N

N

Liouville theorems for stable at infinity solutions of
Lane—Emden system
Foued Mtiri, Dong Ye

» To cite this version:

Foued Mtiri, Dong Ye. Liouville theorems for stable at infinity solutions of Lane-Emden system.
Nonlinearity, 2019, 32 (3), pp.910-926. 10.1088/1361-6544/aaf078 . hal-02894445

HAL Id: hal-02894445
https://hal.univ-lorraine.fr /hal-02894445
Submitted on 8 Jul 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.univ-lorraine.fr/hal-02894445
https://hal.archives-ouvertes.fr

Liouville theorems for stable at infinity solutions of Lane-Emden system

Foued Mtiri®, Dong Ye®

CAGTS, LR11ES53, Faculté des Sciences de Sfax, Université de Sfax, B.P. 1171, 3000 Sfax, Tunisia
bYIECL, UMR 7502, Université de Lorraine, 3 rue Augustin Fresnel, 57073 Metz, France

Abstract

We consider the Lane-Emden system —Au = v, —Av = «? in RV, and we prove the nonexistence of
smooth positive solutions which are stable outside a compact set, for any p,6 > 0 under the Sobolev
hyperbola.

Keywords: Lane-Emden system, stable solutions, stability outside a compact set, m-biharmonic
equation.

1. Introduction
Consider the classical Lane-Emden system
—Au=v", —Av=1u’, w,v>0 in RY, where p,0>0. (1.1)
There is a famous conjecture who states that: Let p,6 > 0. If the pair (p,0) is subcritical, i.e. if

1 1 N -2

12
PR T (1.2)

then there is no smooth solution to (1.1).

The critical curve given by the equality in (1.2) is called the Sobolev hyperbola, which is introduced
independently by Mitidieri [12] and Van der Vorst [22], it plays a crucial role in the analysis of (1.1). It
is well known that if (p, 8) lies on or above the Sobolev hyperbola, (1.1) admits radial classical solutions
(see [13, 19]), and the Lane-Emden conjecture can be restated as the following: There has no smooth
solution to (1.1) if the positive pair (p, ) lies below the Sobolev critical hyperbola.

The conjecture is proved to be true for radial functions by Mitidieri [13], Serrin-Zou [18]. For the full
conjecture, Souto [21], Mitidieri [13] and Serrin-Zou [19] proved that there is no supersolution to (1.1), if
pf <1 or max(c,8) > N — 2, where

2(p+1) 260+ 1)

= —— = — 1. 1.
o= P > (1.3)

Moreover, we can check readily that if pf > 1, the condition (1.2) is equivalent to
N <2+a+8. (1.4)

Therefore, the Lane-Emden conjecture is true in dimensions N = 1,2. More recently, the conjecture is
proved in dimensions N = 3,4, by Souplet and his collaborators, see [15, 20]. For N > 5, the conjecture
is known to be true for (p,#) verifying (1.2) and one of the following extra conditions:

o If p,§ < X2, see Felmer-de Figuereido [8].

o If max(a, 8) > N — 3, see Souplet [20].
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e If min(a, B) > &2, see Busca-Manésevich [2]!.
e If p=1or 6 =1, see Lin [11].

These partial results enable us a more restrictive new region for the exponents (p, 8), which is illustrated
by the following figure. In other words, the Lane-Emden conjecture stands open for N > 5, p,6 > 0,
pf > 1 such that

p,0 # 1, min(q, ) < N-2

and max(a, ) < N —3.

1; max(o, ) =N-3

N-2
1 minfa, J) =

5

1 N-2

1 —
N I

Figure 1: The remained open region (shaded) for the Lane-Emden conjecture (N > 5)

On the other hand, in the last decade, many efforts were made to obtain some Liouville type result
for solutions with finite Morse index, or more generally, which are stable at infinity. To define the notion
of stability, we consider a general system given by

~Au = f(z,v), —Av=g(r,u) in K, a bounded regular domain in R, (1.5)

where f,g € C'(K x R). Following Montenegro [14], a smooth solution (u,v) of (1.5) is said to be stable
in K if the following eigenvalue problem

—AL = fo(@,v)C+ng, —AC=gu(z,u)+n¢ in K

has a nonnegative eigenvalue 7, with a positive smooth eigenfunctions pair (£,¢). We say that a pair
of solutions (u,v) to (1.1) is stable outside a compact set or stable at infinity, if there is a compact set
K C RY such that (u,v) is stable in any bounded domain of RV\ K.

