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Abstract:

In this work, analytical expressions of mechanical fields are provided for strain hardening
thermo-viscoplastic porous materials containing spheroidal voids subjected to homogeneous
strain rate loading. Explicit relationships are provided for the macroscopic stress, the plastic
multiplier, the effective equivalent plastic strain in the matrix when the constitutive behavior
of the porous medium is of Gurson type model. Axisymmetric and non-axisymmetric loadings
are considered. The behavior of the porous material is governed by the model developed by
Gologanu et al. (Gologanu, M., Leblond, J.-B., Perrin, G., Devaux, J., C98F] Courses

and lectures 377, 61-130). The particular case of the Gurson model (Gurson, A. L., 1977,
ASME Journal of Engineering Materials and Technol88y2-15) is also investigated since

it is widely adopted in the literature for analytical modeling or finite elements calculations.
Various matrix behaviors are considered. The matrix is first considered as rigid perfectly
plastic. Interestingly, the approach is also valid for nonlinear viscoplastic material with work
hardening and temperature dependency. Extensions are also considered when the matrix
material is orthotropic. Finally, the numerical implementation is discussed and it is shown that
by adopting the proposed approach, the efficiency of the radial return algorithm can be

improved.
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1. Introduction

The description of plasticity problems generates limear equations which are usually solved
by iterative procedures, Simo and Hughes (1998hénpresent work, we address the case of
porous ductile materials, whose behavior is desedriby a Gurson type approach. Porous
plasticity has received a large attention in therditure. Different strategies have been
proposed to model this type of materials.

Some of the works are based on non linear homogeoiz techniques to characterize the
macroscopic behavior of porous medium, see Duv8g)l%onte Castafieda (1991), Michel
and Suquet (1992), Song and Ponte-Castaneda (20li#)ese works, the key point is to
define a stress or strain rate potential for thes@ered microstructures. When the potential is
known, then, the conjugates variables (strain oatstress tensor) are immediately obtained.
As mentioned in Danas and Ponte Castafieda (2@09)néar viscous matrix, the predictions
of the variational approach of Ponte Castafieda 1(jl§®ovides exact results in case of
spherical loading. This type of approach has rexklets of attention in the literature as many
additional references can be found in the litemtWe will not develop further the interest of
adopting such formalism since our contributionas dedicated to this type of approach.
Some works are based on limit analysis. Since eng@rgal paper of Gurson (1977), numerous
forms of yield surfaces have been proposed relahegeffective and spherical parts of the
stress tensor to the porosity. For Gurson type tspdehen the matrix is assumed to be
viscoplastic or when strain hardening, temperasoféening or anisotropy are introduced, the

model is complemented by evolution equations fderimal variables. The extension of



Gurson type models from perfectly plastic to vidasfic and hardening materials has been
widely discussed in the literature (Cocks (198wv® (1986), Michel and Suquet (1992)).
Such effort was continued in the recent years Ragwoul and Vadillo (2018) for viscoplastic
material or Morin et al. (2017) for kinematic amsdtropic hardening. The shape of the void is
also an important parameter that should be accduoteto accurately analyze the fracture
mechanism of ductile porous materials, Gologanal.e{1993, 1994, 1997), &&jeu et al.
(2000). Next, we will focus on this type of modtdsexplore the possibility to have analytical

expressions for the mechanical fields.

Unfortunately, as the number of internal variabiesncreased, the opportunity to derive
analytical expressions for the mechanical fieldseiduced and the recourse to numerical
approach is necessary. The derivation of efficgtrattegies to numerically implement porous
models has led to a large effort over the last desaOne may refer for instance to Aravas
(1987), Muhlich et al. (2003), Vadillo et al. (200&nakoutsa et al. (2009) to have an
overview of available strategies to implement psraonstitutive models in finite element

software.

In the present work, specific porous plasticity misdare adopted: Gurson (1977), Gologanu
et al. (1997). By construction, their mathematiegpressions are similar. For the Gurson
model, the effective stress is linked to the meesss and the porosity. For a perfectly plastic
material, the limit analysis provides analyticalpeessions for the macroscopic stress,
Gologanu et al. (1997), Gologanu (1997), Leblon@a@®, Monchiet et al. (2007), Monchiet
and Kondo (2013), Balan and Cazacu (2013). Exalcttisns were also developed in the
literature for a hollow cylinder or a sphere untgdrostatic loading in a viscoplastic matrix,

Michel and Suquet (1992), Leblond et al. (1994)lbad and Roy (2000).



We propose a versatile method for obtaining anadytexpressions of the macroscopic stress
for axisymmetric loading. The approach appliesddarge variety of matrix behaviors, from
perfect plasticity to strain hardening thermo-vi@esticity. Matrix anisotropy can be also
considered for some specific cases. However, itilshioe noted that all expressions obtained
are estimates that should be evaluated. For aqgtigrfdastic matrix, the estimates of the yield
surfaces are consistently obtained from the limilgsis, Gurson (1977), Gologanu et al.
(1993, 1994, 1997). However, a direct extensiothe$e results to viscoplasticity or to strain-
hardening plasticity is problematic. Leblond et &1994) have clearly explained the
difficulties to get consistent estimates for porousterials with non-linear matrix. Analytical

expressions of mechanical fields obtained in thisgps may help to validate such extensions.

The paper is organized as follows. The methodtedluced in Section 2 and applied to the
model of Gologanu et al. (1993, 1994, 1997). Fa tinst example, a rigid perfectly plastic
response and a viscoplastic behavior are considerethe matrix. Extension to materials
presenting strain hardening and/or temperature rikpey is also addressed. In Section 3,
various particular cases are investigated: Gurst®74) model with spherical voids,
Gologanu et al. (1997) model for spheroidal andndyical voids. Section 4 extends the
method to non-axisymmetric loadings and the podsilf considering anisotropic matrix
responses is discussed. Finally, it is shown thatproposed analytical expressions can be
adopted to reduce the number of non-linear equatiorbe solved in a finite element code.

This is a noteworthy point when dealing with lasgale finite element calculations.

2. General formulation of the problem



2.1 Introduction
A porous material is considered with porodityrhe distribution of void centers is isotropic.
The matrix material is rigid thermo-viscoplastiddamas an orthotropic response. Elasticity is
disregarded from Section 2 to Section 4. A reprigive volume element (RVE) is defined
having the same porosify A Cartesian coordinate system is associatedréfesence frame
(gx;gy;gz) (see Fig. 1), corresponding to the principal dicgts of the macroscopic loading
and the principal directions of orthotropy. The RVEsubjected to homogeneous strain rate

loading at the external boundary:

Dyxy 0O 0
v=D.x withD=] 0 Dyy 0 (1)
- - 0 0 Dy

Let us denote&& the macroscopic stress prevailing at the exteboaindary of the RVE.

