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Résumé A coupled thermo-mechanical damage approach for dynamic shear fai-
lure in brittle solids is proposed in the present contribution. The model is construc-
ted by asymptotic homogenization from microstructures with dynamically evolving
microcracks, in mode II, with unilateral contact and friction conditions on their
lips. Crack-tip and frictional heating effects assumed at the small-scale give rise
to distributed heat sources in the macroscopic temperature equation and speci-
fic dissipation terms in the upscaled damage law. The analysis of the effective
thermomechanical response of the model reveals strain-rate and size effects and
the influence of friction and growth of microcracks on the macroscopic thermal
evolutions.

Keywords Microcracks · Mode II dynamic propagation · Frictional and crack-tip
heating · Homogenization · Damage law · Macroscopic response simulations

1 Introduction

The material response of quasi-brittle solids under compression loadings invol-
ving complex features like hardening and softening, stiffness degradation, induced
anisotropy, irreversible deformations and thermal changes are the result of micro-
scopic evolutions of microcracks with frictional sliding on their lips. The dynamic
behavior of these materials is often associated with important thermal changes ori-
ginated by small-scale dissipation processes related to microcrack propagation and
frictional heating. In order to properly account for such mechanisms and their cou-
pling, a multiscale modeling framework is well suited. The objective of the present
contribution is to construct a two-scale thermomechanical damage model based on
dynamic evolutions of mode II microcracks with associated heat dissipation effects
due to their propagation and frictional sliding.

Micromechanical approaches for stationary or evolving frictional micro-cracks
have been developed, among others, in [29], [34], [2], [4], [27], [35], [51], [33], [24],
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[26], [32], [54], [55]. In dynamics, models based on micro-mechanics have been de-
veloped to study the compressive failure response of brittle solids in the case when
the main microscopic mechanism is the tensile fracture mode. A study of an array
of interacting and dynamically growing wing cracks and the corresponding rate-
dependent dynamic damage evolution has been performed in [36]. In [40] the au-
thors developed a micro-mechanical model for ceramics based on non-interacting,
uniformly distributed sliding micro-cracks subjected to dynamic compressive loa-
ding and predicted effects of the rate sensitivity on failure strength. A model that
combines damage evolution theory with dynamic crack growth under uniaxial dy-
namic compressionhas been proposed in [28]. Also, in [37] a model based on the
evolution of tensile wing micro-cracks in the case of uniaxial compression under
constant strain loading is developed. A more recent dynamic damage model ins-
pired by the same wing crack mechanism and valid over a wide range of loading
rates has been proposed in [8]. In [47] a phase-field fracture model has been used
to simulate the intersonic shear fracture of brittle specimens under impact [45].

Thermal effects play an important role in the description of dynamic failure.
Temperature measurements for opening or shear mode cracks, like those reported
in [42,43,10,12] for brittle polymers, revealed a significant temperature rise in a
highly localized area surrounding the crack tip during propagation. Attempts to
model such heating effects in the context of Fracture Mechanics have been made
for instance in [7,49] by considering crack models with Dirac-type heat sources
located at the tip point and which intensity represents the excess of energy release
rate with respect to that necessary for the new crack surface formation. In [10] the
authors proposed a thermally dissipative cohesive zone model for dynamic fracture
of amorphous polymers. Their model is based on the assumption that the excess
supplied energy in the crack-tip region is converted to heat within the cohesive
zone that models the crazing process. More recently, a multiscale damage approach
has obtained [16] for mode I dynamic failure with moving heat sources at the tips
of microcracks.

A second source of heating for shear rupture is the frictional sliding on the
crack lips. For brittle materials under impact loading, the frictional heating on
cracks has been considered for instance in [13]. Earthquakes motion is generally
associated with the development of important densities of microcracks and the
frictional heating effects play an important role in the description of seismic events
[31,20,41]. In [17] a statistical approach has been developed to predict the dynamic
response of brittle reactive materials with myriad of microcracks under impact and
including the hot spot formation by frictional heating. A phase field damage model
that includes heat sources due to frictional heating at the crack surfaces and heat
dissipation during crack propagation has been used in [25,18] to illustrate the
nucleation of hot spots in energetic materials.

Impact experiments reported in [44,45,39,9,10] on bonded or side-grooved
sam-ples of brittle polymers revealed that under high strain rate loadings a failure
mode transition from opening to shear fracture takes place. In contrast with the
mode I crack velocities that are much smaller than the theoretical limit, the Ray-
leigh wave speed cR, the shear cracks may evolve rapidly up to cR and may pass
in the supershear regime, with tip velocities v larger than the shear wave speed
cS . The microstructural observations of the fracture surfaces [39,3], for mode II
failure of PMMA samples under impact, revealed the existence of complex mor-
phologies which do not correspond to en echelon mode I microcracks, but rather
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to a mode II process zone. It was also observed [9,12] that frictional contact plays
an important role during the shear failure, leading to temperature rise up to the
glass transition temperature and polymer melting effects. Similarly to the mode
I case [10,12], substantial heating due to fracture growth has been measured at
the tip of a mode II crack [9,12]. These experimental results show the necessity of
appropriate modeling of the thermal dissipation mechanisms related to dynamic
crack propagation and friction in mode II failure and this represents the main mo-
tivation of the present contribution. We investigate here the possibility of modeling
the shear failure of brittle solids using a thermomechanical damage model obtai-
ned by upscaling of microstructures with rapidly evolving mode II microcracks,
including frictional and crack growth thermal dissipation effects.

A method to obtain damage evolution laws from microcracks propagation cri-
teria, using the asymptotic homogenization technique, has been proposed in [15].
In dynamics, a damage model has been established for mode I microcracks in [30,
14] and heat dissipation effects have been included in the mode I dynamic damage
approach in [16]. For microcracks with contact and friction, a quasi-static damage
law has been obtained in [53] and it has been extended to dynamics in [5]. The
purpose of the present work is the construction of a two-scale thermomechanical
damage model by homogenization in the case of dynamic mode II evolutions of
microcracks having contact and friction conditions on their lips and with crack-tip
and frictional heating sources.

The paper is organized as follows. In section 2, the thermoelastic dynamic
fracture problem is formulated. The next two sections are devoted to the homoge-
nization analysis for the macroscopic temperature and elastodynamics equations
for the microcracked solid and the dynamic damage law deduced from the micro-
scopic propagation criterion. The analysis of the local macroscopic response of the
new model is performed in Section 5 for the effective coefficients, the influence
of small-scale friction, the strain-rate and microstructural size, the thermal evo-
lutions accompanying the damage processes. Results of numerical simulations for
dynamic shear rupture of PMMA samples under impact loading and the associa-
ted thermal evolutions are presented and compared with the experimental data in
Section 6.

2 Thermoelastic fracture problem formulation

For a solid containing a large number of cracks that are small with respect to
the size of the whole structure, we distinguish between the macroscopic properties
at the scale of the solid body and the microscopic ones characterizing the local
behavior in the vicinity of one microcrack.

The distribution of microcracks in the solid B is assumed to be locally periodic,
as illustrated in Figure 1, all of them being straight and parallel to the x1 axis.
We denote by l the microcrack length and by lc the size of the period. The local
periodicity means slow spatial variations of l, with fixed lc, such that locally the
microstructure may be considered periodic.

If Lc is a characteristic length of the solid body B, as in Fig. 1, then the small
parameter ε = lc

Lc
, is a mesure of the difference between microscopic and ma-

croscopic scales. The mechanical and thermal fields describing the corresponding
two-scale multi-fracture problem will be denoted with an upper index ε.
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Figure 1: a) Solid body with locally periodic microstructure with lc the size of
a period, l the micro-crack length and Lc the characteristic length of the macro-
structure. b) Reference cell of size Lc with rescaled crack length d.Lc.

The thermo-mechanical evolutions in a material point of the solid are described
by the nonlinear equations of dynamic thermoelasticity

c
∂T ε

∂t
+ bijT

ε ∂exij(u
ε)

∂t
+
∂qεj
∂xj

= 0 (1)

ρ
∂2uεi
∂t2

−
∂σεij
∂xj

= 0 (2)

where c is the specific heat and ρ the density of the material, bij = α(3λ+ 2µ)δij
is the tensor of isotropic thermoelastic coupling coefficients, with λ, µ the Lamé
constants and α the thermal expansion coefficient. The strain tensor calculated
with respect to xi variables is denoted by exij(uε) = 1

2

(
∂uε

i

∂xj
+

∂uε
j

∂xi

)
.

