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Abstract 

The use of bio-sourced materials for thermal insulation of buildings is growing mainly for 
environmental reasons. It has already been demonstrated that since these materials are highly 
hydrophilic, mass transfer may have significant influence on their temperature field.  We first 
develop a heat and mass transfer model with a limited number of parameters and we use it to 
simulate the mass and temperature fields during a typical transient experiment dedicated to 
vapor diffusion coefficient estimation. Estimations made from these simulations with a simple 
mass transfer model show that the estimation error can be greater than 30 % in some cases. A 
sensitivity study shows that the vapor diffusion coefficient, the thermal conductivity and the 
external mass transfer coefficient can be estimated separately from a mass recording,  with the 
coupled model. An experimental study carried out at 15 °C, 25 °C and 35 °C on a wood fiber 
board confirms the results of the theoretical study. The deviation between the vapor diffusion 
coefficient estimated with and without taking into account the heat transfer was 13.3 % at 35 
°C. It is finally shown that the isosteric heat of sorption has no effect on the estimation of the 
diffusion coefficient. 

Keywords : bio-sourced material, insulating material, heat transfer, mass transfer, vapor 
diffusion coefficient  

Nomenclature 

𝑐௪   Specific heat of water (J kg-1 K-1) 
𝑐௦   Specific heat of the solid in dry state (J kg-1 K-1) 
𝐷  Mass diffusivity (m2 s-1) 
𝐷௑

௟  Isothermal mass diffusivity in liquid phase (m2 s-1) 
𝐷்

௟  Non-isothermal mass diffusivity in liquid phase (m2 s-1 K-1) 
𝐷௑

௩ Isothermal mass diffusivity in vapor phase (m2 s-1) 
𝐷்

௩ Non-isothermal mass diffusivity in vapor phase (m2 s-1 K-1)   
𝐷∗ Diffusivity of the water vapor in air (m2 s-1)    
𝑒 Sample thickness (m) 
ℎ௖  Convection heat transfer coefficient (W m-2 K-1) 
ℎ௠  External mass transfer coefficient (kg m-2 s-1) 
ℎ௩  External mass transfer coefficient (m s-1) 
ℎ௥  Radiation heat transfer coefficient (W m-2 K-1)  
𝐻௟ Enthalpy of the liquid (J kg-1) 
𝐻௩ Enthalpy of the vapor (J kg-1) 
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𝐻𝑅 Relative humidity of air  
𝐿  latent heat of vaporization (J kg-1) 
𝑚 Mass of the sample (kg) 
𝑚௦ Dry mass of the sample (kg) 
𝑚ሬሬ⃗ ௟ Liquid mass flow rate (kg m-2 s-1) 
𝑚ሬሬ⃗ ௩ Vapor mass flow rate (kg m-2 s-1) 
𝑀௩  Molar mass of air (kg) 
𝑁 Number of experimental points 
𝑝௦௔௧ Pressure of saturated vapor at the temperature 𝑇 (Pa) 
p Total gas  pressure (Pa) 
𝑝௩  Partial pressure of water vapor (Pa)  
𝑇 Temperature (K) 
𝑥  Distance from the air/sample interface (m) 
𝑥௩  Mass fraction of water vapor in air  (kg kgdry air

-1) 
𝑋  Water content of the sample (kg kgdry mass

-1) 
𝑋௩  Water vapor content of the sample (kg kgdry mass

-1) 
𝑋௟  Water liquid content of the sample (kg kgdry mass

 -1) 
𝑋଴  Initial water content of the sample (kg kgdry mass

 -1) 
𝑋ଵ  Water content of the sample in equilibrium with the air flow (kg kgdry mass

 -1) 
𝑋ത  Mean water content of the sample (kg kgdry mass

 -1) 
𝑌ଵ   Air absolute humidity far from the surface (kg m-3)  
𝑌଴   Air absolute humidity far on the surface (kg m-3)   

Greek symbols 

𝛿  Thermomigration coefficient 
∆𝐻௦  Isosteric heat of sorption (J kg-1) 
𝜀௚  Volume fraction of the gaseous phase  

𝜀௦  Volume fraction of the solid phase 
𝜑ሬ⃗    Enthalpy flow rate (J m-2 s-1) 
𝜆 Thermal conductivity at local scale (W m-1 K-1) 
𝜆௦  Thermal conductivity of the (wet) solid phase (W m-1 K-1) 
𝜆௚  Thermal conductivity of the gaseous phase (W m-1 K-1) 
𝜌௟    Liquid density (kg m-3) 
𝜌௩    Vapor density (kg m-3) 
𝜌଴   Dry medium density (kg m-3)  
𝜏 Coefficient of tortuosity  

