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T D Lea,∗, Q D Haa, I Panfilova, C Moynea
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Abstract

In this work we develop a multiscale model for flow and transport problem in CO2-enhanced coalbed

methane recovery. The coalbed methane reservoir is characterized by two levels of porosity associated with

nanopores in the matrix and cleat network. Mass conservation equations for fluid mixture (CH4 and CO2)

in the matrix at the microscale are rigorously derived by using the formal homogenization technique taking

into account the gas mixture adsorption in the nanopores. The Density Functional Theory (DFT) is used

to compute the gas adsorption isotherms and the solvation force acting on the nanopore wall, showing a

much more pronounced adsorption capacity of CO2 compared to CH4. The average transport equations

in the matrix together with the multiphase flow problem in fracture network (gas mixture and water) are

homogenized giving rise to a macroscopic model ruled by the effective conductivities, partition and transfer

coefficients. The cleat permeability evolution due to deformation is taken into account through a three-scale

poromechanical model reported in a previous work. Computational simulations illustrate the macroscopic

laws underlying the gas pressure distributions, cleat closure phenomena and CH4 production curve enhanced

by CO2 injection.

Keywords: Multiscale model, Dual porosity, Multiphase flow, Homogenization, Gas adsorption, Enhanced

Coalbed Methane Recovery

1. Introduction

CO2-enhanced coalbed methane recovery consists of an unconventional gas resource and environmentally

sustainable procedure which combines methane production with CO2 sequestration. In order to successfully

apply this enhanced recovery procedure, one needs to describe accurately the coupled phenomena which

occur at disparate length scales. In this scenario, describing the anomalous behavior of the gas mixture in5

the nanopores and developing efficient upscaling procedure, capable of propagating the local description to

obtain the macroscopic response, is a crucial issue. Coal seams are composed of a coal matrix containing
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pores of several nanometers filled by adsorbed CH4 before exploration along with a fracture network (cleats)

(see Fig. 1) with much higher permeability and partially saturated with water [1, 2, 3, 4]. The classical

primary gas exploration simply consists of decreasing the pore pressure leading to water production from10

the cleats and subsequently gas desorption from the matrix [2, 4]. The enhanced coalbed methane recovery

consists of a CO2 injection process which takes advantage of the preferential CO2 adsorption compared to

CH4 [4, 5, 6]. In spite of its advantage, this enhancement technique exhibits some drawbacks which stem

from the matrix swelling inducing cleat closure and decrease in permeability [5, 7]. Such a mechanism is

induced by the solvation force in the nanopores which is much more significant than the bulk pressure [8].15

In this paper, we aim at clarifying this issue by developing a new multiscale model for flow and transport

in dual porosity coalbed methane reservoir, which is coupled with the three-scale poromechanical model

reported in a previous work [8].

Figure 1: General structure of coalbed methane reservoir.

Modeling of the coupling between transport and poromechanics problems in coal seam is well reported in

the literature and classically described by dual porosity type models combined with Langmuir isotherm to20

compute gas adsorption in the coal matrix [9, 10, 11, 12, 13]. Moreover, modeling of CO2-enhanced coalbed

methane recovery has showed important improvement of methane production curve and matrix swelling

phenomena inducing cleat closure [10, 11, 12, 14]. These models have proposed empiric macroscopic models

in which no closure for effective conductivities has been provided. Beyond the Langmuir approach, molec-

ular dynamics and stochastic modeling have been explored in order to construct accurately the adsorption25

isotherms and study its influence on poromechanics [8, 15, 16]. Dual porosity models taking into account

anomalous behavior of adsorbed fluid in the nanopores treated by statistical mechanics and its influence on

the macroscopic constitutive laws through the homogenization method have been reported for applications

to swelling clay and shale gas [17, 18, 19, 20]. These approaches allow to construct precisely the macroscopic
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model with a closure for effective coefficients by propagating rigorously the information from the pore-scale30

to the macroscale.

Despite the above-mentioned advances in coalbed methane modeling, a still open issue stems from the

necessity of constructing a rigorous upscaling procedure capable of capturing the local anomalous behavior

of the gas mixture in the nanopores of the coal matrix and propagating this information in order to derive

the poromechanical and transport problems at the macroscale. In this paper, we aim at filling this gap. The35

Density Functional Theory (DFT) is applied to compute precisely the gas mixture adsorption quantities and

the solvation force in the nanopores within the matrix. Gas transport in the matrix is ruled by Knudsen

diffusion-type which is upscaled to the microscale in order to obtain the average mass conservation equations

for gases in the matrix, characterized by the partition coefficients and effective diffusion coefficients. At the

microscale, gas and water transport equations in the cleats are constructed along with mass conservation40

equations in the matrix. A second homogenization procedure is then applied to obtain a macroscopic

reservoir-scale model for gas and water transport. The change in cleat porosity is taken into account by

coupling this transport model with the three-scale poromechanical model reported in [8].

The paper is organized as follows. In Section 2, the three-scale poromechanics modeling developed by the

authors in [8] is briefly recalled. In Section 3, the gas transport in the coal matrix is homogenized to obtain45

average mass transport equations. Section 4 is devoted to the development of macroscopic constitutive laws

for the transport of gas and water in the cleats coupled with gas diffusion in the matrix using a dual porosity

approach. Numerical simulations are performed in Section 5 to illustrate the potential of the multiscale

model. The conclusions are drawn in Section 6.

2. Recall of the three-scale poromechanical model50

In this section, the three-scale poromechanical model developed by Le et al. [8] is briefly recalled. This

mechanical part taking into account the deformation of a dual porosity porous medium will be coupled with

the flow and transport multiscale model in order to study the matrix swelling/shrinkage phenomena during

gas injection/production in coalbed methane reservoir.

