N
N

N

HAL

open science

Existence and nonexistence results for a weighted
elliptic equation in exterior domains

Zongming Guo, Xia Huang, Dong Ye

» To cite this version:

Zongming Guo, Xia Huang, Dong Ye. Existence and nonexistence results for a weighted elliptic
equation in exterior domains. Zeitschrift fiir Angewandte Mathematik und Physik, 2020, 71 (4),

10.1007/s00033-020-01338-0 . hal-02894451

HAL Id: hal-02894451
https://hal.univ-lorraine.fr /hal-02894451
Submitted on 8 Jul 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.univ-lorraine.fr/hal-02894451
https://hal.archives-ouvertes.fr

EXISTENCE AND NONEXISTENCE RESULTS FOR A WEIGHTED
ELLIPTIC EQUATION IN EXTERIOR DOMAINS

ZONGMING GUO, XIA HUANG, AND DONG YE

ABSTRACT. We consider positive solutions to the weighted elliptic problem
—div(|z|’Vu) = |z|4? in RN\B, w=0 on dB,
where B is the standard unit ball of RY. We give a complete answer for the existence question

for N/ := N +6 > 2 and p > 0. In particular, for N’ > 2 and 7 := £ — 0 > —2, it is shown

that for 0 < p < ps := %, the only nonnegative solution to the problem is u = 0. This

nonexistence result is new, even for the classical case § = £ = 0 and NL72 <p< %—f%, N > 3.

The interesting feature here is that we do not require any behavior at infinity or any symmetry
assumption.

1. INTRODUCTION
We study positive solutions to the problem
(1.1) —div(|z|°Vu) = |z|/%” in RN\B, u=0 on dB
where B = {x ¢ RN |z| < 1}, p > 0.
For 6 = ¢ = 0, the classical elliptic equation
(1.2) ~Au=u in R"\B, u=0 ondB

has been studied intensively, see for instance [1, 2, 3, 4, 7, 11, 13, 15] and the references therein.

It is well-known from [1, 2, 7, 11] that (1.2) does not admit any positive solution provided
0<p< % for N > 3; or p > 0 for N < 2. It is also well-known from [3] that for any
supercritical exponent p > N—fg and N > 3, the problem (1.2) admits a unique positive radial

N
solution u satisfying
u(z) =0 (]:U|2_N) as |x| — oo.

For ;&5 < p < §£2, N > 3, Theorem 2.2 in [13] showed that (1.2) does not admit any positive

radial solution. However, the following natural question remained open:

N N+2
S \
g <SPSy V27

(x)  Is there any non radial positive solution of (1.2) for

It’s worthy to mention two closely linked results, which seem to suggest that the answer for
(*) could be complex. Firstly, there exist infinitely many non radial slow decay positive solutions
to (1.2) for any supercritical exponent p. More precisely, let © be a bounded smooth domain
in RNV (N > 3), it was proved in [4] that for the homogenous Dirichlet problem —Awu = uP in

RM\Q with p > %, there exist always infinitely many positive solutions such that

u(z) =0 (y;crp%) as || — oo.
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Secondly, by Proposition 6.1 in [15], Zhang showed that for any bounded Lipschitz domain
QCRY (N >3), p> L the problem

—Au = |z|%’ inRNM\Q, w=f on 00

admits a positive solution, if f is a nontrivial nonnegative function in L*°(992) and ||f||~ is
small enough.

In this paper, we study the existence of positive solutions to the more general equation (1.1),
under the following basic assumption:

(1.3) N :=N+60>2 71:=0-0>-2.

The elliptic problem like —div(a(x)Vu) = b(x)f(x,u) can be used to modelling some physical
phenomena related to the equilibrium of continuous media, see [5].
We will show that
 N'42427
Ps = N _ 2
is effectively the critical exponent for (1.1). In particular, when 6 = ¢ = 0, we prove that the
answer to the question (x) is indeed negative.

Our main results are the follows.

Theorem 1.1. Let N’ > 2 and 7 > —2. The only nonnegative solution of (1.1) is u, = 0
provided 0 < p < ps.

The interesting feature here is that we do not require any behavior at infinity or any symmetry
assumption for u. Note that by scaling, our results hold obviously on RV\Bg, V R > 0.