1. Introduction 

The use of bio-based insulating materials is currently developing because they allow limiting 
the emission of greenhouse gases by reducing the energy consumption linked to the heating of 
buildings while having environmental advantages: they require low consumption of energy for 
their manufacture and do not generate toxic emissions or waste. Their thermal conductivity is 
however slightly higher than that of insulating materials derived from petroleum products such 
as polyurethane foam for example. Among the main bio-based insulating materials that have 
been the subject of recent studies, we can cite hemp [15,18],  wool [21], materials based on 
wood fiber [7,14]. 



They are also hygrophilic with water contents showing significant variations with the relative 
humidity of the ambient air: for example, the water content of pine varies from 5 % to 15 % 
when the humidity of the air varies from 20 % to 60 % [20]. When subjected to variations in 
air humidity, there is a water vapor mass transfer which has been shown to cause temperature 
variations of several degrees [19]. To predict the thermal behavior of a wall comprising this 
type of material, it is necessary to solve the problem of coupled heat and mass transfer and 
therefore to know the mass diffusion coefficient of water vapor in the material.  
One of the most popular methods is the cup method which is a widely used steady state method 
[4,6]. This method involves subjecting the sample to be tested to a relative humidity gradient. 
The sample is sealed in a cup containing a saturated saline solution which imposes a constant 
and known relative humidity 𝐻𝑅଴. The dish is placed in an environment with relative humidity 
𝐻𝑅ଵ which is also constant and known, for example in an enclosure regulated in temperature 
and humidity. The mass of the cup is measured until it varies linearly, allowing the constant 
water vapor flow rate through the sample to be calculated and then the mass diffusion 
coefficient of the sample to be deduced. However, the measurement is very long and does not 
allow the estimation of the resistance to external transfer, like all steady-state measurements. 
These resistances may not be negligible for materials with high mass diffusivity [22] such as 
low density insulating materials. 
Transient regime methods have also been used by many authors, they are all based on a common 
principle: a sample, which is at a uniform temperature and water content, is subjected to a 
sudden jump in the relative humidity of the air with which it is in contact and the evolution of 
its mass is recorded from this moment, as represented in Figure 1. We then estimate the 
unknown parameters (including the mass diffusivity) by minimizing the sum of the quadratic 
differences between the experimental points and a model representing the evolution of mass. 

  

Figure 1: Classical experimental device for the measurement of the water vapor diffusion 
coefficient in transient regime  

The methods may differ by the experimental device used, some authors use a DVS (Dynamic 
Vapor Sorption) device which allows to work on very small samples but which requires that 
the material is perfectly homogeneous [23], others use larger samples placed in an enclosure 
regulated in temperature and humidity [1]. A variant of this family of methods has recently been 
proposed in which the measurement of mass is replaced by a measurement of relative humidity 
on the sealed face of the sample [3]. 
The models used to represent the evolution of the mass of the sample generally do not take into 
account the heat transfer coupled with the mass transfer [5,23]. A theoretical study carried out 



starting from the numerical resolution of a model of coupled heat and mass transfer showed that 
the estimation error could be of 10 % with a model taking into account the resistances to the 
external mass transfer and of 20 % for a model not taking them into account [1]. However, this 
study was carried out considering solid wood with a lower mass diffusivity and higher thermal 
conductivity than those of a wood fiber panel for example. 
We propose in this article a coupled heat and mass transfer model as well as a numerical method 
of resolution. This model will be used first to assess the error made when estimating the mass 
diffusion coefficient with models that do not take heat transfer into account. This study, carried 
out on ranges of thermal conductivity and mass diffusion coefficient wider than those 
considered by [1], will show that the errors can exceed 30 % for insulating materials of high 
permeability such as wood fiber board. 
This model will then be used to carry out a study of the reduced sensitivities of the mass of the 
sample (the measured quantity) to the unknown parameters that one seeks to estimate, namely 
the mass diffusion coefficient, the thermal conductivity and the coefficient of external mass 
transfer. It will allow to conclude that the unknown parameters can be estimated separately. 
The results of an experimental study carried out on a wood fiberboard using a device of the type 
shown in Figure 1 at three different temperatures will then be presented. Estimates made using 
two mass transfer models and the coupled heat and mass transfer model will confirm the results 
of the theoretical study, with deviations in between the estimated values reaching 32 % in the 
worst case. The temperature measurement carried out at the center of the sample will highlight 
temperature variations that can reach 5 °C, thus confirming the results of [19] and showing that 
mass transfer must be taken into account to calculate the evolution of the temperature field in 
this type of material. The influence of the isosteric heat of sorption neglected in the model will 
finally been studied. 

