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Contrarily, the Reynolds number Re may take various values, from zero to several hundred, while the flow remains 

stable. In the dimensionless domain W(r, x) = {0 < r < (x), 0 < x < 1} with (x) being a periodic function of period 

 and the mean value 1, the steady-state mass conservation and Navier Stokes equations will reduce to 

 

 
The dimensionless boundary conditions will rewrite to 

 

 
 

 
 

 
 

 
with 

 

 
  

 
In this study, the objective is to analyze the behavior of a family of solutions. For simulations, the uniqueness may 

be reached by replacing condition (5a) imposed on the average velocity by the condition on the velocity at the 

inlet section. 

 

The analysis is performed by applying the asymptotic method: the solution is searched in the form of the 

asymptotic expansion with respect to small parameters  and . In the limit →0, we will obtain a system that is 

homogenized along x. The limit →0 formally means the elimination of the transverse variable r, which means 

the homogenization along r. Thus the zero term of the asymptotic expansion is expected to be equal to the averaged 



value. Hence, the technique of the suggested method is close to those procedures which are applied in the 

homogenization theory. The flow equations averaged over r represent the main interest of this paper. Owing to 

the particularity of the method used, the solutions obtained do not need to provide an exact detailed flow pattern, 

but they are expected to exhibit adequate homogenized behavior. 
 

 
A. Asymptotic solution 
 

Let us introduce the regular asymptotical expansion of with respect to the small 

parameter  as below:  

 

 
 

 

 

 

 
 

 
 

 

 
 

 



The definite form of the velocity and pressure gradient field will be 

 

 
 

where the details on the solutions and the solutions to                                                              are provided in  

Appendix A.               
For the special case of regular pipe                              we obtain 

 

 
 

 
 

 
 
                            When there is no fluid exchange with the porous host rock through the walls, u* = v* = 0, we 

obtain the flow in a regular pipe: the parabolic profile for the longitudinal velocity, Fig. 4, the zero radial velocity, 

and the constant pressure gradient along the pipe. The fluid flow through the walls, u* = v* = 1, creates a non-zero 

radial velocity and deviates the streamlines from.  

 

 
 

being parallel to the walls as shown in Figs. 5 and 6. At higher Reynolds, Fig. 6, a reverse flow forms in the pipe 

close to the wall boundaries.  

 

For the channel with impermeable wavy walls in low Reynolds, the streamlines follow the wall geometry due to 

viscous effects as it is shown in Fig. 7(a). We assumed the case of the channel’s sinusoidal corrugation as 



 
 

with a being a dimensionless parameter equal to the ratio of the corrugation amplitude to the mean radius and = 

0.01,  = 0.010.75 = 0.0316 and a = 0.3. The flow is from left to right, the upper half-domain is presented. 

 

 
 

 
 

 

 
 

 
 

 
B. Two-scale form of the solution 
 

In order to average the fluctuations caused by the wavy walls, we can use the fact that the scale of the oscillations 

is small with respect to the long length of the channel. Due to the large difference between the two scales, the 

behavior at two scales may be assumed to be independent from one another. The small-scale (“fast”) variable y = 

x/" is considered to be independent from the slow variable x. Then we introduce the extended functions   

                                                                        The spatial derivative is defined as 

 

 
 

The detailed two-scale results for the velocity and pressure field are given in Appendix B. For the impermeable 

walls, secondary flows are not visible up to some certain Reynolds number, as it is seen in Fig. 7(a). With the 

fluid flow through the walls secondary flows form even in low Reynolds number, Fig. 7(a). In Fig. 8, a relatively 

high Reynolds number, Re = 5, is chosen in order to ensure the formation of secondary flow. As it is seen in Fig. 

8(a), secondary flows form even where there is no fluid flow through the walls. In Figs. 9 and 10, the stream 

function is plotted using the zeroth, first, and second approximations for permeable and impermeable channel 

walls and a relatively low Reynolds, Re = 1, and a higher Reynolds, Re = 5. As it can be seen, at lower Reynolds 

the higher asymptotics for the stream function are less dominant. In higher Reynolds, the most exact 

correspondence with the true flow pattern is obtained in the second approximation for both cases of permeable 

and impermeable walls. 

 



It can be seen in Fig. 11 that when there is no fluid flow through the walls, the gradient of pressure along the 

channel is periodic. In the case of permeable walls, the pressure gradient increases along the channel axis, which 

results in forming the instability. The rise of instability can be noted through the appearance of the positive 

pressure drop which determines the reverse flow. 

