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Highlights

• A new bi-crystal surface layer configuration with stiff layer adjacent to the free

surface is modeled based on the image decomposition method.

• The numerically computed dislocation image stress is different from purely free

or rigid surface.

• Size effects on the dislocation image stress are found in presence of two parallel

free surfaces or two grain boundaries.

• The equilibrium dislocation positions are computed for a double-ended dislo-

cation pile-up considering surface conditions, grain boundary and critical stress.
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Abstract

Based on the image decomposition method and the Leknitskii-Eshelby-Stroh (LES)

formalism, the effects of surface conditions and misorientation on the dislocation im-

age stress and dislocation distributions in double-ended discrete dislocation pile-ups

are studied in a new bi-crystal surface layer configuration. This new configuration

contains a stiff layer of finite thickness adjacent to the free surface, which influ-

ences the dislocation image stress. The numerical method is first applied to different

half-space and bi-crystal configurations for Ni. It is shown that the stiff layer sig-

nificantly modifies the profile of the dislocation image stress compared to a free or

rigid surface. A size effect on the dislocation image stress is found when considering

two parallel free surfaces. In addition, the effect of each free surface is individually

analyzed. Meanwhile, a grain size effect is also found when considering two parallel

grain boundaries. In a second application, the numerical study of a double-ended

dislocation pile-up model is proposed, terminating on a grain boundary on one side

and on a stiff layer adjacent to a free surface on the other side. The effects of sur-

face conditions, grain boundary and critical stress on dislocation distributions in the
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double dislocation pile-up are analyzed both at loading and unloading in the case of

Ni bi-crystals.

Keywords:

Bi-crystal, Surface properties, Free surface, Size effects, Double discrete dislocation

pile-up, Grain boundary, Anisotropic elasticity

1. Introduction

The mechanical properties of finite-sized bi-crystals and polycrystals are depen-

dent on the interaction mechanisms between dislocations and interfaces, such as grain

boundaries (GBs) or external surfaces like free surfaces. The interactions between

dislocations and GBs/surfaces have many consequences on materials properties and

deformation mechanisms. Therefore, the consideration of these complex interactions

is important to optimize materials microstructure and their components geometry

and size. As typical examples, we can cite the grain size dependence on the yield

stress through the Hall-Petch’s relationship (Hall, 1951; Petch, 1953; Armstrong,

1970), the strengthening due to grain boundaries (Lim et al., 2016) and twin bound-

aries (Schneider et al., 2020), the driving force for GB migration (Richeton et al.,

2020), interfacial shearing (Chu et al., 2013; Ovid’ko and Sheinerman, 2017), grain

rotation (Borodin et al., 2017), slip/twin transmission (Xiao et al., 2017; Lin et al.,

2018; Haouala et al., 2020) or the micro-beam size effect due to dislocation starva-

tion at free surfaces (Gao et al., 2010). Indeed, the grain size effect in polycrystalline

specimen is usually explained by the stress concentration at the tip of slip bands

terminating at GB using dislocation pile-up model (Eshelby et al., 1951; Armstrong,

2014; Cordero et al., 2016). Other explanations can also be invoked considering

dislocation emission from GBs and GB dislocation sources (Borovikov et al., 2018;
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Schouwenaars, 2020). Dislocation pile-ups at GBs in polycrystalline materials have

been experimentally observed by Transmission Electron Microscopy (TEM) (Shen

et al., 1988; Lee et al., 1990; Kondo et al., 2016), Electron Channeling Contrast

Imaging (ECCI) (Han et al., 2018; Javaid et al., 2020) and Atomic Force Microscopy

(AFM) (Schäfer et al., 2016; Chen et al., 2020; Beucia et al., 2020). Geometrically

confined specimen exhibit another type of size effect related to their dimension and

free surface effects. For example, polycrystalline freestanding thin film thickness ef-

fects have been reported by Espinosa et al. (2004) and Nicola et al. (2006). These

plasticity size and surface effects have been numerically interpreted using Discrete

Dislocation Dynamics (DDD) (Nicola et al., 2006; Espinosa et al., 2006) or crys-

tal plasticity finite element method (CPFEM) (Keller et al., 2012). Regardless the

specific details of all these mechanisms, dislocations always interact with GBs and

external surfaces through their elastic fields.

The elastic fields due to three-dimensional dislocation loops in anisotropic mul-

tilayered media have been studied using various methods (Han and Ghoniem, 2005;

Chu et al., 2012; Chen et al., 2017, 2019b; Yuan et al., 2019). In continuum me-

chanics, GB effects have been mostly investigated by using a perfect interface model,

where the GB is described as a zero-thickness interface between two different anisotropic

solids with different crystallographic orientations being perfectly bonded, i.e. satis-

fying displacement and traction continuities across interface (Stroh, 1958; Suo, 1990;

Ting, 1992; Chen et al., 2019a). Similarly, the external surfaces are generally regarded

as a surface without thickness and the boundary condition is set to be traction free

for the free surface and displacement free for the rigid surface (Suo, 1990; Ting, 1992).

However, the external surfaces are rarely purely free or rigid in experiments. Indeed,

there is usually a thin layer with different mechanical properties close to the surface

due to surface preparations, such as the FIB polishing which can create a damaged
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layer (Kheradmand, 2012; Idrissi et al., 2016; Chen, 2020). In order to study the in-

teractions between dislocations, GBs and surfaces, the elastic fields due to one single

dislocation in anisotropic bi-materials and half-spaces have been largely investigated

for perfect GB and half-space surface models with two-dimensional elasticity the-

ory (Tucker and Crocker, 1968; Gemperlova and Saxl, 1968; Suo, 1990; Ting, 1992;

Belov, 1992; Chu and Pan, 2014; Zhang et al., 2016; Chen et al., 2020; Chen, 2020).

In particular, Chen et al. (2019a) recently have studied the interactions between dis-

crete dislocation pile-ups and GB considered as an interphase with finite thickness.

The calculations are based on the work of Choi and Earmme (2002a,b) who have

derived recurrence formulas to compute the elastic fields associated with dislocations

or line forces in the presence of two parallel interfaces/surfaces in both anisotropic

and isotropic elasticity. They use an alternating technique to satisfy boundary con-

ditions at both interfaces/surfaces. However, this alternating method is restricted

to problems involving two interfaces or two surfaces. For a more general case, such

as in multilayered media, Wang et al. (2007) have developed the image decomposi-

tion method in two-dimensional anisotropic elasticity with singular Cauchy integral

equations based on the continuation method for perfect interfaces and surfaces. This

method has no limitation in terms of the number of involved layers, and the interac-

tions between dislocations and an infinite number of parallel interfaces/surfaces can

be solved.

Dislocation pile-ups have been theoretically investigated with both continuum

and discrete theories (Chou and Li, 1969; Wagoner, 1981; Voskoboinikov et al., 2007;

Kochmann and Le, 2008). In a previous study, the Burgers vector distributions in

Ni and α-Brass bi-crystalline micropillars have been experimentally characterized by

AFM and compared to theoretical calculations considering both GB as an interphase

and free surface effects in a single ended dislocation pile-up model (Chen et al., 2020).
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However, the analysis of the slip step height profile in the α-Brass sample indicate

that the pile-up could actually be double-ended with dislocations also piling-up at

an external boundary (Chen et al., 2020). With a free surface, dislocations cannot

pile-up at the surface side as they will escape the material due to attractive image

force. Thus, a rigid surface or a stiff layer adjacent to the surface is necessary

in order to provide a repulsive stress that stabilize the dislocations at the surface

side. However, an external purely rigid surface is not realistic. Therefore, it is

more reasonable to consider the presence of a stiff layer adjacent to the free surface.

Such a configuration may have complex effects on dislocations compared to a free

or rigid surface since dislocations interact with more than one surface. Beyond

that, a reverse dislocation motion is often observed during the unloading stage of

mechanical tests (Kirchlechner et al., 2012; Mompiou et al., 2012). When dislocation

pile-ups form, the reverse dislocation motion mainly results from the back-stress

induced by the dislocations. Hence, dislocations glide more easily, resulting in a lower

yield stress at reverse loading which is called the Bauschinger effect (Dieter, 1986).

This Bauschinger effect has been experimentally observed in micro-compression tests

(Pedersen et al., 1981; Suresh, 1998; Rajagopalan et al., 2010) and theoretically

studied using DDD (Davoudi et al., 2014), fast Fourier transform-based mesoscale

field dislocation mechanics (MFDM) in polycrystals (Berbenni et al., 2020) or by

strain gradient plasticity (SGP) models (Niordson and Legarth, 2010; Wulfinghoff

et al., 2015; Rys and Petryk, 2018; Voyiadjis and Song, 2019; Jebahi et al., 2020).

In the present study, the objective is to theoretically investigate the combined

effects of external surface and GB on the image stress of single dislocations and

on the equilibrium configurations of double-ended dislocation pile-ups in anisotropic

elasticity. Thus, different bi-crystal configurations are explored by using the image

decomposition method for heterogeneous anisotropic multilayer configurations. In
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contrast with our previous studies (Chen et al., 2019a, 2020), the thickness of the

bi-crystal is here finite and the presence of stiff layers adjacent to external free sur-

faces is considered. In section 2, the image decomposition method of Wang et al.

(2007) is firstly summarized for a problem including three layers. In particular, the

full components of all the matrices involved in the final solution are provided in Ap-

pendix C. It should be pointed out that this method is not further developed in

the present paper. Here, the method is applied for studying the effects of different

surface configurations on a single dislocation in section 3.1. A new configuration

called bi-crystal surface layer configuration with a stiff layer adjacent to the free sur-

face is proposed. The effects of such a configuration on the dislocation image stress

are investigated by comparisons with completely free or rigid surfaces. In addition,

a size effect on the dislocation image stress is found when considering two parallel

free surfaces or two parallel GBs . A second application of the image decomposition

method is proposed in section 3.2 for double-ended dislocation pile-ups. A double-

ended dislocation pile-up model with a Frank-Read dislocation source mechanism is

proposed considering loading/unloading processes and the effect of the critical stress.