Assuming that the voids are spheroidal with priabqﬁrections(gx;gy;gz), we have:

Yxx 0 0
L= [ 0 Lyy 0 ] (2
- 0 0 Xy

In the present work, we focus on Gurson type of @®dSo the macroscopic yield surface

can be written as:

D (Zxx, Zyy, Z72, 60, f) = 0 (3)

where 6, is a measure of the effective flow stress exjsiimthe matrix during the loading.
As already stated, the matrix is thermo-viscoptaatid the general expression for the flow

stress takes the form:

6o = ko (deq' Eeq» T) (4)



d.q denotes the effective equivalent plastic straite r@assumed uniform in the matrix),
€eq = | deqdt is the accumulated plastic strain ahis the temperature. The matrix material

obeys thg, flow law except otherwise specified.

The porous material is assumed to be plasticaligéd. The macroscopic plastic strain rate

tensor is given by:

_ 0
D=A% ®)

A is the plastic multiplier defined by the Kuhn-Teclcomplementary conditiod & 0, ® <

0 and A® = 0). Note thatD represents the plastic strain rate tensor sineertterial is rigid

(elasticity neglected in Sections 2-4).

The evolution of the effective equivalent plasti@m rate in the matrix is defined assuming
that the macroscopic work of deformation per uoiume is equal to the plastic work in the

matrix:

E:g = (1 _f)a-odeq (6)

The goal of the present work is to provide a sedr@lytical expressions for the macro-stress
components, the effective plastic strain rate i@ thatrix and the plastic multiplier. The

matrix behavior is thermo-viscoplastic (see Eq).(fote that analytical expressions for a
perfectly rigid matrix are given in the literaturege for instance Gologanu et al. (1997),

Gologanu (1997), Leblond (2003). The following seequations has to be solved:



d=0
oD
3A>0,2—AE (7)

ZxxDxx + ZyyDyy + Zz7D77 = (1 — f)6yd,q

Next, a specific representative volume element andassociated flow surfac® are

considered. In this contribution, we will considee Gologanu et al. model (1997) (referred
to as GLPD in the following), the Gurson model (Ip@nd we provide some indication for
more general models valid for ellipsoid voids. Tpmposed method is general so that

extension to some other porous models of the titeeamight be considered.

2.2 Analytical expressions for mechanical fields based on the model of Gologanu

et al. (1997)

2.2.1 Stressdstate evaluation

In this section, the porous medium contains spbafaioids of identical shape. The semi axes
of the spheroids are aligned with the loading aXis.proposed by Gologanu et al. (1997), the
representative volume element (RVE) is made of tenfocal axisymmetric spheroids (see
Figure 1 for a RVE with prolate void). The lengtas(along ¢) and ki (along & and ¢) are

the semi axes of the voidz @long_g) and b (along_& and_g) represent the semi axes of the
outer surface of the RVE. Note that Gologanu e{197) have considered porous medium
with prolate and oblate spheroids. They have disava that the spherical void case is a limit

case of both prolate and oblate configurationsc&spheroids are confocal, the focal distance

al.b%

cis constantc = y/af — b = /a3 — b3. The void volume fraction in the RVE 6= —-5 ,
2:U2

chosen identical to the porosity of the porous niete



The strain rate tensor (for axisymmetric loadirggiven by Eq. (1) wittDyy = Dyy. As a

consequence, the macroscopic stress is also diagsna Eq. (2) witlEyy = Zyy.

FIG. 1 — RVE configuration: A prolate void with semi ax@sand h is embedded into a

confocal prolate spheroid with semi axesad b. The symmetry axis i@O;gZ).

Under loading conditionsA(> 0), the plastic multiplier can be eliminated and et of
equations (7) can be replaced by the following one:

I(CD =0

D o

orxx 222 " 93, Dxx = 0

2XxxDyx + 2z7D77 = (1 — f)Godeq
A>0

(8)



Based on limit analysis, Gologanu et al. (1997)enale to propose a yield surface for the

porous medium under axisymmetric loading:

® = ig(zzz — Zyx +13)? + 2(g + (g + feosh (k=) = (g + 12 = (g + )2 =0

O, [}
9)
with:

Zh = ZaszX + (1 - 2“2)222 (10)

a, is the shape parameter of the outer surface ofRWE. Expressions for parameters
(C,m, g, k) are detailed in Gologanu et al. (1997) for a rigétfectly plastic matrix material
and provided in Appendix A for prolate and oblabeds.

These parameters are only depending on the shape wbid.

From the yield surface (9), the derivativ{sé?— and a‘;q) can be evaluated. Note that the
XX ZZ

expressiondii is obtained from Equation (9) where a factor %z I@sn introduced because
XX

of axisymmetric loading, as explained in Gologahale(1997):

ad _ 2C 1 _ .
oxx a—g(Zzz — Zyx + 1NZp) (_E + 776!2) +2(g+ 1@+ f)k;—Zsmh (ka_;l)
= = (1-2a3) . b
3%, a—g(zzz —Xxx + nEh)(l +n(1 - Zaz)) +2(g+1D(g+ f)ka—oazsmh (k 5_2)
(1)
In the present work the deviatoric stress is deffias
Xp =X;7 — Zxx 12

With Egs. (9), (10), (11) angdr (Q) = 2Dxx + D4, the set of Equations (8) becomes:



2 (o + 722 +2(g + D (g + Neosh (k2) = (g + D2 = (g + f)* = 0

2 (Zp +nZ)I + 2M,(g + (g + ) 5-sink (k) = 0
g} 0o 0o

(13
S, tr (Q) + 25,0, = (1 — f)6odeq
A>0
where:
_ Dzz
{H1 =(-1+ 277“2)7 + (=1 —n + 2na,)Dyx (14)
M, = a,Dz7; — (1 — 2a;)Dyx

Next, the conditioril; # 0 is assumed. The caBg = 0 is investigated in Appendix B. From

equation (13-2), we have:

Ip +nZ, = —E—j(g+1)(g+f)k7%sinh(k§—:) (15)
Introducing Eg. (15) into Eqg. (13-1) gives:

Zp

(_ﬁ_j)z (g + (g +f)2k_c2<5i"h (kz%))Z +2(g + (g + Neosh (k3 = (g + D* = (g + ) =0

)

(16)

With the definition:

X = cosh (k f—"), (17

Oo

Eq. (16) becomes:

T+ DA+ AN - 1]+ 20+ D(g + HX = (g + D> = (g + /) =0 (19)

This quadratic equation Xihas a single positive solution which is:

10



X = ~8,+ | 6346155 _ 26, 19)

261 5o+ [53-45155

where:
(6, = r;[%;f (g+D*g+H?
6, =2(g+D@+/) (20)
83 =~(g+ 1>~ (g +/)? —15- (g + D*(g + f)

Note that Eq. (19) is also valid for the particutasell, = 0.

Based on the analytical expressionXfEq. (19)), the stress parametBf can be written
from Eq. (17) as:

Zp = 6obn (21)

with:

Br=t=In(X +VX7—1) (22)

It should be noticed that the result (21) was alyeabtained by Gologanu et al. (1997),
during the derivation of the yield surface but tmatrix material was assumed perfectly
plastic. In this work, the relationship (21) is abed adopting a different way, which may

also be used for different yield surfaces of therditure.

