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In the present study, an RE-1000 Free Piston Stirling Engine (FPSE) combined with a Permanent Magnet Linear Synchronous Machine (PMLSM) was analyzed. First, a nonlinear thermodynamic model of the FPSE was developed and validated. Based on this model, gas temperatures and pressures in different parts of the system and also its thermal efficiency can be calculated. Then, the PMLSM was modeled. At the next step, the systems were combined, and the results of the adapted controlled combined system were presented. Finally, by modifying the reference velocity parameters (amplitude and frequency), respecting the physical limitations of the system, it is possible to find the optimum operating point. At this optimum operating point, the efficiency of the system is maximum. The results also showed that this optimum point happened when the summation of the pistons' strokes (power piston stroke + displacer piston stoke) was at its maximum amplitude.

Introduction

Converting thermal energy to electricity is one of the most common energy conversions in the world. Generally, for each source of thermal energy, a system that can match to that source characteristics is developed, which should have a high efficiency.

Stirling engines are systems with one of the highest theoretical efficiencies. Due to their external combustion, they can work with many renewable or nonrenewable heat sources. These systems can work with different energy sources such as biomass, solar energy, natural gas, or gasoline [START_REF] Majidniya | Nonlinear modeling of a Free Piston Stirling Engine combined with a Permanent Magnet Linear Synchronous Machine[END_REF]. Thus, these systems can be used in a large range of applications as a main thermal conversion system or as an auxiliary one for heat recovery purposes beside systems like fuel cells, data centers, automotive engines and different industrial processes (steel industry, chemistry industry, and other industries.) [START_REF] Güven | Optimization and application of Stirling engine for waste heat recovery from a heavy-duty truck engine[END_REF][START_REF] Marefati | Introducing an integrated SOFC, linear Fresnel solar field, Stirling engine and steam turbine combined cooling, heating and power process[END_REF][START_REF] Salehi | Energy, exergy, and environmental (3E) assessments of an integrated molten carbonate fuel cell (MCFC), Stirling engine and organic Rankine cycle (ORC) cogeneration system fed by a biomass-fueled gasifier[END_REF][START_REF] Ferreira | Assessment of the Stirling engine performance comparing two renewable energy sources: Solar energy and biomass[END_REF][START_REF] Song | Heat transfer enhancement in tubular heater of Stirling engine for waste heat recovery from flue gas using steel wool[END_REF]. Stirling engines based on their generator type can be categorized into rotating and linear ones. In a rotating Stirling engine, the linear movement of the power piston is converted into a rotary one through a crank-shaft in order to be used in a rotating generator. In a linear Stirling engine, the linear movement of the power piston is converted to electricity directly through a linear generator. Furthermore, from the transmission mechanism point of view, a Stirling engine can be kinematic or dynamic. In the kinematic ones, the power piston and displacer piston are connected by a rigid connector. In the dynamic ones that are known as Free Piston Stirling Engines (FPSE) and were invented by W.T. Beale in 1964 [START_REF] Walker | Stirling engines[END_REF], the pistons' movements are synchronized by their dynamic behavior. An FPSE combined with a Permanent Magnet Linear Synchronous Machine (PMLSM) compared to conventional power generators has a higher efficiency cost ratio [START_REF] Majidniya | Nonlinear modeling of a Free Piston Stirling Engine combined with a Permanent Magnet Linear Synchronous Machine[END_REF][START_REF] Subramanian | Study of radial and axial magnets for linear alternator-Free piston engine system[END_REF]. Moreover, they are reliable systems that, compared to the rotating ones, are more compact, lightweight, and have better sealing [START_REF] Subramanian | Study of radial and axial magnets for linear alternator-Free piston engine system[END_REF][START_REF] Redlich | A summary of twenty years experience with linear motors and alternators[END_REF][START_REF] Loktionov | Solar powered free-piston stirling-Linear alternator module for the lunar base[END_REF]. In order to develop tools that can help the design and also the use of the FPSE-PMLSM system, an accurate model with an adapted control system is required. All of these drew the attention of the authors to this topic.