The double-ended pile-up terminates on GB on one side and on a stiff layer adjacent

to a free surface on the other side. Dislocation distributions are thus studied for

different surface configurations and critical stress values.

2. Image decomposition method for elastic fields of dislocations in anisotropic

multilayered materials

In order to better understand the image decomposition method developed by

Wang et al. (Wang et al., 2007), the details of this method are first summarized for

a tri-material configuration with two free surfaces. However, it should be pointed

out that within this method, the number of layers is unlimited, see e.g. the four
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layers configuration described in Figure 3 (b). All the notation conventions used in

this section and their definitions are listed in Appendix A.

2.1. Multilayered material configuration

Figure 1 shows a tri-material configuration with two free surfaces. There are four

planar faces whose normals are directed along the x2-axis. These faces are located

at x2 = 0, x2 = −h1, x2 = −(h1 + h2) and x2 = −(h1 + h2 + h3) for top free surface,

first interface, second interface and bottom free surface, respectively. Material I

corresponds to −h1 < x2 < 0, material II to −(h1 +h2) < x2 < −h1 and material III

to −(h1 + h2 + h3) < x2 < −(h1 + h2). Thus, the thickness of the whole material is

marked as H ′ = h1 + h2 + h3. All the materials are assumed to be perfectly bonded

to each other at interfaces.

Figure 1: Schematic figure of one single infinite straight dislocation in a tri-material configuration

with three different stiffness tensors CI
ijkl, C

II
ijkl and CIII

ijkl for material I, II and III, respectively.

There are two planar free surfaces: the top free surface (Face 1) and the bottom free surface (Face

4) and two perfectly bonded interfaces (Face 2 and Face 3).
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2.2. Image decomposition method

The principle of the image decomposition method proposed by Wang et al.

(2007) is to decompose the problem into several subproblems of infinite homoge-

neous medium for each material. Two types of image dislocation densities are

distributed on each interface while one image dislocation density is distributed on

each surface as shown in Figure 2 (left). The densities of these image dislocations

are denoted ρt, where t=1,2 and 3 indicate the x1−, x2− and x3−components, re-

spectively. Thus, in the 3-layers configuration of Figure 1, there are a total of 18

image dislocation densities ρt1U , ρt1L, ρt2U , ρt2L, ρt3U and ρt3L, which are located at

x2 = 0−,−h+1 ,−h−1 ,− (h1 + h2)
+ ,− (h1 + h2)

− and − (h1 + h2 + h3)
+, respectively.

Figure 2: Decomposition of a 3-layers configuration (left) with two free surfaces and two interfaces

into three infinite homogeneous subproblems. The position of the single dislocation is marked with

a red edge dislocation symbol.

These densities can be resolved at the same time by simultaneously considering all

the 18 boundary conditions as follows (i=1,2 and 3):

• The tractions σi2 vanish on both free surfaces:
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I. σi2 (x1, x2 = 0) = 0

II. σi2 (x1, x2 = − (h1 + h2 + h3)) = 0

• The continuities of stresses σi2 and tangential displacement gradients ∂ui/∂x1

across both interfaces:

III. σi2
(
x1, x2 = −h+1

)
= σi2

(
x1, x2 = −h−1

)
IV.

∂ui
∂x1

(
x1, x2 = −h+1

)
=
∂ui
∂x1

(
x1, x2 = −h−1

)
V. σi2

(
x1, x2 = − (h1 + h2)

+) = σi2
(
x1, x2 = − (h1 + h2)

−)
VI.

∂ui
∂x1

(
x1, x2 = − (h1 + h2)

+) =
∂ui
∂x1

(
x1, x2 = − (h1 + h2)

−)
The elastic fields in each layer are determined by summing the contributions of the

single dislocation and all the corresponding image dislocations as shown in Figure

2 (right). Following Wang et al. (2007)), the image dislocation densities in the

three subproblems are ρtJ1 = {ρt1U , ρt1L, ρt2L, ρt3L} for the first subproblem, ρtJ2 =

{ρt1U , ρt2U , ρt2L, ρt3L} for the second one and ρtJ3 = {ρt1U , ρt2U , ρt3U , ρt3L} for the third

one as shown in Figure 2, where the subscript J is the index of the image dislocation

densities for each subproblem. J = 1 : 4 for a configuration with 3 layers.

2.3. Governing integral equations

Based on the Leknitskii-Eshelby-Stroh (LES) formalism (Leknitskii, 1963; Es-

helby et al., 1953; Stroh, 1958), the stress and displacement gradient fields due to a

mixed dislocation with Burgers vector components bt (t = 1, 2, 3) located at (x1s, x2s)

in a homogeneous anisotropic medium under plane strain conditions are (Anderson

et al., 1968; Wang et al., 2007):
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σij (K, bt,∆x1,∆x2) =

2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1)

∂ui
∂xj

(K, bt,∆x1,∆x2) =

2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(2)

where ∆x1 = x1 − x1s and ∆x2 = x2 − x2s. The superscripts R and I indicate

the real and imaginary parts of each term, respectively. The subscript K indicates

which subproblem is considered (no sum over K). The matrices ξtKαij, ζ
t
Kαij and the

functions P , Q are given by (Wang and Wu, 2005):


ξtKαij =

CKijkl (δl1 + pKαδl2)AKkαBKtα

2πi

ζtKαij =
(δj1 + pKαδj2)AKiαBKtα

2πi

(3)


P (x1 − x1s, a, b) =

x1 − x1s + a

(x1 − x1s + a)2 + b2

Q (x1 − x1s, a, b) =
b

(x1 − x1s + a)2 + b2

(4)

where i (non-italicized) is the imaginary unit
√
−1, pα and Akα with α=1,2 and 3

denote the eigenvalues with positive imaginary parts and the associated eigenvectors

of the Stroh sextic equation and Btα = (Ct2k1 + pαCt2k2)Akα (Stroh, 1958; Suo, 1990).

The contribution of image dislocations densities on elastic fields can be calculated

by replacing the Burgers vector bt by ρtJK (x′1) and integrating from x′1 = −∞ to

x′1 = +∞ in Eqs. 1 and 2 (Wang et al., 2007):
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σij
(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx

′
1

= 2π
[
ξtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ξtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(5)

∂ui
∂xj

(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx

′
1

= 2π
[
ζtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ζtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(6)

where ∆x1 = x1 − x′1, ∆x2 = x2 − x′2 and (x′1, x
′
2) denote the positions of image

dislocation densities. The definitions of the integral transforms H and I are (Wang

et al., 2007):


H (a, b) [ρ (x1)] =

1

π

∫ ∞
−∞

P (x1 − x′1, a, b) ρ (x′1) dx
′
1

I (a, b) [ρ (x1)] =
1

π

∫ ∞
−∞

Q (x1 − x′1, a, b) ρ (x′1) dx
′
1

(7)

Combining Eqs. 1 - 7, the boundary conditions can be derived with respect to

the Burgers vector of the single dislocation and image dislocations densities. For

example, the boundary condition I now writes:
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σi2 (1, bt, x1 − x1s, x2 − x2s) +
J=4∑
J=1

σi2
(
1, ρtJ1, x1 − x′1, x2 − x2J

)
=

2
[
ξtR1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

+ 2π
[
ξtR1αi2H (0, 0) + ξtI1αi2I

(
0, 0−

)] [
ρt1U (x1)

]
+ 2π

[
ξtR1αi2H

(
pR1αh1, p

I
1αh1

)
+ ξtI1αi2I

(
pR1αh1, p

I
1αh1

)] [
ρt1L (x1)

]
+ 2π

[
ξtR1αi2H

(
pR1α (h1 + h2) , p

I
1α (h1 + h2)

)
+

ξtI1αi2I
(
pR1α (h1 + h2) , p

I
1α (h1 + h2)

)] [
ρt2L (x1)

]
+ 2π

[
ξtR1αi2H

(
pR1α (h1 + h2 + h3) , p

I
1α (h1 + h2 + h3)

)
+

ξtI1αi2I
(
pR1α (h1 + h2 + h3) , p

I
1α (h1 + h2 + h3)

)] [
ρt3L (x1)

]
= 0

(8)

where (x′1, x2J) are the coordinates of image dislocation densities ρtJK for the sub-

problem K.

In Eq. 8, a singularity term is found when the integral transform H (0, 0) directly

operates on the image dislocation density ρ1U (x1). This singularity problem has

been solved by Wang et al. (2007). Their mathematical method is summarized in

Appendix B. After removing the singularity terms, a system of nonlinear equations

with 18 Fredholm equations of second kind in terms of the image dislocation densities

ρ (Eq. B.10) is obtained by considering all the 18 boundary conditions I-VI. These

image dislocation densities can be numerically resolved by using the Nyström method

(Press et al., 2007). Essentially, the integrals over infinite space can be approximated

thanks to a Gauss-Hermite quadrature method. After substituting the integral terms,

approximate analytical expressions of ρ can be obtained as a function of x1. Finally,

the elastic fields, such as the stress fields due to one single dislocation in a 3-layers

anisotropic material at any point can be calculated using Eqs. 1-5.
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In the present paper, this numerical method is implemented for different multi-

layer configurations in order to study the effects of free surfaces and stiff layers as

shown in Figure 3. The verification of the correctness of the numerical implementa-

tion is performed by comparing the results of image resolved shear stress in tri-crystal

configurations with those obtained by the alternating technique of Choi and Earmme

(2002a), see Figure 9 in section 3.1. As it can be observed, the agreement between

both methods is excellent. For the forthcoming results interpretation, it is recalled

that dislocations are considered as infinite straight lines parallel to perfect and pla-

nar interfaces and that the properties of dislocation cores are not modeled (linear

elasticity). Also, the interactions between two non-parallel dislocations cannot be

considered within this two-dimensional framework. Besides, regarding comparisons

with experiments, the reader is referred to a recent paper by the same authors (Chen

et al., 2020), where Burgers vector distributions of double-ended dislocation pile-ups

terminating at GB have been measured by AFM in Ni and α-Brass micro-pillars and

compared to micromechanical calculations based on the present image decomposition

method.