2.1. Adsorption phenomena in nanopores55

The Density Functional Theory (DFT) is applied to describe precisely the gas mixture adsorption phe-

nomena in nanopores [8, 21, 22, 23]. The gas adsorption quantities and solvation force have been numerically

computed for a spherical geometry by the authors [8]. Due to the gas confinement, the pressure exerted by

the gas on the solid wall of the nanopores Pm+ Π is very different from the total bulk pressure in the matrix

Pm. The solvation force Π which is much larger than Pm is the dominant force. In Fig. 2, the dependence60

of Π on the partial bulk pressures (here P bCH4
and P bCO2

correspond to the partial bulk pressures in the
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matrix Pm,i with i ∈ {1 = CH4, 2 = CO2}) is illustrated for a fixed pore diameter D = 5d where d is the

molecule diameter (the both gas molecules are assumed to have the same diameter). We can observe that

the absolute value of the solvation force is much higher than the bulk pressure. With a fixed CH4 pressure,

the absolute value of the solvation force increases with the CO2 bulk pressure at small CO2 bulk pressure65

and then decreases at high CO2 bulk pressure. It should be noted that the solvation force reported in [8]

does not keep the carbon molecule number at the solid surface constant. In this paper, the derivative of the

external (wall) potential acting on the fluid molecules is made at fixed solid (carbon) molecule number. The

solvation force is now negative. However, a similar result as the one obtained in [8] is that the derivative of

the solvation force with respect to the CO2 bulk pressure is positive at high CO2 bulk pressure. This point70

is of utmost importance for the development of the poromechanics described in the following subsections.
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Figure 2: Dependence of the solvation force on the partial bulk pressures with fixed D = 5d

It was also discussed in [8] that the adsorption potential of CO2 is much more significant than CH4 so

that CO2 injection can provide more methane from the matrix. This enhanced coalbed methane recovery

technique will be discussed in details in Section 5.

2.2. Coal matrix75

The matrix is assumed poroelastic with an elasticity tensor C and a Biot-Willis coefficient α. The effective

stress principle for the matrix including the contribution from the solvation force reads as [8, 17, 18]

σm = C : E(u)− α(Pm + Π)I in Ωm (1)

where I denotes the identity tensor and E(u) =
(
∇u + (∇u)T

)
/2 the symmetric gradient of the deformation

field u. The fluid pressure acting on the wall of the nanopores is the sum of the bulk matrix pressure Pm

and the solvation force Π. For spherical pores, the disjoining stress reduces to a scalar component Π which80

acts to expand the matrix and therefore to close the cleats.
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Linearizing the solvation force near a reference point leads to a new form of the effective stress principle

for the matrix

σm − σrefm = C∗ : E
(
u− uref

)
−
∑
i

α∗i
(
Pm,i − P refm,i

)
I (2)

with the modified poromechanical coefficients C∗ and α∗i given by

C∗ = C− α2

1− β ∂Π

∂φm

∂Π

∂φm
I ⊗ I

α∗i =
α

1− β ∂Π

∂φm

(
1 +

∂Π

∂Pm,i

)
(3)

where ∂Π/∂φm, ∂Π/∂Pm,i are the derivatives of Π with respect to the matrix porosity φm and the partial85

pressures Pm,i in the reference configuration. Fig. 3 shows the dependence of the modified Biot-Willis
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Figure 3: Dependence of α∗
i in P b

CO2
for P b
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= 1 MPa and D = 5d; 1 = CH4; 2 = CO2.

parameters α∗i for each gas component on the partial pressures. It is important to note that α∗i can be

higher than one in contrast to the classical Biot-Willis parameter, due to the solvation force effects.

2.3. Macroscopic model

The homogenization procedure of a three-scale poromechanics problem has been examined rigorously in90

[17] and applied to coalbed methane reservoir in [8]. The total stress tensor satisfies the equilibrium condition

∇ · σT = 0 (4)

The displacement is the sum of three terms: an elastic contribution, a pressure component and a last

contribution stemming from the solvation force. For the sake of simplicity, a quasi-steady version is considered

5



under the assumption that the local equilibrium for each fluid component is quickly obtained between the

matrix and the cleats. In this scenario we have Pm,i = Pf,i and the pressure dependent term in the95

displacement is neglected. The steady representations of the macroscopic stress tensor and the Lagrangian

cleat porosity (i.e. the fluid volume relative to the initial total volume [24]) written in an incremental form

read as [8]

∆σT = C : E (∆u) + (α− I)
∑
i

(α∗i − 1) ∆Pf,i −∆PfI (5)

∆φf = α : E (∆u)− β
∑
i

(α∗i − 1) ∆Pf,i (6)

where C is the macroscopic elasticity tensor corresponding to a solid phase with an elastic tensor C∗ and

holes of porosity φf . For any variable X, ∆X = X(t+ ∆t)−X(t) where C, α, β and α∗i are constant over100

the time interval ∆t and then updated to compute the next time interval. In the isotropic case, the Biot’s

coefficients α (α = αI) and β are given by

α =

(
1− K

K∗

)
(7)

β =
α− φf
K∗

(8)

where K∗ and K denote the bulk modulus of the matrix and of the three-scale matrix including the cleats

respectively, corresponding to C∗ and C. As β > 0, the most intriguing point in Eq. (6) is that when α∗i > 1

(see Fig. 3), increasing the gas pressure in the cleats leads to a decrease of the cleats porosity φf and to105

cleat closure.

3. Mass conservation of a fluid mixture in the matrix

We begin by constructing the average mass conservation equations for a gas mixture in the matrix.

The matrix is composed of highly permeable disconnected inclusions (nanopores) locally in thermodynamic

equilibrium with a virtual bulk and a solid phase occupying the sub-domains Ωn and Ωs respectively with110

an interface Γns (Fig. 4). The gas transport in the matrix is assumed to be a Knudsen diffusion mechanism

in the solid phase whereas the nanopores play the role of gas storage sites. For a spherical geometry, the

gas density profile within the nanopore was numerically computed by the authors [8] showing a highly

inhomogeneous gas distribution.

