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Magnetohydrodynamic self-propulsion of active matter agents
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Self-propelled particles, based on the magnetohydrodynamic acceleration of the surrounding fluid, are proposed for
application as active matter agents. When the particle is resonantly excited by an electromagnetic wave, the scattered
electric field induces currents in the surrounding fluid, which interact with the scattered magnetic field, thus producing
a thrust. The time-averaged force is generally nonzero and can provide steady motion. Both orientation of the particle
and direction of motion can be controlled by the radiation frequency and polarization. The concept has been studied
analytically and through simulations showing its feasibility.

PACS numbers: 47.57.J-, 47.65.-d, 03.50.De

Active matter systems are composed of particles, called
agents, which consume energy from the surroundings and
convert it into motion. Initially inspired by biological systems,
the study of active matter has become one of the fastest grow-
ing fields in soft condensed matter physics1,2. To date, with a
variety of models describing the collective behavior of active
matter3, different types of biological and artificial agents have
been studied and developed4.

Active matter agents use different self-propulsion mecha-
nisms. The majority of biological micro-swimmers use either
rotating or beating flagella to move through a liquid5,6. On
the other hand, synthetic active particles commonly use other
physical phenomena, including inhomogeneous catalysis of
chemical reactions, or diffusiophoresis7–11, thermal inhomo-
geneity, or thermophoresis12–14, and mechanical motion in-
duced by external fields15–17.

In this Letter, we propose a type of active matter agents
that use magnetohydrodynamic (MHD) forces for propulsion.
The agents are resonantly excited by an electromagnetic wave
and produce crossed electric and magnetic fields in their own
vicinity. The electric field generates currents in the surround-
ing fluid, which in turn interact with the magnetic field and
produce the reaction force. We show that this force generally
has a non-zero average over the period of oscillations and thus
can provide steady motion of the agents. We have developed
analytical models of the agent orientation in the external fields
and the appearance of the MHD force. Finally, we have exam-
ined and verified the proposed concept through simulations.
This study only focuses on the physical principle of propul-
sion and single-particle dynamics, leaving aside the collective
behavior.

MHD propulsion18 is based on the acceleration of a con-
ductive liquid (or plasma) using crossed electric and magnetic
fields. Namely, the magnetic field interacts with the current in-
duced by the electric field producing the Lorentz force, which,
in turn, accelerates the liquid and generates the reaction force.
In conventional MHD drives, the propulsion is produced by
the interaction between the steady magnetic field and the di-
rect current. However, oscillating current and magnetic field
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can also produce MHD thrust. In particular, the non-zero
thrust is possible when the time-averaged Lorentz force does
not vanish:

〈FL〉t =
〈∫

V
[j(t)×B(t)]dV

〉
t
6= 0, (1)

where 〈FL〉t is the time-averaged Lorentz force, j(t) is the
current density and B(t) is the magnetic field. The integra-
tion goes over volume V , and angle brackets 〈..〉t represent
averaging over time t. For periodic processes, i.e., such that
j(t) ,B(t) ∝ exp(iωt), where ω is the angular frequency), Eq.
(1) can be rewritten as:

〈FL〉T =
∫

V
Re [jω ×B∗ω ]dV 6= 0, (2)

where T = 2π/ω is the period of oscillations, Re stands for
the real part, ∗ represents the complex conjugate, and jω and
Bω are the complex amplitudes of the current density and
magnetic field, respectively. The cross product in Eq. (2) is
non-zero when at least two conditions are satisfied: (i) there
must be a region where the current density and magnetic field
are non-zero and non-parallel, and (ii) the phase difference be-
tween them must be different from π/2 or 3π/2. The current
density can be expressed as:

j = σE, (3)

where σ is the electrical conductivity of the fluid and E is the
electric field. The high-frequency conductivity can be derived
by considering the relations j = iωP and εε0E = ε0E + P,
where P is the dipole moment density, ε0 is the permittivity
of vacuum, and ε is the relative dielectric permittivity of the
surrounding fluid. Hence, the conductivity can be expressed
as:

σ = iωε0 (ε−1) . (4)

In general, it is a complex number, σ = σ ′+ iσ ′′, with the
phase φ = arctan(σ ′′/σ ′) defining the phase difference be-
tween the electric field E and the current j excited by it. It
is noteworthy that the real part of the conductivity is defined
by the imaginary part of the permittivity, i.e., the losses, while
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the imaginary part of the conductivity is defined by the real
part of the permittivity. Thus, even a dielectric fluid with zero
ionic conductivity has a non-zero imaginary high-frequency
conductivity.

Let us consider a particle that can be represented by an
LC-circuit: its equivalent electric scheme and possible de-
signs are shown in Fig. 1. The capacitance and inductance
of such a particle are defined by its shape, while the electro-
motive force (EMF) appears as a result of the interaction with
an electromagnetic wave. In fact, a great variety of simple-
connected conducting particles are equivalent to the presented
scheme. For instance, even a trivial metallic rod can be treated
as an LC-circuit, as it has finite self-capacitance and self-
inductance.

The magnetic field generated in the equivalent circuit pre-
sented in Fig. 1(a) is proportional to the current I (t) =
I0 exp(iωt) in the inductor. At the same time, the electric field
between the capacitor plates is proportional to the capacitor
charge q(t) = q0 exp(iωt). Taking Eqs. (2) and (3) into ac-
count, we can estimate the MHD force:

〈|FL|〉T =

∣∣∣∣∫V
Re(σ [Eω ×B∗ω ])dV

∣∣∣∣ ∝ Re(σq0I∗0 ) . (5)

Considering charge conservation, I (t) = dq(t)/dt = iωq(t),
we obtain:

〈|FL|〉T ∝ Re
((

σ
′+ iσ ′′

)
iωq2

0
)

∝−σ
′′
ωq2

0. (6)

Expression Eq. (6) represents the integral body force act-
ing on the liquid surrounding the particle. At the same time,
the particle itself experiences the reaction force from the sur-
rounding fluid, which has the same value and opposite direc-
tion. Indeed, one closed current system acts on another closed
current system with the force:

F12 =−
µ0

4π

∫
V1

∫
V2

(r2− r1)(j1 (r1) · j2 (r2))

|r2− r1|3
dV1dV2, (7)

where V1 and V2 are the volumes of the interacting systems,
r1 and r2 are the radius vectors of the elements of the first and
second systems, and j1(r1) and j2(r2) are the current densities
at r1 and r2, respectively. It can be immediately seen that
F21 = −F12, which means that the first system acts on the
second with a force with the same absolute value and the same
backward direction as the second system acts on the first one.
However, from the computational point of view, it is easier to
find the body force density acting on the liquid than that acting
on the particle.

It should be noted that, according to Eq. (6), the MHD
force is defined only by the imaginary part of the conductiv-
ity. However, in real systems, both the real and imaginary
parts of the conductivity play a role. Indeed, in the equivalent
circuit of Fig. 1(a), both inductance and capacitance are rep-
resented by lumped elements, i.e., they are localized, resulting
in a strict π/2 phase difference between the electric and mag-
netic fields. On the other hand, in real systems, inductance and
capacitance are distributed along the entire circuit, which af-
fects the phase difference and allows a non-zero average force

even with purely real conductivity. Nevertheless, for analyt-
ical considerations, we will treat the system as a circuit with
lumped elements.

FIG. 1. (Color online) (a) Equivalent electric circuit of a particle, and
possible designs of self-propelled particles: (b) particle with promi-
nent inductance and capacitance, and (c) split-ring resonator.

Figures 1(b) and 1(c) show two possible particle designs,
which can generate crossed electric and magnetic fields and
thus create MHD thrust. The simplest way to implement an
LC-circuit with crossed electric field from the capacitor and
magnetic field from the inductor is represented by design (b).
However, simulations showed that it has no efficiency advan-
tage over design (c), which is a well-known split-ring res-
onator (SRR). Although it does not have such a distinct sep-
aration of capacitance and inductance, it can still be treated
as an LC-circuit, and it produces crossed fields in the space
outside of it. In addition, it is remarkably simpler and can
be realized at different scales for different frequency bands.
Therefore, in the following, we only focus on the analysis of
design (c).