Tavakolpour-Saleh et al. [START_REF] Tavakolpour-Saleh | Applying perturbation technique to analysis of a free piston Stirling engine possessing nonlinear springs[END_REF][START_REF] Zare | Frequency-based design of a free piston Stirling engine using genetic algorithm[END_REF] described new FPSE designing methods (multiple-scale perturbation and genetic algorithm). The results showed more than a 20% difference between theoretical and experimental power production. It should be noted that they ignored the losses including pressure drops inside heat exchangers. They used a linearized set of equations in their studies by ignoring nonlinear terms. de la Bat et al. [START_REF] De La Bat | Simulation, manufacture and experimental validation of a novel single-acting free-piston Stirling engine electric generator[END_REF] studied an FPSE by a fully explicit one-dimensional model based on the linearized equations. Comparing theoretical and experimental results showed a big difference between calculated and measured space pressures and output power. Many reasons can cause this problem, including ignoring losses such as pressure drops. Ye et al. [START_REF] Ye | Application of artificial neural network for predicting the dynamic performance of a free piston Stirling engine[END_REF], based on a linearized model of a beta-type FPSE while ignoring the pressure drops, and also known sinusoidal movements of the pistons, studied the effect of the dynamic input parameters on the FPSE. They had a huge difference between numerical and experimental phase angles that as they mentioned, is due to ignore the pressure drops in heat exchangers. Chi et al. [START_REF] Chi | CFD simulation and investigation on the operating mechanism of a beta-type free piston Stirling engine[END_REF] developed a two-dimensional axisymmetric CFD model for beta-type FPSE. The results show more than a 30% difference between theoretical and experimental power output. As they mentioned, this difference can be due to some FPSE losses that were neglected.

The knowledge of the pressure drops is a key parameter to have a good estimation of FPSE behavior [START_REF] Formosa | Coupled thermodynamic-dynamic semi-analytical model of free piston Stirling engines[END_REF]. The best way to estimate the pressure drops is to use the equations which are closer to reality. This goal can be achieved by nonlinear equations. Also using a thermodynamic model by providing the instantaneous gas properties in each part of the system, gives the information which is useful to have a more precise estimation of the system behavior including its efficiency [START_REF] Urieli | Stirling cycle engine analysis[END_REF] Based on the bibliography that has been done by the authors, a detailed nonlinear thermodynamic study of the FPSE combined with a linear generator has not been done yet. Most of the recent studies focused only on developing a linear alternator for the FPSE and did not present a model for it. They developed different linear generators to be coupled with an FPSE [START_REF] Dang | Theoretical and experimental results of tubular linear induction generator for Stirling cogenerator system[END_REF][START_REF] Dang | Sizing Optimization of Tubular Linear Induction Generator and Its Possible Application in High Acceleration Free-Piston Stirling Microcogeneration[END_REF][START_REF] Dang | Sizing optimization of tubular linear induction generator for a new stirling micro-cogenerator system[END_REF][START_REF] Kim | Design and analysis of linear oscillatory singlephase permanent magnet generator for free-piston stirling engine systems[END_REF][START_REF] Zheng | Research on control strategy of free-piston stirlingengine linear-generator system[END_REF][START_REF] Hew | Fabrication and testing of linear electric generator for use with a free-piston engine[END_REF]. Some of the other studies just developed a linear model of the FPSE and focused on its dynamic aspects and did not present a model for the linear alternator [START_REF] Karabulut | Performance prediction of a Martini type of Stirling engine[END_REF][START_REF] Boucher | Optimization of a dual free piston Stirling engine[END_REF]. They considered the generator as a damper for the FPSE. A few studies that modeled both systems did not go further than a linear model [START_REF] Zheng | Electromagnetic design and control strategy of an axially magnetized permanent-magnet linear alternator for free-piston stirling engines[END_REF][START_REF] Zhu | Modeling and experimental investigation of a free-piston Stirling engine-based micro-combined heat and power system[END_REF]. First of all, to develop a reliable controller for the FPSE-PMLSM combined system, an accurate model of both is needed.