At this stage, the term is still unknown and the sign of, has to be determined. From
equation (15)Z, is found:

Ip = 6op- (23)

11



where:

B2 = —nB: ~ 12 (g + D(g + fsinh(kpy) (24)

From the equivalence between the macroscopic aastopic plastic dissipations (Eq. 6):

Goatr (D) + 2658511, = (1 = f)Godeg, (25)

an analytical form for the effective equivalentgtia strain rate in the matrix is found:

Bitr|D )+26,11
oy = % (26)

It appears thatl., is only related to the macroscopic strain rate smdhe geometrical
configuration (shape of the RVE and porosity). éNdhatd,, is independent of the
description of the matrix behavior. This featuredse to the fact that the parameters
(a3, C,m, g, k) of the model have no material dependency singetihee been derived for the
specific case of a rigid perfectly plastic matithe effective equivalent plastic strain rate can
be linked to material properties when the paramsedéthe model present such dependency,
as for instance in Flandi and Leblond (2005a, 2Qp0&bshould be mentioned that to the
author best knowledge, the analytical expressiomhefeffective equivalent plastic strain rate
in the matrix was never obtained previously. Tlsisan interesting outcome of the present
work. Such explicit expression could be useful &tidate the extension of the Gurson type

model to thermoviscoplastic materials based ordibs&ipation balance Eq. (6).

The effective equivalent plastic strain radg, is by definition positive. It is shown in
Appendix C thatl,, > 0 impliesp;I1; < 0. Therefore, from Eq. (22) we have:
B = —=In(X + VX7 = 1)sgn(Il,) 27)

12



By introducing Eq. (15) into Eqg. (11), a simplifiecpression for the stress derivative of the
yield function® is found. After some mathematical developmente @&ppendix D), using

definitions (5) and (14), a closed form expressarthe plastic multiplier is found:

(g+1)(g+f)kdosinh(kBy)

A= (28)

It is noteworthy to mention that as the signgphas been selected to ensure the positivity of

d.q, this selection process leads also to the fatttimpositive (see Appendix C).

eq’

To summarize equations, the closed form expresdmnte macrostress, plastic multiplier

and effective equivalent plastic strain rate inrierix are:

Yxx = 6o(f1 + Qay — 1)f5;)
Y7z = 6o(By + 2a38,)

A=- 1
(g + DG+ NkGosinn(ky)

prtr(D)+26,11,
—

(29)

deg =

As a consequence, the stress state and the piastiiplier are function of the matrix flow
stresss,, the strain rate tensor, the porosity and geonstdonfiguration of the RVE while
the effective plastic strain rate in the matrisddely dependent upon the strain rate tensor, the

porosity and the geometrical configuration of théER

Note that the first three equations of set (29) idemtical to the parametrization proposed

earlier by Gologanu (1997). Next, some particu@stitutive relationships for the matrix are

considered to evaluatg.

13



2.2.2 Evaluation of the matrix flow stressand internal parameters
The matrix material is assumed viscoplastic wiffow stress which is, in the first step, solely
dependent upon the effective plastic strain rége= aof(deq). The resistance stresgis a

material parameter. With Eq. (26) we have:

- Batr(D )+2B,11;

Consequently the stress components, the plastic multipliert @k equations (29)) are
analytically derived. With this method, recourseti® Newton-Raphson procedure, often
adopted in the literature, is no more necessargvauate the stress state. The present
approach enables to provide an explicit expresiornhe effective stress in the matrix, see
Eq. (30). To the author's best knowledge, such aseclform expression for viscoplastic
material was not found in the literature. Thosemgtias d., and 6, were introduced by
Gurson (1977) in a heuristic manner to preserve bhkance between macroscopic and
microscopic plastic work. Egs (26) and (30) provide closed form expressions df, and

G, which are only linked to the macroscopic straite réhe RVE configuration and fég, to

the constitutive behavior of the matrix.

Note that this formulation is presently used by dl¢hors to define the dynamic flow surface
of porous materials subjected to dynamic loadiisg® (Sartori et al. (2015, 2016)). Based on
the above closed form expressions, the overallsstreomponents are defined in a
straightforward manner. The computation cost is aatmvanishing for these types of

applications.

Now we address the case where the matrix flow se&hibits also strain rate hardening and

temperature dependence as described in Eq. (4sidorthat at time, all mechanical fields

14



are known. The porous material is subjected torstemt strain rate during the time peratid

As a consequence, when elasticity is disregardesl, pprosity evolution is provided by

f =@~ f)tr D, leading to:

f+dt) =1+ (f(t) —1Dexp (—tr (2) dt) (3D

From Eg. (26), the cumulative plastic strain is ated:

Eeq(t +dt) = £04(t) + deqdt (32

Note that for both Egs (31) and (32), the straite t@nsor andl,, are assumed constant

during the time incremeiut.
With no temperature dependence, the yield strespdateds;, (deq.Eeq (t+ dt)), and the

two stress components arg;, = 6,5, and X, = 6,5,.

In the case of temperature dependency, the tenuwpermicrementlT is, assuming adiabatic
conditions, given by:

pcdT = B6yd,qdt (33

Finally, it is important to notice that the abovethod can be applied to any yield surface of

the following form:

% (Zeq)z + Bcosh <%§)) +C=0 (34

X.q is the equivalent macroscopic stres“s(;) is a linear function of£ and (4, B, () are

parameters depending only on the strain rate coemgsrand the geometry of the RVE.

15



The proposed approach is applied in the followiegtisn to the Gurson model. Specific

configurations for voids (spherical, cylindricabheroidal) are also discussed.

3. Particular cases

In this section, the previous methodology is appt® some classical models of the literature.
The Gurson model (spherical or cylindrical voids)hwiscoplastic matrix is analyzed. Note
that the method can also easily provide closed fexpressions of mechanical fields for
microcracked materials, by using the GLPD modehvilite appropriate set of parameters. In
Section 2, the porous material is subjected toyaxisetric loading, since the GLPD model is
valid for such loading conditions. Neverthelessiais been mentioned that the Gurson model
with spherical void has an explicit expression fmmeral loadings. Some indications is
provided in Appendix E to prove the fact that thegmsed method is also valid for general
loadings in the case of Gurson model. In addititve section 5 dedicated to numerical

implementation considers such general loading dimmdi.

3.1 Gurson mode

The Gurson model with spherical void is a particease of the Gologanu et al. (1997) model

with: C =1, a5, :g, n=0g9=0,k :%- Then, we havdl, = —%tr(g), I1, =§(Dzz—

1

2 2

_ _o"2( _q_f2_9T2
2+\/4 9712( 1-f? 47r%f2)
Dyy) andX =

on%

mf
In case of viscoplastic matrix (power law modgl= oydgy), the set of Eq. (29) defining the

macrostress, plastic multiplier and effective stnaite in the matrix simplifies (see Appendix

E for more details):

16



()]
dequ_

. (#Q)le)”
T\ (35)
oY = 3oY = gﬁoln G) sgn (tr (2))

_ _=(2)

" 360(1-£2)

The estimate of the mean stress obtained by thedBunodel, complimented with Eq. (8) to

account for matrix viscoplasticity is therefore:

Tou = %ao <@)m (ln %)mﬂ sgn (tr (2)) (36)

Note that this result was already mentioned inliteeature, see for instance Czarnota et al.
(2006). To obtain this result, Czarnota et al. @06ave adopted the definition of the

effective stress in the matrix proposed by Duva8@)9

It is then interesting to compare the expressi§f with the exact solution proposed for
instance by Michel and Suquet (1992) or Leblondalet(1994) for viscoplastic porous

material (power law expression for the flow stress)

s = 222 1) or (@) proon (o (2) &

Note that from the work of Ponte Castafieda (199d)) Banas and Ponte Castafieda (2009),

an estimate for the mean stress is defined bas#tkorariational bound approach (VAR):

S TN e )

17



Danas and Ponte Castafieda (2009) have mentionex}, fifaleviates from the exact solution
at low porosity and for low value ah, while it is exact for linear porous medium=1).
Since the VAR approach differs in its mathematit@malism from a Gurson type of

approach, the present development cannot be used ye

By defining the ratio:

i SR =
f

as expected, analytical expression (36) coincidh &q. (37) only forn = 0, i.e. R%P" = 1.