 

 

C. Averaged flow model 
 

Let us define the single and double averaging for a two-scale function f (r, y, x) 

 

 

(17) 

 

 

Then the averaged velocity and pressure will be 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 7. Cylindrical wavy channel: Appearance of secondary flow, Re = 1 (a) without/(b) with inflow through 

the walls, (x) = 1 + a sin(2x/),  = 0.01. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 8. Cylindrical wavy channel: Appearance of secondary flow, Re = 5 (a) without/(b) with inflow through 

the walls, (x) = 1 + a sin(2x/), =0.01,  = 0.010.75 = 0.0316 and a = 0.3. 



 

 

 
 

FIG. 9. Cylindrical wavy channel (impermeable walls): zero, first, and second approximation of the streamlines 

in the second cell of corrugation, Re = 1 (a) without/(b) with inflow through the walls. 
 

 

 
 

FIG. 10. Cylindrical wavy channel (impermeable walls): zero, first, and second approximation of the 

streamlines in the second cell of corrugation, Re = 5 (a) without/(b) with inflow through the walls. 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 11. Cylindrical wavy channel: The micro scale pressure drop with and without inflow for (a) Re = 1 and 

(b) Re = 5. (a) No instability in pressure in low Reynolds, Re = 1. (b) Pressure instability arises in higher 

Reynolds, Re = 5. 

 

 

 

 
 

In dimensional form, the pressure drop along the channel can be said 

 

 
 

Replacing U0 by U by using (35), we obtain the averaged momentum balance equation in the form of a cubic 

law 



 
where 

 
 

 
 

 

           

(26)  

 

 

 

 

Three effective parameters determine the averaged behaviour of the system: 

 

• Kef is the effective permeability [m2], the parameter responsible for the pure viscous dissipation (the 

friction) which corresponds to Darcy’s law. The effective permeability also includes the consequences 

of irregular boundaries as the local Darcy like term. These effects are assumed as a correction to the 

effective permeability, here determined in terms of coefficients of 2/2 in parameter , the 

corrugation parameter. In Fig. 12 the corrugation parameter is plotted vs. the oscillation amplitude 

for both permeable walls and impermeable walls. It can be seen that the presence of irregularities in 

the geometry of the boundaries decreases the effective permeability of the channel significantly, while 

the presence or absence of fluid flow through the walls has not a significant role on the effective 

permeability. 

 

 
 

 

 



 

• ef is the inertia parameter having the dimension [m-1]. It is responsible for the integral losses of the 

kinetic energy within a period caused by the radial component of the inflow velocity which is 

orthogonal to the channel’s axis, v*. The radial component of inflow deviates fluid from the axial 

direction of flow, which reduces the fluid axial velocity. The energy transferred with the inflow plays 

the role of a decelerator, which means the appearance of a negative acceleration, or the inertia losses 

of energy. ef vanishes in the absence of fluid exchange through the walls as shown in Fig. 13. 

 

 
 

 

 
 

with the inflow plays the role of a decelerator, which means the appearance of a negative acceleration, 

or the inertia losses of energy. _ef vanishes in the absence of fluid exchange through the walls as 

shown in Fig. 13. 

• ef is the dimensionless parameter responsible for the visco-inertial cross-effect that represents a 

supplementary viscous dissipation produced by the deviation of the streamlines due to increase in 

Reynolds. As the streamline deformation is caused by the inertial forces, this term depends on Re. ef 

represents the global and local cross visco-inertial effect. The global effect is zero in the absence of 

fluid flow through the walls. As it is shown in Fig. 14, this term vanishes for a regular pipe. 



 

In the special case of a regular pipe with permeable walls, one will have F0 =1/2 + v*x and 

 

 

 
 

It is seen that for a pipe with permeable walls, the pure inertia effects and cross visco-inertial effects enter the 

averaged pressure drop. For a regular pipe with no inflow, we reduce to Hagen-Poiseuille equation for pressure 

drop in pipes, with  = 1. Also in the presence of fluid flow through the walls, the effective permeability increases 

for a regular pipe, Fig. 15. As a result of <<1, the limit value of the effective permeability reduces to the one for 

the pipe with impermeable walls. 
 

