with: 

𝐾1 =
2 𝑅0 𝐼0

2 

𝜋𝐷2ℓ 𝜆
 ,           (21) 

𝛽2 =
2i𝜔

𝑎
+

4ℎ

𝜆𝐷
 ,          (22) 

𝛽𝑐
2 =

2i𝜔

𝑎𝑐
+

4ℎ𝑐

𝜆𝑐𝐷𝑐
 .                (23) 

The general solutions are: 

𝜓(𝑧, 𝜔) = 𝐴 cosh(𝛽𝑧) + 𝐵 sinh(𝛽𝑧) +
𝐾1

𝛽2 
,       (24) 

𝜓𝑐(𝑧, 𝜔) = 𝐴𝑐 cosh(𝛽𝑐𝑧) + 𝐵𝑐 sinh(𝛽𝑐𝑧).        (25) 

Using relations (17) to (20) leads to the expression of the wire temperature: 

𝑇 − 𝑇𝑒𝑥𝑡 = 𝜓(𝑧, 𝜔) exp(2i𝜔𝑡) =
𝐾1

𝛽2  [1 −
cosh(𝛽𝑧)

cosh(𝛽
ℓ

2
)+

𝐷2𝜆 𝛽

𝐷𝑐
2𝜆𝑐 𝛽𝑐

 sinh(𝛽
ℓ

2
)
] exp(2i𝜔𝑡),   (26) 

and the wire mean temperature can be written:  

𝑇̅ − 𝑇𝑒𝑥𝑡 = 𝜓̅(𝜔) exp(2i𝜔𝑡) =
𝐾1

𝛽2
 [1 +

2 [1−cosh(𝛽ℓ)]

𝛽ℓ {sinh(𝛽ℓ)−
𝐷2𝜆 𝛽

𝐷𝑐
2𝜆𝑐 𝛽𝑐

 [1−cosh(𝛽ℓ)]}
] exp(2i𝜔𝑡). (27) 

The amplitude ∆𝑇𝐴𝐶 of the mean periodic temperature rise is the amplitude of 𝜓̅(𝜔). 

If the wire extremities can be considered at constant temperature (if: 𝐷2𝜆 𝛽 𝐷𝑐
2𝜆𝑐 𝛽𝑐⁄ ≪ 1), 

relation (27) becomes: 

𝜓̅(𝜔) =
𝐾1

𝛽2
 [1 +

2 [1−cosh(𝛽ℓ)]

𝛽ℓ sinh(𝛽ℓ)
].         (28) 

This last relation is identical to that established by [21].  

 

3.2 Influence of the connection wires 

Three different wires made of Chromel, copper and iron having thus very different thermal and 
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thermoelectric properties (thermal conductivity, electric resistivity and temperature coefficient) 

will be considered as an example.  

  

  

Figure 3: Amplitude ∆𝑇𝐴𝐶 of the mean wire temperature as a function of the frequency𝑓 for 

three wires: “Iron I”, “Copper II” and “Chromel II” 

 

The properties of each wire are given in table 1 and the temperature evolution will be simulated 

for the conditions “Iron I”, “Copper II” and “Chromel II” described in table 2. The following 

diameters of the connection copper wires will be considered successively: 100 m , 300 m

and 1 mm. Figures 3 represent the calculated amplitude of the temperature, which is directly 

proportional to 𝑈3𝜔 according to relation (5), as a function of the current angular frequency 𝜔.   

It can be seen that the connection wires have a great influence if their diameters are 100 m. 

But, whatever are the characteristics of the wire to be characterized, the connection wires have 

not any influence on the electric potential 𝑈3𝜔  if their diameters are greater than 1 mm. In this 

case the problem may be simplified and it may be considered that the temperatures of the 

extremities of the wire are constant as boundary conditions.  

This conclusion may appear in contradiction with the results of Hou [22] who have 

demonstrated that the connecting wires have no influence on the mean wire temperature. 

However, he considered the connecting wires as semi-infinite media while we considered them 

as cylinders exchanging heat by convection and radiation with the environment. 

 

4. Steady periodic regime with variable heat flux 

In this section the influence of the variation of the heat flux (previously neglected) will be 

studied. It corresponds to the practical case where the intensity is kept constant. 