3. Applications and discussion

3.1. Coupled effects of surface conditions and misorientation on image stress for a

single dislocation

3.1.1. Surface conditions in half-space and bi-crystal configurations

The image decomposition method is firstly used to study the effects of different

external surface conditions on the elastic fields and especially on image stresses. First

of all, the surface conditions in a half-space are shown in Figure 3 (a). The external

surface is located at x2 = 0 as marked by surface Λ. The crystal is semi-infinite
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and occupies the space x2>0. In a simple approach, a surface can be typically

considered as free or rigid. A free surface has an attractive effect on dislocations

whereas a rigid one has a repulsive effect (Ting, 1992; Chen et al., 2019a). However,

in experiments, the surface is hardly ideally free or rigid. There is usually a thin layer

with different mechanical properties close to the surface due to surface preparation.

For example, FIB polishing creates a damaged layer as shown and discussed by

Kheradmand (2012), Idrissi et al. (2016) and Chen et al. (2020). In that case, the

crystal structure of the damaged layer may change dramatically and may become

amorphous. Even the chemical composition may be different. Therefore, we propose

here a new half-space surface layer configuration, where the surface can be regarded

as an isotropic stiff layer in addition to the external free surface Λ as shown in Figure

3 (a). The thickness of this surface layer is denoted hLayer and it has thus a different

elastic stiffness tensor CLayer
ijkl compared to the bulk crystal. In order to reflect a

different stiffness, CLayer
ijkl can be determined by:

CLayer
ijkl = λCIso

ijkl (9)

where λ is a scalar stiffness parameter and CIso
ijkl is the isotropic elastic stiffness tensor

of the material. It should be pointed out that the elastic stiffness tensor of this surface

layer is certainly anisotropic, but it remains difficult to have an exact knowledge of

this fourth order tensor. As the main objective is to focus on the stiffness effect of the

surface layer on the dislocation image stress, the surface layer elastic stiffness tensor

CLayer
ijkl is simply modelled as isotropic for the studied material and the magnitude of

the stiffness is parametrized by a single scalar parameter λ. Hence, a stiff layer is

considered when λ>1, whereas a compliant layer is reflected by λ<1.

Second, a new bi-crystal surface layer configuration with one GB and stiff layers
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as shown in Figure 3 (b) is considered. The GB is regarded as a perfectly bonded

planar interface (with zero thickness) to only focus the discussion on the respective

effects of surface conditions and misorientation. The thicknesses of crystals I and II

are marked as h as shown in Figure 3 (b-c).

Figure 3: Schematic figure of one single dislocation in different configurations: (a) Half-space with

different surface configurations, (b) Bi-crystal surface layer configuration with perfectly planar GB

and stiff layers close to free surfaces, (c) Bi-crystal free surface configuration with perfectly planar

GB and free surfaces and (d) Infinite tri-crystal configuration with two perfectly planar GBs. In

order to well investigate the effects of surface conditions and misorientations, for the bi-crystal

configurations the thicknesses of the two crystals and the two surface layers are always the same,

which are marked as h and hLayer, respectively. The notations t, b and v indicate the dislocation

line vector, Burgers vector and dislocation glide direction, respectively.
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Third, in order to study possible finite size effects on dislocation image stresses,

the effects of simple free surfaces are also investigated in the bi-crystal free surface

configuration as shown in Figure 3 (c). From Figure 3 (c), four types of bi-crystal

configurations with different surface conditions are actually considered in order to

assess the effects of each free surface associated with misorientation effects: infinite

bi-crystal without surfaces Λ1 and Λ2 (crystals I and II are infinite), top free surface

with only surface Λ1 but without Λ2 (crystal II is infinite), bottom free surface with

only surface Λ2 but without Λ1 (crystal I is infinite) and two free surfaces with both

surfaces Λ1 and Λ2.

Finally, an infinite tri-crystal configuration where the crystal of thickness h is

sandwiched between two planar GBs is considered as shown in Figure 3 (d). This

last configuration can be used to study a possible grain size effect on dislocation

image stresses. The dislocation is located in the middle crystal of the tri-crystal and

interacts with both GBs. Both top and bottom crystals are infinite media with given

orientations.

For clarity, the notations and the definitions of all these configurations are sum-

marized in Table 1.
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Half-space surface layer configuration The surface condition of half-space is a stiff layer defined

by λ and hLayer with a external free surface Λ as shown in

Figure 3 (a)

Half-space rigid surface configuration The surface condition of half-space is a rigid surface without

thickness

Half-space free surface configuration The surface condition of half-space is a free surface without

thickness

Bi-crystal surface layer configuration The surface condition of bi-crystal is stiff layers both defined

by λ and hLayer with external free surfaces Λ1 and Λ2 as

shown in Figure 3 (b)

Bi-crystal rigid surface configuration The surface condition of bi-crystal is rigid surfaces without

thickness

Bi-crystal free surface configuration By default, the surface condition of bi-crystal is free surfaces

as shown in Figure 3 (c). In subsection 3.1.7, four different

configurations are actually studied, considering or not the

presence of the free surfaces, see below

Infinite bi-crystal Without surfaces Λ1 and Λ2

Bi-crystal with top free surface With free surface Λ1 but without Λ2

Bi-crystal with bottom free surface With free surface Λ2 but without Λ1

Bi-crystal with two free surfaces With both free surfaces Λ1 and Λ2

Infinite tri-crystal configuration A crystal of thickness h is sandwiched between two planar

GBs as shown in Figure 3 (d), where the top and the bottom

crystals are semi-infinite crystals

Table 1: Notations and definitions of the different studied configurations.

3.1.2. Material parameters for image stress calculations

For all the following numerical applications, the considered material is nickel

(Ni) which has a face centered cubic (FCC) structure with cubic elastic stiffness

constants C11 = 246.5 GPa, C12 = 147.3 GPa and C44 = 124.7 GPa (Anderson
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et al., 1968). Thus, it has an elastic anisotropy ratio (Zener coefficient) of Aani =

2C44/ (C11 − C12) = 2.51. In the case of elastic isotropy (Aani = 1), the considered

elastic constants are C11 = 306.1 GPa, C12 = 116.7 GPa and C44 = 94.7 GPa which

are deduced from the anisotropic elastic stiffness moduli by applying the Voigt-Reuss-

Hill average (Hill, 1952; Dewit, 2008). The lattice parameter of Ni is a = 0.3524 nm

and thus the length of its standard Burgers vector is |b| =
√
2
2
× a = 0.2492 nm.

The crystallographic orientation of the crystal containing the dislocation is deter-

mined from the choice of the active slip system (Chen et al., 2019a). In the global

simulation frame (x1, x2, x3) as shown in Figure 3, the slip system is determined by

the Burgers vector b and the slip plane unit normal vector n = t ×m following

the Finish Start/Right Hand (FS-RH) convention for a dislocation with a non zero

edge component, where t = [0, 0, 1] is the dislocation line vector and m = b/ |b|.

At the same time, the slip system is supposed to be one of the usual twelve slip

systems for FCC crystals, such that m0 = 1/
√

2 [1, 1, 0] and n0 = 1/
√

3 [−1, 1,−1]

in the crystal’s frame (e1, e2, e3). Then the crystallographic orientation of the crys-

tal containing the dislocation is defined by the transformation matrix T such that

[m,n, t]T = T [m0,n0, t0]
T

, where t0 = m0 ×n0. For the numerical applications in

subsections 3.1.4-3.1.5, only edge dislocations with Burgers vector b in the (x1, x2)

plane are considered. The angle α defined in Figure 3 is set to α = 45◦, so that

m =
[
−
√
2
2
,−
√
2
2
, 0
]
. The crystallographic orientation of the bottom crystal can

be arbitrarily fixed as there is no dislocation in it. Here, two specific orientations

are considered as in Chen et al. (2019a): orientation AOri with x1 = e1, x2 = e2,

x3 = e3 and orientation BOri with x1 = −1
2
e1 +

√
2
2
e2 + 1

2
e3, x2 = −1

2
e1 −

√
2
2
e2 + 1

2
e3,

x3 =
√
2
2
e1 +

√
2
2
e3. The orientations AOri and BOri have a misorientation angle 35.3o

and 54.7o with the crystal containing the dislocation, respectively.
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3.1.3. Image force and image stress

For the analysis of image force calculations on a dislocation, the projection of the

image force along the glide direction v is considered:

fim = [(σint · b)× t] · v (10)

For these calculations, the glide direction is set to v = [−cos α,−sin α, 0]. Hence, v

points towards the surface in a half-space configuration (Figure 3 (a)) or the GB in

a bi-crystal configuration (Figures 3 (b-c)) or the lower GB in an infinite tri-crystal

configuration with two GBs (Figure 3 (d)). In the present paper, this projected

image force is used to compute the image resolved shear stress on a dislocation by

dividing by the corresponding Burgers vector magnitude as below:

τim = fim/ |b| (11)

Therefore, τim>0 means the GB or the surface attracts the dislocation whereas τim<0

means that the dislocation is repelled by the GB or the surface. In particular, it has

been shown that orientation AOri has an attractive effect on the edge dislocation

defined by α = 45◦ while orientation BOri provides a repulsive effect on this edge

dislocation (Chen et al., 2019a). Furthermore, it should be pointed out that for the

forthcoming results (see subsections 3.1.4-3.1.8), the distance from GB is the distance

along the GB normal direction.