For p < %, we show a more general nonexistence result inspired by [1, 2], see Theorem

4.1 below. For 1 < p < ps, we apply the moving-sphere method to get a monotonicity property
for the eventual positive solution, then we conclude by contradiction with integral estimate and
stability argument. Comparing to Zhang’s result mentioned above, the homogenous Dirichlet

. . . . !
boundary condition plays a crucial role for our nonexistence result whenever %,f; < p < ps.

Theorem 1.2. Let N' > 2, 7 > —2 and p > ps. Then the problem (1.1) admits a unique
positive radial solution u, € C?(RN\B).

Combining with the approaches in [1, 9, 12, 14], we show finally a complete picture for the
existence of positive solution to (1.1), for all N’ > 2 and p > 0.

Theorem 1.3. Let N > 2 and p > 0.
(1) If T > =2, then (1.1) admits a positive solution if and only if p > %
(2) If T < =2, then (1.1) admits a positive solution for any p > 1 and p € (0,1).
(3) If T < =2 and p = 1, then (1.1) admits a positive solution if and only if A1(L1) = 0 in
Hé’g(B) where
L1 (v) := —div(|z|' Vo) — |z| =70y,
and Hé’a(B) is the completion of C3°(B) under the norm ||lul| = ||Vull2( /0 dz)-
(4) Let T = —2. then (1.1) has a positive solution if and only if p=1, N’ > 4; orp > 1.

In our analysis, we shall use the Kelvin transformation

(1.4) v(y) = |z|N 2u(z) where y = %
x
If u is a solution to (1.1), then v satisfies the problem
(1.5) —div(|y|’Vv) = |y|°v? in B\{0}, v=0 on dB.
Here

o=(N'-2)(p—1)—(4+7-0).
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By direct calculation, there holds 7/ : =0 — 0 > —2 if p > %l,’:; and
N +2+ 27
(1.6) p>ps>1 ifandonlyif1<p<p’5::%.

Theorem 1.1 implies that problem (1.5) does not admit any nontrivial nonnegative solution
in C2(B\{0}) for N’ > 2, 7/ > —2 and p > p.. A similar nonexistence result was proved in
[9] with the additional assumption that v € C°(B). We prove Theorem 1.2 by using a positive
radial solution v, € C%(B\{0}) N C°(B) to (1.5) given in [9].

2. EXISTENCE FOR SUPERCRITICAL CASE

Here we prove Theorem 1.2 by using the Kelvin transformation (1.4), and we are looking for
a solution v satisfying the equation (1.5).

Recall that 0 = (N' =2)(p—1) = (4+7—0)and 7' =0 — 0 > —2. As 1 < p < p; provided
p > ps, it follows from [9] that (1.5) admits a positive radial solution v, € C?(B\{0}) N C°(B).
Hence r — vy (r) satisfies the equation

(2.1) —(rN' Y = NP (r) in (0,1),  w(1) = 0.

As N /*lvj’o is decreasing in 7, N’ > 2; v, is positive and uniformly bounded in (0, 1), v, must
satisfy the following property:

(2.2) lim V' =1/ (r) = 0.

r—0

Then v, (r) < 0 in (0, 1), this implies that v,(0) > 0.

We now prove that v, is the unique positive radial solution of (1.5) in C?*(B\{0}) N C"(B).
Suppose that there is another such radial solution v, let

AT = v(0) , and w(r):= )\%vp(/\r) for all 7 € [0, \71].
up(0)
Clearly, w satisfies the equations
(2.3) —(rN Y = PN i (0,07, w(0) = v(0).

Similarly as above,

7!i_r)]r(l) N (1) = 0.

Consider h = w — v, so h(0) = 0 and h satisfies the following integral equation
T t
(2.4) h(r) = —/ tl_N,/ gV =1 [wp(s) - Qp(s)] dsdt, ¥ 0<r <min(l, )\_1) .
0 0

Fix any 0 < 7o < min(1, A™!). By the continuity of w, v in [0, 7], the mean value theorem and
Fubini’s theorem imply that there exists C' > 0 such that

|h(r)] < C/ sTHUR(s)|ds, ¥ r € [0,r).
0

Remark that s™ 1 € Llloc(O, 00) since 7/ > —2, the classical Gronwall formula implies that h = 0
in [0,79]. Therefore w = v in [0,7¢], hence in [0, min(1,\~1)). This is possible if and only if

A = 1 seeing the Dirichlet boundary conditions and vy, v > 0 in B. To conclude, v = v, in [0, 1].
Conversely, let v € C?(RV\B) be a positive radial solution to (1.1), then

—(rN' MY = PN FTLP(r) in (1, 00).