Let cs,i be the gas concentration in the solid phase (i ∈ {CH4,CO2}). By neglecting the storage capacity

within the solid phase, the mass conservation equation reads as

∇ · (Ds,i∇cs,i) = 0 in Ωs (9)

where Ds,i denotes the diffusion coefficient in the solid phase.115
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Figure 4: Structural configuration associated with nanopores and solid phase in coal matrix

In a consistent manner, the transport in the nanopores is assumed to be ruled by a diffusion mechanism

in response to a virtual bulk concentration cb,i. In addition, we will show later through the homogenization

procedure that cb,i is nearly uniform in each pore. To describe the storage term in the nanopores, we

introduce the partition coefficient Gi so that Gicb,i represents the gas quantity stored per unit volume in a

nanopore in equilibrium with a bulk at concentration cb,i . The transport in the nanopores is given as120

∂(Gicb,i)

∂t
= ∇ · (Db,i∇cb,i) in Ωn (10)

where Db,i is the diffusion coefficient in the nanopores. It should be kept in mind that the nanopores are

supposed to be in thermodynamic equilibrium with a virtual bulk so that the diffusion coefficient in the

nanopores Db,i is assumed to be much larger than the diffusion coefficient in the solid phase Ds,i.

The accurate computation of Gi can be achieved by the Density Functional Theory (DFT) [8]. Numerical

results for Gi will be presented in Section 5.125

In addition, the boundary conditions at the nanopores/solid phase interface Γns are given by cb,i = cs,i

−Dn,i∇cb,i · n = −Ds,i∇cs,i · n
(11)

The set of equations (9), (10) and (11) forms the pore-scale model for fluid transport in the matrix.

Our aim now is to upscale this model in order to construct the average mass conservation equations for the

matrix. To accomplish this task we proceed within the framework of the formal homogenization procedure

with a spatially periodic structure for the matrix. Two length scales are introduced: a nanoscopic length130

(lz) of the size of the nanopores and a microscopic characteristic length (ly). The ratio between the two

length scales ε = lz/ly is the perturbation parameter assumed to be small. The perturbed models are now

designated as ε-models. The periodic domain is reconstructed from a spatially repeated cell Zε, congruent to

a standard cell Z, composed of the union of adjacent cell sub-domains Zn and Zs occupied by the nanopores

and solid phase respectively with boundaries ∂Zns. The outer cell boundary, where the periodic condition135
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is applied, is designated by ∂Zse. The problem consists in investigating the asymptotics of this problem as

ε→ 0 and obtaining the homogenized limit as the scale of the heterogeneity tends to zero.

Within the current framework, introduce two coordinate systems: y at the microscale (slow coordinate)

and z at the nanoscale (fast coordinate) together with its translation z = y/ε. The usual procedure consists

in inserting matched asymptotic expansions in the governing equations and boundary conditions at each140

level and collecting the successive powers of ε. Thus, postulate the ansatz

fε(y, z) =

∞∑
k=0

εkf (k)(y, z) (12)

with the functions f (i) = f (i)(y, z) (i = 0, 1, 2...), z-periodic. By adopting the macroscopic point of view in

the sense of [25], the differential operator is replaced by

∇fε(y, z) = ∇yf
ε(y, z) + ε−1∇zf

ε(y, z) (13)

To homogenize the preceding problem, the diffusion coefficient in the nanopores Dn,i is supposed to be an

order of magnitude larger (O(ε−1)) than the diffusion coefficient of the solid matrix Ds,i [26, 27]. This145

assumption is based on the fact that the adsorbed gas in the nanopore is in thermodynamic equilibrium

leading to an instantaneous diffusion whereas the gas transport mechanism within the solid phase is ruled

by a Knudsen-type diffusion. After a scaling analysis, the problem at the pore-scale is written on a unit cell

Z = Zn
⋃
Zs as 

∂ (Gicb,i)

∂t
=

1

ε
∇ · (Dn,i∇cb,i) in Zn

0 = ∇ · (Ds,i∇cs,i) in Zs

cb,i = cs,i on ∂Zns

−1

ε
Dn,i∇cb,i · n = −Ds,i∇cs,i · n on ∂Zns

(14)

From the above scaling analysis, the averaged transport equation in the matrix can be obtained by150

collecting the successive powers of ε (the details of this procedure are presented in Appendix B)

∂
(
φmGic

(0)
m,i

)
∂t

= ∇y ·
(
Deq,i ·∇yc

(0)
m,i

)
(15)

with the effective diffusion coefficient defined as

Deq,i =
1

|Z|

[∫
∂Zse

Ds,i (z⊗ ns) · (I + ∇zχ) dS

]
(16)

where χ is the periodic vector in the unit cell satisfying the closure problem of c
(1)
s,i in B.8.

It is important to note that this homogenization procedure is not classical since the diffusion coefficient

in the nanopores is an order of magnitude higher than the one in the solid phase. The homogenization result155

shows that the nanopores play the role of storage sites whereas the diffusion mechanism occurs only in the

solid phase.
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4. Macroscopic laws

In what follows, the multiphase flow equations for gas and water in the cleats at the pore-scale will be

constructed together with the preceding average diffusion equations of gas mixture in the matrix forming the160

microscopic model. This model will be upscaled to the macroscale to build-up the macroscopic constitutive

laws at the reservoir scale.

4.1. Microscopic model

We consider the gas and water transport in the cleat system at the microscale. The cleat is filled by an

immiscible mixture of gas and water phases. Let Ωm and Ωf be the volumes occupied by the matrix and the165

cleats. In addition, denote Γfm the cleat/matrix interface. With assumption of incompressible water phase,

transport of gas and water in the cleats is ruled by Darcy’s law

∂

∂t
[(1− S)ρg,i]−∇ ·

(
ρg,i

kfkrg
µg

∇Pg +Dρg∇ωi

)
= 0

∂S

∂t
−∇ ·

(
kfkrw
µw

∇Pw

)
= 0

Pg =
∑
i Pg,i; ρg =

∑
i ρg,i; ωi = ρg,i/ρg

in Ωf (17)

where S and ρg,i designate the water saturation and the gas density of component i in the cleats. Pg and

Pw are the total gas and water pressures whereas kf , krg and krw are respectively the intrinsic permeability,

the gas and water relative permeabilities, D the gas binary diffusion coefficient of CO2 and CH4, µg and µw170

the gas and water dynamic viscosity. The capillary pressure introduced as Pc = Pg − Pw is only function of

water saturation S. The gas and water fluxes are defined as

Jg,i = −ρg,i
kfkrg
µg

∇Pg −Dρg∇ωi

Jw = −kfkrw
µw

∇Pw

(18)

Omitting the superscript (0) and the subscript y and rephrasing (15) in terms of mass flux, the mass

conservation for gas transport in the matrix is rewritten as

∂(φmGiρm,i)

∂t
+ ∇ · jg,i = 0 in Ωm (19)

where jg,i = −Deq,i∇ρm,i, ρm,i = Mg,icm,i and Mg,i are respectively the gas flux, the mass density and the175

molar mass of species i in the matrix.