3.1.4. Half-space surface layer configuration: effect of different surface conditions on

dislocation image resolved shear stress

Figure 4 shows the variation of the image resolved shear stress τim in the half-

space (see Figure 3 (a)) for different surface configurations. As expected, a free
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surface (CLayer
ijkl = CI

ijkl) has always an attractive effect on the dislocation whereas

a rigid surface has a repulsive effect. However, τim exhibits a change of sign and

a maximum when a stiff layer adjacent to the free surface is considered. This is

explained by the opposite effects given by the stiff layer and the free surface on the

dislocation image stress. For λ much greater than 1 (Eq. 9), the stiff layer has a

repulsive effect on the dislocation (Chen et al., 2019a). Therefore, τim is negative

close to the stiff layer. However, it becomes positive when the dislocation is far away

from the stiff layer due to the long range attractive effect of the free surface. When

τim is positive, it increases to a maximum value and then decreases again, to become

close to the value of the image stress corresponding to a free surface configuration

(Figure 4). Thus, the effects of the free surface are felt at a longer distance compared

to the effects of the stiff layer. These results show that the free surface effect becomes

predominant at a long distance. This distance depends on both the thickness hLayer

and the stiffness parameter λ (Figure 4). It can be found that this distance increases

with hLayer and λ. Figure 4 shows that the stiff layer’s effect is predominant only

when the dislocation is close to it. The influence of a stiff layer adjacent to a free

surface on τim is totally different from the one of a rigid or free surface. For points

close to the stiff layer, a similar behavior as a rigid surface is retrieved. In contrast,

even for a large stiffness λ = 5 or a large thickness hLayer = 50 nm, a similar behavior

as a free surface is retrieved at a long distance from the stiff layer.
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Figure 4: Variation of the image resolved shear stress τim in the half-space for different surface

configurations. The stiff layer configuration is defined by the stiffness parameter λ (see Eq. 9) and

its thickness hLayer in nm (see Figure 3 (a)).

3.1.5. Bi-crystal surface layer configuration: effects of two stiff layers adjacent to

free surfaces and misorientation

Figure 5 shows the variation of τim considering the layer stiffness effect on both

free surfaces, together with the misorientation effect in the bi-crystal surface layer

configuration shown in Figure 3 (b). The thicknesses of the two stiff layers are

hLayer = 10 nm and their stiffness parameter is λ = 2 (see Eq. 9). The thicknesses

of both crystals are h = 1990 nm so that the total thickness of the crystal on each

side of the GB is 2 µm. Similarly to the previous observations, there is a sudden

change of image stress close to the stiff layer due to the combined effects of the stiff
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layer and the free surface. Then, it is found out that the misorientation effect is

only predominant in the area close to GB whereas the effect of the stiff layer is only

predominant near the stiff layer (Figure 5). In most part of the crystal, τim is negative

due to the top free surface whatever the misorientation. Furthermore, comparing the

result obtained with just two free surfaces (marked as “Free surface BOri” in Figure

5), it is seen that the free surface effect at long distance is reduced in presence of

stiff layers. As expected, the free surface effect is much weaker when hLayer or λ gets

larger.
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Figure 5: Variation of the image resolved shear stress τim with the bi-crystal surface layer configura-

tion considering stiff layer effects with attractive orientation AOri and repulsive orientation BOri of

the bottom crystal. The stiff layer configuration is defined by the stiffness parameter λ (see Eq. 9)

and its thickness hLayer in nm (see Figure 3 (b)). As a comparison, the result for the configuration

with two free surfaces is also presented and marked as “Free surface BOri”.
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3.1.6. Bi-crystal free surface configuration: size effect on image stress

The effects of free surfaces Λ1 and Λ2 on image stress are investigated by a 2-

layers configuration with different misorientations AOri, BOri and different thicknesses

h = 1 µm and h = 2 µm as shown in Figure 3 (c). Figure 6 shows that free surfaces

have a much stronger attractive effect than the misorientation as the value of τim is

quite similar close to the free surface whatever the GB misorientation.
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Figure 6: Variation of the image resolved shear stress τim with the distance from the GB for the

bi-crystal free surface configuration with two free surfaces for different misorientations and crystal

thicknesses h.

Furthermore, a clear size effect on the image stress is found after normalizing the

distance from GB by h as shown in Figure 7 for AOri (Figure 7 (a)) and for BOri

(Figure 7 (b)). At a same relative distance from the GB, the image resolved shear

stress magnitude is stronger in the smaller beam. This size effect arises because

the image stress depends on a characteristic material internal length which is the
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Burgers vector magnitude |b|. |b| is indeed an intrinsic material length that does not

change with h. Meanwhile, in the case of the attractive misorientation AOri, there is

an equilibrium point where the image resolved shear stress on the dislocation is zero.

This position is located at nearly the same relative distance from GB for different

thicknesses of material as shown in Figure 7 (a). In contrast, the case of repulsive

misorientation BOri does not lead to an equilibrium point, see Figure 7 (b).
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Figure 7: Variation of the image resolved shear stress τim with the distance from GB normalized

by h for the bi-crystal free surface configuration with two free surfaces (see Figure 3 (c)): (a)

with attractive misorientation AOri and (b) with repulsive misorientation BOri. The 1µm and 2µm

indicate the crystal thickness h.
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3.1.7. Analysis of the specific role of top and bottom free surfaces and misorientation

In order to specify the effect of each free surface and misorientation within the

configuration of Figure 3 (c) (Bi-crystal free surface configuration) with h = 2 µm,

τim is computed either with only one top free surface or with only one bottom free

surface as shown in Figure 8. It is shown that close to GB, τim is mainly controlled

by the misorientation as it is always positive for the misorientation AOri (see Figure 8

(a)) and always negative for the misorientation BOri (see Figure 8 (b)) whatever the

free surface configuration. The effects of both free surfaces and misorientation can

be regarded as the non-linear combination of both effects. As the two free surfaces

have an opposite effect on the dislocation, when the dislocation is located roughly at

an equal distance from both free surfaces, their contributions become negligible. For

the configuration with both free surfaces (“Two free surfaces”), when the dislocation

is located close to GB i.e., for a distance from GB smaller than 0.15 µm, the value of

τim is similar as in the case of a bi-crystal configuration without free surface for both

misorientations AOri and BOri (“Infinite bi-crystal”). However, if only one free surface

is considered, it has an obvious influence on the image stress even close to GB. Figure

8 (a) shows that the positive τim due to attractive misorientation AOri is enhanced

by considering only the bottom free surface (“Bottom free surface AOri”), which

also has an attractive effect on the dislocation. Meanwhile, by considering only the

top free surface, this positive τim is weakened close to GB (“Top free surface AOri”)

and an equilibrium position is found (τim = 0). In particular, an interesting result

is obtained by combining a repulsive misorientation BOri with just a bottom free

surface (“Bottom free surface BOri”) as shown in Figure 8 (b). It is shown that τim

is negative close to GB due to repulsive misorientation BOri, then becomes positive

away from GB (at a distance of about 0.1 µm) due to the attractive effect of the
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bottom free surface, whereas the distances between the dislocation and both GB and

bottom free surface increase at the same time. As discussed for Figure 6, the effects

of a free surface are felt at a longer distance compared to the misorientation effects.

However, Figure 8 shows that the effect of misorientation is predominant when the

dislocation is close to GB, but only within a short distance. Thus, at a long distance,

the free surface effect is predominant. This result is quite similar to the case of a

stiff layer close to the free surface. It can be found that the free surface displays

the highest distance over which the image stress is significant. Hence, the effect of a

free surface is always predominant when the dislocation is far away from stiff layers

and GB. Furthermore, for the case of a repulsive misorientation BOri with only a

top free surface (“Top free surface BOri”, see Figure 8 (b)), the magnitude of τim

decreases quickly when the dislocation gets away from GB at a short distance from

it. In particular, it should be pointed out that the analyzed dislocation is always in

the crystal I, therefore the distance between the dislocation and the top free surface

is reduced when dislocation gets away from GB, but it increases for the distance

between the dislocation and the bottom free surface. Hence, the effects of the top

free surface and the bottom free surface get stronger and weaker, respectively, when

the dislocation gets away from GB in crystal I (see Figure 8).

28



Figure 8: Variation of the image resolved shear stress τim for the bi-crystal free surface configuration

considering free surface effects with different misorientations (see Figure 3 (c)): (a) attractive

orientation AOri and (b) repulsive orientation BOri of the bottom crystal.
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3.1.8. Infinite tri-crystal configuration: grain size effect on the image stress

In addition to the analysis of the finite size effect for a bi-crystal bounded by two

parallel free surfaces (see Figure 3 (c)), the grain size effect of a grain bounded by two

parallel GBs in an infinite tri-crystal configuration is also studied (see Figure 3 (d)).

Figure 9 shows the variation of the image resolved shear stress τim on the dislocation

in the middle crystal for different thicknesses and different misorientations with top

and bottom crystals. It should be pointed out that the sign convention of τim is given

by a glide direction v pointing towards the second GB Γ2 (see Figure 3 (d)). Hence,

when GBs have the same misorientations, there is an equilibrium position of the

dislocation (τim = 0) as shown in Figures 9 (a-b). The two opposite image stresses

arising from each GB balance each other at the middle of the grain. Furthermore, if

both GBs have opposite misorientation effects, image stresses in the same direction

add up as shown in Figures 9 (c-d). As discussed previously, the effective distance of

misorientation effects is short, so the magnitude of the image stress decreases when

the distance from the dislocation to the closest GB increases.