A sub-wavelength SRR can be characterized by its induc-
tance L, capacitance C, and resistance R. The geometry of
the problem is illustrated in Fig. 2(a). We assume that the
SRR can be electrically polarized only in the x0-direction and
magnetically polarized only in the y0-direction in the refer-
ence coordinate system attached to the SRR. The equation for
the charge stored in the capacitor q has the following form:

d2q
dt2 +Γ

dq
dt

+ω
2
0 q =

1
L

ε (t) , (8)

where Γ = R/L, ω2
0 = 1/LC, and ε (t) is the effective EMF,

which appears as a result of the interaction between the SRR
and the electromagnetic wave. The EMF can be separated in
two parts: that associated with the polarization of the SRR by
the electric field and that attributed to the electromagnetic in-
duction due to the variation of the magnetic field flux through
the SRR:

ε (t) = εe (t)+ εm (t) , (9)
εe (t) = 2r0aeEext (t)cosφe, (10)

εm (t) =−dΦ

dt
=−iωπr2

0Bext (t)cosφm, (11)

where r0 is the inner radius of the SRR, ae is some dimension-
less constant of the order of 1, Eext and Bext are the amplitudes
of the electric and magnetic fields, respectively, and φe (φm )



3

is the angle between the electric (magnetic) field and the di-
rection of the non-zero electric (magnetic) polarizability (see
Fig. 2(a)). It should be noted that these angles are not inde-
pendent. However, for Eqs. (8)–(11), having angles depend
on each other is irrelevant.

FIG. 2. (Color online) Orientation of the proposed active particle in
an external field. (a) General orientation of an SRR and its reference
coordinate system (x0,y0,z0) with respect to the fixed laboratory co-
ordinate system (x,y,z). (b) SRR orientation below the resonance
with the electric dipole moment and the electric field aligned. (c)
SRR orientation at the resonance with both dipole moments aligned
with the corresponding fields. (d) SRR orientation above the reso-
nance with the magnetic dipole moment and magnetic field aligned..

The angles φe and φm are defined by the orientation of
the particle with respect to the external electric and magnetic
fields of the electromagnetic wave. The equilibrium orienta-
tion of the SRR is governed by the minimum of its potential
energy in the external fields. The potential energy can be ex-
pressed as:

U =−1
2

pω E∗extω −
1
2

mω B∗extω + c.c., (12)

where pω and mω are the complex amplitudes of the electric
and magnetic dipole moments, respectively, Eextω and Bextω
are the complex amplitudes of the external electric and mag-
netic fields, respectively, and c.c. stands for ‘complex conju-
gate.’ The induced dipole moments can be found in terms of
the electric charge in the capacitor. Namely,

pω = x02r0aeqω , (13)

and

mω =−y0πr2
0iωqω , (14)

where x0 and y0 are the unit vectors in the reference coordi-
nate system attached to the SRR. The expression for qω can
be found by solving Eqs. (8)–(11):

qω = S (ω)C
(
2r0aeEextω cosφe− iωπr2

0Bextω cosφm
)
, (15)

where

S (ω) =
ω2

0

ω2
0 + iΓω−ω2 . (16)

Finally, we obtain:

U = Re(S (ω))
[
−αe |Eextω |2 cos2

φe +αm |Bextω |2 cos2
φm

]
−Im(S(ω))χem cosφe cosφmRe(Eextω B∗extω) ,

(17)

where αe = 4r2
0a2

e , αm = π2r4
0ω2, and χem = 2πr3

0ae. The
minimum of U determines the equilibrium orientation of
the particle in the field of an electromagnetic wave. When
Re(S (ω)) � Im(S (ω)), it is easy to see that below reso-
nance, i.e., for Re(S (ω))> 0, the particle orients such that its
electric dipole moment is parallel to the external electric field
and its magnetic dipole moment is perpendicular to the exter-
nal magnetic field (see Fig. 2(b)). On the other hand, above
the resonance, i.e., for (Re(S (ω))< 0, the electric dipole mo-
ment orients perpendicular to the external electric field, while
the magnetic dipole moment aligns with the external magnetic
field (see Fig. 2(d)). In the vicinity of the resonance, the ori-
entation is governed by the imaginary part of S (ω). It can
be shown that, in this case, both magnetic and electric dipole
moments align with the corresponding fields (see Fig. 2(c)).
Such a behavior can be explained by taking into account that,
below resonance, the charge (and hence the electric dipole
moment) oscillates in phase with the external field and the
current (and hence the magnetic dipole moment) oscillates in
opposite phase, while above resonance, conversely, the cur-
rent oscillates in phase and the charge oscillates in opposite
phase. It is noteworthy that unlike the MHD force, the orien-
tational moments appear as a result of the direct action of the
electromagnetic field on the particle. Therefore, the orienta-
tional motions are not coupled to the surrounding medium and
are medium-independent.

As a result, the particle orientation can be controlled by the
frequency and polarization of the electromagnetic wave. In-
deed, the polarization specifies the directions of the electric
and magnetic fields, while the frequency defines the orienta-
tion of the SRR with respect to them.

The consistent derivation of the equations of orientational
motions is given in the Supplementary Material.

The particle experiences the action of several forces in-
duced by the electromagnetic wave. These forces are schemat-
ically shown in Fig. 3. First, there is a reaction force coupled
to the body force acting on the surrounding liquid. Second,
there is a force caused by the radiation scattering off the par-
ticle. In the Supplementary Material, it is shown that the scat-
tering force can be neglected in the current problem setting.

To find the MHD force, the integration of the force den-
sity over the volume (Eq. (5)) has to be performed. We ap-
proximate the excited SRR with crossed electric and magnetic
dipoles, which oscillate with π/2 phase difference, see Eqs.
(13) and (14). Therefore, the scattered electric and magnetic
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FIG. 3. (Color online) Schematic representation of the forces act-
ing in the system: fMHD(x,y,z) represents the body MHD force, Fre
represents the reaction force, and Fsc represents the scattering force.

fields can be found as:

Escω (r) =
1

4πε0

(
3r(pω · r)

r5 − pω

r3

)
, (18)

Bscω (r) =
µ0

4π

(
3r(mω · r)

r5 − mω

r3

)
, (19)

where µ0 is the vacuum permeability. We assume that the par-
ticle is oriented such that the electric dipole moment is along
the x-axis and magnetic dipole moment is along the y-axis. By
substituting Eqs. (18) and (19) into Eq. (5), after extensive
but straightforward calculations, the expression for the MHD
force can be obtained as follows:

FMHD = z0Re
[

σ µ0

4πε0

pxω m∗yω

3
1
r3

m

]
, (20)

where z0 is the third unit vector in the reference coordinate
system attached to the particle and rm is some cut-off distance,
below which the particles can no more be treated as dipoles.
The reasonable cut-off distance may be chosen of the order
of the particle radius, rm = β r0, where β is a dimensionless
constant of the order of 1. It should be noted that the MHD
force is defined solely by the scattered fields, i.e., the follow-
ing integrals converge to zero:∫

V
Re(σ [Eextω ×B∗scω ])dV = 0,∫

V
Re(σ [Escω ×B∗extω ])dV = 0. (21)

Finally, substituting Eqs. (13) and (14) in Eq. (20) and assum-
ing Re(S (ω)) > 0 and the corresponding particle orientation
(Fig. 2(b)) for definiteness, we obtain:

FMHD =−z0
2µ0Imσ

3ε0
|S (ω)|2 C2

ωr2
0E2

extω
a3

e

β 3 . (22)

According to Eq. (20), the MHD force is always directed
along the z0-axis in the coordinate system attached to the par-
ticle. On the other hand, the orientation of the particle, and
thus the direction of the z0-axis in the fixed laboratory co-
ordinate system, is defined by the minimum of the potential
energy, Eq. (17), and hence the polarization and frequency of
the electromagnetic wave. As a result, the direction of particle
motion can be controlled by the polarization and frequency of
the electromagnetic wave.