Iron I 

Copper II 

Chromel II 
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As it will be shown, taking into account the connection wires does not change the temperature 

expression if their diameters are sufficiently high. Thus, for the complete calculation the 

hypothesis of a constant temperature (equal to the ambient temperature 𝑇𝑒𝑥𝑡) for the extremities 

of the wire will be considered. 

If the non-linearity is taken into account, the number of harmonics of the steady periodic regime 

is infinite. It is then more interesting to solve the problem in the Laplace space, rather than in 

the Fourier space as done in [20]. 

 

4.1. Analytical model 

The governing equations of the heat transfer are: 

∂2𝑇∗

∂𝑧2 −
4ℎ

𝜆𝑆
 𝑇∗ +

𝑞̇

𝜆
=

1

𝑎
 
∂𝑇∗

∂𝑡
,     0 < 𝑧 < ℓ

2⁄ ,   (29) 

with: 𝑇∗ = 𝑇 − 𝑇𝑒𝑥𝑡, 

∂𝑇∗

∂𝑧
= 0,       for 𝑧 = 0,   (30) 

𝑇∗ = 0 ,       for 𝑧 = ℓ
2⁄ ,   (31) 

𝑇∗ = 0 ,       at 𝑡 = 0,   (32) 

with:  𝑞̇ =
𝑅 𝐼2

𝑆ℓ
=

4 𝑅0(1+𝛼𝑇) 𝐼0
2 cos2(𝜔𝑡)

𝜋𝐷2ℓ
 (variable with the temperature).   (33) 

The relation (29) becomes:  

∂2𝑇∗

𝜕𝑧2 − 𝐾2 𝑇∗ + 𝐾3𝑓(𝑡) + 𝛼 𝐾3 𝑇∗ 𝑓(𝑡) =
1

𝑎
 
∂𝑇∗

∂𝑡
,      (34) 

with:  𝐾2 =
4ℎ

𝜆𝐷
 ,           (35) 

and 𝐾3 =
4 𝑅0 𝐼0

2 

𝜋𝐷2𝜆ℓ
.          (36) 

The system is non-linear because of the term 𝛼 𝐾3 𝑇∗ 𝑓(𝑡).  

Given that:     

1

𝑎
 
∂𝑇∗

∂𝑡
− 𝛼 𝐾3 𝑇∗ 𝑓(𝑡) =

1

𝑎
 exp[𝛼 𝐾3 𝑎 ∫ 𝑓(𝑡)d𝑡]

𝜕

𝜕𝑡
 {𝑇∗ exp[−𝛼 𝐾3 𝑎 ∫ 𝑓(𝑡)d𝑡 ] },   (37) 

one can define 𝐹 as:   𝐹 = 𝑇∗ exp[−𝛼 𝐾3 𝑎 ∫ 𝑓(𝑡)d𝑡 ],          (38) 

and relation (34) becomes: 

𝜕2𝐹

𝜕𝑧2 − 𝐾2 𝐹 + 𝐾3𝑓(𝑡)exp[−𝛼𝐾3𝑎 ∫ 𝑓(𝑡)d𝑡 ] =
1

𝑎
 
𝜕𝐹

𝜕𝑡
.     (39) 

Relation (39) is a linear partial differential equation with a source 𝑔(𝑡) given by: 

 𝑔(𝑡) = 𝐾3 𝑓(𝑡)exp[−𝛼𝐾3𝑎 ∫ 𝑓(𝑡)d𝑡 ].       (40) 

This is a classical problem that can be solved using the Green method [23]. The source 𝑔(𝑡) is 

replaced by the Dirac function 𝛿 at time 𝑡 = 0, thus : 

∂2𝐺

∂𝑧2 − 𝐾2 𝐺 + 𝛿(𝑡 = 0) =
1

𝑎
 
∂𝐺

∂𝑡
,        (41) 

𝐺 is the Green function of the problem.  
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The solution 𝐹 of equation (39) is given by a convolution product: 

𝐹 = 𝐺 ⊗ 𝑔(𝑡).          (42) 

To solve equation (40) a Laplace transformation is applied, leading to: 

d2𝜃

d𝑧2 − 𝛽2𝜃 + 1 = 0,             (43) 

with:  𝛽2 =
𝑝

𝑎
+

4ℎ

𝜆𝐷
,           (44) 

and  𝜃 = ℒ(𝐺) = ∫ 𝐺(𝑡)exp(−𝑝𝑡)
∞

0
d𝑡.        (45) 

The solution is: 

𝜃(𝑝, 𝑧) =
1

𝛽2  [1 −
cosh(𝛽𝑧)

cosh(𝛽
ℓ

2
)
],         (46) 

and the mean temperature can be written as: 

𝜃̅(𝑝) =
1

𝛽2  {1 +
2 [1−cosh(𝛽ℓ)]

𝛽ℓ sinh(𝛽ℓ)
}.        (47) 

Then:    𝐺̅ = ℒ−1(𝜃̅),            (48) 

and applying the Green method: 𝐹̅ = ℒ−1(𝜃̅) ⊗ 𝑔(𝑡),     (49) 

where  𝐹̅ is the mean value of 𝐹. 