All these come to this point that developing a precise combined model of an FPSE with a PMLSM is necessary. Furthermore, a linear model is not capable of predicting the realistic dynamic behavior of the FPSE [START_REF] Majidniya | Nonlinear modeling of a Free Piston Stirling Engine combined with a Permanent Magnet Linear Synchronous Machine[END_REF]; thus, a nonlinear model is required. Also, Since the FPSE is a dynamic Stirling engine that the displacer piston and the power piston movements are synchronized by their dynamic behavior, and this behavior is a function of the pressures in the compression, expansion, buffer and gas spring spaces, a precise thermodynamic model, is needed to identify these thermodynamic values (pressures, temperatures, volumes, and other thermodynamic properties.). Also, in order to have a stable combined system, an adapted control system should be developed [START_REF] De La Bat | Simulation, manufacture and experimental validation of a novel single-acting free-piston Stirling engine electric generator[END_REF]. This adapted control system should ensure the stability of the system under different working conditions in order to be able to track the optimum operating point.

The first important point is that the present nonlinear thermodynamic model of the FPSE, which is coupled with a PMLSM, has not been done before as it is done in the present study (based on the bibliography that has been done by the authors). The next important point is that this study is presenting a new control method for the system. All the recent studies were based on the conventional PI (Proportional-Integral) or PID (Proportional-Integral-Derivative) controllers, but here, the conventional controllers are replaced with PR (Proportional-Resonant) controllers. For the present system, using a PR controller results in a wider range of stability, which allows us to find the optimum point of the system by varying the reference velocity amplitude and frequency. Finally, the effect of reference velocity parameters on the system was studied. Afterward, based on the physical limitations, the system based on the reference velocity parameters was optimized, which has not been done before. It should be noted that all the models were done in MATLAB Simulink®. This study is a foundation for an experimental one that will be done in the near future.

System Analysis

The schematic of the combined FPSE-PMLSM system is shown in Figure 1. The FPSE is a Sunpower RE-1000 engine, and the PMLSM is a three-phase alternator. The piston of the FPSE is connected to the PLMLSM mover, and their movements are controlling by a control system. The details of each system will be discussed in the following. 

FPSE Analysis

The method that was used to develop the thermodynamic model of the FPSE is explained step by step in Table 1 with the related equations and descriptions. This model was developed in MATLAB Simulink®. It should be noted that in order to have a more precise model, the regenerator was divided into two parts ('1, '2), 
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After calculating ) , by an integration, ) values will be calculated that will be used as input parameters (Step 1). These set of equations (33-38) are based on the following equation:
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In Table 1, the whole procedure of the nonlinear thermodynamic FPSE modeling was described in detail, and all the equations were presented in the order that they have been utilized to model the system. As can be seen, the procedure of modeling is a step by step procedure that will start based on some assumptions, and after calculating the new values, they will be used as inputs for the next time step. The proposed model was also validated with experimental results of RE-1000 in Table 2. All the input parameters for the model validation are based on Schreiber [START_REF] Schreiber | Testing and performance characteristics of a 1-kW free piston Stirling engine[END_REF] study. The piston stroke means the distance that the piston is travelling during a cycle. As can be seen, the thermodynamic model of FPSE was validated. Now, this model can be used in the combined system.