For the corresponding second order equation
Au+|u/lu=0 inRY, ¢>1, (1.6)

Farina [7] obtained the optimal Liouville type result for solutions stable at infinity. Indeed, he proved that
a smooth nontrivial solution to (1.6) exists, if and only if ¢ > pyr, and N > 11, or ¢ = %f% and N > 3.
Here p;; denotes the so-called Joseph-Lundgren exponent (see [9, 7]). For the biharmornic equation
A%y = |ul]?"u, ¢ > 1, Davila-Dupaigne-Wang-Wei [5] derived a striking monotonicity formula, which led

them to the optimal classification result for solutions stable at infinity, using blow down analysis.

In [2], there is another extra condition, which is no longer necessary after the work of Souplet [20].



Coming back to the Lane-Emden system (1.1), Chen-Dupaigne-Ghergu [3] studied the stability of
radial solutions when p,6 > 1. They introduced a new critical hyperbola, called the Joseph-Lundgren
curve. More precisely, they proved that if p,# > 1, then a radial solution of (1.1) is unstable if and only
if N <10, or N > 11 and

(N —2)?— (o — B)?
4

< plafB(N —2—a)(N —2—0).

Moreover, Cowan proved in [4] that if p,6 > 2 and N < 10, there does not exist any stable solution
(radial or not) to (1.1). Recently, Hajlaoui-Harrabi-Mtiri [10] established some Liouville theorems for
smooth stable solutions of (1.1) with p > 1, see Theorem A below. We mention also the celebrated result
of Ramos [17], which states that if p,0 > 1 satisfies (1.2), then the system

—Au =Py, —Av=|utu in RY

does not admit any smooth solutions having finite relative Morse index in the sense of Abbondandolo.

In this paper, our motivation are twofold. We want to obtain the classification results for solutions
(radial or not) to (1.1) which are just stable at infinity, and we want to handle the case where p,0 are
allowed to be less than 1. So a natural question is: Can we prove the Lane-Emden conjecture with the
extra condition that (u,v) is stable at infinity? The answer is affirmative.

Theorem 1.1. For any p,0 > 0 satisfying (1.2), the system (1.1) has no classical solution stable outside
a compact set.

If & = p, using Souplet’s comparison result (Lemma 2.7 in [20]), we get u = v, so the optimal
classification result for solutions stable at infinity was already given by Farina. The classification is also
known for pf < 1 as mentioned above. Without loss of generality, we consider only § > p > 0 and pf > 1.
As we will see soon, the § > p > 1 case can be handled by the results in [10], so our main concern is the
case

Op>1>p>0.

Let (u,v) be a smooth solution to (1.1) with § > p=! > 1 > p > 0. Our approach is based on the
formal equivalence noticed in [1, 6], between the Lane-Emden system (1.1) and a fourth order problem,
called the m-biharmonic equation. More precisely, let m := % +1>2,as v = (—Au)™" !, we derive that

u satisfies A2 u = A(|Au|™ 2Au) = u’ in RY. So we are led to consider §# > m — 1 > 1 and
A2 = A(|Au|™ 2 Au) = |ul?w. (1.7)

Let Q € RN, we say that u € W2™(Q) N LI+1(Q) is a weak solutions of (1.7) in €, if for any regular

loc loc
bounded domain K C 2, u is a critical point of the following functional

1 1
I(v) = ~ /K |Av|™dx — i1 /K | de, VoeW?™(K)n LY (K).
Naturally, a weak solution to (1.7) is said stable in Q c RY | if
Au(h) = (m — 1)/ A2 AR|2dz — 9/ Wl h2dz > 0, Y h e C2(Q). (1.8)
Q Q

A key point for our approach is to remark a relationship between the stability for the system (1.1) and the
stability for the equation (1.7) (see Lemma 2.1 below). This will permit us to handle the case 0 < p < 1
in (1.1) by using the structure of the m-biharmonic equation. In fact, we can prove the following Liouville
type result.

Theorem 1.2. Let 0 >m —1>1 and u € W2 (RN) N LIFYRY) be a weak solution of (1.7) which is

loc loc



stable outside a compact set. Assume that
(1.9)

then u = 0.

A direct calculation yields that if pf > 1 (or equivalently 8 > m — 1),

2(p+1)(O+1)
pd —1

N(m—1)+2m

N<24+a+p8= & am).