The heat flux vector qε is given by the Fourier law :

qεj = −k∂T
ε

∂xj
(3)

where k is the thermal conduction coefficient of the material, while the thermoe-
lastic constitutive relations for stresses are

σεij = aijklexkl(u
ε)− bij(T ε − T0) (4)

with aijkl = λδijδkl + µ(δikδjl + δilδjk) being the isotropic elastic moduli.
On each crack faces unilateral contact conditions are assumed :

[σεN] = 0 ; NσεN < 0 ; [uεN] = 0 (5)

together with the Coulomb friction law :

| TσεN |= −µfNσεN (6)

In these relations, N is the unit vector normal to the crack, as shown in Fig. 2,
T is a unit vector tangent to the crack line, µf is the friction coefficient and [.]
indicates the jump across the crack faces.

The frictional sliding between the crack faces gives rise to heating. A superficial
heat source [56,57] equal to the frictional power, calculated with the shear stress
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and the relative sliding velocity, is considered together with the continuity of the
temperature field across the crack surface :

[qεN] = µfNσ
εN

[
∂uε

∂t
T

]
; [T ε] = 0 (7)

The sign in the right member of the first relation corresponds to negative relative
velocities, as will be the case in the examples of the last section.

A second dissipation effect is linked to crack propagation. Most of the energy
dissipated for rupture is converted into heat and the crack tips are behaving like
moving heat sources [7,49,16]. If we define the heat flow from the crack tip as the
limit

Dε = lim
r→0

∫
Γr

qεn ds (8)

where Γr is a small contour shrinking to the tip as represented in Fig. 2, then the
local balance of energy during propagation reads

Dε = vp.Gdε (9)

with vp =
1

2

dl

dt
being the crack-tip velocity. The term Gdε represents the dynamic

energy release-rate

Gdε = lim
r→0

∫
Γr

((Uε +Kε)n1 − σεijnj
∂uεi
∂x1

)ds (10)

calculated with the internal energy :

Uε = 1

2
aijklexkl(u

ε)exij(u
ε) + bijT0exij(u

ε) + cT ε (11)

and the kinetic energy

Kε = 1

2
ρ
∂uε

∂t

∂uε

∂t
(12)

For the propagation of the cracks, we consider a Griffith-type criterion Gdε =
Gc, with Gc the critical fracture energy. In this case the relation (9) becomes
Dε = vp.Gc.

3 Asymptotic homogenization analysis

The previous multi-fracture problem will be upscaled to obtain an equivalent
macroscopic formulation in this section. The asymptotic homogenization method
[46,21] will be used to deduce the macroscopic thermoelasticity equations from the
initial problem described previously. A similar approach has been used for coupled
dynamic thermoelasticity by [19,22,38,6] in the case of solids without cracks. For
thermoelastic microcracked solids in dynamics, the method has been used in [16]
in the case of opening microcracks. In this section, we focus on the influence of the
contact and frictional conditions on shearing microcracks and of the non-classical
heat sources associated with friction and rupture dissipations. The analysis per-
formed here for the coupled thermoelastic system will be completed in Section 4
with the construction of the thermoelastic damage law by homogenization.
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Figure 2: Scaling of the microscopic period Bε with a crack C into the reference
cell Y with the crack CY . The unit vectors n and e indicate the normal to the
crack-tip contours Γr and ΓYr and, respectively, the propagation direction.

We introduce the damage variable d = l
lc

as the microcrack length normalized
by the size of the microscopic period. The local periodicity assumption for the
length l, with constant lc, will assure large-scale spatial variations of the damage
variable d.

In what follows, we assume that the scale of microcracks is small in comparison
with that of the solid body. This is expressed by the separation of scales condition

ε =
lc
Lc
� 1 (13)

Small-scale variations of the thermomechanical fields do not have much influence
at the large scale. Two different systems of space variables will be considered for
the two scales and both should be taken into account in the description of the
physical fields, being treated as independent variables.

We will distinguish between the macroscopic variable x and the microscopic
variable y, linked by the relation y = x

ε . For a field f depending on both x and y,
the total spatial derivative can be calculated by the formula df

dxi
= ∂f

∂xi
+ 1
ε
∂f
∂yi

. The
scaling of a microscopic period Bε, containing a crack C, by this transformation
leads to a reference cell Y , of size Lc and containing the crack CY of length d.Lc,
as illustrated in Figure 2.

Asymptotic developments with respect to ε for the temperature and displace-
ment fields are considered :

uε(x, t) = u(0)(x,y, t) + εu(1)(x,y, t) + ε2u(2)(x,y, t) + ... (14)

T ε(x, t) = T (0)(x,y, t) + εT (1)(x,y, t) + ε2T (2)(x,y, t) + ... (15)

where u(i)(x, y, t) and T (i)(x, y, t), x ∈ B and y ∈ Y are Y−periodic.
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Using these expansions in the equations (3-4) we get for the heat flux and
stress fields :

qε(x, t) =
1

ε
q(−1)(x,y, t) + q(0)(x,y, t) + εq(1)(x,y, t) + ε2q(2)(x,y, t) + ... (16)

σε(x, t) =
1

ε
σ(−1)(x,y, t) + σ(0)(x,y, t) + εσ(1)(x,y, t) + ε2σ(2)(x,y, t) + ... (17)

The expressions of q(p)(x,y, t) and σ(p)(x,y, t) and are given in the Appendix A.
When these developments are replaced in the momentum and temperature

equations (1-2) one obtains problems of order εn, with n = −2,−1, 0, in the form :

∂q
(−1)
j

∂yj
= 0 ;

∂σ
(−1)
ij

∂yj
= 0 (18)

bijT
(0) ∂eyij(u

(0))

∂t
+
∂q

(−1)
j

∂xj
+
∂q

(0)
j

∂yj
= 0 ;

∂σ
(−1)
ij

∂xj
+
∂σ

(0)
ij

∂yj
= 0 (19)

c
∂T (0)

∂t
+ bijT

(0)
(∂exij(u(0))

∂t
+
∂eyij(u

(1))

∂t

)
+
∂q

(0)
j

∂xj
+
∂q

(1)
j

∂yj
= 0 ;

ρ
∂2u(0)

∂t2
−
∂σ

(0)
ij

∂xj
−
∂σ

(1)
ij

∂yj
= 0 (20)

From the boundary conditions (5-6), for m = −1, 0, 1, we deduce :[
σ
(m)
ij Nj

]
= 0 ; Niσ

(m)
ij Nj < 0 ;

[
u
(m+1)
i Ni

]
= 0 (21)

| Tiσ(m)
ij Nj |= −µfNiσ(m)

ij Nj (22)

while the thermal conditions (7) lead to

[
q
(−1)
j Nj

]
= µfNiσ

(−1)
ij Nj

[
∂u

(0)
m

∂t
Tm

]
;
[
T (0)

]
= 0 (23)

[
q
(0)
j Nj

]
= µf

(
Niσ

(−1)
ij Nj

[
∂u

(1)
m

∂t
Tm

]
+Niσ

(0)
ij Nj

[
∂u

(0)
m

∂t
Tm

])
;[

T (1)
]
= 0 (24)[

q
(1)
j Nj

]
= µf

(
Niσ

(−1)
ij Nj

[
∂u

(2)
m

∂t
Tm

]
+Niσ

(0)
ij Nj

[
∂u

(1)
m

∂t
Tm

])

+ µf

(
Niσ

(1)
ij Nj

[
∂u

(0)
m

∂t
Tm

])
;
[
T (2)

]
= 0 (25)

The development of the crack-tip heat flow (8) is calculated, using the link
between the length elements in the physical and reference cells ds = εdsy, as :

Dε = D(0) + εD(1) + ε2D(2) + ... (26)

The expressions of the terms D(i) with i = 0, 1, 2 in the development are presented
in the Appendix A.
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As concerns the energy release rate (10) it can be developed in the form :

Gdε = 1

ε
G(−1) + G(0) + εG(1) + ... (27)

where the explicit expressions of G(i) with i = 0, 1, 2 are also presented in the
Appendix A.

Introduction of the expansions of Gdε andDε in the energy relation (9) provides
the link between different orders terms of heat dissipation and energy-release rate :

D(0) =
1

2

dd

dt
LcG(−1) ; D(1) =

1

2

dd

dt
LcG(0) ; D(2) =

1

2

dd

dt
LcG(1) (28)

From Equations (18), (21), (22), (23) and (28), we deduce at the order ε−2

the problem for u(0) and T (0) given in the Appendix A, equations (70 - 72) and
(73 - 75). The solution of this problem is obtained by choosing the macroscopic
displacements and temperature fields u(0)(x, t) and T (0)(x, t), independent of the
microscopic variables yi.