PMLSM Analysis

As it was discussed, a three-phase permanent magnet linear alternator was chosen to be coupled with the FPSE model. The set of equations that were used to model this system are as following:
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Since controlling the PMLSM in the three-phase frame (" 1 1 !) is hard, the equations were written in the two-phase frame 3 1 …7. Converting three-phase to two-phase frames and vice versa can be done by Park and Concordia transformations [START_REF] Remy | Commande optimisée d'un actionneur linéaire synchrone pour un axe de positionnement rapide[END_REF].
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(2.2.10) ‡ is representing current ( )/voltage ( ), and can be calculated as:
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is the speed of the PMLSM mover. Based on all these equations, the block diagram of the PMLSM model will be as Figure 2: As can be seen, the model of the PMLSM was coupled with a control system to control it. In the control system, two PR (Proportional-Resonant) controllers to control ' and and one PI (Proportional-Integral) controller to control 4 are used. Using PR controllers results in a more stable system in a wider range of control/system parameter variations compared to PI controllers. The transfer functions of the PI and PR controllers are as:
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Combined System Analysis

Coupling FPSE with PMLSM means coupling all the related equations together. To do this, since the PMLSM mover is connected to the FPSE power piston, their velocity and acceleration will be the same; thus in the PMLSM equations will be replaced with . Furthermore, the dynamic equation of the PMLSM will be coupled with the dynamic equation of the FPSE power piston as:
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By making these changes in the PMLSM and FPSE set of equations, two systems can be coupled in MATLAB Simulink®. The input parameters of the combined system are presented in Table 3. The working gas is Helium. Based on the input parameters of Table 3, the results of the combined system modeling are presented in Figure 3 -Figure 6. The reference value of 4 is equal to zero and for the velocity, the reference is a sinusoidal wave with an amplitude of 1.5 m/s and frequency of 30 Hz. Furthermore, the reference value of ' is a result of controlling the velocity and its reference value. 4 show the results of the system control. As can be seen, the combined system is well controlled, and always the resulted values follow their references. Figure 5 shows the power piston and displacer piston positions at each moment. As can be seen, after stabilization, the behavior of the system is almost sinusoidal. Figure 6 shows the gas temperature variation in each space. The regenerator temperatures are almost constant, but for other spaces, there is a periodic temperature variation. The maximum temperature variations happen in expansion space. Based on all figures, it can be seen by having constant wall temperatures as Table 3 and having the same values as initial gas temperatures for step 1 of Table 1, the system will be stabilized just after a few cycles (less than 10 cycles).

System optimization

In this section, the effect of reference velocity parameters on the system, by considering its physical limitations, will be discussed. The physical limitations here are the maximum pistons' displacements that were identified during FPSE construction. The reference velocity parameters that here are reference velocity amplitude and frequency, directly affect the pistons' strokes. To study the effect of these parameters on the system and find out how the system can be optimized, the effect of each parameter separately and also simultaneously on the system performance was studied.

It is assumed that the maximum displacer and power piston strokes are 0.0154 and 0.014 , respectively.

First, variations of system parameters based on the reference velocity frequency at its constant amplitude, according to the system physical limitations, are studied. In Figure 7, it is shown that how increasing the velocity frequency at a constant amplitude of 1 • o @V , will change the system behavior. As can be seen in Figure 7, by increasing the reference velocity frequency at constant amplitude, the strokes of the pistons will decrease that cause decrement in electrical power and system efficiency. It means, at constant reference velocity amplitude, its frequency should be as small as possible according to the physical limitations of the system. Here, in the frequency less than 24 Hz, the stroke of the power piston would get larger than its limit value, so more frequency decrements at this velocity amplitude are not possible.

In the next step, it is assumed that the reference velocity frequency will be constant at 24 Hz; and its amplitude will vary. This frequency was chosen based on Figure 7 because, at this frequency, the efficiency of the system is maximum. The results of this analysis are shown in Figure 8. As can be seen, by increasing the reference velocity amplitude at a constant frequency, the pistons' strokes, and also the electrical power and the system efficiency, will increase. The results show that at a constant frequency, the reference velocity amplitude should be increased as much as possible.