The boundary condition at the cleat/matrix interface Γfm is given by the continuity of flux and pressure Jg,i · nfm = jg,i · nfm
Pm,i = Pg,i

on Γfm (20)

where Pm,i denotes the partial bulk matrix pressure of component i constructed from the equation of state

with given ρm,i. Here the pressure is assumed to be continuous at the interface rather than the concentration
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used in the previous section in order to simplify the upscaling of the Darcy equations in the cleats in which

the pressure is used.180

4.2. Upscaling to macroscale

In the same way as the homogenization procedure used in Section 3 for the matrix, we now upscale the

preceding microscopic model to obtain the macroscopic constitutive laws for transport in the coal reservoir.

The periodic cell Y ε is given by the union of adjacent cell sub-domains Y εm and Y εf occupied by matrix

and cleat respectively. Each cell is congruent to a standard unitary cell Y composed of sub-domains Ym and185

Yf with boundaries ∂Yfm. The two coordinates x and y represent now micro and macroscale (or fast and

slow coordinates respectively) so that we have y = x/ε. We postulate the ansatz similar to (12) with the

same derivation rule as (13).

The ε-microscopic model for the transport problem in the cleats reads as
∂

∂t

[
(1− Sε)ρεg,i

]
+ ∇ · Jεg,i = 0 in Yf

∂

∂t
Sε + ∇ · Jεw = 0 in Yf

P εc = P εg − P εw

(21)

with

Jεg,i = −ρεg,i
kfkrg
µg

∇P εg −Dρεg∇ωεi

Jεw = −kfkrw
µw

∇P εg +
kfkrw
µw

∇P εc

(22)

The ε-model for gas transport in the matrix is given by190

∂(φmG
ε
iρ
ε
m,i)

∂t
+ ∇ · jεg,i = 0 in Ym (23)

In the matrix, gas diffusion mechanism is a Knudsen diffusion-type while a molecular diffusion is considered

in the cleats. Therefore, the diffusion coefficient in the matrix Deq,i is much lower than the one in the cleats

D, as shown in Table 1. In the context of dual porosity model and based on an order of magnitude estimate,

it is relevant to consider that Deq,i = ε2D. Consequently, the first non-zero order of jεg,i is j
(1)
g,i so that we

have jεg,i = −ε2Deq,i ·∇ρεm,i [17, 18, 19].195

The boundary conditions read as Jεg,i · nfm = jεg,i · nfm
P εm,i = P εf,i

on ∂Yfm (24)

We now collect the successive powers of ε in the above system.
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Slow variables

By invoking (21) at the order O(ε−2) and the order (24) at O(ε−1) we obtain
∇y ·

(
ρ

(0)
g,i

kfkrg
µg

∇yP
(0)
g +Dρ(0)

g ∇yω
(0)
i

)
= 0

−∇y ·
(
kfkrw
µw

∇yP
(0)
g

)
+ ∇y ·

(
kfkrw
µw

∇yP
(0)
c

)
= 0

in Yf (25)

and (
ρ

(0)
g,i

kfkrg
µg

∇yP
(0)
g +Dρ(0)

g ∇yω
(0)
i

)
· n = 0 on Γfm (26)

The non-oscillating variables are therefore

P
(0)
g,i (x,y, t) = P

(0)
g,i (x, t) ω

(0)
i (x,y, t) = ω

(0)
i (x, t) P (0)

c (x,y, t) = P (0)
c (x, t) (27)

In addition, P
(0)
c is nothing else than a saturation dependent variable so that S(0)(x,y, t) = S(0)(x, t).

Fluctuation terms

By invoking equation (21) at the order O(ε−1) and equation (24) at the order O(ε0) we obtain
∇y ·

[
ρ

(0)
g,i

kfkrg
µg

∇yP
(1)
g +Dρ(0)

g ∇yω
(1)
i

]
= 0

−∇y ·
[
kfkrw
µw

∇yP
(1)
g

]
+ ∇y ·

[
kfkrw
µw

∇yP
(1)
c

]
= 0

in Yf (28)

and 
[
ρ

(0)
g,i

kfkrg
µg

(∇xP
(0)
g + ∇yP

(1)
g ) +Dρ(0)

g (∇xω
(0)
i + ∇yω

(1)
i )

]
· n = 0[

−kfkrg
µg

(∇xP
(0)
g + ∇yP

(1)
g ) +

kfkrw
µw

(∇xP
(0)
c + ∇yP

(1)
c )

]
· n = 0

on Γfm (29)

By definition
∑
i ωi = 1, hence we obtain

∑
i ω

(1)
i = 0. By summing (28a) and (29a) with respect to i

together with (29b) we obtain 
∇y ·

(
ρ

(0)
g
kfkrg
µg

∇yP
(1)
g

)
= 0

∇y ·
(
ρ

(0)
g D∇yω

(1)
i

)
= 0

in Yf (30)

and 
(∇xP

(0)
g + ∇yP

(1)
g ) · n = 0

(∇xω
(0)
i + ∇yω

(1)
i ) · n = 0

(∇xP
(0)
c + ∇yP

(1)
c ) · n = 0

on Γfm (31)

By invoking linearity and periodicity on the outer boundary of the unit cell, the classical closures for P
(1)
g ,

ω
(1)
i and P

(1)
c are given by

P
(1)
g = ς(y) ·∇xP

(0)
g + x̂g(x)