At the order ε−1, from (19), (21), (22), (24) and (28) we get the problems for
u(1) and T (1) in the form :

∂

∂yj

(
aijkleykl(u

(1))
)
= 0 in Y (29)[(

aijkl
(
exkl(u

(0)) + eykl(u
(1))
)
− bij

(
T (0) − T0

))
Nj
]
= 0 (30)

Ni
(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij

(
T (0) − T0

))
Nj < 0 (31)∣∣∣∣Ti(aijkl(exkl(u(0)) + eykl(u

(1))
)
− bij

(
T (0) − T0

))
Nj

∣∣∣∣ = (32)

−µfNi
(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij

(
T (0) − T0

))
Nj[

u
(1)
i Ni

]
= 0 (33)

on CY and

−k
(∂2T (1)

∂y21
+
∂2T (1)

∂y22

)
= 0 in Y (34)

[
T (1)] = 0 ;

[
− k∂T

(1)

∂yj
Nj
]
= −

[
− k∂T

(0)

∂xj
Nj
]

on CY (35)

lim
r→0

∫
ΓYr

−k
(∂T (0)

∂xj
+
∂T (1)

∂yj

)
njdsy =

1

2

dd

dt
LcG(0) at (y1, y2) = (±dLc

2
, 0) (36)

On the external boundaries of Y , periodicity conditions complete the formulation
of the cell problems.

Let us define a system of generators for the macroscopic strainsEpq that respect
the contact boundary conditions. An example used in the simulations is given in
the Appendix B. The macroscopic strains are obtained as linear combination of
the elements of this system as :

exij(u
(0)) = %pq(u

(0))Epqij (37)
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Based on the previous boundary-value problem for the first-order corrector u(1)

we deduce its general expression in the form :

u(1)(x,y, t) = ξpq(y)%pq(u
(0))(x, t) + φ(y)(T (0)(x, t)− T0) (38)

where ξpq and φ are respectively solutions of the cell problems (76 - 80) and (81
- 85) given in the Appendix B.

Taking into account the orientation of the microcrack, withN1 = 0 andN2 = 1,
the solution of (34 - 36) has the general form

T (1) = θ(y)
∂T (0)

∂x2
(x, t) (39)

where θ is obtained by solving the cell problem (86 - 88) in the Appendix B.
More details about the formulation of these unit-cell solutions and their com-

patibility with the contact conditions on the crack faces are given in the Appendix
B.

At the order ε0, we obtain for temperature and displacement fields :

c
∂T (0)

∂t
+ bijT

(0) ∂

∂t

(
exij(u

(0)) + eyij(u
(1))
)
+
∂q

(0)
j

∂xj
+
∂q

(1)
j

∂yj
= 0 in Y (40)

[
T (2)] = 0 ;

[
q
(1)
j Nj

]
= µfNiσ

(0)
ij Nj

[∂u(1)m
∂t

Tm
]

on CY (41)

lim
r→0

∫
ΓYr

q
(1)
j njdsy =

1

2

dd

dt
LcG(1) at (y1, y2) = (±dLc

2
, 0) (42)

and

ρ
∂2u

(0)
i

∂t2
−
∂σ

(0)
ij

∂xj
−
∂σ

(1)
ij

∂yj
= 0 in Y (43)

| Tiσ(1)
ij Nj |= −µfNiσ

(1)
ij Nj on CY (44)[

σ
(1)
ij Nj

]
= 0 ; Niσ

(1)
ij Nj < 0 ;

[
u
(1)
i Ni

]
= 0 on CY (45)

To obtain the macroscopic thermo-mechanical equations we apply the mean

value operator 〈·〉 = 1

|Y |

∫
Y

· dy, with |Y | = Lc
2, to (40) and (43). Integration by

parts and use of the periodicity and boundary conditions on microcracks lead to :

(c+ T (0)S∗)
∂T (0)

∂t
+ T (0)βij

∂exij(u
(0))

∂t
+
∂Q

(0)
j

∂xj
= (46)

G(1)

Lc

dd

dt
+

1

L2
c

∫
CY

σ
(0)
ij Nj

[
u̇
(1)
i

]
dsy

ρeff
∂2u

(0)
i

∂t2
−
∂Σ

(0)
ij

∂xj
= 0 (47)

with the macroscopic stress Σ(0)
ij = 〈σ(0)

ij 〉 and heat flux Q(0)
j = 〈q(0)j 〉 :

Σ
(0)
ij = Cijpqexpq(u

(0))− ϑij(T (0) − T0) (48)

Q
(0)
i = −keffij

∂T (0)

∂xj
(49)
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The particular expressions of the effective moduli S∗, Cijpq, ρeff , ϑij and keffij

are given in the Appendix B. They are calculated with the unit-cell solutions and
depend on the normalized crack length d.

As concerns the source terms in the right member of the equation (46), their
macroscopic expressions will be obtained in the next section. It is important to
note that the first one is calculated as a limit at the microcrack tips and represents
the heating due to the damage evolution. The second term is obtained as an
integral on microcracks and expresses the frictional heating effect. When damage
is not evolving only the second term will be non-vanishing, while for propagating
microcracks without friction only the first term remains in (46).

4 Dynamic damage law

The asymptotic homogenization method is used here in combination with an
energy analysis for microcracks propagating dynamically, in mode II, with frictio-
nal contact and heating conditions, in order to obtain a macroscopic damage law.
A specific upscaling procedure, from microcracks to damage, has been proposed
in previous studies [15,53,30,16] and the objective of this section is to extend this
approach to account for thermal effects in the case of dynamically propagating
mode II microcracks with contact and friction.

In case of thermomechanical couplings, starting from the cell problems formu-
lated in the previous section and following a similar procedure as in [15] and [53],
we establish the following energy balance relation :∫

CY

σ
(0)
ij Nj

[
u̇
(1)
i

]
dsy −

dd

dt
LcG(1) −

1

2

d

dt

∫
CY

σ
(0)
ij Nj

[
u
(1)
i

]
dsy =

1

2

d

dt

∫
Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u

(1))dy

−
∫
Y

(
aijklexkl(u̇

(0))− bij Ṫ (0))eyij(u(1))dy (50)

The proof of this identity is given in the Appendix C.
Based on the particular form of the microscopic first-order correctors (38) and

(39) and using the frictional contact and heating boundary conditions, it is shown
in the Appendix C that we can obtain from (50) the damage equation :

dd

dt

(
G(1)

Lc
− Y + Yf

)
= 0 (51)

where the effective thermomechanical energy-release rate is

Y = −1

2

dCklpq
dd

expq(u
(0))exkl(u

(0))

+
1

2

(dϑkl
dd

+ α
dCpqkl
dd

δpq
)
(T (0) − T0)exkl(u(0)) +

1

2

dS∗

dd
(T (0) − T0)2 (52)

and the amount of energy dissipated by friction

Yf = Imnpqexmn(u
(0)expq(u

(0) + Jmnexmn(u
(0)(T (0) − T0)− P (T (0) − T0)2 (53)
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Explicit expressions of the effective coefficients Imnpq, Jmn and P are given in the
Appendix C.

The damage relation (51) can be viewed as an identity between the energy
dissipated during the propagation of microcracks and the corresponding damage
dissipation at the macroscopic scale, calculated with the difference between the
total energy release rate and the dissipation due to frictional sliding.

The relation between the dynamic and the quasi-static energy release [23,48]
is Gdε = g2(vp)Gε, where Gε = εG(1) is the quasi-static energy release rate,

vp =
lc
2

dd

dt
is the crack-tip speed and g2(vp) a universal function for mode II

propagation. Retaining the approximation proposed in [5] :

g2(vp) '
√
1− vp

cR
(54)

we deduce

G(1) = Lc
lc

Gdε√
1− lc

2cR

dd

dt

(55)

If we adopt a Griffith type propagation criterion Gdε = Gc, with Gc the fracture
energy, then (51) leads to the damage law :

dd

dt
=

2CR
lc

〈
1− G2c

l2c(Y − Yf )2

〉
(56)

where 〈.〉 represent the positive part.
The experiments on the dynamic failure of some brittle materials reveal the

necessity to consider velocity-dependent fracture energy. In the case of a linear
approximation [16] : Gc(vp) = Gc0(1 + a.vp) we obtain from (51) a more complex
form of the damage law :

dd

dt
=

〈
2Π

a2G2c0l2c
− lc
a2CRG2c0

(
Yd − Yf

)2 − 2

alc

〉
(57)

where

Π =

√(
aG2c0lc +

l3c
2CR

(
Y − Yf

)2)2

− a2G2c0l2c
(
G2c0 − l2c

(
Yd − Yf

)2) (58)

We remark that the microstructural length lc is present in the equations (56)
and (57) and will give rise to size effects related related to damage evolution.
Also, the energy-release rate terms depend on the macroscopic deformation and
temperature assuring the thermoelastic and damage coupling. These effects will
be illustrated by the response analysis considered in the last section.