(1.9) & <

It means that the range of pairs (p, 6) satisfying (1.2) and pf > 1 corresponds exactly to the subcritical
case of the m-biharmonic equation (1.7).

Another crucial step in our approach is to classify first the stable solutions of (1.1), see also Proposition
2.1 below for the m-biharmonic equation.

Proposition 1.1. If p,6 > 0 satisfies (1.2), then (1.1) has no smooth stable solution.

Establishing a Liouville type result for stable solution of (1.1) or (1.7) is delicate, even we can borrow
some ideas from [23, 5]. We use as usual the stability to get some integral estimates, but the integrations
by parts argument yields here many terms which are difficult to control, for example, the local L™ norm
of Vu, see Lemma 2.3 below. Furthermore, the classification of weak solutions stable at infinity to (1.7)
is more involved than to handle (1.1), since the weak solutions to (1.7) are not C? functions. We will
derive a variant of the Pohozaev identity with cut-off functions, which allows us to avoid the spherical
integral terms in the standard Pohozaev identity.

The paper is organized as follows. In section 2, we give the proof of Proposition 1.1. The proofs of
Theorem 1.1 and Theorem 1.2 are given respectively in sections 3 and 4. In the following, C' denotes
always a generic positive constant, which could be changed from one line to another.

2. Classification of stable solutions

We prove here Proposition 1.1. As mentioned before, we need only to consider the case # > p and
pf > 1. We split the proof into two cases: § >p>1land § >p~ 1 >1>p>0.

2.1. The case 8 >p>1.

Let us recall a consequence of Theorem 1.1 (with o = 0 there) in [10].
Theorem A. Let xg be the largest root of the polynomial
H(z) = 2" — pfap [42* — 2(a + B)z + 1] . (2.1)

(i) If 3 <p <0 then (1.1) has no stable classical solution if N < 2 + 2.
(i) If 1 < p < min(2,0) and pd > 1, then (1.1) has no stable classical solution, if

3
(2—p)(pd — 1)
O+p—2)0+1)]"

N <2+ 2z §+

4
Performing the change of variables x = gs in (2.1), a direct computation shows that H(z) = (g) L(s)
where

. 16pf(p+1) 5  16pf(p+1)(p+0+2)  16ph(p + 1)

6+1 (0+1)2 s (60+1)2

L(s):=s



Denote by sqg the largest root of L, hence zy = gso and H(z) < 0 if and only if L(s) < 0. For 8 > p > 1,
there holds

4 16p0(p+1)°  16pf(p+1)*(p+0+2) 16pH(p+ 1)

Lp+1)=(p+1)

@+1) (0+1)2 (0+1)2
B " 16pf(p+ 1) 16pd(p+1)2  16pf(p +1)>  16pf(p + 1)?
={@+1)" - 0+1) 0+1) O+1)2  (0+1)2

16p20 16p%0
0+1)  (6+1)2

— 412 (17 -

2
_ (SE) [(p+ 1)2(0 + 1)2 — 16p%6%] < 0.

The last inequality holds true since
4pd — (p+1)(0+1) > 4p®> — (p+1)2 >0, VO>p>1.
As limg_, o, L(s) = 00, it follows that so > p+ 1. We get then
20 > (p+1)8=2+a+p, VO>p>1.

If p > %, by (i) of Theorem A, the system (1.1) has no classical stable solution if N < 2+« + 3. Suppose
now 1 <p< min(%, 0). Observe that for all 8 > p > 1,

22—p)(pf — 1)
O+p—2)(0+1)

2(2—p)(pf — 1)
@+p—2)0+1)

]BZO&—F,B@{}?—I— }(9+1)2p+9+2

2(2 —p)(pd — 1)
epf 14+ 22 P 590
ph— 1+ Thp—3 >0+
2(2 —p)
smh—1) |1+ 22" >0
(v )[ +9+p—2} *

& p0—-1)(0+2—p) > O +p—2)(0+1)
S ph? —0+(2—p)ph > 0>+ (p—1)0
< (p—-1(@—-p) >0.

Asso>p+122,wehave:v0:%zﬂand

2(2—p)(pf — 1)
O@+p—2)0+1)

2(2—p)(p — 1)

24+a+B<2+8 |p+ O+p—2)0+1)]

:| §2+IL'O |:p+

If N <2+ a+ B, using (i) of Theorem A, we are done.
To conclude, for all § > p >1and N <2+« + 3, (1.1) has no smooth stable solution. O

2.2. The case 0p >1>p > 0.

Here we handle the case 0 < p < 1. First of all, we need the following lemma which plays an important
role in dealing with Proposition 1.1.