So we have V' =14/ is decreasing and u(r) = o(r*=¥ /) at infinity. Under the Kelvin transform

(1.4), we get a bounded radial function v € C?(B\{0}) which satisfies (2.1). As above, the
boundedness of v implies (2.2), hence v is decreasing by (2.1) and lim,_,g+ v(r) = £y € R exists,
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because v is bounded. In other words, v € C°(B). The uniqueness of solution for (2.1) in

C?(B\{0}) N C%(B) completes the proof. O
3. NONEXISTENCE FOR 1 < p < p;

Let 1 < p < ps, we show first a monotonicity property for positive solution of (1.1) if it exists.

Proposition 3.1. Let N’ > 2, 7 > -2, 1 < p < ps and v € C*(RN\B) be a nontrivial

nonnegative solution to (1.1). Then ]x\#u(m) is increasing with respect to the radius r = |z|.

Proof. By the strong maximum principle, v > 0 in RN\ B. We introduce the following trans-
form:

!

(3.1) v(t,w) = r¥u(r,w), t=Inr.
Then, v satisfies the problem
(3.2) { o+ Agworo + eeto? — D% — 0 (1,w) € (0,00) x SV,
0(0, ) gv-1 =0,
where (N'+2+27)— (N —2)p
D = 5 > 0.

Let ¥ := (0,00) x S¥~1. For T > 0, define
Sr = (0,T) x N1, Sy = {T} xSV,
Furthermore, we denote by (¢,w)r the reflection of (¢,w) with respect to Sy, namely,
(t,w)r = (2T — t,w).
Then the functions
vr(t,w) == v((t,w)r) =v(2T —t,w) and & =wv—ovr

are well-defined in Y7 for T' > 0. Moreover, &7 satisfies the following equation in Yp:

N’ —2)?

(Er)u + Agn—r&p 4 ePrioP — P=GT0yP V' -2 1 ) & = 0.

As p, > 0, there holds eP*(2T=1) > ¢P+t for any ¢t < T. So we obtain
N —9 2
) + Agn-1&r + ePt(pP — b)) — u&r >0 in X,
T 4
hence
(3.3) (&r)et + Agn—1&r +nér >0 in X, &7 <0 on 0%y
where , )
N' —2
n(t,w) = c(t,w) — (4) and  c(t,w) = peP PP (t, w),

with (¢, w) in the interval formed by v(t,w) and vp(¢,w). The fact that & < 0 on 90Xy for any
T > 0 comes easily from v = 0 on 0B.

/ 2
By the continuity of v, we see that n(t,-) tends uniformly to —% on SN"lasT — 0t.
This implies that there exists d; > 0 such that

n(t,w) <0 for (t,w) € Xy and 0 < T < 45.

Applying the maximum principle to (3.3), it follows that & < 0 in Xp provided T < §;. As
¢r(0,w) < 0, the strong maximum principle (see for example [8]) yields that for 0 < T' < ¢y,
there hold

(3.4) ¢r(t,w) <0 in Xp, a;?(t,w) >0 on St.
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Remark also that
o6z o0

T.w) = 29— (T T>0.
at(’“) (T,w), VT >0

(3.5) o

Define now
To = sup{T1 > 0: (3.4) holds for T' < T3 }.
Then Ty > 67 is well-defined. We want to claim that Ty = oo.

Suppose the contrary that T < oo, then &7, < 0 in X7, by continuity. Seeing the elliptic
equation (3.3), as &71,(0,w) < 0, the strong maximum principle means that (3.4) holds true for
T = Tp. Using (3.5), we deduce that v > 0 in (0, Tp] x SV~!. Recall that u € C*(RN\B), by
the compactness of SV, there exists ; € (0,Tp) such that

%(t,w) >0 for (t,w) € (0,Tp + 3] x SVL.

We get then
(3.6) Er(t,w) <0 in Sp\Spy_e,, VT <T < Tp+el.
On the other hand, maxg, &1, < 0 by continuity and (3.4) with 7" = Tp. Using the continuity
of v, there exists €9 > 0 such that
v(t,w) —v(2T —t,w) <0 in Yoy, VTp <T <Tp+eo.
Combining with (3.6), let € = min(eq,e2) > 0, there holds &7 < 0 in Xy for any T € [Ty, Ty + <.