At this point, using the developments in the Appendix C, we can deduce from
(46) the macroscopic temperature equation in the form

(c+ T (0)S∗)
∂T (0)

∂t
+ T (0)βpq

∂expq(u
(0))

∂t
+
∂Q

(0)
j

∂xj
= Rd +Rf (59)
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The first term in the right member of this equation Rd represents a heat source
related to damage evolution and is given by

Rd =
dd

dt

(
Y − Yf

)
=
dd

dt

( 1

2lc

2 + a.lc
dd

dt√
1− lc

2cR

dd

dt

Gc0
)

(60)

We can observe that the first expression of Rd is a typical damage dissipation
formula with the energy-release rate Y−Yf involved in the previous damage laws.
The heat source Rd corresponds to the first term in the right member of the
temperature equation (46) and is activated in the material points where damage
evolves.

The second term accounts for the frictional heating on microcracks and reads :

Rf =
dd

dt

(
I2mnpqexmn(u

(0)expq(u
(0) + J2

mnexmn(u
(0)(T (0) − T0)− P 2(T (0) − T0)2

)
+Z1

mnpqexmn(u
(0)

∂expq(u
(0)

∂t
+ Z2

pq
∂expq(u

(0)

∂t
(T (0) − T0)

+Z3
mnexmn(u

(0))
∂T (0)

∂t
+ Z4(T (0) − T0)

∂T (0)

∂t
(61)

The details concerning the coefficients Z1
mnpq, Z2

mn, Z3
mn, I2mnpq, J2

mn and P 2 are
given in the Appendix C. In the case of non-frictional sliding on microcracks, all
of them are vanishing.

5 Local macroscopic response

The analysis of the local macroscopic response predicted by the new damage
model is presented in this section. We first present the effective coefficients and
their dependence on damage and friction coefficients, then we study the local
macroscopic response. The coefficients are computed with unit-cell FE solutions
for different microcrack lengths. For the study of the macroscopic response the
solution of the damage law (57) coupled with the equation of temperature (59)
in the adiabatic approximation is obtained for a given history of compression and
shear macroscopic strains. Shear stresses are obtained from the constitutive law
(48). Effects of the size of microstructure, shear strain rate, initial microcrack
length, compression loading and friction coefficient will be discussed.

The generic material parameters used in the simulations for the PMMA po-
lymer are summarized in Table 1. A velocity-dependent fracture energy Gc(vp) =
Gc0(1 + a.vp) is assumed for the mode II propagation.

E (GPa) ν ρ (kgm−3) c (Jm−3K−1) α (K−1) µf Gc0 (Jm−2) a (sm−1)
5.6 0.33 1180 106 10−4 0.5 2100 0.01

Table 1: Material parameters for the PMMA polymer.
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a) b)

Figure 3: Effective elastic coefficients C1212 (a) and C1222 (b) vs damage variable
d computed for the friction coefficients µf = 0, 0.25, 0.5.

5.1 Homogenized coefficients

All the effective coefficients were computed with the FE solution of the corres-
ponding cell problems using the FEM software COMSOL Multiphysics. Since they
are functions of damage, such computations have been done for different values of
d ∈ [0, 1] and the results have been interpolated with polynomials.

For the elastic coefficients Cijpq, the problem (76-80) is solved numerically on
the unit cell. Except C1222 and C1212, the others components of the tensor Cijpq
are not dependent on the damage variable. If λ and µ are the Lamé coefficients,
we obtain C1111 = C2222 = λ+ 2µ, C1122 = C2211 = λ and C1112 = C1211 = 0.

In Figure 3, the coefficients C1212 and C1222 are represented as functions of
the damage variable d for three values of the friction coefficient µf = 0, 0.25, 0.5.
Damage induced degradation is observed for C1212 without dependence on the
friction coefficient. It represents the effect of the shear deformation of the unit
cell on the macroscopic shear stress and the presence of microcracks makes easier
the deformation of the cell, reducing the level of resulting shear stress. For a
completely fractured cell, no shear stresses are generated since the two parts move
freely. C1222 characterizes the influence of the compression deformation ex22 on
the macroscopic shear stress. In the absence of friction, there is no such influence
while, in the case of frictional sliding, the compression influences the frictional
resistance giving rise shear stresses. This effect is amplified by the value of the
friction coefficient µf and also by the size of the friction zone, controlled by the
normalized microcrack length d. Both effects can be seen in Figure 3b.

The effective thermoelastic coefficients ϑij and the thermal modulus S∗ are
given by the formulae (93) and, respectively, (89). The presence of microcracks
with contact between their lips do not modify the initial values of the thermoelastic
coefficients : ϑij = bij . The thermal contact conditions also preserves the initial
value of the thermal modulus S∗ = 0.

As concerns the thermal conduction coefficients, they are calculated by (94)
using the solution of the problem (86 - 88). We remark that θ = 0 is the solution of
this cell problem. The effective thermal conduction coefficients are not influenced
by the presence of microcracks with contact conditions : keff11 = keff22 = k and
keff12 = 0.
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a) b)

c)

Figure 4: Homogenized coefficients I1212 (a), I1222 + I2212 (b) and I2222 (c) vs
damage variable d, for µf = 0 , 0.25 , 0.5.

The components of the tensor Imnpq are controlling the amount of energy
dissipated by friction (53) involved in the expression of the energy-release rate.
They are evaluated numerically using the procedure described in the Appendix
C. For the considered microcrack orientation and the continuity of the normal
displacement field we deduce that the only non-vanishing components I1212, I1222+
I2212 and I2222. Figure 4 shows the effective coefficients I1212, I1222 + I2212, and
I2222 as functions of the damage variable d for three values of µf . As they influence
the amount of energy dissipated by friction, these coefficients are increasing with
the friction coefficient and the size of the friction zone which is proportional to d.
If µf = 0 there is no dissipation and Imnpq = 0. The other coefficients Jmn and
P involved in the expression (53) of Yf are also vanishing. The thermal variations
have no influence on the dissipated energy by frictional sliding.

Since only two strain components are used in the present analysis, the coef-
ficients Z1

1212 and Z1
2212 of (61) are needed. They are represented in Figure 5 as

functions of the damage variable d. These coefficients increase with the microcrack
length and with the friction coefficient µf . Since they characterize the effect of the
strains and strain-rate on the frictional heating, larger microcracks or higher va-
lues of µf give rise to more heating at the macroscopic scale. The other coefficients
Z2
mn, Z3

mn and Z4 are equal to 0. As for the terms in Yf , thermal variations do no
influence on the energy dissipated as heat during frictional sliding on microcracks.

As concerns I2mnpq, the components I21212, I21222+I22212 and I22222 are represen-
ted in the Figure 6. They are also involved in the expression (61) of the frictional
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a) b)

Figure 5: Coefficients Z1
1212 (a), Z1

2212 (b) vs damage variable d, for µf =
0 , 0.25 , 0.5.

heat sources. All of them are increasing functions of d and µf for the same physical
reasons, while J2

mn and P 2 are vanishing.

a) b)

c)

Figure 6: Components I21212 (a), I21222 + I22212 (b), I22222 (c) of I2mnpq vs damage
variable d, for µf = 0 , 0.25 , 0.5.
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a) b)

c)

Figure 7: Effective stress Σ12, damage variable d and temperature variation ∆T
vs. the strain ex12, for different values of the microstructural length : lc = 5 ×
10−5m, lc = 5× 10−4m, lc = 5× 10−3m.