So that the general solution is: 

𝑇̅∗(𝑡) = exp[𝛼𝐾3𝑎 ∫ 𝑓(𝑡)d𝑡 ] [ℒ−1(𝜃̅) ⊗ 𝑔(𝑡)],      (50) 

with: 𝑇̅∗ = 𝑇̅ − 𝑇𝑒𝑥𝑡. 

In our case: 𝑓(𝑡) = cos2(𝜔𝑡),         (51) 

and: 𝑔(𝑡) = 𝐾3 cos2(𝜔𝑡) exp {−𝛼𝐾3𝑎 
1

2
[𝑡 +

sin(2𝜔𝑡)

2𝜔
]}.     (52) 

Thus: 𝑇̅∗(𝑡) = exp {𝛼𝐾3𝑎
1

2
[𝑡 +

sin(2𝜔𝑡)

2𝜔
]} [ℒ−1(𝜃̅) ⊗ 𝑔(𝑡)],          (53) 

and the measured tension is: 

 𝑈(𝑡) = 𝑉1(𝑡) − 𝑉0 = 𝑅0[1 + 𝛼(𝑇̅ − 𝑇𝑒𝑥𝑡)]𝐼 − 𝑅0𝐼 = 𝑇̅∗𝛼𝑅0𝐼0 cos(𝜔𝑡).     (54) 

 

4.2.  Sensitivity analysis 

A sensitivity study has been realized for three wires placed under vacuum, i.e. with a weak heat 

transfer coefficient corresponding to radiation heat transfer (ℎ = 3 W m−2 K−1) and for another 

iron wire under atmospheric pressure with a higher heat transfer coefficient (ℎ =

500 W m−2 K−1). These four cases correspond to the configurations « Iron V », «Iron II », 

« Copper IV » and « Chromel IV » described in table 2 and the corresponding results are 

reported in figure 4.   

These figures represent the reduced sensitivities of the amplitude ∆𝑇𝐴𝐶 of the wire mean 

periodic temperature to the thermal conductivity𝜆, the volume heat capacity 𝜌𝑐 and the heat 

transfer coefficient ℎ: 𝜆 
∂(∆𝑇𝐴𝐶)

∂𝜆
, 𝜌𝑐 

∂(∆𝑇𝐴𝐶)

∂𝜌𝑐
  and ℎ 

∂(∆𝑇𝐴𝐶)

∂ℎ
.    
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Figure 4: Reduced sensitivities of the wire mean temperature amplitude ∆𝑇𝐴𝐶  to +, 𝜌𝑐 (◊) 

and ℎ (x) for “Iron V”, “Iron II”, “Copper IV” and “Chromel IV” (cf. Table 2) 

 

It can be seen that for all wires the sensitivity to the thermal conductivity is correlated to the 

sensitivity to the heat transfer coefficient. Thus the experiments must be realized under vacuum 

to minimize the influence of ℎ. On the contrary, this technique could be used to measure the 

heat transfer coefficient if the thermal conductivity of the wire is known; preliminary tests have 

demonstrated the feasibility of this technique.  

The sensitivity to 𝜌𝑐 is not correlated to the two other sensitivities since it is the only one to 

reach an extremum so that an estimation of 𝜌𝑐 would be possible for each case. 

 

5. Results 

At first, the linear (constant heat flux) and the non-linear (variable heat flux) solutions will be 

compared for the three previously described wires. The solution of relation (54) is obtained 

using the IFFT (Inverse Fast Fourier Transform) algorithm (Matlab function “ifft”) to realize 

the inverse Laplace transformation. The solution is programmed with Matlab and the amplitude 

of the 3 component is obtained by FFT (Matlab function “fft”) after the convolution product 

(Matlab function “conv”) has been realized. As an example, figure 5 represents the amplitude 
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of the electrical tension 𝑈3𝜔
ℓ  as a function of the electrical current frequency for the 

configurations “Iron I” and “Copper I” when considering a constant heat flux (linear solution) 

and a variable heat flux (non-linear solution).  