Again, as &7 < 0 on {0} x S¥~1, the strong maximum principle applying to (3.3) shows that
(3.4) remains valid for T' € [Ty, Tp + €], this is a contradiction to the definition of Ty. Therefore
To must be oo, hence (3.4) holds true for any 7' > 0.

N'—2
2

Using (3.5), for any w € SV¥~1, the function 7+ r u(r, w) is increasing in [0, co). O

Now we are ready to prove Theorem 1.1 for 1 < p < ps. Suppose that (1.1) admits a nontrivial
nonnegative solution u € C?(RV\B). We claim that

o) :=Vu-z+

2 _
+71—u(:1:) >0 in RM\B.

In fact, as 1 < p < ps, we have
,_

2+7 N 2>0.

p—1 2

2 =
’gj‘ﬁu(x) = ]a:\ﬁ]m\N2 2u(gv), where 3 :=

247
So the function |z|»-Tu(z) is increasing in |z[, thanks to Proposition 3.1. By the above proof,
O > 0 in (0,00) x S¥~1 hence ¢ > 0 in RV\B.

Direct calculation via scaling yields that ¢ € C*(RV\B) is a positive weak solution to the
linearized equation

Ly(w) := —div(|z|’Vw) — plz|‘uP"lw =0 in RV\B.
By classical elliptic theory, for any bounded smooth domain Q ¢ RN\ B,
(3.7) Mo(Ly) >0,
where A; o(L,) stands for the first eigenvalue of the Dirichlet problem
Ly(h)=Ah in Q, h=0 on 00.
So u is stable in RN\ B.
Using Theorem 3.1 in [6], we have

(3.8) / (]w[ﬂVuP + \x!éupﬂ)dx < 0.
RN\B
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However, Proposition 3.1 implies then the existence of C' > 0 such that

N'—2
u(z) > Clz|” 2, Vi|z|>2.
Recall that 1 < p < ps, there holds

o0 /
_ _(p+1)(N'—2)
/ |x’£UPHd$ > C/ pN—1HE, 2 dr = oo,
|z|>2 2

o (b + (N —2) (b + DOV — 2)
2

This contradiction with (3.8) means that there is no nontrivial nonnegative solution to (1.1). O

N—-1+4+/¢— >N 4+7-1-— =—1.

4. FURTHER RESULTS

First, we consider the existence and nonexistence of positive solution to
(4.1) —div(|z|°Vu) > |z|* f(u) in RN\Bg, R > 0.
Remark that we do not impose any boundary condition or the value of R.

A first nonexistence result has been obtained by Gidas-Spruck (see Theorem A.3 in [7]),
they showed that for 6 = ¢, N' = N + 6 > 2 and f(u) = uP, (4.1) admits only trivial non-
negative solution u = 0 provided 1 < p < N],V—LQ Since then, many existence and nonexistence

results have been established for (4.1) under suitable conditions, interested readers can look at
[1, 2, 10, 12, 14, 15] and the references therein.

Inspired by Theorem 8 of [1], we show a very general result to characterize the existence of
positive solution to (4.1). In particular, the following result implies Theorem 1.1 for 0 < p <
N'+1
N-2-

Theorem 4.1. Assume that N' > 2, 7 > —2 and f : (0,00) = (0,00) is continuous. Then the
problem (4.1) admits a positive classical solution for some R > 0 if and only if

g _2(N'—D)+7
(4.2) / FOE N2 dt < oo,
0

for some 6 > 0.

Proof. We need only to adapt the approach in [1]. Note that to prove Lemma 4 in [1], the key
points are the maximum principle and the rotational invariance of the equation, which obviously
remain true in our setting.

Therefore, we can claim that if (4.1) admits a positive solution, then for some Ry > R, there
exists a C'! positive radial function @ verifying

—div(|z|°Vu) = |z[* f(u) in RN\Bg,

in the weak sense. Moreover, if u(x) = v(|x|), then v € C?(Rg, o0) and there exists Ry > Ry
such that v is monotone for r > R;. Note that v satisfies
" N/ —1 / T .
(4.3) —v" — — v =7r"f(v) in [Ry,0).
r
As N’ > 2, there holds v(r) < —C1r2~N'+Cy. Hence v is bounded in [Ry, 00) and lim,_. v(r) =
Kk > 0 exists.