5.2 Macroscopic response

In order to analyze the macroscopic thermomechanical and damage response,
a shear strain ex12(t) = ėx12 × t with constant strain rate ėx12 and a constant
compressive strain ex22 are assumed. Their numerical values are given in Table 2,
together with those for the microstructural size lc, initial damage d0 and initial
temperature T0. Unless specified, these generic values and the material parame-
ters in Table 1 will be used in all the studies of the present section. The coupled
system of the adiabatic temperature equation and the damage law is solved nu-
merically and the macroscopic stresses are obtained with the computed damage
and temperature solutions.

ex22 ėx12 (s−1) lc (m) d0 T0 (K)
−5× 10−3 -8000 5× 10−4 0.1 295.15

Table 2: Parameters used in the study of the macroscopic response.

In Figure 7, we plot the stress Σ12, the damage variable d and the tempera-
ture variation ∆T as function of the strain ex12 for different values of the size of
microstructure lc. As for the mode I microcracks [16], smaller microstructures are
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a) b)

c)

Figure 8: Effective stress Σ12, damage variable d and temperature variation ∆T
vs. the strain ex12, for different values of strain rate : ėx12 = −100 s−1, ėx12 =
−1000 s−1, ėx12 = −10000 s−1.

more resistant to damage initiation since smaller microcracks are more difficult
to propagate. Since larger microscopic cells have more important stored kinetic
energy near the crack lips, the corresponding stress response is more ductile, with
delayed damage evolution because a smaller amount of energy remains available
for damage.

For small lc, the damage propagates rapidly with more dissipated energy
converted to heat. This leads to a more important temperature rise, while for
slow evolutions of damage, corresponding to large lc, we have less dissipation hea-
ting and the temperature increase is less important. The frictional heating effect
is also present before damage initiation, but its value is negligible. Its contribution
is increasing during damage evolution since Rf depends on the damage rate.

Figure 8 shows the effect of the shear strain rate on damage, shear stress and
temperature evolutions. A compression loading ex22 = −1×10−2 is considered and
the initial damage is d0 = 0.2. For these computations we consider lc = 1× 10−3

m as the size of the microstructure.
The strain-rate effect obtained for mode I microcracks [30,16] is also present in

this case. The increase of the loading rate induces more ductility in the macrosco-
pic response, as a consequence of the inertial effects incorporated in the damage
model. At high strain rates, a more important part of the supplied energy is sto-
red as kinetic energy around microcrack tips, slowing the microcrack propagation.
Compared to the case of opening microcracks [30,16], where the kinetic energy
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a) b)

c)

Figure 9: Effective stress Σ12, damage variable d and temperature variation ∆T
vs. the strain ex12, for initial values of damage d0 = 0.05, d0 = 0.2, d0 = 0.5.

may be more important, the strain-rate effect for closed and frictional microcracks
is less pronounced.

Since the damage rate influences the amount of energy converted to heat, for
higher loading rates the model predicts lower heat production during the propa-
gation phase. This effects seems to be balanced by the duration of the heating
process in the Figure 8c. When the temperature variations are not so important
(less than ten degrees in the figure) it is the second effect that dominates. For more
radical temperature evolutions, like in the Figure 7, it is damage rate influence that
prevails.

We study now the effects of the initial damage on the macroscopic response.
The stress, temperature variation and the damage were computed for three dif-
ferent values of d0 and represented in Figure 9. Retarded damage initiation leading
to higher strength is observed for smaller values of d0 and the strength decreases
for higher values of d0, as expected. This example is particularly interesting for the
study of thermal effects. Larger initial crack lengths increase the frictional heating
effect by augmenting the friction zone. Smaller initial lengths lead to high damage
rates and corresponding crack propagation heating. The temperature behavior in
Figure 9c shows that the second effect is dominant, since the temperature increase
is substantially higher for smaller initial crack lengths.

Let us analyze now the effect of the compressive strain on the damage variable
d, the macroscopic shear stress Σ12 and the temperature variation ∆T . Three
values were considered for the compression loading : ex22 = −5 × 10−3, −2 ×
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a) b)

c)

Figure 10: Effective stress Σ12, damage variable d and temperature variation
∆T vs. the strain ex12, for different compressive strains : ex22 = −1 × 10−3,
ex22 = −8× 10−3, ex22 = −1.5× 10−3.

10−2, −3.5 × 10−2. The shear strain rate used in this case is ėx12 = −10000 s−1

while d0 = 0.3.
Figure 10 shows that the increase of the compressive strain retards the damage

evolution due to the increased frictional resistance on microcracks. The correspon-
ding frictional heating is also increased. Since the damage rates in the propagation
phase are not radically different, the relatively small temperature increase could be
explained as a frictional heating effect. Moreover, this effect is also present before
damage initiation, as can be seen in the represented temperature evolution.

We finally consider the influence of friction coefficient µf . In Figure 11, we plot
the damage variable d, the stress Σ12 and the temperature variation as function
of the strain ex12, for different values of µf . The compressive strain is ex22 = −3×
10−2 while the value of initial damage and microstructural size are correspondingly
d0 = 0.25, and lc = 10−3 m.

For large coefficients µf , the frictional resistance is increased on microcracks
and this induces larger shear strengths and delayed damage evolutions. This ef-
fects can be seen in Figure 11. As in the previous case, the temperature increase is
slightly more important for large values of µf as a result of the frictional heating.
Before damage initiation, a small increase of ∆T is present having the same fric-
tional origin. Since the damage rates are close during the propagation phase, the
comparison between the cases µf = 0 and µf 6= 0 reveals the effect of frictional
heating on microcracks.
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a) b)

c)

Figure 11: Effective stress Σ12, damage variable d and temperature variation ∆T
for different values of the friction coefficient µf .

6 Numerical simulations of heating in mode II failure under impact

We present in this section an example of application of the new model to
simulate the mode II dynamic failure of a grooved PMMA panel under impact.
The temperature evolution obtained in the FEM computations is compared to the
experimental results presented in [12].

The details of the panel geometry and loading [12] are shown on Figure 12.
The specimen has width W = 127 mm, height 2H = 292 mm and thickness
T = 8.5mm. Both sides of the panel have a groove of height Hg = 3.2 mm and
depth 2.5 mm. A starter notch of length l = 25 mm and width 1 mm is cut into
one edge of the panel, inside the groove. The impact velocity Vimp = 40 m s−1 is
applied asymmetrically over a zone of D = 38 mm, as shown in Fig. 12. Under this
loading, a shear crack is initiated at the notch tip and propagates in the groove.

The model parameters used in the simulations are reported in Table 3. As in
the previous section, we consider crack-speed dependency of the critical fracture
energy in the form Gc = Gc0(1 + a · vp).

E (GPa) ν ρ (kgm−3) α (K−1) c (Jm−3K−1) µf lc (m) Gc0 (Jm−2) a (sm−1)
5.5 0.36 1190 7× 10−5 1.725× 106 0.5 3× 10−4 1900 5× 10−3

Table 3: Parameters used in the FEM simulations.
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Figure 12: Geometry of the specimen and loading for mode II impact test.

In order to reproduce numerically the dynamic shear fracture of the specimen
and the corresponding temperature evolution, we implemented the thermoelastic
damage model in ABAQUS Explicit software [1]. The numerical integration of
the temperature equation and of the damage evolution law is implemented in a
VUMAT user subroutine for dynamic explicit analysis. On a time step and for a
strain increment, an Euler forward scheme is used to solve the damage equation
(57) at each integration point of the FE mesh, with the temperature at the end
of the previous step. Then, a similar time integration scheme is employed to solve
the adiabatic temperature equation (59) using the computed damage variable.
The new values of the damage and temperature are used to update the stress
components at the end of the time step according to the constitutive relation (48).
Only the in-plane components of the strain are considered for the calculation of
the damage energy Y − Yf .

A 3D numerical modeling of the impact test is adopted in order to take into
account the effect of the groove in the initiation and the evolution of the shear
failure. The structure is then meshed with four nodes tetrahedral linear elements
C3D4 with one integration point. The mesh is refined in the groove where the
path of crack is expected, using elements of size 5× 10−2mm. Details of the mesh
are shown on Figure 13. Element deletion is activated when the damage variable
reaches a value of 0.99. Unilateral contact with friction is introduced between the
new formed interior faces after deletion.

The use of the damage model allows us to reproduce both fracture initiation
at the notch tip and fracture propagation in the groove. A relatively straight
trajectory is observed for the evolution of the damage band as depicted on Figure
14. The thickness of the damage band is about 3 times the element size. As in
the purely mechanical case considered in [5], where a similar impact test [39] was
reproduced numerically, the front velocity is increasing up to values close to the
Rayleigh wave speed.