As it was shown in Figure 7 and Figure 8, as much as the strokes of the pistons are higher, the system performance will be better. Therefore, the best working conditions based on these results could be the conditions that the pistons are at their maximum possible strokes. Since the pistons' strokes are increasing either by increasing the reference velocity amplitude or by decreasing the reference velocity frequency, there will be a lot of amplitude-frequency pairs that will result in the maximum stroke limit of a piston. Thus, when this stroke is needed to be at its maximum possible value to have the best performance of the system, many combinations of the amplitude-frequency pairs will give this maximum stroke. Necessarily, all these combinations are not the best possible solution for the system. In order to have an optimized system, the effect of each frequency-amplitude pair that results in the maximum strokes should be studied and compared to gain the best system operating condition. In Figure 9, the effect of different reference velocity amplitude-frequency pairs on the system efficiency is shown. As can be seen in Figure 9, by increasing the reference velocity amplitude and frequency, the efficiency will increase to a point and then starts to decrease. It means even at the maximum piston stroke, all the amplitude-frequency pairs do not have the same results, and one of these pairs is the optimal solution of the system. This optimal solution is a reference velocity with amplitude and frequency of 1.075 • o @V and 25 ¡, respectively that results in 14.05% of efficiency. This result is for the present case, with the assumed maximum displacer and power piston strokes of 0.0154 and 0.014 , respectively. It will be discussed that why this pair (1.075 • o @V , 25 ¡) gives the maximum efficiency and the best performance of the system.

When it was said that these pairs were based on physical limitations, it means that at least one of the pistons reaches its maximum limit, and its stroke cannot be increased more, while another piston may not be at its maximum stroke. As it was shown in Figure 7 and Figure 8, by changing the frequency and amplitude, both pistons' strokes have the same behavior and will increase/decrease at the same time. However, one of them will get to its maximum limit first, which will not allow more variations of the amplitude/frequency. Here it is the same case. When the amplitude-frequency pairs were calculated to have the maximum strokes, only the stroke of the piston that gets faster to its maximum limit was important, and the amplitude-frequency pairs were calculated based on that. It means with these pairs, at least one of the pistons gets to its physical limit. Now to have an idea of why the amplitude-frequency pair of (1.075 • o @V , 25 ¡) gives the maximum efficiency and the best performance of the system, the variations of pistons' strokes based on amplitude-frequency pairs of Figure 9 are shown in Figure 10. To have a better sense of this matter, the ratios of pistons' strokes at each pair of amplitude-frequency to their physical limit and summation of these two values are shown in Figure 10. As can be seen in Figure 10, first, the ratio of the displacer piston stroke over its maximum possible value is equal to 1, while the power piston stroke is smaller than its physical limit value. At a point by increasing the reference velocity frequency and amplitude, the ratio of the power piston stroke over its maximum possible value will increase to 1, and the ratio of the displacer piston stroke to its limit will start to decrease. The summation of these two values is also shown in Figure 10. The maximum of summations happens exactly at the optimal point that was already achieved (1.075 • o @V , 25 ¡). Now it can be understood that why this point is the optimal point. At this point, both power piston and displacer piston strokes, and not just one of them, have their maximum possible values. Thus, for such a system, it cannot be concluded that since the power piston is connected to the PMLSM mover, so its amplitude is the most and only important parameter that should be increased to have the best performance of the system. However, both power piston and displacer piston should have a high stroke to gain an optimized performance of the system. As can be seen in Figure 10, as much as pistons' strokes ratio to their maximum possible values are closer to each other, the system performance is better, and as much as they are getting far from each other, the performance of the system is getting worse.

Conclusion

The present study was developed in two main parts. The first part was about developing a nonlinear thermodynamic model of a Sunpower RE-1000 Stirling engine (¢ type Free Piston Stirling Engine). After validating this system, an electrodynamic model of a three-phase Permanent Magnet Linear Synchronous Machine was developed and coupled with it. Then the combined FPSE-PMLSM system was controlled with two PR (Proportional Resonant) controllers for velocity and ' and one PI (Proportional Integrator) controller for 4 , and the results were shown.