  

Figure 5: Amplitude of the electrical tension 𝑈3𝜔 as a function of the electrical current 

frequency for the configurations “Iron I” and “Copper I” with linear and non-linear 

hypothesis 

 

The deviation between the linear and the non-linear solutions may reach high values up to 30% 

for Iron for example.  

Since the non-linear calculation of the amplitude of the electrical tension 𝑈3𝜔 is quite complex 

(relation (54)), it is difficult to use it to estimate the thermal conductivity of the wire by an 

inverse method.  The best solution seems to choose experimental conditions so that deviation 

between the linear and the non-linear solutions is negligible, enabling the use of the easy to run 

linear solution. To do this, the maximum relative deviations for fifteen different configurations 

described in table 2 have been calculated and relations (28) to (54) have been re-written under 

a non-dimensional form.  

The amplitude of 𝑈3𝜔 given by relation (28) depends on one non-dimensional number that is: 

𝛾2 =
4ℎℓ2

𝜆𝐷
.            (54) 

So that: 𝑈3𝜔
ℓ∗ = 𝑓ℓ(𝛾2, 𝜔∗),         (55) 

with: 𝑈3𝜔
ℓ∗ =

𝑈3𝜔
ℓ

𝛾1
,          (56) 

where: 𝜔∗ =
𝜔

𝛾3
,           (58) 

𝛾1 =
𝛼𝑅0

2 𝐼0
3ℓ 

𝜋𝐷2𝜆
,           (59) 

𝛾3 =
𝑎 

ℓ2.           (60) 

The amplitude of 𝑈3𝜔 given by relation (54) depends on two adimensional numbers 𝛾2 and 𝛾4 

with: 
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𝛾4 =
4𝑅0 𝐼0

2𝛼ℓ

𝜋𝐷2𝜆
.            (61) 

So that:  𝑈3𝜔
𝑛ℓ∗ = 𝑓𝑛ℓ(𝛾2, 𝛾4, 𝜔∗, 𝑡∗),        (62) 

with:  𝑈3𝜔
𝑛ℓ∗ =

𝑈3𝜔
𝑛ℓ

𝛾1
,          (63) 

and:  𝑡∗ = 𝛾3 𝑡.          (64) 

When the sinusoidal periodic regime is reached, relation (62) becomes: 

𝑈3𝜔
𝑛ℓ∗ = 𝑓𝑛ℓ(𝛾2, 𝛾4, 𝜔∗).          (65) 

The deviation between the linear and the non-linear models depends on the two parameters 𝛾2 

and 𝛾4. Firstly, we will study the case ℎ = 0  corresponding to  𝛾2 = 0. 

We have calculated the relative deviation between the tension 𝑈3𝜔
ℓ  calculated with the linear 

model and the tension 𝑈3𝜔
𝑛ℓ  calculated by the non-linear model for a low frequency leading to 

the maximum deviation (cf. figure 5). 

Table 3 presents the numerical results obtained for the various cases corresponding to quite 

different thermal properties, dimensions and temperature variations. 

Figure 6 represents the maximum relative deviation (𝑈3𝜔
𝑛ℓ − 𝑈3𝜔

ℓ ) 𝑈3𝜔
ℓ⁄   as a function of 𝛾4 for 

𝛾2 = 0 (ℎ = 0 ). 

  

Figure 6: Relative deviation  
𝑈3𝜔

𝑛ℓ −𝑈3𝜔
ℓ

𝑈3𝜔
ℓ  (%) of the maximum amplitude between the linear and 

the non-linear models versus 𝛾4 (for ℎ = 0) and linear regression 

 

A linear regression leads to : 
𝑈3𝜔

𝑛ℓ −𝑈3𝜔
ℓ

𝑈3𝜔
ℓ = 14.31 ×

4𝑅0 𝐼0
2𝛼ℓ

𝜋𝐷2𝜆
.     (66) 

It enables to set a practical condition: if 𝛾4 < 0.07 then the deviation between the two models 

is lower than 1%. Thus if ℎ = 0 , the linear approximation is valid if: 

 
𝜌0 𝐼0

2𝛼ℓ2

𝐷4𝜆
< 0.043.          (67) 

One can notice that the deviation decreases for the highest frequencies, but in the same time the 

amplitude of the signal decreases (cf. figure 5) when the frequency increases so that the 

measurement is less precise. 