Lemma 2.1. Let (u,v) be a solution of system (1.1) with 6 > % :=m —1 > 1. Suppose that (u,v) is
stable in a regular bounded domain Q, then w is a stable solution of equation (1.7).

Proof. By the definition of stability, there exist smooth positive functions £, ¢ and 7 > 0 such that

—AE=poPT 4 nE, —AC=0u"e+ ¢ in Q.



Using (£, ¢) as super-solution, (ming ¢, ming () as sub-solution, and the standard monotone iterations,
we can claim that there exist positive smooth functions ¢, x verifying

—Ap=pPly, —Ax=0u""ly in Q.
Therefore, we have
0—1 L :
Ou’ "o =A (v pAgp) in Q.
p

1

Let v € C2(2). Multiplying the above equation by v2¢p~! and integrating by parts, there holds

1
/Qﬂue_lﬁyzdx: g/Qvl_pAgpA(WQ@_l)dx

2.2)
1 V¢V 2|VAH[2  27A 272|Vp|? A (
/vlpAgo(Zlfy s02 v, 2VaP | Ay 7|3s0| Y f)dz.
pJa ¥ 4 ¥ ¥ ¥
Using Cauchy-Schwarz’s inequality and the fact that —Ap > 0, we get
1-p . 1-p 2 1-p 2 2
‘—4/ VAT QV’Hd:c < —2/ “—Awﬂdx—Q/ Y Apd Wf' dz. (2.3)
Q D P Q D 2 Q P 14
Combining (2.2) and (2.3), one obtains, using again the Cauchy-Schwarz inequality,
2 A 1 Ap)?
/Gue_lnyd:US f/vl_pA@L ’ydm—f/vl_pi( #) ~v2dx
2
Q pJao ¥ pJa ¥
1 Ap)? 1 1 Ayp)?
< 7/ ,017;;7( 92) 'yzda:Jrf/ vlfp(A'y)zd:cff/vlfpi( ﬁ) v dx
pJo ¥p pJao pJo P
1
= f/ v TP (Avy)3da.
pPJa
Recall that p = — and (—Au)% = v, we obtain the desired result (1.8). O

Therefore, to prove Proposition 1.1 in the case p € (0,1) and pf > 1, we need only to prove

Proposition 2.1. Let 6 > m — 1 > 1, if u is a weak stable solution to the equation (1.7) in RN with N
verifying (1.9), then u = 0.

To prove Proposition 2.1, we use first the stability condition (1.8) to get the following crucial lemma
which provides an important integral estimate for v and Auwu.

Lemma 2.2. Let u € WZQOCm(Q) N ijcl(ﬂ) be a weak stable solution of (1.7) in Q, with @ > m —1 > 1.
Then, for any integer
m(0 + 1) )

"2(0+1—m)
there exists a positive constant C' = C(N, e, m, k) such that for any ¢ € C?(Q) satisfying 0 < ¢ <1,

k > max (m

0+1
[iauncttans [uerictar < o] [ (a4 verm + 192 = T a . @a)
Q Q Q
Proof. For any € € (0,1) and n € C?(Q2), there holds
/ |Au[™ 2 [A(un))?dx = / |Au|™"2 (uAn 4 2VuVn 4+ nAu)® dz
Q Q

(2.5)
< (1+e)/ |Au|mn2d;ﬂ+%/ |Au|m’2(u2\An|2+\Vu\2|V77|2>dx.
Q Q



Take n = ¢?* with ¢ € C%(Q),0< ¢ <1 and k > m > 2. Apply Young’s inequality, we get
[ Pl A e < [ uPlAu™ (AR + 1961 ¢ tda
< [ 1Aurcda t o [ 1™ (A + (961 F (¥ da
and
[ 18ur VR P = 452 [ A DRV
<€ /Q | Au|™ ¢ da + Sn””b_’;/ﬂ V™|V ¢ ¢ d.

Inserting the two above estimates into (2.5), we arrive at

/|Au|m’2[A(uC2k)]2dx§ (1+Ce)/ |Au|mC4kdx+Cm’]i/\Vu|m\VC|m§4k’mdx
Q Q €= Ja

N (2.6)
+ Ce,m,k-/ |u|m (|A<‘2 + ‘v<|4)7 <4k72mdx.
Q

We need also the following technical lemma, which proof is given later.