ω
(1)
i = ς(y) ·∇xω

(0)
i + ω̂i(x)

P
(1)
c = ς(y) ·∇xP

(0)
c + x̂c(x)

(32)
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where ς Y-periodic satisfies  4yyς = 0 in Yf

n · (∇yς + I) = 0 on Yfm
(33)

Averaged equations

We now construct the macroscopic constitutive laws for gas and water transport in the coal reservoir. By200

invoking (21) and (23) at the order O(ε0) we obtain

∂

∂t

[
(1− S(0))ρ

(0)
g,i

]
−∇x ·

(
ρ

(0)
g,i

kfkrg
µg

(∇xP
(0)
g + ∇yP

(1)
g ) +Dρ(0)

g (∇xω
(0)
i + ∇yω

(1)
i )

)
−∇y · J (1)

g,i = 0

∂

∂t

[
S(0)

]
−∇x ·

[
kfkrw
µw

(∇xP
(0)
g + ∇yP

(1)
g )

]
+ ∇x ·

[
kfkrw
µw

(∇xP
(0)
c + ∇yP

(1)
c )

]
−∇y · J (1)

w = 0

(34)

and

∂(φmG
(0)
i ρ

(0)
m,i)

∂t
+ ∇y · j(1)

g,i = 0 (35)

with j
(1)
g,i = −Deq,i ·∇yρ

(0)
m,i. The boundary conditions are given by

ρ
(1)
m,i = ρ

(1)
g,i

J
(1)
g,i · nfm = j

(1)
g,i · nfm

J (1)
w · nfm = 0

on ∂Yfm (36)

By averaging mass conservation (34) on the unit cell combined with boundary condition (36), the trans-

port equation for the species i of the gas phase is written as

∂

∂t

[
φ̄f (1− S(0))ρ

(0)
g,i

]
−∇x ·

(
ρ

(0)
g,i

kfkrg
µg
〈∇ς + I〉 ·∇xP

(0)
g + ρ(0)

g D〈∇ς + I〉 ·∇xω
(0)
i

)
= −

〈
∇y · J (1)

g,i

〉
= − 1

|Y |

∫
∂Yfm

J
(1)
g,i · nfmdΓ =

1

|Y |

∫
∂Yfm

j
(1)
g,i · nmfdΓ =

〈
∇y · j(1)

g,i

〉

= −
∂〈φmG(0)

i ρ
(0)
m,i〉

∂t
= −

∂
[
(1− φ̄f )φmG

(0)
i 〈ρ

(0)
m,i〉m

]
∂t

(37)

and for the water phase inside the cleats

∂

∂t

[
φ̄fS

(0)
]
−∇x ·

(
kfkrw
µw

〈∇ς + I〉 ·∇xP
(0)
g

)
+ ∇x ·

(
kfkrw
µw

〈∇ς + I〉 ·∇xP
(0)
c

)
= 0 (38)

In the context of dual porosity model, the cell problem for the mass transport inside the matrix given

by (15) with the Dirichlet boundary condition, ρ
(0)
m = ρ

(0)
f on ∂Yfm has to be solved at each point. A good205

approximation can be obtained by replacing this source term by a constant mass transfer coefficient between

the matrix and the cleats (see Appendix A)

∂
[
(1− φ̄f )φmG

(0)
i 〈ρ

(0)
m,i〉m

]
∂t

= αt,i(ρ
(0)
g,i − 〈ρ

(0)
m,i〉

m) (39)
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where αt,i represents a transfer coefficient depending on the local geometry. The gas mass conservation in

the cleats is finally given by

∂

∂t

[
φ̄f (1− S(0))ρ

(0)
g,i

]
−∇x ·

(
ρ

(0)
g,iK

e ·∇xP
(0)
g + ρ(0)

g D
e ·∇xω

(0)
i

)
= αt,i(〈ρ(0)

m,i〉
m − ρ(0)

g,i ) (40)

with macroscopic effective coefficients Ke =
Kfkrg
µg

and De = D〈∇ς + I〉 where Kf = kf 〈∇ς + I〉 is the210

apparent cleat permeability.

5. Numerical simulation results

In this section, numerical simulations are carried out by solving the macroscopic equations in COMSOL

Multiphysics software for a 2D-coalbed reservoir geometry of dimension 150 m×150 m as given in Fig. 5.

CO2 can be injected in the injection well at the lower left corner of the reservoir in order to enhance CH4215

production. We assume that the CO2 injection proceeds after the water depletion procedure, therefore the

water saturation is taken as constant and close to the water residual saturation value. In addition, it should

be noted that the multiscale model can also be used to simulate the water depletion phase by solving Eq.

(38). The parameters used in the simulations are given in Table 1.

We consider a particular configuration in which the initial conditions satisfy α∗i > 1 in order to observe220

the cleat closure phenomena. For initial conditions, the CH4 and CO2 pressures in the reservoir are uniform

at 2 MPa and 2 MPa respectively. At the edges of the reservoir, no flux condition is imposed and the

displacement is taken to be zero, i.e. the overall reservoir volume is constant. At the injection well, CO2

is injected at 5 MPa whereas zero methane flux is applied. At the production well, Dirichlet boundary

conditions for CH4 and CO2 pressures are taken at 0.1 MPa and 2 MPa respectively.225

The transfer coefficients αt,i are given by [28]

αt,i =
2π2

s2
Deq,i (41)

where s is the spacing of cleats. The characteristic diffusion time in the matrix can be estimated from Eq.

39 as

td =
(1− φ̄f )φmGi

αt,i
(42)

For Deq,1 = 10−11 m2.s−1 and Deq,2 = 6. 10−12 m2.s−1, the characteristic time for the two gases is several

days so that very small pressure differences are observed between the matrix and the cleats.230

Firstly, in Fig. 6, the partition coefficients G1 and G2 relative to CH4 and CO2 depending on the partial

pressures are computed by using the DFT for a spherical geometry. We may observe that the partition

coefficient values for CO2 (G2) are much higher than the those for CH4 (G1) showing an adsorption potential

13



of CO2 significantly higher compared to CH4. Moreover, the partition coefficients decrease with the increase

in partial pressures.235

In Fig. 7, the methane pressure distributions in the cleats for four different times (1, 12, 24 and 36

months) are displayed. We can observe the depletion with time of the methane pressure and a much more

pronounced decrease near the production well. Due to CO2 injection, CH4 is replaced by CO2 leading to a

significant pressure decrease near the injection well.

