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This paper introduces a method of modelling multistate repairable multi-unit systems’ behaviours subjected to
stochastic degradation processes, using the coloured Petri nets (CPN). This solution prevents the combinatorial
explosion problem that reduces the use of Markov graphs for studying such systems. The method combines the
ability to model the state and evaluate the operational performances of a complex system. The technique also
simplifies the study of k-out-n structure systems, while allowing extraction of the minimal cuts. The method
provided is grounded on theorems used to design an algorithm of systematic construction of models.
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1. Introduction
For decision support to inspecting or replacing a component in complex systems, the dependability models of single-unit systems
subjected to stochastic deteriorations have been widely investigated for systems’ availability. For example, authors in [8]
considered a multi-level control limit model, while to derive a decision model, authors in [9] have exploited theories of
regenerative processes and semi-regenerative processes. Other strategies, for example in [17] and [10], use monitoring of physical
behaviour signals of units or health condition features, or combine both of them, to evaluate the level of degradation or
performance for real-time decision support. This approach can quickly become very complicated when dealing with reparable
multi-unit systems because of combinations of interactions among states [6]. Without strong restrictive hypotheses, state models’
analytical development is cumbersome and even impossible in some instances. Instead, for dependability studies, researchers
prefer to rely on digital simulation. The latter offers the advantage of allowing assessing the cost of maintenance actions, whatever
is the maintenance policy while considering factors such as the quality of the technical activities, the system degradation being
continuously monitored ([14][11][18][7][13]).
For studying the evolution of the state of a multi-unit system, authors in ([2][15][16]) proposed state models (e.g. Markov graphs,
Bayesian belief networks, Stochastic Petri nets) at the system level, and embedding analytical models based on probability theories
enabling estimating the level of degradation or reliability of each unit [12]. Indeed, Markov processes are appropriated to describe
the multi-unit degradation states ([3][11]). In this paper, the coloured Petri net combining the abilities of modelling and evaluating
a multistate multi-unit system is presented. In the remainder of this paper, Section 2 recalls the background of a Petri net model.
The multistate multi-unit system's modelling problem based on different structures is formulated in Section 3 (single unit, parallel
units, series units and composite structure units). We introduce new concepts as impact factor that may refer to Birnbaum [4],
stop function and stop constraints. The minimal cut sets and k-out-of-n structure system are then discussed respectively in Sections
4 and 5, before summarizing our contribution in Section 6.
2. Petri Net modelling
Petri nets are graphical and mathematic modelling tool applicable to many systems ([15][16][19][5]). They are efficient for
describing concurrent, distributed, parallel, asynchronous and stochastic processes ([16] [17]). So, they are well adapted for
modelling and studying multistate multi-unit systems state and performances. In our study, the system's performance relates to a
system’s availability and the degradation of its component rate or reliability level. Under continuous deterioration or degradation,
we considered that the state of a component change after it’s rate of deterioration or degradation level passes specified thresholds
L1 and L2 ([8][9][3]). The level L1 defines the threshold for preventive maintenance, and L2 defines the threshold for corrective
maintenance action.
Let consider the Coloured Petri Nets (CPNs), which allow us to introduce the token types. Namely, tokens are differentiated using
colours. This section discusses four case studies of Petri nets modelling of the system, such as single-unit, parallel-units, seriesunits, and mixed parallel-series-units (complex) systems.

2.1. Modelling of a single unit
Let consider a system consisted of single-unit E shown in figure 1-a). This unit embodies three states, according to the diagram
shown in figure 1-b). The first state represents the unit in good health; the second corresponds to a degraded unit, and the last
stands for a failing unit. The figure 1-b) models the three possible states for one single unit where: unit’s condition is good at
beginning; then the unit is degraded, which defines the second state; finally, the unit fails as mentioned by the last state.
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Figure 1: Representing the three possible cases for one single unit.

The Petri net shown in figure 1-c) defines a model for a single unit. The place p1 (respectively p2 and p3) represents the first state
(good health) (respectively the degraded state and the failing state). A token represents the current state of the unit. For example,
in figure 1-c), unit E is in good health as place p1 contains one token. Similarly, a token in p2 (respectively p3) depicts a degraded
unit E (respectively failing unit). The crossing above level L1 (respectively level L2) is represented by transition t1 (respectively
t3). Although the degradation level is lower than level L1, a failure sometimes occurs randomly: this kind of failure is modelled by
transition t2. Also, unit E may fail while its degradation level lies between L1 and L2, modelled by transition t3. Finally, transition
t4 triggers a preventive maintenance action, while transition t5 triggers corrective maintenance or replacement action.
2.2. System of parallel units
Let suppose a system consisting of two parallel units, as shown in figure 2-a). The system will not fail whether one unit fails.
However, there will be some impacts on system performance. The system will stop working if and only if all units fail (all tokens
pass in p3). Figure 2-b depicts the states of such a system, where the number of states N computes as follows:

N = 3n

(1)

where n is the number of units. In the sequel, we present definitions, theorems, and rules for the complete Petri Net model's
systematic construction algorithm.
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Figure 2: System of two parallel units.