We focus here on the analysis of the thermal evolution during failure. In the
experiment performed by Bjerke and Lambros [12], a vertical array of infrared
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Figure 13: Details of the mesh used in the FE computations.

detectors has been placed in the groove, at 20 mm from the initial notch. These
elements provide the temperature variations during the passage of the crack front.
The computed temperature field around the damage band is represented in Figure
15. The area framed by the red rectangle is corresponding to the temperature
detection points. The damage evolution in the elements is accompanied by a change
in temperature.

In Figure 16a, we reproduce the measured temperature by Bjerke & Lambros
[12] using the array of infrared detectors located at 20mm from the initial notch
tip. The maximal temperature variation is obtained by the thermal signal of de-
tector element 8 after an increase of about 85K, during a time interval between
55µs and 65µs. From the numerical simulations, we obtained a relatively similar
temperature increase of 85 − 90K in the integration point of element located in
the middle of the damage band and at 20mm of the notch tip, as shown on Figure
16b. The temperature increase in the simulations takes place in 10µs which is
close to that in the experiments.

Also measured in [12] are the temperatures in the flanking detectors 7 and
9. The size of these photovoltaic elements is of 8 × 10−2 mm. In the numerical
simulations, the size of the mesh elements is approximately 5× 10−2mm. Despite
this small difference, for the sake of comparison we represented in Figure 16b the
temperatures computed in the corresponding lower and upper elements as can be
seen in Figure 15. We remark that the computed values are relatively close to those

Figure 14: Damage band in the groove at 70µs.
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Figure 15: Temperature variation induced by damage at 20mm of the initial
notch tip.

measured by the corresponding detectors, with a mean value of about 30K and
a few µs delay with respect to the temperature of the middle element. We finally
note that the deletion of the damaged elements do not allow for the representation
of further decrease of the temperature after the passage of the damage front.

While further studies are necessary to better understand the prediction po-
tential of the new thermo-mechanical damage model, the first example presented
in this section illustrated its capacity of reproducing the temperature variations
associated to the dynamic shear failure of brittle solids.

7 Conclusions

We developed a coupled thermomechanical damage model for dynamic shear
failure in brittle materials. The new damage law has been obtained using an adap-
ted asymptotic homogenization procedure from the microscopic Griffith-type pro-
pagation criterion in mode II. Besides the unilateral contact and friction condi-
tions, heat sources at the tips and over the lips of microcracks have been assumed
in order to account for damage and frictional heating effects. The upscaling proce-
dure led to a macroscopic equation of temperature with distributed heat sources
related to damage propagation and frictional sliding mechanisms. A strong cou-

a) b)

Figure 16: Temperature variation : measured values (a) from [12] and (b) com-
puted values in 3 neighbor elements located in the region of IR detectors.
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pling between the mechanical, thermal and damage fields has been obtained. The
analysis of the local macroscopic response predicted by the new model revealed
specific influences of the microstructural size, the strain rate, the compression loa-
ding, the initial microcrack length and the friction coefficient. Finally, results of
numerical simulations for the evolution of temperature during dynamic shear fai-
lure in PMMA samples under impact are presented. It was found that the model
predictions are in good agreement with the experimental data.

Appendix A : Asymptotic expansions

The terms of orders ε0, ε1, ε2 in the asymptotic expansions of the thermo-
mechanical fields are given below. In the expansion of qε given in the equation
(16), the terms q(p), p = 0, 1, 2 are :

q
(−1)
j = −k∂T

(0)

∂yj
; q

(0)
j = −k

(∂T (0)

∂xj
+
∂T (1)

∂yj

)
; q

(1)
j = −k

(∂T (1)

∂xj
+
∂T (2)

∂yj

)
(62)

and the corresponding terms for σε in the development (17) are :

σ
(−1)
ij = aijkleykl(u

(0)) (63)

σ
(0)
ij = aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0) (64)

σ
(0)
ij = aijkl

(
exkl(u

(1)) + eykl(u
(2))
)
− bijT (1) (65)

For the expressions of different order terms D(i) in the asymptotic expansion
(26) of the crack-tip heat flow Dε one obtains :

D(0) = lim
r→0

∫
ΓYr

−k∂T
(0)

∂yj
njdsy ; D(1) = lim

r→0

∫
ΓYr

−k(∂T
(0)

∂xj
+
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∂yj
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r→0

∫
ΓYr

−k(∂T
(1)
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+
∂T (2)

∂yj
)njdsy (66)

The terms of different orders in the asymptotic expansion (27) of the energy-
release rate Gdε are :

G(−1) = lim
r→0

∫
ΓYr
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2
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G(1) = lim
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∫
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For the velocity field the local relation ∂uε
i

∂t ' −
d(l/2)
dt

∂uε
i

∂x1
= − εLc

2
dd
dt

∂uε
i

∂x1
in the

vicinity of the crack tips [23,7] has been used.
From Equations (18), (21), (22), (23) and (28), we deduce at the order ε−2 the

problems for u(0) and T (0) as :

∂

∂yj

(
aijkleykl(u

(0))
)
= 0 in Y (70)[

aijkleykl(u
(0))Nj

]
= 0 ;

[
u
(0)
i Ni

]
= 0 ; Niaijkleykl(u

(0))Nj < 0 (71)

| Tiaijkleykl(u(0))Nj |= −µfNiaijkleykl(u(0))Nj (72)

and

−k
(∂2T (0)

∂y21
+
∂2T (0)

∂y22

)
= 0 in Y (73)

[
T (0)] = 0 ;

[
− k∂T

(0)

∂yj
Nj
]
= µfNiaijkleykl(u

(0))
[∂u(0)m
∂t

Tm
]
Nj (74)

lim
r→0

∫
ΓYr

−k∂T
(0)

∂yj
njdsy =

1

2

dd

dt
LcG(−1) at (y1, y2) = (±dLc

2
, 0) (75)

The solution is obtained by choosing the macroscopic displacements and tem-
perature fields u(0)(x, t) and T (0)(x, t), independent of the microscopic variables
yi, which verify the systems (70 - 72) and (73 - 75).

Since u(0) is not depending on y, the expressions (67-68) show that G(−1)

and G(0) are vanishing. As remarked in [16], the kinetic energy do not contribute
to G(−1) unless higher order correctors are considered for the thermomechanical
fields.

Appendix B : Computation of the effective coefficients

We provide here the details concerning the computation of the homogenized
coefficients appearing in the formulation of the macroscopic elasto-damage pro-
blem.
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The cell problem for ξpq is obtained in the form :

∂

∂yj

(
aijkleykl(ξ

pq)
)
= 0 in Y (76)[

aijkleykl(ξ
pq)Nj

]
= −

[
aijklE

pq
klNj

]
(77)

Niaijkl
(
eykl(ξ

pq) + Epqkl
)
Nj < 0 (78)∣∣Tiaijkl(eykl(ξpq) + Epqkl

)
Nj
∣∣ = −µfNiaijkl(eykl(ξpq) + Epqkl

)
Nj (79)[

ξpqi Ni
]
= 0 (80)

The function φ is the solution of the boundary-value problem :

∂

∂yj

(
aijkleykl(φ)

)
= 0 in Y (81)[

aijkleykl(φ)Nj
]
=
[
bijNj

]
(82)

Ni
(
aijkleykl(φ)− bij

)
Nj < 0 (83)∣∣Ti(aijkleykl(φ)− bij)Nj∣∣ = −µfNi(aijkleykl(φ)− bij)Nj (84)[

φiNi
]
= 0 (85)

And for the function θ we obtain the cell problem :

−k
(∂2θ
∂y21

+
∂2θ

∂y22

)
= 0 in Y (86)[ ∂θ

∂y2

]
= 0 ; [θ] = 0 on CY (87)

lim
r→0

∫
ΓYr

−k
( ∂θ
∂y1

n1 +
∂θ

∂y2
n2

)
dsy = 0 at (y1, y2) = (±dLc

2
, 0) (88)

As concerns the expressions of the homogenized coefficients, we obtain a ther-
mal modulus S∗ given by the formula :

S∗ =
1

L2
c

∫
Y

bijeyij(φ)dy (89)

The effective elastic moduli C%ijpq are computed with the cell solutions as :

C%ijpq =
1

L2
c

∫
Y

aijkl
(
Epqkl + eykl(ξ

pq)
)
dy (90)

and the homogenized mass density :

ρeff =
1

|Y |

∫
Y

ρdy (91)

For the effective thermo-elastic coupling coefficients we obtain :