Similarly to the case of two free surfaces as shown in Figure 7, a size effect is

also found out within the present configuration when two different thicknesses of the

middle crystal are considered (Figure 9). The magnitude of the image resolved shear

stress τim is indeed always larger at the same relative distance from GB within a

thinner crystal, except around the equilibrium position. This size effect is present

whatever the misorientation configurations of both GBs. Again, this grain size effect

arises because the image stress scales with the intrinsic material length |b|.
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Figure 9: Variation of the image resolved shear stress τim with the distance from the second GB

Γ2 to the first GB Γ1 normalized by the thickness of the middle crystal h (see Figure 3 (d)). The

crystallographic orientations of top and bottom crystals in the infinite tri-crystal configuration are

marked on each result. The 1µm and 2µm indicate the thickness of the middle crystal h. The

current results (solid lines), obtained by the image decomposition method of Wang et al. (2007),

are compared with those, marked by symbols, obtained by the alternating technique of Choi and

Earmme (2002a).

3.2. Analysis of double-ended discrete dislocation pile-ups with the Bi-crystal surface

layer configuration

As indicated in the introduction, a double-ended dislocation pile-up has been

recently observed from post-mortem slip step height measurements in a compressed

bi-crystalline α-Brass micro-pillar (Chen et al., 2020). In that case, dislocations

31



are pilling-up both at GB and at an external surface. Therefore, we assume the

presence of a layer stiffer than the bulk material in order to stabilize the dislocation

pile-up. Hence, the second application of this study is about dislocation distribution

in double-ended dislocation pile-ups with different simulation configurations. For a

general case, the equilibrium positions of the dislocations in the pile-up can be found

out by minimizing the component of the Peach-Koehler (P-K) force along the glide

direction on each dislocation to a material’s critical force Fc as follows (Wagoner,

1981; Chen et al., 2020):

F (γ) = {(σint(X1(γ), X2(γ)) + σext) · b× t} · v
Minimize

======= Fc (12)

where (X1(γ), X2(γ)) denotes the position of the γth dislocation. σint is the stress

tensor coming from all the other dislocations and all heterogeneities, involving in-

terfaces and surfaces. σext, b, t and v are the applied stress tensor, the Burgers

vector, the dislocation line vector and the glide direction, respectively. Similarly to

the image resolved shear stress defined in Eq. 11, the critical shear stress of the

material can be defined as τc = Fc/ |b|.

3.2.1. Frank-Read dislocation sources

There are many different dislocation sources, such as Frank-Read sources, par-

ticles and inclusions, GBs, surfaces or cracks (Li, 1981). In the present paper, the

Frank-Read source is chosen as the dislocation source for dislocation pile-ups, which

is the most common mechanism. The Frank-Read source produces dislocation loops

from two pinned points A and B under shear stress in a finite elastic medium as

shown in Figure 10 (a) by the yellow circle line. However, a dislocation loop may

be broken into two curved dislocation segments when it encounters some external

boundaries (see the two orange curves in Figure 10 (a)). These dislocation segments
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belong to the same slip plane but have opposite signs. It should be pointed out that

these boundaries are not the GB or the surfaces considered in the micromechanical

calculations. These external boundaries are described in Figure 10 (b). Furthermore,

in order to apply two-dimensional calculations, the dislocation segments are regarded

as parallel infinite straight lines as shown in Figure 10 (b) with black lines and the

dislocation segment AB is regarded as a pinned dislocation as indicated in Figure 10

(b).

Figure 10: Schematic figure of (a) a Frank-Read dislocation source used for (b) two-dimensional

configuration in a bi-crystal model with external boundaries.

3.2.2. Configurations of double discrete dislocation pile-ups with Frank-Read disloca-

tion source

In order to create a stable double dislocation pile-up close to GB and surface,

repulsive forces on dislocations (coming from a repulsive misorientation and/or a stiff

layer) must be provided. Hence the surface can be modeled as a rigid surface or as

a stiff layer adjacent to the free surface. In the case of a free surface, no dislocation

33



pile-up can be built-up as the attractive image stress make all the dislocations get

out of the material and create a step on the surface. Even though the developed

model is not dynamic, it can still be considered that dislocations are produced from a

Frank-Read source during the loading process as described in subsection 3.2.1. Thus,

dislocations of opposite signs pile up on both sides of the dislocation source and it

is supposed that there is one pinned dislocation at the dislocation source position.

The algorithm during the loading process is presented in Figure 11 (a). A pair of

dislocations with opposite signs are introduced on both sides of the pinned dislocation

until the absolute value of the resolved shear stress |τs| on the pinned dislocation is

smaller than τc, once all the dislocations have reached their equilibrium position

as described in Figure 12 (a). However, in the case where no equilibrium can be

reached after having introduced the last two opposite dislocations, these ones are not

considered and the pinned dislocation is moved towards the GB. Then, equilibrium

dislocation positions including the pinned dislocation are calculated again. This last

process can be understood as the case where the applied stress cannot produced an

entire dislocation loop at the end, but the pinned dislocation is bowed out as shown

in Figure 10 (a) (see e.g. the purple curve or the blue curve).
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Figure 11: Simulation algorithms to equilibriate a double discrete dislocation pile-up during (a) load-

ing, (b) unloading. N indicates the total number of dislocations in the pile-up and (X1 (γ) , X2 (γ))

indicates the equilibrium position of the γth dislocation.

At unloading, the applied stress is removed and all the dislocations should the-
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oretically move back due to the internal stress tensor σint, which involves the back-

stresses from dislocations, image stresses and also the attractive stresses between

dislocations with opposite signs. In particular, the annihilation of dislocations with

opposite signs should occur when their separation distance is below a critical value.

However, it is reminded that the developed model is not dynamic and a static equi-

librium position calculation is performed by solving a system of nonlinear equations

using the “fsolve” function in MATLAB. Hence, within our model, two opposite dis-

locations cannot be too close to each other due to the increasing attractive stress

between them. As a consequence, the annihilation of opposite dislocations at unload-

ing is carried out by removing a pair of opposite dislocations when no equilibrium

is reached. The algorithm for the unloading process is presented in Figure 11 (b).

It should be pointed out that in the case where the pinned dislocation is bowed out

at the end of loading, then it is firstly moved back to the source position at the

beginning of the unloading process.
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Figure 12: Schematic figure of a double discrete dislocation pile-up configuration in a bi-crystal

surface layer configuration assuming a Frank-Read dislocation source. (a) At loading, the disloca-

tion source produces dislocations both towards the GB and the surface until all dislocations are

finally equilibrated. (b) At unloading, all dislocations move back towards the dislocation source

due to internal stresses (backstresses). In order to consider a double dislocation pile-up, the surface

condition can be set to be a rigid surface or a stiff layer adjacent to the free surface, but not a free

surface. τext indicates the applied resolved shear stress and the rest of the notations are the same

as described in the previous sections.

In order to create a stable double dislocation pile-up with the proposed method,

only repulsive misorientation BOri is chosen and the surface condition is defined as

a stiff layer adjacent to free surface or a rigid surface, which both can provide a

repulsive force on dislocations. In the case of bi-crystal surface layer configuration,

h = 7990 nm, hLayer = 10 nm and λ = 2 (see Eq. 9) as shown in Figure 13(a). For

the bi-crystal rigid surface configuration, h = 8000 nm and surfaces Λ1 and Λ2 are

displacement free as shown in Figure 13 (b). The source position is always located

in the center of crystal I. During loading, the applied stress is σ11 = 30 MPa. Then,

the corresponding applied resolved shear stress is τext = 15 MPa for the slip system

defined with α = 45◦ (see Figure 13). The other simulation configurations are the

same as described in subsection 3.1.2. However, two glide directions v must be
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considered as described in Figure 12. Furthermore, for the forthcoming results, the

distance from GB is the distance along the glide direction.

Figure 13: α-inclined double discrete dislocation pile-up in a slip plane of unit normal n for N

equilibrated edge dislocations with Burgers vector b and line vector t assuming: (a) stiff layers

adjacent to free surfaces, (b) rigid surfaces

3.2.3. Dislocation distributions in double discrete dislocation pile-ups

Figure 14 (a) shows the dislocation distribution with the bi-crystal surface layer

configuration. At loading, it is found that a double dislocation pile-up is always

formed ahead of the GB and the stiff layer for different values of critical stress. Be-

sides, it is also observed that the dislocation density next to the stiff layer is always

higher than the one close to the GB. Indeed, the long range attractive image stress

due to the free surface attracts dislocations towards the surface and increases the

dislocation density (see the profile of the image resolved shear stress in Figure 5).
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In contrast, the repulsive GB displays only a repulsive effect on dislocations, and so

reduces the dislocation density close to the GB. Regarding the critical stress effect,

the dislocation density decreases when the critical stress increases. The physical rea-

son is that a high critical stress always hinders dislocation motion and thus weakens

the applied stress. Then, at unloading, the number of dislocations decreases when

the critical stress decreases due to easy unpilling-up of dislocations. For example,

with τc = 1 MPa, all the dislocations are removed after unloading as shown in Figure

14 (a). However, there are more dislocations remaining stored in the pile-up with

a higher τc (see Figure 14 (a)). Since the critical stress always opposes to disloca-

tion motion, it hinders reverse dislocation motion during unloading and so reduces

dislocation annihilation during the unpilling-up mechanism.