Fig. 8 depicts the CO2 pressure distributions in the reservoir for four different times. The CO2 pressure240

increases in the vicinity of the production well whereas the injected CO2 does not yet reach the production

well after 36 months of injection.

The cleat porosity change is taken into account by coupling the transport model with the three-scale

poromechanical model. The cleat permeability is related to the cleat porosity by the cubic relationship

Kf

K0
f

=

(
φ̄f
φ̄0
f

)3

(43)

The cleat porosity for different times is represented in Fig. 9 highlighting an important decrease in245

porosity near the injection well and this decrease propagates to the production well during the injection

period. On the other hand, near the production well, the total pressure decrease leads to a matrix shrinkage

and to an increase of the cleat porosity. Moreover, the ratio between the cleat permeability and its initial

value is illustrated in Fig. 10. Near the injection well, the cleat permeability decreases significantly due to a

strong matrix swelling induced by CO2 adsorption. As observed at the nanoscale by the DFT approach, the250

adsorption potential of CO2 is higher than CH4. Therefore CO2 can replace CH4 in the nanopores inducing

a less attractive solvation force which swells the matrix. Particular attention must be paid to the injection

pressure to avoid closing totally the cleats near the injection well.

Finally, the methane production curves are plotted in Fig. 11 for both cases “without” and “with”

injection. The numerical results show a very promising technique of enhanced coalbed methane recovery.255

In this configuration, the injection of CO2 allows 16 % more methane to be recovered than in the scenario

without injection.

6. Conclusion

In this work a three-scale model for flow and transport in coalbed methane reservoir enhanced by CO2

injection has been developed. The coalbed methane reservoir is characterized by a matrix composed of260

solid and nanopores saturated by adsorbed gas and a cleat network. The DFT approach allows to compute

precisely the gas mixture quantities adsorbed in the matrix and the solvation force acting on the nanopores

surface. A first homogenization procedure was used to obtain the average mass conservation equations for

the two gases (CH4 and CO2) in the matrix taking into account the adsorption phenomena characterized

14



Parameter Symbol Value Unit

Ideal gas constant R 8.314 J.mol−1.K−1

Temperature T 310 K

Mass molar of CH4 M1 16 g.mol−1

Mass molar of CO2 M2 44 g.mol−1

Gas viscosity µg 1.2 10−5 Pa.s

Gas residual saturation Srg 0.1 −

Water residual saturation Srw 0.15 −

Initial cleat permeability K0
f 5. 10−16 m2

Diffusion coefficient in matrix of CH4 Deq,1 10−11 m2.s−1

Diffusion coefficient in matrix of CO2 Deq,2 6. 10−12 m2.s−1

Gas binary diffusion coefficient D 5. 10−5 m2.s−1

Spacing of cleats s 0.01 m

Initial cleat porosity φ̄f 0.005 −

Matrix porosity φm 0.03 −

Matrix Biot’s coefficient α 0.9 −

Young modulus E 4.5 GPa

Poisson’s ratio ν 0.3 −

Initial pressure of CH4 P ini1 2 MPa

Initial pressure of CO2 P ini2 2 MPa

Water saturation S 0.2 −

Table 1: Parameters used in the simulations
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Figure 6: Dependence of the partition coefficients on the partial pressures

by a partition coefficient and an effective Knudsen-type diffusion. Special attention was paid to upscale the265

problem of disconnected highly permeable nanopores immersed in a low permeable matrix incorporating

adsorption phenomena effects. A second homogenization procedure was applied to obtain macroscopic

averaged equations for gas diffusion in the matrix and gas/water transport in the cleats. A dual porosity

model of Warren and Root-type approximates the mass exchange between matrix and cleats through a

matrix-fracture transfer shape factor.270

The current model for flow and transport in coalbed methane reservoir is coupled with the three-scale

poromechanical model developed in a previous work to construct a full model which accurately describes

the simultaneous mechanics and transport multiscale problems in a coalbed methane reservoir. With CO2

injection such a model is capable of explaining the improvement of the methane production curve and also

16



Figure 7: CH4 pressure profiles in the cleat for different times, P injection = 5 MPa
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Figure 8: CO2 pressure profiles in the cleats for different times, P injection = 5 MPa
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Figure 9: Cleat porosity for different times, P injection = 5 MPa
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Figure 10: Ratio between the cleat permeability and its initial value for different times, P injection = 5 MPa
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Figure 11: CH4 cumulative production in two scenarios: without injection and with CO2 injection, P injection = 5 MPa
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the counter-intuitive and experimentally observed cleats closure phenomena. Simulations showed that the275

cleat permeability decrease is significant near the injection well due to high injection pressure and can close

the cleats if special attention is not paid to the injection pressure of CO2. The important result of this work

is to illustrate the potential of the proposed multiscale approach to couple complex adsorption phenomena

at the nanoscale with mechanics and transport problem at the reservoir scale.
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Appendix A. Warren and Root approximation

In this appendix, an approximation for the mass transfer term in the matrix in the sense of [29] is

developed. In the isotropic case, the effective diffusion coefficient Deq,i reduces to Deq,i so that from (23),

the mass conservation equation for species i in the matrix is given as345 
∂ (φmGiρm,i)

∂t
= ∇ · (Deq,i∇ρm,i) in Ym

ρm,i = ρf,i on ∂Yfm

ρm,i = ρinim,i at t = 0

(A.1)

On the interface ∂Yfm between the cleats and the matrix, the mass density is imposed by the value in the

cleats and an uniform initial condition is assumed. In addition, ρm,i is a Y -periodic function.