β%pq =
1

L2
c

∫
Y

bij(E
pq
ij + eyij(ξ

pq))dy (92)

ϑij =
1

L2
c

∫
Y

(
bij − aijkleykl(φ)

)
dy (93)
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The homogenized thermal conduction components are :

keff11 =
1

|Y |

∫
Y

kdy ; keff12 =
1

|Y |

∫
Y

k
∂θ

∂y1
dy ;

keff22 =
1

|Y |

∫
Y

k
(
1 +

∂θ

∂y2

)
dy (94)

As explained in [53], a particular system of generators for the cell problem
is necessary to respect the frictional contact conditions on the crack lips. The
construction is specific to the present orientation of microcracks. The macrosco-
pic strains exij(u(0)) are linear combinations of the elements of the system of
macroscopic strains generators Epq :

exij(u
(0)) = %pq(u

(0))Epqij (95)

where Epq has the form :

E11 =

−
1

γ
0

0 0

 ; E12 =


0 − 1

γ

− 1

γ
− 1

2γ

 ; E22 =


0 − 1

γ

− 1

γ
− 1

γ

 (96)

and %pq(u(0)) are defined as :

%11(u
(0)) = −γex11(u(0)); %12(u

(0)) = γ
(
ex22(u

(0))− ex12(u(0))
)
;

%22(u
(0)) = γ

(
ex12(u

(0))− 2ex22(u
(0))
)

(97)

In (46) the coefficients βij are obtained as linear combination of β%ij using
Equation (97) :

β11 = −γβ%11 ; β12 =
γ

2
(β%22 − 2β%12) ; β22 = 2γ(β%12 − β

%
22) (98)

Using the equality bij = αaijklδkl, we can write :

β%pq = αC%ijpqδij (99)

This gives :

β%11 = α
(
C%1111 + C%2211

)
; β%12 = α

(
C%1112 + C%2212

)
;

β%22 = α
(
C%1122 + C%2222

)
(100)

Finally we obtain βij as linear combination of C%ijpq :

β11 = −γα
(
C%1111 + C%2211

)
;

β12 =
γ

2
α
(
C%1122 + C%2222 − 2(C%1112 + C%2212)

)
;

β22 = 2γα
(
C%1112 + C%2212 − C

%
1122 − C

%
2222

)
(101)

The coefficients Cijpq in Equation (47) are linear combination of C%ijpq :

Cij11 = −γC%ij11 ; Cij12 =
γ

2
(C%ij22 − 2C%ij12) ;

Cij22 = 2γ(C%ij12 − C
%
ij22) (102)
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Appendix C : Construction of the damage law

In this appendix we give details about the procedure used to obtain the damage
law presented in Section 4.

We first prove the energy balance relation (50). Starting from similar cell pro-
blems as the one in Section 3 for the microscopic corrector u(1), in [15,53] the
following energy balance has been established :

d

dt

∫
Y

1

2
aijkleykl(u

(1))eyij(u
(1))dy +

dd

dt
LcG(1)

=

∫
CY

aijkleykl(u
(1))Nj

[
u̇
(1)
i

]
dsy (103)

The equivalent form of the equation (70) :
∂

∂yj

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
= 0 (104)

multiplied by u̇(1)i and integrated over Y leads to :∫
CY

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
Nj
[
u̇
(1)
i

]
dsy =∫

Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u̇

(1))dy (105)

Combination of the relations (103) and (105) gives :∫
CY

(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0)

)
Nj
[
u̇
(1)
i

]
dsy

=
dd

dt
LcG(1) +

d

dt

∫
Y

1

2
aijkleykl(u

(1))eyij(u
(1))dy

+

∫
Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u̇

(1))dy (106)

Using the Reynolds transport theorem [52] together with the singularity of the
u(1) field, for the last integral in (106) we get :∫

Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u̇

(1))dy =

d

dt

∫
Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u

(1))dy

−
∫
Y

(
aijklexkl(u̇

(0))− bij Ṫ (0))eyij(u(1))dy (107)

such that (106) becomes :∫
CY

(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0)

)
Nj
[
u̇
(1)
i

]
dsy −

dd

dt
LcG(1)

−1

2

d

dt

∫
Y

(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0)

)
eyij(u

(1))dy

=
1

2

d

dt

∫
Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u

(1))dy

−
∫
Y

(
aijklexkl(u̇

(0))− bij Ṫ (0))eyij(u(1))dy (108)
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On the other hand, we can rewrite the equation (29) as :

∂

∂yj

(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0)

)
= 0 (109)

Multiplication by u(1)i and integration on Y give :

∫
Y

(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0)

)
eyij(u

(1))dy =∫
CY

(
aijkl

(
exkl(u

(0)) + eykl(u
(1))
)
− bij(T (0) − T0)

)
Nj
[
u
(1)
i

]
dsy (110)

This identity can be used in (108) to obtain the energy relation (50).
Let us now prove the damage relations (51-53). From the expression of u(1) in

(38), we deduce the following relations :

∫
Y

aijkleyij(u
(1))dy =

∫
Y

aijkleyij(ξ
pq)dy%pq(u

(0))

+

∫
Y

aijkleyij(φ)dy(T
(0) − T0) (111)∫

Y

bijeyij(u
(1))dy =

∫
Y

bijeyij(ξ
pq)dy%pq(u

(0))

+

∫
Y

bijeyij(φ)dy(T
(0) − T0) (112)

And using the expressions of the effective coefficients (90), (92), (93) and (89),we
deduce : ∫

Y

aijkleyij(ξ
pq)dy = L2

cC
%
klpq − aklijE

pq
ij (113)∫

Y

bijeyij(ξ
pq)dy = αδkl

(
L2
cC

%
klpq − aklijE

pq
ij

)
(114)∫

Y

aijkleyij(φ)dy = bkl − L2
cϑkl (115)∫

Y

bijeyij(φ)dy = L2
cS
∗ (116)

Replacing the equations (113-116) in (111-112) gives :

∫
Y

aijkleyij(u
(1))dy =

(
L2
cC

%
klpq − aklijE

pq
ij

)
%pq(u

(0))

+
(
bkl − L2

cϑkl
)
(T (0) − T0) (117)∫

Y
bijeyij(u

(1))dy = αδkl
(
L2
cC

%
klpq − aklijE

pq
ij

)
%pq(u

(0))

+L2
cS
∗(T (0) − T0) (118)
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With the relations (117) and (118), we can calculate the first term in the right
side of (50) to obtain :

1

2

d

dt

∫
Y

(
aijklexkl(u

(0))− bij(T (0) − T0)
)
eyij(u

(1))dy =

1

2
L2
c

dC%klpq
dd

dd

dt
%pq(u

(0))%mn(u
(0))Emnkl

−1

2
L2
c
dϑkl
dd

dd

dt
(T (0) − T0)%mn(u(0))Emnkl

−1

2
L2
c

dC%klpq
dd

dd

dt
(T (0) − T0)αδkl%pq(u(0))

−1

2
L2
c
dS∗

dd

dd

dt
(T (0) − T0)2

+
1

2

(
L2
cC

%
klpq − aklijE

pq
ij

)(
%pq(u̇

(0))%mn(u
(0))− %pq(u(0))%mn(u̇

(0))
)
Emnkl

+
1

2

(
bkl − L2

cϑkl
)(
(T (0) − T0)%mn(u̇(0)) + %mn(u

(0))Ṫ (0))Emnkl
−1

2
αδkl

(
L2
cC

%
klpq − aklijE

pq
ij

)(
(T (0) − T0)%pq(u̇(0)) + %pq(u

(0))Ṫ (0))
−L2

cS
∗Ṫ (0)(T (0) − T0) (119)

In the same way, we obtain for the second term in the right side of (50) :

∫
Y

(
aijklexkl(u̇

(0))− bij Ṫ (0))eyij(u(1))dy =(
L2
cC

%
klpq − aklijE

pq
ij

)
%pq(u

(0))%mn(u̇
(0))Emnkl

+
(
bkl − L2

cϑkl
)
(T (0) − T0)%mn(u̇(0))Emnkl

−αδkl
(
L2
cC

%
klpq − aklijE

pq
ij

)
%pq(u

(0))Ṫ (0) − L2
cS
∗Ṫ (0)(T (0) − T0) (120)

Replacing (119-120) in (50) we obtain :