Electromagnetic simulations were performed using COM-
SOL Multiphysics to analyze the feasibility of the proposed
particle concept. As was mentioned above, the sophisticated
design of Fig. 1(b) did not show any advantages over the sim-
ple SRR design of Fig. 1(c), and it was thus disregarded.

The particle material was chosen as copper, and the sur-
rounding liquid was chosen as water at room temperature. The
electromagnetic properties of water were simulated with the
Debye model19. As the static conductivity is irrelevant for the
desired effect, the ionic concentration was set to zero.

Figure 4 shows the frequency dependencies of the propul-
sion force for an SRR (Fig. 1(c)) illuminated by a plane elec-
tromagnetic wave for different particle sizes and two particle
orientations. The radiation intensity was set to 4.8 kW/m2. As
can be seen, the peak force decreases by about a factor of 3,
from F1 ≈ 6× 10˘13 N to F7 ≈ 2× 10−13 N in case (a) and
from F1 ≈ 4.75× 10˘13 N to F7 ≈ 1.6× 10−13 N in case (b),
when the size of the particle decreases by a factor of 2. As a
result, the ratio of the peak force to the particle’s own weight
increases as the particle size decreases. Namely, this ratio in-
creases from 0.23 for particle (1) to 0.68 for particle (7), all
proportions of the particles being equal.

The comparison between the simulations and analytical so-
lution Eq. (22) is given in the Supplementary Material.

The body force acting on the liquid around the particle al-
lows to find the actual fluid flows. Examples of the flows
around the particle are shown in the Supplementary Material.

The potential applicability of embedding the particles in a
polimer matrix for structural integrity preservation and buoy-
ancy compensation is also analyzed in the Supplementary Ma-
terial.

In conclusion, we proposed self-propelled microparticles,
which utilize the energy of an electromagnetic wave to cre-
ate thrust. The electromagnetic wave causes a resonant ex-
citation of crossed electric and magnetic scattered fields. The
scattered fields produce the MHD force, which accelerates the
surrounding fluid and, in response, propels the particle. Theo-
retical estimates as well as simulations show that the MHD
thrust is comparable to the weight of the particle itself for
particles of the order of 10 µm in size. The particle orienta-
tion can be controlled by the frequency and polarization of the
radiation. In addition, the proposed particles can be embed-
ded in a dielectric matrix for structural robustness and gravity
compensation without significant loss of thrust.
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FIG. 4. (Color online) MHD propulsion force as a function of radi-
ation frequency for different particle sizes and two orientations: the
particle is oriented such that (a) the electric dipole moment is par-
allel to the external electric field, and the magnetic dipole moment
is perpendicular to the external magnetic field (see Fig. 2(b)); and
(b) the electric dipole moment is perpendicular to the external elec-
tric field, and the magnetic dipole moment is parallel to the external
magnetic field (see Fig. 2(d)). The particles were illuminated by a
linearly polarized plane wave with the intensity of 4.8 kW/m2. The
particle sizes are as follows: (1) r0 = 16.8 µm; (2) r0 = 15.4 µm;
(3) r0 = 14.0 µm; (4) r0 = 12.6 µm; (5) r0 = 11.2 µm; (6) r0 = 9.8
µm; (7) r0 = 8.4 µm.

SUPPLEMENTARY MATERIAL

Supplementary material contains the derivation of the equa-
tions of rotational motion, comparison between the scattering
and MHD forces, comparison between simulation and analyt-
ics, discussion on the possibility of embedding the particles in
matrix, and examples of fluid flows around the particle.
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