Indeed, lim,,_, E%(fim—l)]: %aoln%. The extension of the Gurson model to

viscoplastic matrix based on Eg. (6) is known tovite only estimate, see Duva (1986),
Michel and Suquet (1992), Leblond et al. (1994yuFé 2 displays the evolution of the ratio
RSP for three different values of the porosity whileethtrain rate sensitivityn is ranging

from 0 to 1 (from perfectly plastic to linear visomaterial).

18
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(power law flow stress). The voids are spherical.
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As observed on figure 2, the two expressions aite @quivalent for low value ah and for
large porosity f£0.05 and=0.1). One observes that as the porosity decretsegrediction
based on the viscoplastic Gurson model deviates ftbe exact solution, this trend is
amplified as the strain rate sensitivityincreases. For a porosify= 1073 andm = 1, the
ratio RSP" is larger than ten. For low values of the straite rsensitivitym (m< 0.09, the
approximate expressiorEé* gives quite accurate predictions when comparethéoexact

expressiorzZX (6% difference is observed for = 0.05 andf = 1073).

Note that for axisymmetric loading and a power laggge for the matrix behavior, an
approximate solution exists for the spherical dmnclyical voids, see the formalism proposed
by Leblond et al. (1994). The proposition can be&eeded for spheroidal voids and still a
power law matrix. The components of the macroscsfass are obtained:

k 2 2 = —
nEst = f{(Dm - gnB) (5 —2n(2a, - 1)) F2W, + 2BH2(2a, — 1),

277 = %{(Dm - l7719) G - gnaz) F2y, + 4Bﬁ2a2q12} (39)

Where the superscrifiistindicates that Eqs (39) are only estimates. Tlapeessions (39)
are valid for spheroidal void shape (oblate orglith semi axes aligned with the principal
direction of the strain rate tensor). IndeBd;, H andB are parameters linked to the shape of
the void and the components of the strain rateote(see Gologanu et al. (1997) for more
information).¥; and¥, are integral terms defined as follows:

1 m-—1

= _ _ 2 _
W, = flf[(FDm —InFB) 22 +HZBZ]  dz
m-1 (40)

1
dz

/= — \2 — 2z
Lq’z = [(FDm —InFB) 2% + HZBZ] o
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For spherical voidF = /3, B = %(DZZ —Dyyx),n =0,H? =1 anda, = § Note that under

spherical loadindDyy = Dyy = D;;), one hasB = 0. In this particular case, Eqgs. (39, 40)
give the formulation provided by Leblond and Rop@2) and the closed form expression
(36) is retrieved. For a perfectly plastic matrir € 0), the two integrals of system (40)

reduce to the integrals proposed by Gologanu ¢1897).

Next, we compare the predictions of the macroscep&ss components based on the Gurson
model Eq. (35) to the predictions of Eq. (39). Bt purpose, we investigate the variations

of the following ratios:

Est

_ Zxx

Rx =g
ZEst ! (41)

R — 2ZZ

zZ — »Gu

ZZ

for two loading conditions: loading B¢y = 1571, D;; = 0s7!) and loading 2 [y =

1 S_l, DZZ = 0,5 S_l).

The evolutions of ratio®y andR, are displayed in terms of the strain rate serisitin for
three porosities. A porous viscous material comgirspherical voids (resp. prolate voids

with an aspect ratio of 5) is analyzed in Figs J3rdsp. in Fig. (5)).
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FIG. 3—Ry andR; in terms ofm for 3 values of the porosify Loading 1 is considerethis

ranging from O to 0.15. &)y evolution. b)R, evolution. The voids are spherical.
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FIG. 4 —Ry andR; in terms ofm for 3 values of the porosify Loading 2 is considerethis

ranging from O to 0.15. &)y evolution. b)R, evolution. Voids are spherical.
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FIG.5—Ry andR; in terms ofm for 3 values of the porosify Loading 2 is considerethis

ranging from O to 0.15. &)y evolution. b)R, evolution. Voids are prolate with aspect ratio

ai
by

=5.

Similar trends, as in Fig. (2) are observed in k&5). Indeed, there is a good agreement for

low values ofm and for high porosity. Discrepancies are largerhigh values oim and for
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low porosity. For a porosity of = 10~3 and form=0.15 a difference of 30% is found
between the two approaches. Note that Finite Elénvatidations based on unit cell
calculations should be of interest to evaluateabeuracy of the estimates provided by Eq.

(39).

3.2 Cylindrical void in a viscoplastic matrix
By adopting the following values: 1, a, = % n=0,9=0,k=+/3,in Eq. (9), the Gurson
model with cylindrical void is obtained. In this riaular case we have the following

analytical expressions (see Appendix E for moraitigt

Lyy = %%ln (%) sgn(Dyx)

Yzz = %50”1 G) sgn(Dxx)

2 ln(%)lexl (42)
deq = V3 1-f
_ _ 4Dxxl
A= V35o(1-f7)

For a porous material under axisymmetric planerstigading with cylindrical voids and a
viscoplastic matrix (powerlaw descriptidiy = godg;), Leblond et al (1994), Leblond and

Roy (2000) proposed an exact solution for the spakpart of the macroscopic stress:

V3m \fm V3

gEX-CYL _ LE(L B 1) <tr(g))m )

From Eq. (42), it is shown that for a Gurson typedel under plane strain conditions and
axisymmetric loading Dyy = Dyy), the macroscopic stress tensor is spherical. fdsslt

was already mentioned in Gurson (1977). In addittbhe spherical part of the macroscopic
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stress predicted by the Gurson model with cylirnmids is different from the exact results

given in Eq. (43):

m
Gu-cyl _ g, [ 207(2) 1\
Zm B \/§<\/§(1—f)> (lnf) (44)

To check the accuracy of Eq. (44), the followinga@s considered:

Ex—-Cyl _MAm
RCyl — % — %(}% — 1) (%) ﬁ (45)
m <ln(7)>

m
It is seen thaRS! is linked toRSP* by RS = (2} RsPh. As a consequence, for a perfectl
- perfectly

plastic matrix f1 = 0), the two expressions are equal a&tfd' = 1 . Figure 6 presents the
dependence of the ratRf”! with respect tan when the strain rate sensitivity is varied in

the range [0;1]. The conclusion of Fig. 2 is stélid.