1

L2
c

∫
CY

σ
(0)
ij Nj

[
u̇
(1)
i

]
dsy −

1

2L2
c

d

dt

∫
CY

σ
(0)
ij Nj

[
u
(1)
i

]
dsy −

1

Lc

dd

dt
G(1) =

dd

dt

(
1

2

dC%klpq
dd

%pq(u
(0))%mn(u

(0))Emnkl −
1

2

dϑkl
dd

(T (0) − T0)%mn(u(0))Emnkl

−1

2

dC%klpq
dd

(T (0) − T0)αδkl%pq(u(0))− 1

2

dS∗

dd
(T (0) − T0)2

)
+

1

2L2
c

∫
CY

aijklE
mn
kl Nj

[
ξpqi
]
dsy
(
%pq(u̇

(0))%mn(u
(0))− %pq(u(0))%mn(u̇

(0))
)

+
1

2L2
c

∫
CY

aijklE
mn
kl Nj

[
φi
]
dsy
(
%mn(u

(0))Ṫ (0) − (T (0) − T0)%mn(u̇(0))
)

+
1

2L2
c

∫
CY

bijNj
[
ξpqi
]
dsy
(
%pq(u

(0))Ṫ (0) − (T (0) − T0)%pq(u̇(0))
)

(121)
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With the expressions of u(1) and σ(0)
ij we calculate the second term in the left side

of (121) as :

1

2L2
c

d

dt

∫
CY

σ
(0)
ij Nj

[
u
(1)
i

]
dsy =

(
1

2

dZ%1mnpq
dd

%mn(u
(0)%pq(u

(0)

+
1

2

(dZ%2mn
dd

+
dZ%3mn
dd

)
%mn(u

(0)(T (0) − T0) +
1

2

dZ4

dd
(T (0) − T0)2

)
dd

dt

+
1

2
Z%1mnpq

(
%mn(u̇

(0)%pq(u
(0) + %mn(u

(0)%pq(u̇
(0)
)

+
1

2

(
Z%2mn + Z%3mn

)(
%mn(u̇

(0)(T (0) − T0) + %mn(u
(0)Ṫ (0))

+Z4Ṫ (0)(T (0) − T0) (122)

where

Z%1mnpq =
1

L2
c

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj [ξ

pq
i ] dsy (123)

Z%2mn =
1

L2
c

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj [φi] dsy (124)

Z%3mn = − 1

L2
c

∫
CY

(
bij − aijkleykl(φ)

)
Nj
[
ξmni

]
dsy (125)

Z4 = − 1

L2
c

∫
CY

(
bij − aijkleykl(φ)

)
Nj [φi] dsy (126)

When the time derivative of u(1) :

u̇(1) = ξ̇
pq
(y)%pq(u

(0))(x, t) + ξpq(y)%pq(u̇
(0))(x, t)

+φ̇(y)(T (0)(x, t)− T0) + φ(y)Ṫ (0)(x, t) (127)

is used in the first integral in the left member of (121) one obtains :

1

L2
c

∫
CY

σ
(0)
ij Nj

[
u̇
(1)
i

]
dsy =

(
I%2mnpq%mn(u

(0)%pq(u
(0)

+J%2mn%mn(u
(0)(T (0) − T0)− P 2(T (0) − T0)2

)dd
dt

+Z%1mnpq%mn(u(0)%pq(u̇
(0) + Z%2mn%mn(u(0)Ṫ (0)

+Z%3mn%mn(u̇(0)(T (0) − T0) + Z4Ṫ (0)(T (0) − T0) (128)

with

I%2mnpq =
1

L2
c

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj

[
dξpqi
dd

]
dsy (129)

J%2mn =
1

L2
c

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj

[
dφi
dd

]
dsy (130)

− 1

L2
c

∫
CY

(
bij − aijkleykl(φ)

)
Nj

[
dξmni
dd

]
dsy

P 2 =
1

2L2
c

d

dd

∫
CY

(
bij − aijkleykl(φ)

)
Nj

[
dφi
dd

]
dsy (131)
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Using the cell problems (76), (81) one can prove that the integral
∫
CY

aijkleykl(ξ
mn)Nj [ξ

pq
i ] dsy

is symmetrical in respect to the pairs mn and pq and we have∫
CY

aijkleykl(ξ
mn)Nj [φi] dsy =

∫
CY

aijkleykl(φ)Nj [ξ
pq
i ] dsy

Combination with (122) and (128) and substitution in (121) and allow us to obtain
the damage relation :

dd

dt

(
G(1)

Lc
+

1

2

dC%klpq
dd

%pq(u
(0))%mn(u

(0))Emnkl

−1

2

dϑkl
dd

(T (0) − T0)%mn(u(0))Emnkl

−1

2

dC%klpq
dd

(T (0) − T0)αδkl%pq(u(0))− 1

2

dS∗

dd
(T (0) − T0)2

+I%mnpq%mn(u
(0)%pq(u

(0)

+J%mn%mn(u
(0)(T (0) − T0)− P %(T (0) − T0)2

)
= 0 (132)

with the effective coefficients

I%mnpq =
1

2L2
c

d

dd

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj [ξ

pq
i ] dsy

− 1

L2
c

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj

[
dξpqi
dd

]
dsy (133)

J%mn =
1

2L2
c

d

dd

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj [φi] dsy

− 1

2L2
c

d

dd

∫
CY

(
bij − aijkleykl(φ)

)
Nj [ξ

mn
i ] dsy

− 1

L2
c

∫
CY

aijkl
(
Emnkl + eykl(ξ

mn)
)
Nj

[
dφi
dd

]
dsy

+

∫
CY

(
bij − aijkleykl(φ)

)
Nj

[
dξmni
dd

]
dsy (134)

P =
1

2L2
c

d

dd

∫
CY

(
bij − aijkleykl(φ)

)
Nj [φi] dsy

− 1

L2
c

∫
CY

(
bij − aijkleykl(φ)

)
Nj

[
dφi
dd

]
dsy (135)

In the equation (53) the coefficients Imnpq and Jmn are linear combinations of
I%mnpq and, respectively, J%mn. For Imnpq we get :

I1212 =
γ2

4

(
I%2222 − 2I%1222 − 2I%2212 + 4I%1212

)
I2222 = 4γ2

(
I%2222 − I

%
1222 − I

%
2212 + I%1212

)
I1222 + I2212 = γ2

(
− 2I%2222 + 3I%1222 + 3I%2212 − 4I%1212

)
(136)

while the others components I1111, I1112, I1122, I2211, I1211 are vanishing.
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Similar combinations are obtained for I2mnpq of equation (61).

I21212 =
γ2

4

(
I%22222 − 2I%21222 − 2I%22212 + 4I%21212

)
I22222 = 4γ2

(
I%22222 − I

%2
1222 − I

%2
2212 + I%21212

)
I21222 + I22212 = γ2

(
− 2I%22222 + 3I%21222 + 3I%22212 − 4I%21212

)
I21111 = I21112 = I21122 = I22211 = I21211 = 0 (137)

Expressions of Jmn and J2
mn in the definition (53) of Yf and, respectively, (61)

are :

J11 = −γJ%11 ; J12 =
γ

2

(
J%22 − 2J%12

)
; J22 = 2γ

(
J%12 − J

%
22

)
(138)

J2
11 = −γJ%211 ; J2

12 =
γ

2

(
J%222 − 2J%212

)
; J2

22 = 2γ
(
J%212 − J

%2
22

)
(139)

Finally, the coefficients Z1
mnpq, Z2

mn and Z3
mn in (61) are linear combinations

of Z%1mnpq, Z%2mn and Z%3mn correspondingly :

Z1
1212 =

γ2

4

(
Z%12222 − 2Z%11222 − 2Z%12212 + 4Z%11212

)
Z1

2222 = 4γ2
(
Z%12222 −Z

%1
1222 −Z

%1
2212 + Z

%1
1212

)
Z1

2212 = γ2
(
−Z%12222 + Z

%1
1222 + 2Z%12212 − 2Z%11212

)
Z1

1222 = γ2
(
−Z%12222 + 2Z%11222 + Z

%1
2212 − 2Z%11212

)
Z1

1111 = Z1
1112 = Z1

1122 = Z1
2211 = Z1

1211 = 0. (140)

Z2
11 = −γZ%211 ; Z2

12 =
γ

2

(
Z%222 − 2Z%212

)
; Z2

22 = 2γ
(
Z%212 −Z

%2
22

)
(141)

Z3
11 = −γZ%311 ; Z3

12 =
γ

2

(
Z%322 − 2Z%312

)
; Z3

22 = 2γ
(
Z%312 −Z

%3
22

)
(142)
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