For comparison, Figure 14 (b) shows the results with bi-crystal rigid surface

configuration. With this configuration, there are also double dislocation pile-ups both

after loading and unloading. The effects of loading/unloading and of the critical stress

are qualitatively the same as with the bi-crystal surface layer configuration. However,

the dislocation density in the pile-up is lower with rigid surfaces compared to stiff

layers for the same simulation conditions. In the case of a stiff layer, a dislocation

pile-up can be easily built as the attractive image stress due to the free surface

attracts dislocations towards the surface and close to the stiff layer, the repulsive

force stabilizes the dislocations. In contrast, a bi-crystal rigid surface configuration

displays only a repulsive effect against the dislocations canceling the long range free

surface attractive effect. Therefore, the dislocation density in the pile-up is smaller.

Furthermore, the dislocation density is now lower close to the rigid surface and higher

close to the GB. The repulsive effect of a rigid surface is indeed much stronger than

the one of a repulsive GB (Chen et al., 2019a).

Besides, it is interesting to show that with a critical stress τc = 8 MPa and
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an applied resolved shear stress τext = 15 MPa, the equilibrium positions of all

dislocations do not change at unloading whatever the surface conditions as shown

in Figure 14. The effective shear stress on each dislocation at unloading is τ =

|τext|− τc = 7 MPa which is smaller than the critical stress τc. Therefore, the driving

force at unloading is smaller than the critical stress, and so the equilibrium positions

of dislocations do not change.
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Figure 14: Dislocation equilibrium positions in double-ended dislocation pile-ups with a Frank-

Read dislocation source for different critical stresses τc during loading and unloading processes: (a)

bi-crystal surface layer configuration and (b) bi-crystal rigid surface configuration. The left Y axis

indicates the critical stress value τc and the right Y axis indicates the loading state.
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4. Conclusions and perspectives

The present paper is an application of the image decomposition method developed

by Wu and Wang (2007) for two-dimensional anisotropic elasticity to compute elastic

fields of single dislocations and discrete dislocation pile-ups in different bi-crystal

configurations in the presence of surfaces. A new bi-crystal surface layer configuration

is proposed, where a stiff layer of finite thickness adjacent to the free surface is

introduced. This stiff layer is characterized by two quantities, which are its thickness

and its stiffness given by a scalar parameter λ.

Based on the analysis of image resolved shear stress on dislocations in Ni, the

bi-crystal surface layer configuration with a stiff layer shows significant differences

compared to a bi-crystal rigid surface configuration or free surface configuration. In

particular, it is found that the distances over which free surface, grain misorientation

and stiff layer have an effect on a dislocation can be classified as follows: free/rigid

surface > GB misorientation > stiff layer. However, the effects of each heterogeneity

are always predominant at a short distance around them. Besides, a finite size effect

on the dislocation image stress is reported when considering two parallel free surfaces.

Meanwhile, a grain size effect is also found when considering two planar GBs in an

infinite tri-crystal configuration. Both size effects are due to the scaling of the image

stress with the Burgers vector magnitude |b|.

In addition, a double discrete dislocation pile-up model is proposed based on the

Frank-Read dislocation source mechanism. During loading, double dislocation pile-

ups are built up depending on GB misorientation, surface layer stiffness and critical

stress for dislocation slip. Then, at unloading, the annihilation of dislocations with

opposite signs are described during the unpilling-up mechanism. Furthermore, the

dislocation density in the pile-up is higher when considering the bi-crystal surface
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layer configuration compared to the bi-crystal rigid surface configuration both after

loading and unloading. However, the dislocation density in the pile-up is higher

close to the stiff layer than close to the GB, while the reverse effect is observed with

the bi-crystal rigid surface configuration. As expected, it is also found that with a

higher critical stress for the same considered material (Ni), there are less produced

dislocations during loading. However, at unloading, a higher critical stress reduces

or even impedes dislocation annihilation. Thus, the final dislocation density on both

sides, as the one that can be observed in post-mortem experiments, may be higher

than the one resulting from a lower critical stress. In the present study, the critical

stress of the crystalline material is regarded as a homogeneous value, although it may

change according to the distribution of internal defects in the material. Thus, a value

of critical stress associated with the local dislocation density could be considered in

a future study.

Furthermore, the developed numerical code can be used for two-dimensional DDD

calculations and the new bi-crystal surface layer configuration can be applied to study

other issues such as the improvement of fatigue life by hard surface coatings (Dodaran

et al., 2020) or the effect of passivated layers on the mechanical behavior of thin films

(Nicola et al., 2006).

Supplementary materials

The developed MATLAB code for the image resolved shear stress calculation on

one single dislocation in the bi-crystal with different surface conditions (as shown in

the figure 3(b) of this paper) and with GB seen as an interphase with a given stiffness

(Chen et al., 2019a), is provided at https://github.com/AniPlas/AniSurfDis. This

code is based on the image decomposition method originally developed by Wang

et al. (2007). The provided code can be easily adapted to simpler cases (planar GB
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without thickness or surface without stiff layer) but always with two outside free

surfaces (surfaces Λ1 and Λ2 in the figure 3 (b) of this paper). Besides, the provided

code can be used with multi-CPUs acceleration with MATLAB Parallel Computing

Toolbox and with C-MEX acceleration (using the MATLAB Coder Toolbox within

MATLAB 2018a or more recent versions).
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Appendix A. List of notations used in the image decomposition method

Superscripts and subscripts

i, j, k, l subscripts of a vector or a tensor in the three dimensional Cartesian coordi-

nates, where i, j, k, l = 1, 2 and 3

s symbol that denotes a single dislocation

t x1−, x2− and x3− components of the variable, which corresponds to t = 1, 2

and 3, respectively

K index of corresponding subproblem

J index of the image dislocation densities for each subproblem

U upper interface of each crystal

L lower interface of each crystal

R real part of the variable

I imaginary part of the variable

α index of the eigenvalues with positive imaginary parts and the associated

eigenvectors of the Stroh sextic equation (α = 1, 2 and 3)

Variables
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x′ position vector of image dislocation densities

h thickness of the corresponding crystal

Cijkl elastic stiffness tensor components of the corresponding crystal (always in

index notations)

ρ image dislocation densities

u displacement vector

σ Cauchy stress tensor

b Burgers vector

ξ intermediate matrix defined in Eq. 3 which is related to the elastic stiffness

tensor of the crystal

ζ intermediate matrix defined in Eq. 3 which is related to the elastic stiffness

tensor of the crystal

p vector containing the eigenvalues with positive imaginary parts of the Stroh

sextic equation

A Stroh matrix containing the associated eigenvectors of p

B Stroh intermediate matrix associated with Cijkl, p and A of the crystal

δ Kronecker delta

C matrix that depends on material elastic properties, defined in Eq. C.1 (Ap-

pendix C)

C0 matrix that depends on material elastic properties, defined in Eq. C.2 (Ap-

pendix C)

CR vector containing the Burgers vector of the single dislocation defined in Eq.

C.8 (Appendix C)

CR0 vector containing the Burgers vector of the single dislocation defined in Eq.

C.9 (Appendix C)
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Functions

P () rational function of first-order polynomials defined in Eq. 4

Q () rational function of second-order polynomials defined in Eq. 4

H () integral transform function defined in Eq. 7

I () integral transform function defined in Eq. 7

sgn () sign function

δ () Dirac delta function

H0 matrix of integral operators for ρ defined in Eq. C.3 (Appendix C)

CH matrix of integral operators for ρ defined in Eq. C.4 (Appendix C)

CI matrix of integral operators for ρ defined in Eq. C.5 (Appendix C)

CH0 matrix of integral operators for ρ defined in Eq. C.6 (Appendix C)

CI0 matrix of integral operators for ρ defined in Eq. C.7 (Appendix C)

In our notation, the Einstein’s convention over repeated indices is used when

indices are underlined (see e.g. Eq. 1). Bold characters denote matrices or vectors.

Appendix B. Mathematical method of Wang et al. (2007) for singularity

problems in integral equations

In Eq. 8, a singularity term is found with 2π
[
ξtR1αi2H (0, 0) + ξtI1αi2I (0, 0−)

] [
ρt1U (x1)

]
,

in which:

2πξtR1αi2H (0, 0)
[
ρt1U (x1)

]
= 2ξtR1αi2

∫ ∞
−∞

P (x1 − x′1, 0, 0) ρt1U (x′1) dx
′
1 (B.1)

2πξtI1αi2I
(
0, 0−

) [
ρt1U (x1)

]
= 2ξtI1αi2

∫ ∞
−∞

Q
(
x1 − x′1, 0, 0−

)
ρt1U (x′1) dx

′
1 (B.2)
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In the case where a→ 0 and b→ 0, the limiting values of the functions P and Q are

given by (Wang et al., 2007):

Lima,b→0P (x1 − x′1, a, b) = P (x1 − x′1, 0, 0) =
1

x1 − x′1
(B.3)

Lima,b→0Q (x1 − x′1, a, b) = Q (x1 − x′1, 0, 0) = πsgn (b) δ (x1 − x′1) (B.4)

The sign of the limit of Q depends on its third argument b which is especially im-

portant when limit value is evaluated at an infinitesimally small distance above and

below an interface (Wang et al., 2007). Using the expression of Eq. B.3, Eq. B.1

can be written as:

2πξtR1αi2H (0, 0)
[
ρt1U (x1)

]
= 2ξtR1αi2

∫ ∞
−∞

ρt1U (x′1)

x1 − x′1
dx′1 (B.5)

Hence, it can be seen that Eq. B.5 displays a singularity in the integral equation. In

order to remove this singularity, Wang et al. (Wang and Wu, 2005; Wu and Wang,

2007) have developed the technique of the H and I integral transforms. These H

and I transforms can be used on P and Q functions or on themselves via residue

calculus. In particular, using H (0, 0) on itself can be used to remove the singularity

problem in Eq. B.5 as:

H (0, 0)H (0, 0) = −I
(
0, 0+

)
(B.6)

Then, combining Eqs. 7 and B.4, the transform I (0, 0±) on image dislocation den-

sities can be calculated as:

I
(
0, 0±

)
[ρ (x1)] = sgn

(
0±
)
ρ (x1) (B.7)
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Thus, combining Eqs. B.6 and B.7, the singularity terms coming from H (0, 0) can

be removed, and the image dislocation densities appear by themselves. However,

when the transform H (0, 0) is used on all the terms, the product H (0, 0) I (0, 0±) =

sgn (0±)H (0, 0) produce new singularity terms (H (0, 0) is directly applied on image

dislocation densities themselves). In order to solve this problem, Wang et al. (2007)

have developed a numerical method which is described below. Combining all the 18

boundary conditions, a system of nonlinear equations is formed with 18 Fredholm

equations of second kind (i=1,2 and 3) with 18 unknowns ρ = [ρt1U , ρ
t
1L, ρ

t
2U , ρ

t
2L, ρ

t
3U , ρ

t
3L]

T

as shown below:

Cρ+C0H0ρ+CHρ+CIρ+CR = 0 (B.8)

where H0,CH,CI are matrices of integral operators for the image dislocation densi-

ties ρ while C and C0 are matrices whose coefficients only depend on material elastic

properties. CR is a vector that contains the Burgers vector of the single dislocation.