In the second part, the system based on the reference velocity parameters was optimized. To achieve this goal, first, the effect of each reference velocity parameter (reference velocity amplitude and frequency) based on the physical limitations of the system (displacer piston and power piston maximum possible strokes) was studied. The results showed that by increasing the reference velocity amplitude or decreasing the reference velocity frequency, the strokes of pistons would increase, and as a result, the performance of the system will improve. Thus, the best solution for the reference velocity parameters were the parameters that give the maximum amplitude of strokes concerning their limitations. Therefore, the reference velocity amplitude-frequency pairs that gave the maximum strokes were calculated, and based on the efficiency at each pair, the optimized operating point of the system was extracted. For these pairs, first, by increasing the frequency and amplitude of the reference velocity, the efficiency of the system increased until it got to its maximum value. Then, increasing the frequency and amplitude of the reference velocity resulted in the efficiency decrement. The reason that why this point was the optimum point was also discussed based on the pistons' strokes at each point. The results show that as much as the summation of the ratio of pistons' strokes over their maximum possible values is higher, the system performance is better. In future studies, these reference velocity parameters will be tested on an experimental setup.
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Table 1 :

 1 FPSE step by step modeling[START_REF] Majidniya | Nonlinear modeling of a Free Piston Stirling Engine combined with a Permanent Magnet Linear Synchronous Machine[END_REF][START_REF] Urieli | Stirling cycle engine analysis[END_REF][START_REF] Majidniya | Thermoelectric modeling of a Free Piston Stirling Engine (FPSE) combined with a Permanent Magnet Linear Synchronous Machine (PMLSM) with its control system[END_REF][START_REF] Majidniya | Modélisation thermo-électrique d'un moteur Stirling à piston libre et d'une machine synchrone linéaire à aimant permanent avec sa commande[END_REF] 

	1		Input parameters/Initial values	
	2	/ 0 1 2 /	1 32 4 1 564 7 4	Instantaneous gas velocities

Table 2 :

 2 FPSE thermodynamic model validation

	Exp. [30]	Power (W) 1000	Frequency (Hz) 30.2	Phase Shift (°) 47.6	Strokep (cm) 2.32	Stroked (cm) 2.55	Stroke ratio (xyz{|} ~/ xyz{|} € ) 1.099	Efficiency (%) 27.4
	Theoretical 1003.9	28.57	32.94	2.746	2.379	0.866	30.02
	Error (%)	0.39	5.4	30.8	18.4	6.7	20.55	9.56

Table 3 :

 3 Combined system input parameters[START_REF] Majidniya | Nonlinear modeling of a Free Piston Stirling Engine combined with a Permanent Magnet Linear Synchronous Machine[END_REF][START_REF] Schreiber | Testing and performance characteristics of a 1-kW free piston Stirling engine[END_REF] 

	FPSE input parameters ) uFLL I 814.3 K ) uFLL H 322.8 K ) uFLL JV 418.4 K ) uFLL JT 622.7 K " b2Fc 71 bars "oe#oeo w• 75.9 % 4 0.426 kg 6.2 kg 5.718 cm 4 5.67 cm	564 I u H I J I H JV ,JT 0 2	1.663 cm 0.2362 cm 0.00889 cm 7.92 cm 18.34 cm PMLSM input parameters 2615 cm 3 b2Fc a 37.97 cm 3 b2Fc 4 28.185 cm 3 JV,JT 115.2 cm 2 u2KK24 H 6.44 cm # 0.1 › 1.4898 cm 2 1.77 mH 4 2.6163 cm 2 3.01 mH ' 8.745 cm 2 0.0513 Wb 1.83 cm 10 1.861 cm

b 0.824 kg