Lemma 2.3. Let k > m/2 > 1 and € > 0, there exists Cn,emr > 0 such that for any u € leocm(Q)
verifying (1.8) and ¢ € C*(Q) with 0 < ¢ < 1, there holds

[ v iweret s < e [ A ctae + Coema [ Jul (VP4 937 ¢, ()
Q Q Q
Using Lemma 2.3 with €™ and (2.6), we see that

[ 180" A e < Copon [ [ul™ (AC™ + [VEP™ +[F2¢]") ¢ 2da
Q Q
(2.8)
+(1+cm,ke>/ A dz.
Q

Thanks to the approximation argument, the stability property (1.8) holds true with u¢?*. We deduce
then, for any € > 0, there exists Cn ¢, m,x > 0 such that

9/ |u|9+1(4kdz —(m-1)(1+ C’m,ke)/ |Au|™ ¢ dx
Q Q
< v [ 1™ (AC™ + V™ 4+ [92C") (42
Moreover, multiplying the equation (1.7) by u¢** and integrating by parts, there holds
B ¢de — [ Julti¢ae < [ ullaum A do + € [ [au vl V() da.
Q Q Q Q

Using Young’s inequality and applying again Lemma 2.3, we can deduce that for any € > 0, there exists
Cn,e,m,k > 0 such that

(1 - Cm,k:€)/ |AU|mC4kdx _/ |U|9+1C4kdm

. y (2.10)

< CN,e,m,k/ u|™ (JAL™ + |V¢PP™ + |V2¢|™) ¢ 2 da.
Q



(m=1)(1+2C x€)

Taking € > 0 but small enough, multiplying (2.10) by ), adding it with (2.9), we get

17C’m,ke
D)1+ 2C,
(mfl)cm,ke/Q|Au|m§4kdx+ {0 (m 1)_( + kf ke}/| O+ 2k gy

< Covma [ ™ (1G] + [VCP™ 4+ [V2™) (2,
Q
As 0 >m —1>1, using € > 0 small enough, we have
/ |Au|™ ¢ dx +/ lu|?F ¢ dr < c/ [ul™ (JAC™ + |V¢P™ + |V2¢|™) ¢ 2 d. (2.11)
Q Q Q

For k > % so that 4km < (4k — 2m)(6 + 1), applying Holder inequality, we conclude then

/|Au|m(4kd3:—|—/ |u|0+1C4kdaj
Q Q

60— (m—1)

_m_
(4k—2m)(0+1) o+1
( / [ —— d:c)
Q

6—(m—1) m

041 o+1 +1
<C [/ (|A<|m + ‘V<|2m + |V2C|m) 6—(m—1) d:L':| (/ u|9+1C4kdx) )
@ Q

0+1
<o [ (agm+1vePm + 19%m) =T 4
Q

We get readily the estimate (2.4). O

Now we choose ¢ a cut-off function in C2°(Bsy) verifying 0 < ¢p < 1, and ¢9 = 1 in By. Applying
(2.4) with ¢ = ¢g(R™1x) for R > 0, there holds

/ |u|0+1d$§/ |u|0+1(4kdx<C’R ) —om
Br

Under the assumption (1.9), tending R — oo, we obtain u = 0, we prove then Proposition 2.1, hence the
case p > 1 > p > 0 for Proposition 1.1.

Proof of Lemma 2.3. A direct calculation gives
/|Vu|m|VC|mC4k_mdx: /Vu~Vu|Vu|m_2|V§\m<4k_mdx
Q Q
= — [ div (Vu|Vu|™"2) u| V™ ¢ de
[ v (vulvu) uvere o)
— / ulVu[" 2 Vu -V (|V¢ ¢ ™) da
Q

= Il + IQ.

The integral I; can be estimated as

I =—(m-— 2)/ u|Vau|™ 4| V¢ V2u(Vu, Vu) P dr — / uAu|Vu| "2V da
Q Q

< o [l 29" B+ [ ol Sl a2V
Q Q



Applying Young’s inequality, there holds, for any € > 0,
[ il
Q
< ce,m/ lu| % | Au| |V ¢|™ R dx + e/ |Vu|™ | V¢ R~ dy (2.13)
Q Q
< ce,m/ lu| ™|V ¢Pm R 2y e/ | Au|™ ¢ da + e/ |Vu|™ |V R ™ d.
Q Q Q
On the other hand,
/|u||V2u||Vu|m_2|VC|m_2+2(4k_mdx
Q
< ce,m/ (| % |V2u|F [V e + e/ V|| V¢ g (2.14)
Q Q