All the components of these matrices are reported in Appendix C. In Eq. B.8,

the singularities C0H0ρ cannot be removed by applying H (0, 0) on all the terms

because it would produce new singularities on the first term, as CH0ρ. However, an

implicit expression of the image dislocation densities can be obtained from solving

the algebraic equation B.8 as:

ρ = −C−1 (C0H0ρ+CHρ+CIρ+CR) (B.9)

Then, by substitution of Eq. B.9 in Eq. B.8, the final expression of the equations

without singularity terms can be written as:
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(
C +C0C

−1C0

)
ρ+

(
CH +CI −C0C

−1CH0H −C0C
−1CI0

)
ρ

= −CR +C0C
−1CR0

(B.10)

where the matricial expressions of integral operators CH0,CI0 and vector CR0 can

be found in Appendix C. In the final expression (Eq. B.10), there is no term

with integral operator H (0, 0) directly applied on the image dislocation densities ρ,

which proves that the singularity disappeared and can be easily used for integral

calculations.
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Appendix C. Full coefficient matrix of image decomposition method

For one dislocation in a tri-material configuration with two free surfaces as presented in Figure 1, the 18×18 matrices of coefficients

C,C0, the 18 × 18 matrices of integral operators H0,CH,CI,CH0,CI0, the 18 × 1 vectors in function of Burgers vector CR,CR0

and the image dislocation densities vector ρ in Eqs. B.8, B.9 and B.10 are expressed in follows:

C = 2π



−ξtR1αi2 0 0 0 0 0

0 0 0 0 0 −ξtR3αi2
0 −ξtR1αi2 ξtR2αi2 0 0 0

0 ζtI1αi1 ζtI2αi1 0 0 0

0 0 0 −ξtR2αi2 ξtR3αi2 0

0 0 0 ζtI2αi1 ζtI3αi1 0


(C.1)

C0 = 2π



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 ζtR1αi1 −ζtR2αi1 0 0 0

0 0 0 0 0 0

0 0 0 ζtR2αi1 −ζtR3αi1 0


(C.2)

H0 = 2π



H (0, 0) 0 0 0 0 0

0 H (0, 0) 0 0 0 0

0 0 H (0, 0) 0 0 0

0 0 0 H (0, 0) 0 0

0 0 0 0 H (0, 0) 0

0 0 0 0 0 H (0, 0)


(C.3)
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CH (:, 1 : 6) = 2π



0 ξtI1αi2H
(
pR1αh1, p

I
1αh1

)
−ξtI3αi2H

(
−pR3α (h1 + h2 + h3) , p

I
3α (h1 + h2 + h3)

)
0

−ξtI1αi2H
(
−pR1αh1, pI1αh1

)
+ ξtI2αi2H

(
−pR2αh1, pI2αh1

)
0

ζtR1αi1H
(
−pR1αh1,−pI1αh1

)
− ζtR2αi1H

(
−pR2αh1,−pI2αh1

)
0

−ξtI2αi2H
(
−pR2α (h1 + h2) , p

I
2α (h1 + h2)

)
+ ξtI3αi2H

(
−pR3α (h1 + h2) , p

I
3α (h1 + h2)

)
0

ζtR2αi1H
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
− ζtR3αi1H

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CH (:, 7 : 12) = 2π



0 ξtI1αi2H
(
pR1α (h1 + h2) , p

I
1α (h1 + h2)

)
−ξtI3αi2H

(
−pR3α (h2 + h3) , p

I
3α (h2 + h3)

)
0

0 ξtI1αi2H
(
pR1αh2, p

I
1αh2

)
− ξtI2αi2H

(
pR2αh2, p

I
2αh2

)
0 ζtR1αi1H

(
pR1αh2, p

I
1αh2

)
− ζtR2αi1H

(
pR2αh2, p

I
2αh2

)
−ξtI2αi2H

(
−pR2αh2, pI2αh2

)
+ ξtI3αi2H

(
−pR3αh2, pI3αh2

)
0

ζtR2αi1H
(
−pR2αh2,−pI2αh2

)
− ζtR3αi1H

(
−pR3αh2,−pI3αh2

)
0



CH (:, 13 : 18) = 2π



0 ξtI1αi2H
(
pR1α (h1 + h2 + h3) , p

I
1α (h1 + h2 + h3)

)
−ξtI3αi2H

(
−pR3αh3, pI3αh3

)
0

0 ξtI1αi2H
(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
− ξtI2αi2H

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 ζtR1αi1H

(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
− ζtR2αi1H

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 ξtI2αi2H

(
pR2αh3, p

I
2αh3

)
− ξtI3αi2H

(
pR3αh3, p

I
3αh3

)
0 ζtR2αi1H

(
pR2αh3, p

I
2αh3

)
− ζtR3αi1H

(
pR3αh3, p

I
3αh3

)


(C.4)
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CI (:, 1 : 6) = 2π



0 −ξtR1αi2I
(
pR1αh1, p

I
1αh1

)
−ξtR3αi2I

(
−pR3α (h1 + h2 + h3) , p

I
3α (h1 + h2 + h3)

)
0

−ξtR1αi2I
(
−pR1αh1, pI1αh1

)
+ ξtR2αi2I

(
−pR2αh1, pI2αh1

)
0

ζtI1αi1I
(
−pR1αh1,−pI1αh1

)
− ζtI2αi1I

(
−pR2αh1,−pI2αh1

)
0

−ξtR2αi2I
(
−pR2α (h1 + h2) , p

I
2α (h1 + h2)

)
+ ξtR3αi2I

(
−pR3α (h1 + h2) , p

I
3α (h1 + h2)

)
0

ζtI2αi1I
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
− ζtI3αi1I

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CI (:, 7 : 12) = 2π



0 −ξtR1αi2I
(
pR1α (h1 + h2) , p

I
1α (h1 + h2)

)
−ξtR3αi2I

(
−pR3α (h2 + h3) , p

I
3α (h2 + h3)

)
0

0 −ξtR1αi2I
(
pR1αh2, p

I
1αh2

)
+ ξtR2αi2I

(
pR2αh2, p

I
2αh2

)
0 ζtI1αi1I

(
pR1αh2, p

I
1αh2

)
− ζtI2αi1I

(
pR2αh2, p

I
2αh2

)
−ξtR2αi2I

(
−pR2αh2, pI2αh2

)
+ ξtR3αi2I

(
−pR3αh2, pI3αh2

)
0

ζtI2αi1I
(
−pR2αh2,−pI2αh2

)
− ζtI3αi1I

(
−pR3αh2,−pI3αh2

)
0



CI (:, 13 : 18) = 2π



0 −ξtR1αi2I
(
pR1α (h1 + h2 + h3) , p

I
1α (h1 + h2 + h3)

)
−ξtR3αi2I

(
−pR3αh3, pI3αh3

)
0

0 −ξtR1αi2I
(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
+ ξtR2αi2I

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 ζtI1αi1I

(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
− ζtI2αi1I

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 −ξtR2αi2I

(
pR2αh3, p

I
2αh3

)
+ ξtR3αi2I

(
pR3αh3, p

I
3αh3

)
0 ζtI2αi1I

(
pR2αh3, p

I
2αh3

)
− ζtI3αi1I

(
pR3αh3, p

I
3αh3

)


(C.5)
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CH0 (:, 1 : 6) = 2π



0 −ξtI1αi2I
(
pR1αh1, p

I
1αh1

)
ξtI3αi2I

(
−pR3α (h1 + h2 + h3) , p

I
3α (h1 + h2 + h3)

)
0

ξtI1αi2I
(
−pR1αh1, pI1αh1

)
− ξtI2αi2I

(
−pR2αh1, pI2αh1

)
0

−ζtR1αi1I
(
−pR1αh1,−pI1αh1

)
+ ζtR2αi1I

(
−pR2αh1,−pI2αh1

)
0

ξtI2αi2I
(
−pR2α (h1 + h2) , p

I
2α (h1 + h2)

)
− ξtI3αi2I

(
−pR3α (h1 + h2) , p

I
3α (h1 + h2)

)
0

−ζtR2αi1I
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
+ ζtR3αi1I

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CH0 (:, 7 : 12) = 2π



0 −ξtI1αi2I
(
pR1α (h1 + h2) , p

I
1α (h1 + h2)

)
ξtI3αi2I

(
−pR3α (h2 + h3) , p

I
3α (h2 + h3)