Note also that the VAR approach of Ponte Castaijg88@1) provides also an estimate for

cylindrical voids, see Danas and Ponte Castafdifi9}2

s = LB () Eer (0)san (e (1) “o

As for sphere, the exact solution (43) is retrieeaty in the case of linear viscous material

with m=1.
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FIG. 6 — Variation ofR“¥* with respect to the strain rate sensitivity expama Four
porosity levels are considered. The matrix matésialscoplastic, with a power law flow

stress. The voids have a cylindrical shape.

4. Extension of the method to non-axisymmetric problem and anisotropic matrix

4.1 Formulation for non-axisymmetric loadings
In this section, we extend the previous methodoto-axisymmetric loadings. Our goal is still
to provide explicit expressions for the macroscogti@ss tensor defined by Eq. (2). The
proposed derivation is valid for porous materiathwa matrix having an isotropic behavior
and containing spherical voids or spheroidal vorth axes aligned with the principal

direction of the loading. Thus, the loading isl stilthe form given by Eq. (1).
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As shown previously, the proposed methodology canapplied to a variety of porous
plasticity models (Gurson (1977) or Gologanu e{E397)). As a consequence, we consider a

yield surface of the form:

D = % (Cxx = Zyy)? + Cxx — 22z2)* + (Byy — 2z2)%) + Beosh (@> +C=0 (47)

Go

where coefficientsA, B and C depend on the void geometry, the porosity and madte

parametersF (Z) is a linear function of the components of the macopic stress¥ (;) =

0,Zxx + 0,Zyy + 63X,,. For the Gurson modeg; = %.

Adopting the same scheme previously developed i{detee provided in Appendix F), the
components of the macroscopic stress tensor camitten in a generic way:
yx = GoPy

Zyy = 6oy (48)
2y7 = 6oz

where Yy, Yy and |y, are analytical expressions, see Appendix F. Wittouese of the

equivalence between the macroscopic and micros@igstic dissipations:

GoWxDxx + GoWyDyy + GoWzDzz = (1 — f)Godeq, (49)

a closed form expression for the effective equivadgrain rate in the matrix is found:

d. = YxDxx+WyDyy+WyzDzz (50)

eq a-9

For the viscoplastic power lad, = oydg, the effective flow stress of the matrix follows
from Eq. (50):
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YxDxx+WyDyy+WzDzz\™
- ) (51)

60 - 0-0 (
Finally, when the loading is 3D, an explicit exmmies for the overall stress tensor is still

provided by the proposed methodology (see Eq.4A8)Eq. (51)).

Note that the expression for the plastic multipian be obtained combining Egs. (48), (51),

(F2) and (F4).

4.2 Matrix anisotropy

The role of matrix anisotropy (we restrict our atien to orthotropy) has been investigated
widely in the literature in the field of porous glaity (Benzerga and Besson (2001), Cazacu
et al. (2003), Monchiet et al. (2008), ...). Theraiwrge recent literature in that field and our
goal is not to consider all proposed models. Thidtien aims at proving that owing to the
versatility of the methodology, the overall strésasor can also be derived analytically in
terms of the overall strain rate. In fact, the présierivations are currently proposed when the
directions of the loading coincide with the ortlopty axes. Next, we will exemplify the
strategy based on the work of Benzerga and BesXil) who consider a porous medium,
containing spherical voids and a rigid perfectlggtic matrix obeying Hill's quadratic yield
criterion. Note that the derivation can be extenied straightforward manner for a porous
material containing spheroidal voids (Monchiet le{2008)) where the orthotropy directions,
the semi axes of the spheroids and the loadingtiires are aligned. More general cases
(general loading with ellipsoids) need to be furthevestigated. Nevertheless, some

comments are provided at the end of this section.

Hill (1948) has proposed the following yield criten:
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F(G)z%g:g:g—G%SO (52

whereo, is a material constan] is an orthotropic fourth-order symmetric tensod arthe

stress field in the matrix. In the orthotropy axtéhe& Hill-equivalent stress can be expressed

as.
2
(Zeq) =Fxx — Zyy)? + G(Exx — 2z2)* + HEz; — Zyy)? + 2LEG, + 2ME5, + 2NE3y

(53)

whereF,G,H,L,M and N are Hill's parameters linked to the Lankford’s ffméents (see for
instance Hill (1948), Cazacu et al. (2003) for miofermation). In our problem, based on the

previous restrictions (orthotropy and loading dii@ts are alignedyyy = £y, = Ly, = 0.

The vyield function proposed bgenzerga and Besson (2001) or Monchiet et al. (2@a8 be

written in a generic form:

_A _ 2 _ 2 _ 2 F(z) _
P == (F(Exx — Zyy)* + GExx — Zz2)* + H(Eyy — Z22)%) + Bcosh +(C=0
0

& %o

(54)

As in the previous sectiof; andA, are introduced so that the Hill equivalent stressomes:

22, = FAT + GAS + H(A, — Ay)? (55)

The relationship (54) is able to mimic the yieldfage for spherical and spheroidal voids in
orthotropic matrix. It should be reminded that ghiencipal axes of spheroids are assumed to

be aligned with the orthotropy directions.
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From Eqgs (54-55), calculatin‘g and using the flow rule Eq. (5), one obtains:

(Fa, +6a, =28 |2 _ B g (@) (”F(E)]

28| A 5, To | 0Zxx

{—(F+H)A, + HA, = % [M — 2 sinh <F@) r(z) (56)

2A A Op 0o aZyy ]

_ _53|pzz B _. F(2))or(2)
kHAl (G+H)A, = 22\[ T smh( 5 | 35,

As in the previous section, at least one of tharstrate components has non-zero value, so by

elimination ofA, we obtain a set of two linear equations for thknownsA, andA,:

oop . (F2)) [or(z) or(z)
Ay(FDyy + (F + H)Dyx) + A,(GDyy — HDyy) = —Esmh( = >{ = Dyy — —= DXX}

60 6ZXX 6ZYY

a5 . . (F(2)) (oF() orF(z)

) 0Xxx 0Xzz
(57)
Egs. (57) can be written as:
Ay _ __GoB . F(g) Ly
M [Az] = —Esmh <5—0 Lz] (58)
. _ [FDyy + (F + H)Dyx GDyy — HDyy ]
with M = [ FDy; —HDyy  GDyz + (G + H)Dyyl
and:
det(M) = DXX(DXX + Dyy + Dzz)(FG + FH + GH) (59)
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Due to the definition of the Lankford coefficiebgsed on the Hill yield surface (Hill (1948)),

one has: % =r, and % = 19¢. It implies thatFG + FH + GH = FG(1 + ry + 199) which is

different from zero. The case (D) = 0 can be analyzed as in the previous section. As a

consequence, for loading conditions given by E{,. &balytical expressions fdy; andA,
exist sincedet (M) # 0. At this point, the same procedure as previoushetbped in part 4.1
(and detailed in Appendix F) enables to determimenhacroscopic stress. Expressions are not
given here but can be easily obtained and analyfticans for the stress state can be derived

when matrix anisotropy is considered.