𝛾4 
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Figure 7 represents the relative deviation between the two models for a constant value of 𝛾4. A 

fairly good correlation of  (𝑈3𝜔
𝑛ℓ − 𝑈3𝜔

ℓ ) 𝑈3𝜔
ℓ⁄  as a function of 𝛾2 is given by: 

𝐿𝐶 =
14.4 𝛾4

1+0.17 𝛾2
0.85 ,          (67) 

as shown by figure 8 where the values of  (𝑈3𝜔
𝑛ℓ − 𝑈3𝜔

ℓ ) 𝑈3𝜔
ℓ⁄  have been represented as a 

function of 𝐿𝐶 for all the cases of table 3. One can notice that all the points are close to the 

straight line 𝑦 = 𝑥. 

 

Figure 7: Relative deviation  
𝑈3𝜔

𝑛ℓ −𝑈3𝜔
ℓ

𝑈3𝜔
ℓ  (%) of the maximum amplitude between the linear and 

the non-linear models versus 𝛾2 and a regression 

 

Figure 8: Relative deviation 
𝑈3𝜔

𝑛ℓ −𝑈3𝜔
ℓ

𝑈3𝜔
ℓ  (%) of the maximum amplitude between the linear and 

the non-linear models versus the linearity criterion 𝐿𝐶 =
14.4 𝛾4

1+0.17 𝛾2
0.85

  

 

Figure 7 also shows that the relative deviation decreases when the heat transfer coefficient ℎ 

increases (𝛾2 is proportional to ℎ). Nevertheless, the sensitivity of 𝑈3𝜔
ℓ  decreases when ℎ 

increases. 

As an example, the amplitude of the third harmonic 𝑈3𝜔 of the electrical tension 𝑈 has been 

measured by a lock-in amplifier for the configuration « Iron I ». Figure 9 shows a very good 

agreement between the experimental values and the theoretical values calculated by the non-

𝛾2 
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linear model. This figure also highlights the deviation between the linear and the non-linear 

models.  

 
Figure 9: Amplitude of the electrical tension 𝑈3𝜔 of an iron wire (Iron I) : experimental curve 

(■) and the linear (        ) and non-linear (       ) models simulations. 

 

Conclusion 

An analytical solution of the mean temperature rising of a wire during a 3𝜔 experiment has 

been developed. This solution takes into account the non-linearity of the problem caused by the 

variation of the wire resistance during its heating. This solution enables the definition of a 

unique criterion to ensure the validity of the linear solution that can then be easily used for 

parameter estimation.  

Moreover, it has been demonstrated that the connecting wires have no influence on the heat 

transfer if their diameters are greater than 1 mm. 

 

Nomenclature 

𝑎 Thermal diffusivity                                                   m2s-1   

 𝐾𝑖 Constants 

𝑐 Specific heat        J Kg-1 K-1  

𝐷  Diameter        m   

ℎ Heat transfer coefficient      W m-2 K-1  

𝐼 Intensity        A  

𝐼0 Amplitude of the intensity 𝐼      A 

𝐿𝐶 Linearity criterion 

  Length         m   

𝑃 Heat flow rate        W   

𝑝 Laplace parameter       s-1   

𝑞̇ Volume heat flow rate      W m-3  

𝑅0 Initial electric resistance          

𝑅  Electric resistance at a temperature 𝑇        

𝑆 Section         m2 
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𝑡 time         s   

𝑇 Temperature        K   

𝑇̅ Mean temperature       K   

𝑈 Electric potential difference      V   

𝑉 Electric potential       V 

𝛼 Resistance temperature coefficient      K-1 

∆𝑇 Temperature difference      K 

𝛾𝑖 Constants 

𝜆 Thermal conductivity       W m-1 K-1  

𝜓 Amplitude of the temperature rising      

𝜌 Density        kg m-3   

𝜌0 Electric resistivity at 𝑇𝑒𝑥𝑡      m   

𝜃 Laplace transform of the temperature rising  

𝜑 Phase angle        rd   

𝜔 Angular frequency       s-1 

  

Subscript 

AC Periodic  

DC Continuous 

c Connection wire 

ext Ambient air 

l linear 

nl non-linear 

3𝜔 Third harmonic 
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