)
0

0 −ξtI1αi2I
(
pR1αh2, p

I
1αh2

)
+ ξtI2αi2I

(
pR2αh2, p

I
2αh2

)
0 −ζtR1αi1I

(
pR1αh2, p

I
1αh2

)
+ ζtR2αi1I

(
pR2αh2, p

I
2αh2

)
ξtI2αi2I

(
−pR2αh2, pI2αh2

)
− ξtI3αi2I

(
−pR3αh2, pI3αh2

)
0

−ζtR2αi1I
(
−pR2αh2,−pI2αh2

)
+ ζtR3αi1I

(
−pR3αh2,−pI3αh2

)
0



CH0 (:, 13 : 18) = 2π



0 −ξtI1αi2I
(
pR1α (h1 + h2 + h3) , p

I
1α (h1 + h2 + h3)

)
ξtI3αi2I

(
−pR3αh3, pI3αh3

)
0

0 −ξtI1αi2I
(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
+ ξtI2αi2I

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 −ζtR1αi1I

(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
+ ζtR2αi1I

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 −ξtI2αi2I

(
pR2αh3, p

I
2αh3

)
+ ξtI3αi2I

(
pR3αh3, p

I
3αh3

)
0 −ζtR2αi1I

(
pR2αh3, p

I
2αh3

)
+ ζtR3αi1I

(
pR3αh3, p

I
3αh3

)


(C.6)
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CI0 (:, 1 : 6) = 2π



0 −ξtR1αi2H
(
pR1αh1, p

I
1αh1

)
−ξtR3αi2H

(
−pR3α (h1 + h2 + h3) , p

I
3α (h1 + h2 + h3)

)
0

−ξtR1αi2H
(
−pR1αh1, pI1αh1

)
+ ξtR2αi2H

(
−pR2αh1, pI2αh1

)
0

−ζtI1αi1H
(
−pR1αh1,−pI1αh1

)
+ ζtI2αi1H

(
−pR2αh1,−pI2αh1

)
0

−ξtR2αi2H
(
−pR2α (h1 + h2) , p

I
2α (h1 + h2)

)
+ ξtR3αi2H

(
−pR3α (h1 + h2) , p

I
3α (h1 + h2)

)
0

−ζtI2αi1H
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
+ ζtI3αi1H

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CI0 (:, 7 : 12) = 2π



0 −ξtR1αi2H
(
pR1α (h1 + h2) , p

I
1α (h1 + h2)

)
−ξtR3αi2H

(
−pR3α (h2 + h3) , p

I
3α (h2 + h3)

)
0

0 −ξtR1αi2H
(
pR1αh2, p

I
1αh2

)
+ ξtR2αi2H

(
pR2αh2, p

I
2αh2

)
0 ζtI1αi1H

(
pR1αh2, p

I
1αh2

)
− ζtI2αi1H

(
pR2αh2, p

I
2αh2

)
−ξtR2αi2H

(
−pR2αh2, pI2αh2

)
+ ξtR3αi2H

(
−pR3αh2, pI3αh2

)
0

−ζtI2αi1H
(
−pR2αh2,−pI2αh2

)
+ ζtI3αi1H

(
−pR3αh2,−pI3αh2

)
0



CI0 (:, 13 : 18) = 2π



0 −ξtR1αi2H
(
pR1α (h1 + h2 + h3) , p

I
1α (h1 + h2 + h3)

)
−ξtR3αi2H

(
−pR3αh3, pI3αh3

)
0

0 −ξtR1αi2H
(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
+ ξtR2αi2H

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 ζtI1αi1H

(
pR1α (h2 + h3) , p

I
1α (h2 + h3)

)
− ζtI2αi1H

(
pR2α (h2 + h3) , p

I
2α (h2 + h3)

)
0 −ξtR2αi2H

(
pR2αh3, p

I
2αh3

)
+ ξtR3αi2H

(
pR3αh3, p

I
3αh3

)
0 ζtI2αi1H

(
pR2αh3, p

I
2αh3

)
− ζtI3αi1H

(
pR3αh3, p

I
3αh3

)


(C.7)
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CR (1 : 3) =2



[
−ξtR1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

{
−ξtR3αi2Q

[
x1 − x1s, pR3α (x24 − x2s) ,−pI3α (x24 − x2s)

]
− ξtI3αi2P

[
x1 − x1s, pR3α (x24 − x2s) ,−pI3α (x24 − x2s)

]}
bt

{
ξtR2αi2Q

[
x1 − x1s, pR2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− sgn
[
pI2α (x22 − x2s)

]
ξtI2αi2P

[
x1 − x1s, pR2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− ξtR1αi2Q
[
x1 − x1s, pR1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]

+sgn
[
pI1α (x22 − x2s)

]
ξtI1αi2P

[
x1 − x1s, pR1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]} bt



CR (4 : 6) =2



{
−ζtR2αi1P

[
x1 − x1s, pR2α (x22 − x2s) , pI2α (x22 − x2s)

]
− ζtI2αi1Q

[
x1 − x1s, pR2α (x22 − x2s) , pI2α (x22 − x2s)

]
+ζtR1αi1P

[
x1 − x1s, pR1α (x22 − x2s) , pI1α (x22 − x2s)

]
+ ζtI1αi1Q

[
x1 − x1s, pR1α (x22 − x2s) , pI1α (x22 − x2s)

]}
bt

{
ξtR3αi2Q

[
x1 − x1s, pR3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− sgn
[
pI3α (x23 − x2s)

]
ξtI3αi2P

[
x1 − x1s, pR3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− ξtR2αi2Q
[
x1 − x1s, pR2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]

+sgn
[
pI2α (x23 − x2s)

]
ξtI2αi2P

[
x1 − x1s, pR2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]} bt

{
−ζtR3αi1P

[
x1 − x1s, pR3α (x23 − x2s) , pI3α (x23 − x2s)

]
− ζtI3αi1Q

[
x1 − x1s, pR3α (x23 − x2s) , pI3α (x23 − x2s)

]
+ζtR2αi1P

[
x1 − x1s, pR2α (x23 − x2s) , pI2α (x23 − x2s)

]
+ ζtI2αi1Q

[
x1 − x1s, pR2α (x23 − x2s) , pI2α (x23 − x2s)

]}
bt


(C.8)

66



CR0 (1 : 3) =2



[
−ξtR1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
− ξtI1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

{
−ξtR3αi2P

[
x1 − x1s, pR3α (x24 − x2s) ,−pI3α (x24 − x2s)

]
+ ξtI3αi2Q

[
x1 − x1s, pR3α (x24 − x2s) ,−pI3α (x24 − x2s)

]}
bt

{
ξtR2αi2P

[
x1 − x1s, pR2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

+ sgn
[
pI2α (x22 − x2s)

]
ξtI2αi2Q

[
x1 − x1s, pR2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− ξtR1αi2P
[
x1 − x1s, pR1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]

−sgn
[
pI1α (x22 − x2s)

]
ξtI1αi2Q

[
x1 − x1s, pR1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]} bt



CR0 (4 : 6) =2



{
ζtR2αi1Q

[
x1 − x1s, pR2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− sgn
[
pI2α (x22 − x2s)

]
ζtI2αi1P

[
x1 − x1s, pR2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− ζtR1αi1Q
[
x1 − x1s, pR1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]

+sgn
[
pI1α (x22 − x2s)

]
ζtI1αi1P

[
x1 − x1s, pR1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]} bt

{
ξtR3αi2P

[
x1 − x1s, pR3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

+ sgn
[
pI3α (x23 − x2s)

]
ξtI3αi2Q

[
x1 − x1s, pR3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− ξtR2αi2P
[
x1 − x1s, pR2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]

−sgn
[
pI2α (x23 − x2s)

]
ξtI2αi2Q

[
x1 − x1s, pR2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]} bt

{
ζtR3αi2Q

[
x1 − x1s, pR3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− sgn
[
pI3α (x23 − x2s)

]
ζtI3αi2P

[
x1 − x1s, pR3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− ζtR2αi2Q
[
x1 − x1s, pR2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]

+sgn
[
pI2α (x23 − x2s)

]
ζtI2αi2P

[
x1 − x1s, pR2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]} bt
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ρ =



ρt1U

ρt1L

ρt2U

ρt2L

ρt3U

ρt3L


(C.10)

Each element in the previous matrices is a 3× 3 matrix:

−ξtR1αi2 =


−ξ1R1α12 −ξ2R1α12 −ξ3R1α12
−ξ1R1α22 −ξ2R1α22 −ξ3R1α22
−ξ1R1α32 −ξ2R1α32 −ξ3R1α32



H (0, 0) =


H (0, 0) 0 0

0 H (0, 0) 0

0 0 H (0, 0)



−ξtI1αi2I
(
pR1αh1, p

I
1αh1

)
=


−ξ1I1α12I

(
pR1αh1, p

I
1αh1

)
−ξ2I1α12I

(
pR1αh1, p

I
1αh1

)
−ξ3I1α12I

(
pR1αh1, p

I
1αh1

)
−ξ1I1α22I

(
pR1αh1, p

I
1αh1

)
−ξ2I1α22I

(
pR1αh1, p

I
1αh1

)
−ξ3I1α22I

(
pR1αh1, p

I
1αh1

)
−ξ1I1α32I

(
pR1αh1, p

I
1αh1

)
−ξ2I1α32I

(
pR1αh1, p

I
1αh1

)
−ξ3I1α32I

(
pR1αh1, p

I
1αh1

)


[0] =


0 0 0

0 0 0

0 0 0
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Meanwhile, each element in the vector is a 3× 1 vector, for example:[
−ξtR1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

=


[
−ξtR1α12Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1α12P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt[

−ξtR1α22Q
(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1α22P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt[

−ξtR1α32Q
(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1α32P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt



ρt1U =


ρ11U

ρ21U

ρ31U
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