Definition 1: The impact factor of a unit is a real positive number, which takes a value over ]0, 1] relating to its state's influence
on the system's operation. An impact factor value 1 implies the unit failure causes complete stop of the system, and a value 0
means the unit failure does not influence the system operation. Trivial, the whole system takes the max impact factor S equal to
1, and no unit in the system can take an impact factor equal to zero (a unit taking a value zero does not belong to this system).
Theorem 1: Let consider a system or subsystem which consists of n branches, S≡S1// S2 //…//Sn, and let the impact factor of this
system (respectively for the branches) denote by Im S (respectively Im S1, Im S2,…, Im Sn). To simplify, we denote S’s impact
factor (respectively S1, S2,…, Sn). Each branch takes an impact factor equals to S1= S2=…= Sn= S/n. We suppose that all the units
have the same impact factor so that we may rewrite:

Si = S / n

(3)

For example, in figure 2: E1=E2=1/2.
Definition 2: The weight of a unit, denoted wi, is a binary number, which takes either value 1, in case of failure, or the value 0
otherwise. In other words, each token in p3 yields a weight equals to one for the related unit.
if token in p3
ì1,
wi = í
0
,
otherwise
î
Definition 3: The Stop Function F is a function that indicates the whole system's current performance by computing the failed
units' impact factor.
Rule 1: The Stop Function of a system or subsystem consists of n branches computed as follows:
n

F=

å w .S
i

(4)

i

i =1

2.3. System of units in series
Let suppose a system consisting of two series-units, as shown in figure 3-a). When a unit fails, the system completely fails.
Therefore, the number of possible states is less than N=3n (compare Figures 2-b and 3-b). In other words, if a token passes in p3
(a unit fails), the other token can pass neither through t1 nor t2. This feature cannot be modelled without introducing an arc called
an inhibitor arc [16]. An inhibitor arc connects a place to a transition. It is represented by a dashed line terminating with a small
circle instead of an arrowhead at the transition (Figure 3-c). The inhibitor arc disables the transition when the input place has a
token and enables it when the input place has no token. The objective of this arc is to specify whether the system has failed
completely or not.
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Figure 3: System of two units in series.

Theorem 2: Let consider a system or subsystem that consists of m series-units, S≡S1-- S2 --…--Sm , and let the impact factor of this
system (respectively for the units) denote by Im S (respectively Im S1, Im S2,…, Im Sn). To simplify, we denote the impact factor
by S (respectively S1, S2,…, Sm). Each unit takes an impact factor equals to S1= S2=…= Sm= S.
Rule 2: The stop function of a system or subsystem consisting of m series-units is computed as follows:

F = Max( w1.S1, w2 .S2 ,..., wm .Sm )

(6)

2.4. Model of a multistate multi-unit system
We consider a multi-unit system arranged in series-parallel-series and parallel-series-parallel structures, as shown in figure 4. This
complex multistate multi-unit system may be broken down into subsystems; similarly, a subsystem may also be broken down into
sub-sub-systems, etc., as depicted in Figure 4. We have broken down the system up to a single unit level where a uniform coloured
token represents each unit. The coloured token helps distinguish the token that has passed the transition and subsequently identifies
the degraded or failed unit.
As the system has a hybrid architecture (series-parallel-series), the use of inhibitor arcs is inappropriate in the Petri Net model of
series-units. Therefore, we consider that transitions t1, t2 and t3 are controlled transitions [1]. We added stop constraints to these
transitions defined in Theorem 3.

Theorem 3: Let consider Stop Constraint (SC) attached to the controlled transitions to detect the transit ability (firing condition).
When the stop function of a system or subsystem is equal to or greater than its impact factor (SC for Si: if Fi ³ S i ), this system or
subsystem will stop.
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Figure 4: Complex System.