Interestingly, in the case of non-axisymmetric voidadou et al. (2012) propose a yield
surface quite similar to Eq. (56) (at least fromtaucture point of view). When the loading
(the strain rate tensor) is diagonal and aligneth vilhe main axes of the ellipsoid, the
expression of the mechanical fields (stress seffective strain rate in the matrix, plastic
multiplier) can be obtained with the proposed mdthw this section in a straightforward

manner. For general loading, the work is still ingress.

Another point to address is the fact thag, y,, §, (see Eq. (48)) are related to the
macroscopic strain rate, the porosity and the staipthe RVE (for the GLPD model).

Elasticity being neglected)? = D, so that the porosity is updated owing to Eq (3h)e

evolution of the RVE shape can be also evaluatsddan the kinematic boundary conditions
or with the introduction of a shape parameddsee Gologanu et al. (1997) or Flandi et al.
(2006)). In any case, the evolution laws for theER3hape are only related to the macroscopic
plastic strain rate. So, with the present method tipdate of the RVE geometry is

straightforward and can be done in an implicit me&nn
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5. Analytical resultsand numerical computation for porous material

To analyze damage evolution in ductile materiaisited element calculations are widely
adopted. For an elastic-(thermo-visco) plastic matspecific algorithms are needed to
implement the porous constitutive behavior in thetd element software. Considering a
Gurson model, Aravas (1987) proposed a return mgppigorithm and detailed all the
necessary steps, from the elastic predictor topthstic corrector. Later, some extensions
were needed to account for more complex mechabelaavior of the matrix material. For
instance, among other contributions, one can refehe work of Muhlich et al. (2003) for
kinematic hardening or the work of Vadillo et #&008) for proposing an efficient scheme for

thermo-viscoplasticity.

The goal of this part is to describe how the amzdytexpressions obtained in the previous
sections may be used to reduce the number of nea#iequations which are needed to

update the mechanical quantities.

Assume that at timeall the quantities of the problem are known. Thearial is subjected to

a total strain incrememE during the time stefit. In the present casAE can be general (not

only restricted to axisymmetric loading). The pwgpas to update all quantities at time-

At.

Following the work of Aravas (1987), the Gurson ldiesurface is written in terms of

hydrostatigp and deviatori@ stresses:

CD=q—z+2q1fcosh(3qup)—1—q1f2=0 (60)

50 20'()
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whereq, andg, are coefficients introduced by Tveergard and Neaedle (1984). The mean

stresp and the effective stregsare defined below:

1 (61)

2P is the deviatoric stress tensor.

Adopting the formulation proposed by Aravas (198inyoducing Ag, = —AA (Z;j) and

Ae, = AA (Z—j), eliminatingAA, a second equation is obtained:

q 301421 . 3q2p _
2 a_gAgp + a—osmh ( 7%, )Aeq =0 (62)
Adopting a predictor-corrector algorithm, it is sho that the hydrostatic and deviatoric

stresse® andq at timet + At are only related to the plastic strain incremeatsandAe,, :

p(t + At) = p"@ + KAe, and q(t + At) = ¢ — 3GAg, (63)

wherept™e andqt@ are the elastic predictors. They are related sntjtiesp andq at time

t and to the total strain incremeAE, see Aravas (1987) or Vadillo et al (2008) for mor

information. So the trial stresses are known qtiastiKk andG are the bulk and shear elastic

modulus respectively.

From Eg. (62), one hagg-: = —2%a3018a] iy (3’2'%2”) By substitution in Eq. (60), a quadratic
0

Agp 2 0o

expression in hyperbolic sine is obtained:
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(ﬁ)zi (4192)? <Sinh (3,1_21,))2 +2q,feosh (S2) = 1= af? = 0 (69

ASP 2&0 2&0

Similarly to Section 2, with the change of variabfe= cosh (326’72”) and using Eq. (64), the
0
hydrostatic stress p is given by:
p =t 2in(X + VX7 1) = 6oy (65)
2
Note thatX is a function ofA¢,, As, and the porosity. From Eq. (31), the update of the

porosity is:

fle+a0)=1—(1—f(@©))exp ((—Aep)) (66)

In the following, the porosity (t + At) will be denoted byf. From Eq. (62), the deviatoric
stresgq can be written as) = 6,3,. At this stage, the hydrostajicand deviatori@ stresses
are given by:

{p = &Oﬂl(Asq:Asp) = 6B (67)

q= 6OBZ(ASq:ASp) = 0o

From the equivalence between the macroscopic aotbstiopic plastic dissipation, Eq. (6),
an analytical link between the plastic strain inceat within the matriAe? and the overall

plastic strain incrementag, andAg,, is proposed:

I ZAS‘l’:flAgp (68)

Next, the matrix flow stresg, has to be defined. In this example, we considerctise of a

viscoplastic matrix (adopting for instance a powav for the flow stress descriptiafy =

33



oodeg). A more general flow law could have been adopasdpresented in Section 2.2.2. The

relationship (68) provides:

~ BZqu_BlASp m
90 = UO( (1-f)At ) (69)

Combining Egs. (62), (67) and (69), the two maiknownsAe, andAe, are obtained as
solutions of the two relationships:

(,BZAsq—ﬁlAsp
O\ @a-pat

(ﬁz Agg—PB1Agyp
o\ (a-pat

)m B1(Aey, Ag,) = pTial + KAe,
m , (70)
) Ba(Beg Ae,) = g4t — 36,

The system can be solved using a Newton Raphsdmitee. The interesting point of the
proposed method lies in the fact that the derieati¥ the two relationships with respect to
Ag, andAeg, have analytical expressions. Therefore, the efficy of the calculation can be
accelerated. In addition, whefie, andAg, are known, the porosity, the accumulated plastic
strain in the matrix, the effective equivalent gilastrain rate in the matrix, and the stress
measure$p andq are obtained simultaneously with no additionabeffin a fully implicit
scheme. Note that with our proposition, only twamlneear equations are needed to update all
variables when the matrix is viscous. From therditgre, it is usually shown that three

equations are needed.

Enakoutsa and Leblond (2009) have discussed thgration of the Gologanu et al. (1997)
model. These authors proposed to update the pprbsised on Eq. (66) but with the
incrementAe, (t) calculated at time and not at + At. The numerical scheme is therefore

not fully implicit. In that case, it can easily BBown from Egs. (64-65) that, for the Gurson
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(1977) model, the parametgy(Ae,, A¢,) is depending on a single variab@y(Ae, /Ae,).

Similarly, we haves, (A, /Ag,).

Based on the explicit expression of the porokitiie set of Eq. (70) becomes for the perfectly

plastic case:
0oB1(Aey/Ae,) — (PP + KAg,) = 0 1)
002 (Ag,/Aey) — (¢4 — 3GAg,) = 0
The combination of the two equations leads to:
cubalbey/Bep)- e 308 (72

o0B1(Aeq/Aep)—ptTial * K Agy, -

One obtains a unique nonlinear equation for thenawnk Ag, /Ag,. With this solution and

Eq. (71), the two plastic strain increments, andAe,, are found.