 
 

 

 

III. PARALLEL-PLATE WAVY CHANNELS 
 

 

The same approach presented in Sec. II can be applied to investigate the flow in a slab-shaped parallel-plate wavy 

channel with permeablewalls immersed in the porous medium, as shown in Fig. 16. The channel’s depth 

perpendicular to the direction of the flow is infinite, so the problem is assumed to be 2D, Fig. 17. 

The mean channel’s aperture is H and the characteristic length of the channel is L. The upper wall is described in 

(X, Y, Z) coordinates as W(X, Z) = {0 < X < L , 0 < Z < H(X)}, where (X) is the periodic function with period l, 

the mean value ½, and (0) = 1/2. In case when (X) =1/2, the channel walls are planes. The boundary condition 

at the inlet section imposes the given mean velocity U0 as 

 

 
 



where UX is the longitudinal component of the fluid velocity. The influx from porous host rock is assumed to be 

uniform and equal to (UX*, UZ* ). The following dimensionless variables: 

 

 
 

 
The steady-state mass conservation and Navier-Stokes equations for the incompressible fluid flow in the domain 

W(x, z) = {0 < x < 1, 0 < z < (x)} will rewrite to 

 
 

 
 

 

 
FIG. 17. Parallel-plate wavy channel with uniform fluid flow through the walls. 

 

 

 
 

The dimensionless boundary conditions on the channel’s inlet and wall boundaries will be  

 

 
 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 18. Parallel-plate wavy channel: Stream function  , longitudinal velocity u, and transversal velocity v for 

Re = 12, wall geometry (x)=0.5(1 + a sin(2x/)) for =0.01, =0.010.75=0.0316, a = 0.3. (a) Impermeable 

walls (b) Permeable walls. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 19. Parallel-plate wavy channel: Stream function  , longitudinal velocity u, and transversal velocity v for 

Re = 55, wall geometry (x)=0.5(1 + a sin(2x/)) for =0.01, =0.010.75=0.0316, a = 0.3. (a) Impermeable 

walls (b) Permeable walls. 

 

 

 

 
Introducing               and the asymptotic expansion in terms of powers of , the solution in the two-scale form 

using the small scale variable y = x/ will be obtained as given in Appendix C. 

 

In Fig. 18, the streamlines and pressure field are plotted for a parallel-plate wavy channel with walls of geometry 



(x)=0.5(1 + a sin(2x/)) where a is the ratio of the wavy amplitude at half of the mean aperture. In this case, 

=0.01,  = 0.010.75, a = 0.3, and Re = 12. It is seen that at small Re, the fluid flow through the walls, Fig. 18(b), 

influences the streamlines in the vicinity of walls, but weakly influences the velocity magnitude. 

 

In Fig. 19, the same plots are presented for a relatively higher Reynolds Re = 55. For higher Reynolds number, 

the flow through the walls has a significant impact on streamlines and the velocity field in the channel. In the case 

of permeable walls, the flow in the channel is not periodic anymore. 

 
The pressure gradient along the channel for Re = 12 and Re = 20 is presented in Fig. 20. The pressure drop along 

the channel is periodic when there is no fluid flow through the channel walls. In the case of permeable walls, the 

amplitude of oscillations of the pressure gradient increases along the flow direction. At high Reynolds, starting 

around Re = 20, the pressure gradient becomes locally positive which means the appearance of a local reverse 

flow. This counter-current flow might result in the appearance of the instability.  

 

 
 

 
 

 

 

We apply twice averaging defined as 

 

 
 

which gives the averaged longitudinal velocity C1, transversal velocity C2, and pressure gradient along the 

channel’s length C3 in the dimensional form                                                        , as the following:  
 

 
 



 
 

Replacing U0 by U by using (35), we obtain the averaged momentum balance equation in the form of a cubic 

law 

 

 
 

where  

 

 
 

 

 

(39)b 
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The effective permeability Kef [m2] depends on the geometry of the channel and weakly depends on the influx 

through the walls. 

 

The inertial term ef [m-1] is responsible for the integral losses of the kinetic energy caused by the component of 

the inflow velocity which is orthogonal to the channel’s axis, v*. 

 

ef is the dimensionless parameter responsible for the visco-inertial cross-effect. 

 

Two limit cases help to analyze the behavior of these parameters: the non-corrugated channel and the impermeable 

walls.  