Let apply Theorem 3 to compute the stop constraints SCs for the system depicted in Figure 2:
a) SC for S: if F ³ 1 .
b) SC for S21: if F21 ³ 1 2 .
c) SC for S2121: if F2121 ³ 1 8 .
Note: there is no need to compute the SC for the branch that has a single unit.
We may rewrite the Theorem 3 to simplify by using many rules:
Rule 3: Each token passes to P3, update the according to stop functions to this token.
Rule 4: If one of the stop constraints SCs is validated, the controlled transitions will disable against the passage of tokens
subject to this SC.
Thus, an appropriate algorithm has been designed to generate a complete Petri net model of the system.
3. Determining the minimal cut sets
Cut sets are the unique combinations of component failures that can cause a system failure. Specifically, a cut set is a minimal cut
set if the remaining events collectively are no longer a cut set when any primary event is removed from the set. A minimal cut
sets have traditionally been used to estimate reliability for complex reliability block diagrams (RBD) or fault trees that cannot be
simplified by a combination of the simple constructions (parallel, series, k-out-of-n).
Consider the previous RBD in figure 4. Let the equivalent Fault Tree (all minimal cut sets) shown in figure 5.
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Figure 5: Intermediate fault tree equivalent to the diagram shown in Figure 4

The construction of the Fault Tree may be very tedious. A straightforward approach is available using minimal cut sets. First, the
RBD is constructed, and then the minimal cut sets are obtained. Note that the analysis can be performed based on the RBD once
built.

Corollary from Theorem 3 and the concept of a unit impact factor: one concludes that each set of single units forms a minimal
cut set if it has the two following features:
A. The sum of impact factors equals to one exactly.
B. The stop function of this set equals to one exactly.
Each unit with an impact factor equal to one may be trivially called first-order minimal cut set (as E1 and E7, figure 4). The table
below shows the system's minimal cut sets depicted in Figure 4 with the fault tree in Figure 5.
Set
E1

Minimal Cut set
Yes

E1, E2

No

E2, E6

Yes

E3, E4, E5, E8 ,E6

No

Reasoning
E1=1
F1=1
E1+E2=3/2>1,
although F(E1, E2)=1
E2 +E6 =1
F2 =1
E3+E4+E5+E8+E6=1
F(E3, E4, E5, E8 ,E6)=7/8<1

4. Determining the constraint of a k-out-of-n structure system
An n-units system that works (or is “healthy”) if and only if at least k of the n-units work (or are healthy) is called a k-out-of-n:G
system. An n-units system that fails if and only if at least k of the n components fail is called a k-out-of-n:F system. Based on
these two definitions, a k-out-of-n:G system is equivalent to an (n−k+1)-out-of-n:F system. The term k-out-of-n system is often
used to indicate either a G system or an F system or both. Both parallel and series systems are special cases of the k-out-of-n
system. A series system is equivalent to a 1-out-of-n:F system and to an n-out-of-n:G system while a parallel system is equivalent
to an n-out-of-n:F system and to a 1-out-of-n:G system. Since the stop constraint represents the complete stop (all the units fails,
i.e. n-out-of-n:F system), one can rewrite the stop constraint of a system Si as follows:

Fi ³ n nS i

(7)

where Si is the system impact factor. Whether the system is k-out-of-n:F system, the stop constraint will be changed to take the
following form: Fi ³ k nS i .
However, if we have a k-out-of-n:G system, the stop function will be

Fi ³ (n - k + 1) nS i

(8)

Let take the subsystem S212 shown in Figure 4-a), where at least 2 branches from the 4 branches must work, i.e. a 2-out-of-4:G
system. The stop function of this subsystem takes the form (8).
SC for S212:

F212 ³ (4 - 2 + 1) 4 ´ 2 Þ F212 ³ 3 8
One must consider this influence on the whole system since all the system and the subsystems related to S212 will be merged in
one way or another. The stop constraints for S21, S2 and S will be SC for S 21 ³ Min(1 2 ,3 8) = 3 8 , SC for S 2 ³ (1 2 + 3 8) = 7 8
and SC for S ³ (1 2 + 3 8) = 7 8 .
5. Conclusion
In this paper, we introduced a new method. We suggested an algorithm to build a graphical and mathematical model for studying
evolutions of the state and performances of multi-unit multistate systems. New concepts such as impact factor, the unit's weight,
stop function and stop constraint; are used as basics in this algorithm, which allow us to simplify and study complex multi-unit
systems. The proposed method comprises two main parts: the first one is graphical, which is a Petri net model, while the second
part is a mathematical description based on equations and functions. The function is updated upon the state of the system. The
constraint function is updated upon the state of the system. At each step, the stop constraints are evaluated to detect a possible
change in the system's state according to the graphical Petri Nets model operation. The method provided is grounded on theorems
used to design the algorithms of the models’ construction.
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