It is seen here that the numerical implementatibthe Gurson model, can greatly benefit
from the analytical expressions derived in the gmépaper. Mainly, the major novelty is the
closed form expression of the effective strain ratéhe matrix. We will not develop further
this numerical implementation part but it could éetended to the GLPD model when
considering diagonal loading. It should be emptlakithat the parameters of the model are
related to the shape of the RVE. As a conseque&heesemi axes of the RVE (see Fig.1.)
need to be updated. Various propositions exishéliterature (see Gologanu et al. (1997),
Flandi et al. (2005a)) for the definition of a shggarametes It can be shown that the shape
parameter is only related to the macroscopic pladtain rate. As a consequence, as for the

porosity (Eq. 66), the semi axes are only relateds, andAe,. Finally, even if the final
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system can be quite complex, only a set of two &ops similar to set (70) is obtained (not
presented here for sake of brevity).
The numerical implementation of more complex modi&ks the one of Madou et al. (2012),

accounting for ellipsoidal voids, could be treatésb when the strain rate tensor is diagonal.

6. Conclusion

Analytical expressions for mechanicals fields (noacopic stress, effective equivalent plastic
strain rate in the matrix, plastic multiplier) aterived when the porous material is described
by the Gologanu et al. (1997) or Gurson (1977)dymirfaces. The present work provides the
first explicit link between the effective equivateplastic strain rate in the matrix and the
macroscopic loading and the geometry of the RVEeNloat this effective equivalent plastic

strain rate was introduced in a heuristic way by8n (1977) to extend his model valid for

perfectly plastic material to complex constitutiagv. This heuristic extension is widely used
in the literature for porous models based on lamialysis but also for porous models derived
from the macroscopic potential. This method isd/dtir thermo-viscoplastic material with

strain rate hardening and is not restricted togutisf plastic material.

When the approach is applied to rigid perfectlysptamatrix material, results of the literature
are retrieved concerning the macroscopic stress taed plastic multiplier. It is also

demonstrated that the method is able to providé/ta expressions of mechanics fields for
non-axisymmetric loading and for orthotropic matmaterial when the loading directions and

the orthotropy axes are aligned.
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The main novelty of the proposed work is that atedy expressions are also obtained when
the matrix behavior is viscoplastic. Neverthelegsis important to mention that those
expressions correspond only to estimates that bavee validated. Comparisons between
exact results of the literature and analytical Itesderived from the Gurson (1977) and
Gologanu et al. (1997) models are discussed foticpdar void shapes (spherical and
cylindrical voids). It is shown that significantfidirences exist when the strain rate sensitivity

mis large and the porosifyis low.

Finally, the issue of the numerical implementat@nporous plasticity models in a finite
element code was addressed. It appears that, lvé@throposed approach, the efficiency of the
integration scheme can be greatly enhanced by imggitiee number of non-linear equations to

be iteratively solved.

37



Appendix A: Gologanu et al. (1997) model

Gologanu et al. (1997) have proposed the followiiedd surface for porous materials with

prolate and oblate voids:

o B2z = Zax +120)2 +2(g + D(g + Neosh (x22) = (g + D> = (g + )? = 0

(A1)
with
rZh = Zazzxx + (1 - Zaz)zzz
— kQ(g+1)(g+f)sinh(kH)
= (g+1)%+(g+f)?+(g+1) (g+f)[kHsinh(kH)-2cosh(kH)]
C=— k(g+1)(g+f)sinh(kH)
{ (Q+nH)n (A2)
=2
F
H=2(ai — a3)
Q=01-p
g, is the yield stress of the matrix materiaj.is defined as follows:
bZ
a, = az 32 R(/lz) (A3)

2c

wherea, andb, are the semi-axes of the outer surface of the RdéE Fig. 1)a, andb, are

the semi-axes of the voids (see Fig. d)= \/a? — b? = \/a% — b? is the focal distance.

R(A,) enters into the definition of the velocity fieldoposed by Gologanu et al. (1993,1994)

whose expression is different in the prolate ardtelrases, see below.

For oblate void, Gologanu et al. (1997) have proposed the follgwaxpressions for

parameter§, g, ai andas:
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5 s 5 s
2(gf—gl)+§<g}—g§>(3—9}—93)
F=2+ -
7
ln(a)
g=-2
1-e2?
A4
< S —e;(1-e?)+ /1—ef sin~le; (A4)
a; = 23
1
s _ (1+ef)(3+e3)
27 3-6e2+4ed
R(A) = M — arctan(sinh(1,)) + z
\ (cosh(2y)) 2
i =9 =9 - 4 = a _ 1
with gr = 57 =5 A, = arctanh (bl)’ A, = arctanh (bz). 1= i and
e, = COS:M ;are respectively the eccentricities of the innet aater boundary of the RVE.
2

For prolate voids, the expressions fdt, g, a; andas are (Gologanu et al. (1997)):

(_ 3 3 e 1 3+eZ+2 [3+ed V3+ |3+et
I NPT Qs S PR Y Y (st
3 In(f) €2 3 3+el+2 [3+ef V3+ [3+et
g=0
{ s _ e;—(1-e?)tanh™le; (A5)
! 2e3
s _ 1+622
a2 = 3+e;
R(L,) = cosh(A,) _1 [cosh(12)+1]
\ (42) (sinh(A))® 2 lcosh(iz)-1

with 4, = arctanh (%), A, = arctanh (Z—z)

1 2
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Appendix B: Particular caseIl; = 0

The particular casél; = 0 of Section 2 is investigated. With this conditi@ystem (13)

becomes:

%(ZD +n2x)* +2(g + 1)(g + f)cosh (kir—f:) —(@+1D?-(g+f)?=0

2M1,(g + V(g +f)§osinh (ki—g) =0 (B1)
thtr (2) + 25,1, = (1 — f)6odeq
A>0

The second relation of set (B1) implies thatl{a)= 0 or (b)kf—h =0.
0o

Subcase(a): I, =0
From the definition (14) ofl; andIl,, it follows thatDyy = D, = 0. This trivial solution is

of no interest since plastic loading is assumed.

Subcase(b): 2, =0

From the definition of the yield function Eq. (B)-bne easily gets:

Ip=+2(1-f) (82)

The sign o, is defined so as to ensure the positivity of tleestic dissipation.

25pM, = (1 - f)a-odeq (B3)

This implies thak, andIl, must have the same sign. Thus:

~ 1-
Ip = Uofcfsgn(nz) (B4)

From relationship (B3), the effective equivaleragtic strain rate in the matrix is found:
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dpq = 2l (B5)

5

So, we finally have:

( _ 2|y
deq =7

1-f .
Yxx = Qay — 1)%%&9”(“2)

1-f . (B6)
Yzz = 2a, TConsgn(nz)
_ I,
A= |(1—f)\/f&0
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Appendix C: Link between the sign of the plastic multiplier, the effective equivalent

plastic strain ratein the matrix and 8,

The sign of; has to be selected in Eq. (22) to ensure the pibgitf the plastic multiplier\.