If k > 0, there exists C' > 0 such that (rV'~1v') < —CrN'+7=1 for r large enough. Using
N’ +7 > 0 and integrating, we deduce that v/(r) < —Cr™ ! for large r. As 7 > —2, this implies
that lim, o v(r) = —oo which is impossible. Hence we can claim that v'(r) < 0 in [Ry,00) and
lim, 0 v(r) = 0.
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Similarly to [1], we introduce the change of variables

(4.4) s:=r2" N w(s) =v(r).
Then w is a positive solution of
(4.5) —w"(s) = as™ 7 f(w) in (0,s09), w(0)=0,
for some positive constants a and sg, where (as 7 > —2)
!

vy = Q(NNI__l);_T > 2.
Finally, applying Theorem 6 in [1], a positive solution of (4.5) exists if and only if (4.2) holds
true. O

Remark 4.2. Let N’ > 2, 7 > —2, then

2(N" = 1)+ N + 1
_ < -1 & < —

N—2 = P=N=
For f(t) =tP with0 < p < %;‘fg, Proposition 4.1 implies that (4.1) cannot have positive solution
for any R > 0, hence the equation (1.1) does not admit positive solution.

p_

' _T+2
Remark 4.3. It is well known that if N’ > 2, 7 > —2 and p > %, v(x) = Cr~r=1 with

suitable C(N’, 7,p) > 0 will satisfy —div(|z|?Vv) = |z|%? in RV\{0}.

Moreover, Przeradzki and Stanczy [12, 14] obtained that if N > 2, § = 0 and ¢ < —2, the
equation (1.1) admits a positive solution for any p > 1 and p € (0, 1), see Remark 5 in [14] and
Corollary 1 in [12]. It’s not difficult to be convinced that their approach via radial solutions
remains valid to (1.1) for any N’ > 2 and 7 < —2. We get then a complete answer to the
existence question of positive solution of (1.1), under the only assumption N’ := N + 6 > 2.

Proof of Theorem 1.3. The point (1) is given by Theorems 1.1-1.2. The point (2) is ensured
by [12, 14] as explained above.

Consider 7 < —2 and p = 1, assume that a positive solution exists to (1.1). As the equation
is linear, the existence of a positive solution to (1.1) yields a positive radial solution u to (1.1),
and there holds u(r) = O(r>~"") at infinity. By the Kelvin transform (1.4), we get a solution v
to (2.1) with p = 1. As above, there holds v € C°(B) and v satisfies (2.2). Using the equation,
we see that v € H&’Q(B) is a positive solution to Li(v) =0, with 7/ = —(4 + 7) > —2. It means
that 0 is the principal eigenvalue to L1 in H&’G(B).

Fix now 7 = —2.

e If 0 < p < 1, we will prove that the problem (4.1) has no solution for any R > 0.
Suppose the contrary, as in [1], we get a positive radial solution to —div(|z|?Vv) = |z|*vP
in IRN\BR1 for some R; > R. Under the change of variable (4.4), there exists a, so > 0
such that

—w” = as2wP in (0,s0), w(0)=0.
However, this is impossible seeing the proof of Theorem 8 (b) in [1], where we can replace
N just by N/ > 2.
e If p = 1, as before, the existence of a positive solution to (1.1) is equivalent to the

existence of a positive radial solution. Assume that u is a radial solution to (1.1), let
w(s) = u(e®), then w is a solution to

w”" + (N = 2)w' +w =0 in (0,00), w(0)=0, lim w(s)=0.

§—00

Clearly, such a positive solution w exists if and only if the equation A2+ (N'—2)A+1 =0
has only negative roots, or equivalently, N’ > 4.
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e Finally let p > 1. Under the Kelvin transform, we are led to consider (1.5). We check
readily that 7/ =0 — 6 = (N' —2)(p— 1) — 2 > —2 and p is subcritical, since here
N +2+27
< e
N'—2
There exists a positive radial solution of (1.5) as in section 2, using the result in [9]. [

(p—1(N'=2)>0

Remark 4.4. For N' =2, 7 > —2, similarly to [1], we can show that the problem (4.1) admits
a positive solution if and only if there exists a > 0 such that e f(¢) is integrable at +oc.
Consequently, in this case, for any p € R, the equation (4.1) does not admit positive solution.
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