 

For the case of non-corrugated walls, when  = 1/2, one has 

 

 

 
 



 
 

For the case of impermeable walls u* = v* = 0, one writes 

 

 

 
 
The mass balance along the channel possesses the following integral relation: 
 

 
 

 
 

 
The dependence of these parameters, taken in dimensionless form, on the dimensionless amplitude of wall 

oscillations a (the amplitude divided by the channel’s aperture H), is shown in Figs. 21–23. It was assumed that 

 = 0.01,  = 0.010.75. As can be seen in Fig. 21, the influence of the fluid flow through the walls on the 



permeability is not significant, and as is shown in Fig. 23, the viscous-inertias parameter is practically independent 

of the flow through the boundaries of channel. The pure inertia parameter ef is the most sensible with respect to 

the fluid flow through the walls and increases when the walls are permeable, Fig. 22. Comparing Figs. 7(a) and 

18(a) one can see that flow vorticities form at higher Reynolds in parallel-plate channels.  

 

 
 

 
 

Looking into Figs. 13 and 22, it is concluded that the dimensionless inertial coefficient ef increases for parallel-

plate channels as the amplitude of the corrugations increase, while it decreases slightly for cylindrical-shape 

channels. The cross visco-inertial effects in a cylindrical channel decrease the pressure drop along the channel as 

the amplitude of corrugations increase, Fig. 14. For the slab-shaped channels, the cross visco-inertial coefficient 

is one order of magnitude smaller than the pure inertial effect and increases the pressure drop along the channel 

as the corrugation amplitude increases. 

 



 
 

IV. CONCLUSION 
 

The effective model of flow in a channel with permeable wavy walls was investigated through the asymptotic 

solutions of the steady-state Navier-Stokes equations with non-zero fluid exchange through the boundaries. The 

solution was obtained for a cylindrical and parallel-plate wavy channel. The fluid flow through the walls increases 

the Reynolds number along the channel and results in local flow instabilities and forms reverse flow. The local 

instabilities arise in relatively higher Reynolds numbers in parallel-plate wavy channels than in cylindrical wavy 

channels. The channel’s effective permeability decreases as the amplitude of corrugations increases. It was shown 

that the linear approximation for proportionality of the average pressure gradient and average velocity cannot 

explain the effect of fluid flow through the walls and corrugated geometry of the channel. Consequently, the linear 

approximation cannot express the flow regime in the channel properly. The quadratic correction to pressure drop 

along the channel is valid only in case of permeable walls. When the channel walls are impermeable the quadratic 

term vanishes, and the cubic correction to linear pressure drop exists though due to the wavy geometry of the 

walls. In cylindrical wavy channels, the cubic term decreases the pressure drop along the channel as the 

corrugation amplitude increases, while in parallel-plate channels the cubic term is less dominant. 

 

 

 

 

APPENDIX A. ASYMPTOTIC SOLUTION IN CYLINDRICAL WAVY 

CHANNEL 

 
The zeroth order, first order, and second order problems given in Sec. II A may be solved by introducing new 

variables, 

 
 

Then the zero-order problem of the asymptotic series becomes : 

 

 
In the second equation, the variables x and  may be separated as 

 

 
 

 

 

 
 

The left-hand side depends on x only; then, this equation is easy to integrate while taking into account the boundary 

conditions                                                              From the last integral relation in Eq. (A1), we obtain  

 

 

 

 

                     

                                                           The solution takes the form 

 



 

 
 
In a similar way, one can solve the first-order and second-order problem and obtain for 

 

 
 

 

 
 

 
 

 
 

 

 

 

 



APPENDIX B: TWO-SCALE FORM OF THE SOLUTION IN 

CYLINDRICAL WAVY CHANNEL 

 
The two-scale form of Eqs. (A4) will be written as 

 

 

 
 

 
 

 
 

In the cylindrical coordinating system, considering the symmetry with respect to the angular coordinate, the 

streamlines in terms of radial and longitudinal velocity components, respectively, u, v can be written as 

 

 
 



 
 

where C is an arbitrary constant, representing different streamline sets. It should be noted that the function  

oscillates with respect to y and does not depend on x, so one can write d/dx=(1/)d/dy.  

 

 

 

APPENDIX C: TWO-SCALE FORM OF THE SOLUTION IN PARALLEL-PLATE 
WAVY CHANNEL 
 
The two-scale asymptotic solutions for flow in a parallel-plate wavy channel will be derived in the similar way as 

cylindrical wavy channel given in Appendixes A and B, which rewrite to 
 

 
 

 
 

 
 



 
 
where C is an arbitrary constant. 
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