< Ce,m/ IU\mIVCIZmC‘*’“‘zmd:He/ |V2u|m§4kdx+e/ (Vu|™| V¢ ™R
Q Q Q

Now we shall estimate the integral
/ |V2u|™ ¢ da.
Q
Remark that there exists Co(IN,m) > 0 such that

/ |V2p|™dz < Co(N, m)/ |Ap|™dz, Vo€ WE™(RN). (2.15)
RN RN

We can prove it firstly for ¢ € VVO2 "™(By) with elliptic theory, then for general ¢ € W2™(RY) with
approximation and scaling argument. As u{ € Wg’m(ﬂ) C W2m(RY), (2.15) implies that

/Q|V2(ué%)\md:z: < Co(N,m) /Q |A(u¢ )| ™ da
= ONvm/Q |Au‘mc4kdl”+czv,m,k/ﬂ |Vl V¢ ¢ da
+ o [ ™ (TG + 19%¢]") ¢,
Let k£ > m, we get then

+Cong [ Jul (VEP™ + [9¢]") ¢
Q

(2.16)
< CN,m/ |Au|mC4kdx—|—CN,m7k/ V| ™|V
Q Q
+ s [l (9GP + 192%™ 427,
Combining (2.13), (2.14) and (2.16), we arrive at
I < CN,m,kE/ IAUImC‘*’“derCme/ V™|V R
) ; (2.17)

+ CN,E,m,k:/ ™ (V2™ 4 [V2¢|™) (2 d.
Q
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Furthermore, by Young’s inequality,
I = — m/ u|Vu| "2V 2VA(VE, V)R e
Q

— (4k — m)/ u|Vu|™ 2| V¢ ™ (V- VO R~ 1 dr
Q

(2.18)
< Cm,k/Q Jul| Va7 V™ (IVE? + [V2¢)) ¢ e
< Cevm»k/QWlm (Il +1v2%¢|™) C4k*2mdx+e/g|Vu|m|v<|mg4’f*mdx.
Combining (2.17)—(2.18) with (2.12), one concludes
(1= Cn.m.ke) /Q V| ™ V¢ e < CN,E,m,k/Q ™ (|VC[2™ + V2™ ¢ 27 dae
+ CN,m,ke/Q |Au|™ ¢ dz.
This means that (2.7) holds true for € > 0 small enough, hence for any ¢ > 0. 0

3. Proof of Theorem 1.1.

In this section, we prove Theorem 1.1. As already mentioned, we need only to handle the case pf > 1.
We use first the classification for stable solutions, Proposition 1.1 to obtain the decay estimates for stable
at infinity solutions of (1.1).

Lemma 3.1. Let p,0 > 0 verify pd > 1 and (1.4). Let (u,v) be a smooth solution of (1.1) which is
stable outside a compact set. Then there exists a constant C such that

3 [\x|a+k|vku(x)| + |x\5+k|vkv(x)\] <C, VzeRV. (3.1)
k<2

Proof. Assume that (u,v) is stable outside Br,. Denote

Wz) =Y [|Vku(:v)

k<2

= 4 [Vro(a) 7

Suppose that (3.1) does not hold true. Let d(z) = || — Ry, there holds

sup W(z)d(x) = oo,
RN\Bg,

or equally there exists a sequence (z,,) such that |z,| > Ry and W (z,)d(z,) > n for n > 1. Since (u,v)
are smooth in RY, then d(z,) — oco. By the doubling lemma [15], there exists another sequence (y,)
such that for any n > 1, |y.| > Ro,

(1) W(yn)d(yn) > n;
(i1) W(yn) = W(zn);
(iii) W(z) < 2W (y,) for |z > Ro such that |z — yu| < 5.