The mass exchange term for species i from the matrix to the cleats is given by

Qm−f,i = − 1

|Y |

∫
∂Yfm

Deq,i∇ρm,i · nmf dΓ (A.2)

where nmf is the normal outside the matrix at the matrix/cleats interface. Using the periodic condition at

the outer boundary ∂Yme of the unit cell Y and considering the divergence theorem and Eqs. (A.1), we have350

Qm−f,i = − 1

|Y |

∫
∂Yfm

⋃
∂Yme

Deq,i∇ρm,i · nmf dΓ = − 1

|Y |

∫
Ym

∇ · (Deq,i∇ρm,i) dV

= − 1

|Y |

∫
Ym

∂ (φmGiρm,i)

∂t
dV = − ∂

∂t

[(
1− φf

)
〈φmGiρm,i〉m

]
(A.3)

Neglecting the slow variation of φm and Gi with time relative to the diffusion time, Eqs. (A.1) become
φmGi

∂ρm,i
∂t

= ∇ · (Deq,i∇ρm,i) in Ym

ρm,i = ρf,i(t) on ∂Yfm

ρm,i = ρinim,i at t = 0

(A.4)
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The above problem can be solved using the following auxiliary problem
∂Um,i
∂t

= D∗eq,i∇2Um,i in Ym

Um,i = 1 on ∂Yfm

Um,i = 0 at t = 0

(A.5)

where D∗eq,i = Deq,i/(φmGi) is the apparent diffusion coefficient. The problem (A.5) is now written in the

Laplace space in time with the Laplace variable p and Um,i = L (Um,i) designating the Laplace transform

of Um,i. It yields355 
pUm,i = D∗eq,i∇2Um,i in Ym

Um,i =
1

p
on ∂Yfm

(A.6)

The solution of the problem (A.4) for ρm,i is easily obtained using the auxiliary problem (A.5). In the

Laplace domain the exact solution is given by

ρm,i = p ρf,i Um,i (A.7)

where ρm,i = L
(
ρm,i − ρinim,i

)
and ρf,i = L

(
ρf,i − ρinim,i

)
. Averaging over the unit cell Y leads to

〈ρm,i〉m = pρf,i〈Um,i〉m (A.8)

The exchange term (A.3) is given in the Laplace space by

Qm−f,i = −(1− φ̄f )φmGip〈ρm,i〉m = −(1− φ̄f )φmGi p
2ρf,i〈Um,i〉m (A.9)

By using relation (A.8),360

〈ρm,i〉m − ρf,i = ρf,i
(
p〈Um,i〉m − 1

)
, (A.10)

the exchange term Qm−f,i can be expressed in function of the gases density difference between the matrix

and the cleats

Qm−f,i = −(1− φ̄f )φmGi p
2 〈Um,i〉m

p〈Um,i〉m − 1

(
〈ρm,i〉m − ρf,i

)
= pαi

(
〈ρm,i〉m − ρf,i

)
(A.11)

where pαi = −(1 − φ̄f )φmGip
2 〈Um,i〉m

p〈Um,i〉m − 1
. The inverse Laplace transform allows to write the exact

solution of problem (A.4) in the form of a time convolution where αi(t) = L−1 (αi(p)):

Qm−f,i =

∫ t

τ=0

αi(t− τ)
∂

∂τ
(〈ρm,i〉m − ρf,i) (τ) dτ (A.12)

Rather than using the exact preceding expression, Warren and Root’s approximation consists in replacing it365

with a simple product introducing the so-called matrix-fracture transfer shape factor αt,i [29]:

Qm−f,i = αt,i (〈ρm,i〉m − ρf,i) (A.13)
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There are several ways to determine this shape factor. One way is to compute the limit of the exact

expression for large time values αt,i = limp→0 pαi. If the matrix is a set of rectangular parallelepipeds of size

Lx×Ly×Lz, αt,i = 12D∗i
(
1/L2

x + 1/L2
y + 1/L2

z

)
. Other values are available in the literature [29, 28, 30, 31].

Appendix B. Upscaling of the nanoscopic model370

In this appendix, the homogenization procedure to upscale the nanoscopic model presented in the Section

3 is developed. From the scaling equations 14, we now collect the successive power of ε.

Slow variables

The problem in c
(0)
b,i periodic in z is written as ∇z ·

(
Dn,i∇zc

(0)
b,i

)
= 0 in Zn

−Dn,i∇zc
(0)
b,i · n = 0 on ∂Zns

(B.1)

whose solution is c
(0)
b,i (t,y, z) = c

(0)
b,i (t,y).375

In a similar way, the problem in c
(0)
s,i is written in the solid phase ∇z ·
(
Dn,i∇zc

(0)
s,i

)
= 0 in Zs

c
(0)
s,i = c

(0)
b,i on ∂Zns

(B.2)

with periodic boundary conditions on the external frontier of the unit cell ∂Zse. The solution is obvi-

ous: c
(0)
s,i (t,y, z) = c

(0)
s,i (t,y) = c

(0)
b,i (t,y) ≡ c

(0)
m,i(t,y). Here c

(0)
m,i(t,y) represents the zero order of the gas

concentration in the matrix which depends only on y.

Fluctuation terms380

The problem in c
(1)
b,i is given as ∇z ·

(
Dn,i∇zc

(1)
b,i

)
= 0 in Zn

−Dn,i

(
∇zc

(1)
b,i + ∇yc

(0)
m,i

)
· n = 0 on ∂Zns

(B.3)

whose solution is

c
(1)
b,i = ĉ

(1)
b (t,y)− z ·∇yc

(0)
m,i (B.4)

where ĉ
(1)
b (t,y) plays the role of an integration constant. From Eq. B.4, we obtain immediately the flux in

the nanopores at the order O(ε−1) given by

j
(−1)
n,i = −Dn,i

(
∇zc

(1)
b,i + ∇yc

(0)
m,i

)
≡ 0 (B.5)

Considering the Taylor development of cb(t,y, z), one obtains385

cb,i(t,y, z) = c
(0)
m,i(t,y) + z ·∇yc

(0)
m,i(t,y) + c

(1)
b,i (t,y, z) +O(ε2)

= c
(0)
m,i(t,y) + z ·∇yc

(0)
m,i(t,y) + ĉ

(1)
b (t,y)− z ·∇yc

(0)
m,i(t,y) +O(ε2)

= c
(0)
m,i(t,y) + ĉ

(1)
b (t,y) +O(ε2) (B.6)
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We remark that in the unit cell Z, the concentration cb,i in the nanopores is constant at the order O(ε2).