To check this feature, the definition (28) of thasptic multiplier is used:

I

A = = DG kaesinhkpy)

(C1)

Since hyperbolic sine is an odd function, we hage(ksinh(kﬁl)) = sgn(p;). From Eq.
(C1), one gets:

sgn(A) = —sgn(I1,81) (C2)

On the other side, the effective equivalent plastiain rate is given by:

,Bltr 2 +2ﬁ n
Gy = % (©3)

With use of Eq. (24) one gets:
dog = 1= |B1 (¢ (2) = 20M1,) — 211, 25 (g + D (g + PIsinh(kp)|  (C4)
Since,

I, = _"(2)%’7“2, (C5)

the effective equivalent plastic strain rate in thetrix has the following form:

deq = _ﬁlnlB+ (Co)
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21,2 i
with B+ = 2 [1+ T2 Sinep,)
1-f 2

c g+D@+/1) T ] It is clear thaB* is always positive. As
1 1

a consequence, from Egs. (C2-C6), the positivittheftwo termsl,, andA is satisfied when
the producp, I, is negative. In other wordg; andIl,; must have opposite sign.
Note that the casg, = 0 (i.e. £, = 0 from Eq. (21)), corresponds to the sub case (b) of

Appendix B.
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Appendix D: Analytical expression of the plastic multiplier Afor the Gologanu et al.

(2997) model

The porous material is under plastic loading deadt one of the diagonal component® aé

non-zero. Let us consider thagy # 0. The plastic multiplier is given by:

A= ()" oY)

From Eq. (11), it follows:

-1
£ =22(2C(nB, + B,) (— 3 +naz) +2(g + (g + kaysinh(kpy)) (D2)

The termB, + npB; can be replaced in (D2) with use of Eq. (24). €hane, one obtains:

Dxx (11 -1
A(g + 1)(g + fksinh(kp,) = aiox(n_i (1 -2na,) + Zaz) (D3)

With definitions (14) ofl; and I1,, the analytical expression afis found

(g+1)(g+)kGosinh(kBy)

A= (D4)

Note that the definition is valid also whéxgy = 0. In that case, for axisymmetric loading,

-1
D, is non-zero. By using = D, 22 and relationships (11) and (24), one obtains:
0%zz

A(g +1)(g + fksinh(kpy) = 222 (232 (1 +1(1 - 2a)) +2(1 = 2a2))_1

(DS)

Eq. (D3) forA is retrieved by introducing into Eq. (D5) the eegsions ofl; and II, given
in Eq. (14).
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Appendix E: Particular case

Gurson model:

The GLPD model coincides with the Gurson model whspheroids are spherical. By

adopting the following parametersC =1, a, = é n=09g=0, k= 3

> expression of

Section 2.2.1 can be used. We also haye- —>tr (D), My =3 (Dzz — Dxx) and X =

2 2

T o1
—24 4,_9_2(_1_ 27272 2)
j -1

2
9T

Zn’%f

For this set of parameters, the macroscopic stiies®ffective equivalent plastic strain rate in
the matrix and plastic multiplier have the followiaxpressions:

Zyx = 0O (,31 - éﬁz)
Xzz = 0y (,31 + 2,32)

< Batr(D)+26, 11, (E1)
deg = — 7
it
A= ———2L
\ Fazosinh(3p, )

From Egs. (24) and (27), the two coefficiefitsandp, are:

B = gln(X + \/m)sgn (tr (2))

(E2)
B = 25 fsink (351)

With a perfectly plastic matrix, Leblond (2003), Nhiet et al. (2013), Gologanu (1997),

Balan and Cazacu (2013), Dormieux and Kondo (203 proposed a parametrization of
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the components of the macroscopic stress derivad the Gurson yield surface (spherical

void). Eqg. (E1) is similar to their parametrization

For a viscoplastic matrix with a power law deperwsfy = o,dg;, the effective flow stress

in the matrix is:

1 m

&, = o, (E)m (Butr (D) +28,1,) (E3)

1+f?

For spherical loadingl, = 0 or equivalentlyD,, = Dyy andX = >

), the set of equation

(E1) becomes:

(ZXX = X, = éﬁoln (%) sgn (tr (Q))

g = 2212 (E)

L@

 3(1-12)
With &, given by Eqg. (E3)

Cylindrical void in a viscoplastic matrix:

A viscoplastic material containing cylindrical void considered here. The GLPD model

contains also the Gurson model with cylinder. Hoattpurpose, the following set of

parameters has to be adoptetl= 1, a, = % n=0,g =0,k =+/3. In this casell, andIl,

are linked to the macroscopic strain rate bl = —%tr (Q) andII, =%DZZ. Then, the

solutionX (Eg. (19)) of Eq. (18) becomes:
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Io

_1+‘/1+3<5(ZQZ)>2<1+f2+3f2<:(zz)>2)
X =

z (E5)
()
(2)
Analytical expressions fatyy, £, deq, A andg, are:
Ixx = 6oP1
Zz7 = 60(B1 + B2)
pitr(D)+24,1;
dog=—"T "
. s (E6)
A=—— Ml
\/_f?fosinh(\/_ﬁl)
0= 00 ()" (Brr (2) +26212)"
Note that Eqgs (E6) are valid for a viscoplasticnmataving a powerlaw flow stress.
In addition
B = iln(X +VX2—1)sgn (tr (Q))
B (E7)

B, = DZ(Z\/)_f nh(\/—ﬁ1)

Under axisymmetric(Dyy = Dyy) plane strain loadingD;; = 0or II, =0) one has ,

X:1+—f2 B, =0 andp :iln(l)s n(Dxx). Finally, from Eq. (E5), we have:
2r P2 1= F 7)) sg Wxx)- Ys q. ; :

Zxx = 500ln () sgn(x)

Y7z = \/%5 In (l) sgn(Dxx)

2 n(7)Ipxx]
{deq =317 (E8)
A — 4'|DXX|
V35(1-f7)

2 In; )IDxxl]

ﬁz%h_ﬁ_
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Gurson with general loadings conditions:

A porous medium (spherical void) subjected to gehkading conditions is considered. The
constitutive law is described by the Gurson moBealksed on Eq. (60) and Eq. (61), we have

the following expression for the yield surface:

2 3
;—g+ 2q1fcosh(2q;:)—1—q1f2 =0 (E9)
with:
1
p=—3tr(z)
3 . (E10)
a=(zz)

whereX? is the deviatoric stress tensor. From Aravas (L98the mean and effective strain

rate can be obtained for the flow surface:

-~
P ap

a=(2) e

Combining Eg. (E9) and (E11), one obtains:

q = -2l g, (z—z) sinh (222) (E12)
Using the scheme developed in the paper (see 8&dtiand by defining:

X = cosh (32"72;’) (E13)
Eq. (E9) provides a quadratic equation in X:

(Beer)’ (Z—Z)Z X* =1 +2q:fX~1—q1f2=0 (E14)
From Eg. (E13) we obtain:

p= iz—z‘z’ln(X + \/ﬁ) (E15)

whereX is the positive solution of Eq. (14).

The analytical expression gfis obtained from Eg. (E12):
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q= —?’(112—q2]€60 (2—") sgn(p)vX? —1 (E16)
P

Note thatq is always positive. As previously in this papéwe sign ofp is determined from

the positivity of the equivalent strain rate in thatrix.
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Appendix F: Extension to non-axisymmetric loadings

In this Appendix, we extend the strategy proposedakisymmetric loading in Section 2.2.1.
The extension deals with strain rate loading gisnEq. (1) where the three diagonal
components are different. We also assume that ¢heup model of Gurson typ