Let (u,v) be a solution of (1.1), consider the sequence of functions
an(x) = )‘zu(yn + /\nx)> 5n(x) = )‘gv(yn + /\nx)7 with A, = W(yn)_l'
It’s well known that (i, v,) are a sequence of solutions to (1.1). Moreover,

W)=Y (\vkan(xn#k + |vk5n(x)|ﬁ) = AW (Yo + Anz), Va2 eRY.
k<2
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By (i), we have By, (yn) C RN\ Bg,, and we can readily check that (i, ,) is stable in B,, since (u,v)
is stable in R\ Bp,. Using (iii), there holds, for all n > 1,

Wy (z) < 2W,(0) =2 in Bi. (3.2)

From (3.2) and standard elliptic theory, up to a subsequence, (T, vy ) converges to (Use, Voo ) in CZ (RV).

loc
Therefore

> (19 us ()77 + [VF0se (0) 747 ) = 1.
k<2

S0 (Ueos Voo ) is nontrivial. Clearly, (uoo, Vs ) & smooth positive solution to (1.1). Using again the elliptic
theory, it’s not difficult to see that (ueo, Vo) is stable in RY. However, this contradicts Proposition 1.1
because p, 0 satisfy (1.2). Hence the hypothesis was wrong, i.e. the estimate (3.1) holds true. O

Another tool is the following classical Pohozaev identity (see [13, 16, 22]).

Lemma 3.2. Let (u,v) be a solution to (1.1). Therefore for any regular bounded domain €2,

2 1) — pN N
—(p+ )= /vp+1dm+7/ wtlda

p+1
3.3)
uf+ D ov O(Vu - x) (
= cx)do — —— Py 2)d +/ —(Vu-x)d —/ ———=do.
899+1(V x)do | 691} (v-x)do . V( u-x)do BQU £y o

We claim then

Lemma 3.3. Let p,8 > 0 satisfy p§ > 1 and (1.4). Let (u,v) be a smooth solution of (1.1) which is
stable outside a compact set, then v € LPTHRY), u € LITH(RY) and

M vPHde + i uwttdz = 0. (3.4)
p+1 RN 0+1 Jgn

Proof. Applying (3.1), we have (noticing that a(0 +1)=(p+ 1) =2+ a+ )
W (@) + 0Pt (2) < C (1 + |2))" @D i RV,

By (1.4), then v € LPY1(RY) and u € LI*H(RY). Using Lemma 3.2 with 2 = Bg, there holds

2 1) — pN N
—(p 1) -p oPHidy + —— |u|9+1dz
p+1 Br 0+1 Jp, (3.5)
= / [Rauav _ PR VP — va(w ) + R u“l} do.
oBp L Oror p+1 or 0+1
Applying again (3.1) and N < 2+ «a + 3, we deduce that
Ou Qv R O(Vu-z) R
o FE T ptl 0+1 d
/63 [Rarar p+1v - +9+1|u\ ] oc—0, as R— oo
Taking the limit R — oo in (3.5), the claim follows. O

Proof of Theorem 1.1 completed. We are now in position to conclude. Suppose that (u,v) is a
classical solution to (1.1) stable at infinity, with pf > 1 verifying (1.4). Choose ¢ a cut-off function in
C2°(By) verifying 0 < ¢9 < 1, and ¢ = 1 in By. Denote ¢ = ¢o(R™'z) and Ar = Byp\Bgr. By the



system (1.1), there holds

/ Up+1Cd33—/ w1 ¢dx :/ u(Avdm—/ uCAvdx
Bar Baor Bor Bor

_ / o(2Vu- V¢ + un() da
Bar

C C
< —/ uvdr + — v|Vu|dz.
Agr R Agr

Using (3.1), and tending R — oo, as N < 2+ «a + f3, we have

/ vp+1dx:/ Wz,
RN RN

R ESL N P
p+1 0+1 RN

Substituting this in (3.4),

However, (1.4) implies that

2p+1)—pN N (pf — 1)N 2N

=2- 2 — >0,
p+1 0+1 p+1)(0+1) 2+a+p

u =0 in RY which is absurd, so we are done.

4. Proof of Theorem 1.2.

12

The approach is similar to that for Theorem 1.1. We derive first some integral estimates thanks to
Lemma 2.2. Suppose that u is stable outside the ball Bg,. Let R > Ry + 3 and ( € C2(RN\Bg,)

verifying that 0 < ¢ <1 and

C(z) = 0 for|z| < Ro+1, |z| > 2R,
11 forRg+2<|z| <R

Clearly, we can assume that there exists C' > 0 independent on R such that

||C||CQ(BRO+2) < C  and R\VC(x)| —|—R2‘v2<(5€)‘ < C in AR = BQR\BR'

Applying the estimate (2.4) with ¢, we get readily

2m (04+1)

/ |Au|™dx +/ lul?ttdz < C (1 1+ RN
Ro+2<|z|<R Ro+2<|z|<R

Using (1.9) and tending R — oo, we obtain

uwe LOTYRY) and Aue L™(RY).