The problem in c
(1)
s,i is written in the solid matrix ∇z · j(0)

s,i = ∇z ·
[
Ds,i

(
∇zc

(1)
s,i + ∇yc

(0)
m,i

)]
= ∇z ·

(
Ds,i∇zc

(1)
s,i

)
= 0 in Zs

c
(1)
s,i = ĉ

(1)
b,i (t,y)− z ·∇yc

(0)
m,i on ∂Zns

(B.7)

with periodic boundary conditions on the external frontiers of the unit cell ∂Zse. The solution is searched

in the form

c
(1)
s,i (t,y, z) = ĉ

(1)
b (t,y) + χ(z) ·∇yc

(0)
m,i(t,y) (B.8)

where the vector χ periodic in the unit cell is solution of390  ∇z · (Ds,i∇zχ) = 0 in Zs

χ = −z on ∂Zns
(B.9)

Averaged equations

Taking into account relation (B.5), the problem in c
(2)
b,i is given as ∇z ·

[
Dn,i

(
∇zc

(2)
b,i + ∇yc

(1)
b,i

)]
= 0 in Zn

−Dn,i

(
∇zc

(2)
b,i + ∇yc

(1)
b,i

)
· n = −Ds,i

(
∇zc

(1)
s,i + ∇yc

(0)
m,i

)
· n on ∂Zns

(B.10)

Finally the problems in c
(3)
b,i and c

(2)
s,i as well as the flux condition on the interface ∂Zns are written as

∂(Gic
(0)
m,i)

∂t
= ∇z ·

[
Dn,i

(
∇zc

(3)
b,i + ∇yc

(2)
b,i

)]
+ ∇y ·

[
Dn,i

(
∇zc

(2)
b,i + ∇yc

(1)
b,i

)]
in Zn

0 = ∇z ·
[
Ds,i

(
∇zc

(2)
s,i + ∇yc

(1)
s,i

)]
+ ∇y ·

[
Ds,i

(
∇zc

(1)
s,i + ∇yc

(0)
m,i

)]
in Zs

−Dn,i

(
∇zc

(3)
b,i + ∇yc

(2)
b,i

)
· n = −Ds,i

(
∇zc

(2)
s,i + ∇yc

(1)
s,i

)
· n on ∂Zns

(B.11)

Given the boundary condition on the interface ∂Zns and periodicity conditions on the boundary of the cell

∂Zse, averaging the previous equations over the unit cell leads to395

∂(φmGic
(0)
m,i)

∂t
= − 1

|Z|
∇y ·

[∫
Zn

j
(0)
n,idV +

∫
Zs

j
(0)
s,i dV

]
= −∇y · 〈j(0)

i 〉 (B.12)

with

j
(0)
s,i = −Ds,i

(
∇zc

(1)
s,i + ∇yc

(0)
m,i

)
(B.13)

j
(0)
n,i = −Dn,i

(
∇zc

(2)
b,i + ∇yc

(1)
b,i

)
(B.14)

where φm = |Zn|/|Z| is the volume fraction of nanopores in the matrix. It should be noted that in the case

of different pore diameters with different volumes Vk, we obtain

Gi =

∑
k(Gi)kVk∑

k Vk
(B.15)
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Recall relations (B.7a) and (B.10)

∇z · j(0)
s,i = 0 in Zs; ∇z · j(0)

n,i = 0 in Zn; j
(0)
s,i · n = j

(0)
n,i · n on ∂Zns (B.16)

For a divergence-free flux j (i.e. ∇ · j = 0) in Z∗, we have400

∇ · (j ⊗ z) = j + z∇ · j = j (B.17)

Integrating the above relation in Z∗ leads to∫
Z∗

j dV =

∫
Z∗

∇ · (j ⊗ z) dV =

∫
∂Z∗

n · (j ⊗ z) dS =

∫
∂Z∗

z (j · n) dS (B.18)

where n is the outward normal to Z∗ on the boundary ∂Z∗ of the domain.

Applying this relation to the two fluxes j
(0)
n,i and j

(0)
n,i gives∫

Zn

j
(0)
n,idV =

∫
∂Zns

z
(
j

(0)
n,i · nn

)
dS (B.19)∫

Zs

j
(0)
s,i dV =

∫
∂Zns

z
(
j

(0)
s,i · ns

)
dS +

∫
∂Zse

z
(
j

(0)
s,i · ns

)
dS (B.20)

Adding both relations with nn = −ns on ∂Zns taking into account the closure relation for c
(1)
s,i leads to the

average total flux405

〈j(0)
i 〉 =

1

|Z|

∫
∂Zse

z
(
j

(0)
s,i · ns

)
dS = − 1

|Z|

∫
∂Zse

zDs,i

[(
∇zc

(1)
s,i + ∇yc

(0)
m,i

)
· ns

]
dS

= − 1

|Z|

[∫
∂Zse

Ds,i (z⊗ ns) · (I + ∇zχ) dS

]
·∇yc

(0)
m,i = −Deq,i ·∇yc

(0)
m,i (B.21)

with the effective diffusion coefficient defined as

Deq,i =
1

|Z|

[∫
∂Zse

Ds,i (z⊗ ns) · (I + ∇zχ) dS

]
(B.22)

If the unit cell is a rectangular parallelepiped (`1 × `2 × `3) with Σj designating the facet relative to the

normal nj , by using periodic condition, the averaged diffusion coefficient is given by

(Deq,i)jk =
1

|Σj |

[∫
Σj

Ds,i

(
δjk +

∂χk
∂zj

)
dS

]
(B.23)

The averaged transport equation in the matrix (B.12) can be obtained

∂
(
φmGic

(0)
m,i

)
∂t

= ∇y ·
(
Deq,i ·∇yc

(0)
m,i

)
(B.24)
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