By Holder’s inequality, there holds

_ N@+1-—m) ﬁ
R Qm/ |u|"de < CR™ o+ 2m (/ |u|9+1daj> .
Br Br

On the other hand, by standard scaling argument, there exists C' > 0 such that for any R > 0, any

u € W2™(Ap) with Ag = Bag\Bkg,

|Au|™dx + CRme/ |u|"dx.

Rfm/ |Vu|™dx < C

AR
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Therefore, under the assumptions of Theorem 1.2, we deduce that

R / lul™dz + R~ / Vu|"dz — 0 as R — oo. (43)
AR AR

Let ((r) = ¢o(R™1x) with a standard cut-off function ¢g € C?(Bs), ¢ = 1 in B;. Applying the estimate
(2.16) and using (4.2)—(4.3), there holds

/ |V2u|™dx < oc. (4.4)
RN

However, as already mentioned, the weak solutions of (1.7) are in general not belongs to C2, so we
cannot use the standard Pohozaev identity similar to (3.3) because of the boundary terms. We show
here a variant of the Pohozaev identity, which proof is given in the appendix for the convenience of the
readers.

Lemma 4.1. Let u be a weak solution to (1.7) with m > 2. Then for any ¢ € C%(Q),

N o1 N72m/
_ B i Aul™
HH/Q\HI vdz - Q| u|"pdz

1

1
-+ 0+1 _ 1 ) m
= — 0+1/Q|u\ TV z)dx—!—m/Q(Vi/) x)|Au|" dx (4.5)

- / |Au|™2 [2AU(VU V) + 28uV3u(z, Vib) + Au(Vu - 2) A | da.
Q

This implies that if u is a weak solution of (1.7), stable at infinity with 1 < m—1 < 6 and N verifying
(1.9), then

N -2
Loem |Au|"dx =

0+1 4. 4.6
m RN 9 + 1 RN |U| * ( )

Indeed, let 1 in (4.5) be defined by 1 (z) = ¢o(R™1z) with a standard cut-off function ¢y € C?(Bs),
¢o = 1 in B;. Denote the right hand side in (4.5) by Ir. Remark that Vi # 0 only in Agr = Bag\Br
and [|[V¥9||o < CrR™%, there holds

In] < c/ (juf?! +|Au|m)dx+€/ |Au|m_1|Vu\dx+C/ Al |V 2uda
AR R AR AR

Thanks to the estimates (4.2)-(4.4) and Holder’s inequality, clearly limg_,oo Iz = 0, hence we get (4.6).

On the other hand, using ui) as test function in (1.7), we have

/ |Au\mwdx—/ |u|9+1wdx§0/ |u\|Au|m_1\Az/J|da:+C/ AVl [Vl dr
Bar Bar Bar Bar

C
< = ul|Au|™ Yde + —/ Au|™ Y Vu|d.
R2 AR | H ‘ R AR | | ‘ |

Apply Holder’s inequality, (4.2)—(4.3) and tending R to oo, so we obtain

/ \u|9+1dac:/ |Au|"dz. (4.7)
RN RN

Combining (4.6) and (4.7), there holds

N -2 N
m_ / lul®Ttdx = 0.
m 0+1 RN

We are done, since (1.9) implies that Y=27 — ﬁNl < 0. O
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5. Appendix

We prove here the Lemma 4.1. Let ¢ € C2(£2), multiplying equation (1.7) by Vu -zt and integrating
by parts, we get

/ lul® Y u(Vu - z)pda
Q
= / |Au|" 2 AuA(Vu - 21p)dx
Q
= |Au|™ "2 Au [(V(Au) ~ )y + 2Au) + 2V (Vu - x) - Vip + (Vu - J;)Aw] dx.
Q
Direct calculation yields V(Vu - z) - Vi) = V2u(z, Vb)) + (Vu - Vib) and
m—2 _ V‘Au‘m m
/Q | Al Au{(V(Au) -z + 2Auw} de = -/Q — - xpdr + 2/Q |Au|"pdx

= M/ |Au\m¢dx—l/ |Au|™ (VY - z)d.
m Q m Jjo

Moreover,
1
/ [ul® " u(Vu - z)pde = —7/ lu|®Fdiv () dx
Q 0+1 Jq
N 0+1 1 / 0+1
= de — —— Ty dx.
(9+1/Q‘”| vdr =57 QM T Vipdz
Therefore, the claim follows by regrouping the above equalities. O
, y regrouping q
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