2. Model and estimation methods 

21. Model 

We will first present the coupled heat and mass transfer model used for this study, 
corresponding to the configuration of the system shown in Figure 1. In this study, it is 
considered that the gaseous pressure inside the sample is uniform and constant.  
The enthalpy transferred to a humid material under the effect of a temperature and humidity 
gradient can be written [17]: 

𝜑ሬ⃗ = −𝜆∇𝑇ሬሬሬሬሬ⃗ + 𝑚ሬሬ⃗ ௟ 𝐻௟ + 𝑚ሬሬ⃗ ௩ 𝐻௩          (1) 
With: 
𝜆 Thermal conductivity 
T Temperature 
𝑚ሬሬ⃗ ௟ Liquid mass flow rate 
𝐻௟ Enthalpy of the liquid 
𝑚ሬሬ⃗ ௩ Vapor mass flow rate 
𝐻௩ Enthalpy of the vapor 
Where: 

𝑚ሬሬ⃗ ௟  = −𝜌௟ ൫𝐷௑
௟  ∇𝑋௟

ሬሬሬሬሬሬ⃗ + 𝐷்
௟ ∇𝑇௟
ሬሬሬሬሬሬ⃗ ൯          (2) 

𝑚ሬሬ⃗ ௩  = −𝜌௩  ൫𝐷௑
௩ ∇𝑋௩

ሬሬሬሬሬሬሬ⃗ + 𝐷்
௩∇𝑇௟

ሬሬሬሬሬሬ⃗ ൯         (3) 
With: 
𝑋௩  Water vapor content 



𝑋௟  Water liquid content 
𝜌௟    Liquid density 
𝜌௩    Vapor density 
𝐷௑

௟  Isothermal mass diffusivity (m2 s-1) in liquid phase  
𝐷்

௩ Non-isothermal mass diffusivity (m2 s-1) in liquid phase 
𝐷௑

௩ Isothermal mass diffusivity (m2 s-1) in vapor phase 
𝐷்

௩ Non-isothermal mass diffusivity (m2 s-1) in vapor phase  
A mass balance carried out on an elementary volume of liquid and then of vapor allows us to 
write [17]: 

𝜌଴  
డ௑೗

డ௧
=

డ

డ௫
 ቂ𝜌଴  ቀ𝐷௑

௟  
డ௑೗

డ௫
+ 𝐷்

௟  
డ்

డ௫
ቁቃ − 𝑚̇         (4) 

𝜌଴  
డ௑ೡ

డ௧
=

డ

డ௫
 ቂ𝜌଴  ቀ𝐷௑

௩  
డ௑ೡ

డ௫
+ 𝐷்

௩  
డ்

డ௫
ቁቃ + 𝑚̇         (5) 

Where 𝑚̇ is the quantity of water evaporated per volume unit of porous medium and per unit of 
time, and 𝜌଴  is the density of the dry medium. 
By adding the two relations, we get: 

𝜌଴  
డ௑

డ௧
=

డ

డ௫
 ቂ𝜌଴  ቀ𝐷௑  

డ௑

డ௫
+ 𝐷்  

డ்

డ௫
ቁቃ         (6) 

Where:  𝑋 =𝑋௩ +𝑋௟  
              𝐷் = 𝐷்

௩ + 𝐷்
௟   

                          𝐷௑ = 𝐷௑
௩ + 𝐷௑

௟                                                                       
By neglecting the accumulation term compared to the transport term in the vapor mass balance, 
we can write: 

𝑚̇ = −
డ

డ௫
 ቂ𝜌଴  ቀ𝐷௑

௩  
డ௑

డ௫
+ 𝐷்

௩  
డ்

డ௫
ቁቃ        (7) 

A thermal balance carried out on an elementary volume of the wet porous medium gives: 

𝜌଴ 
𝑐∗  

డ்

డ௧
=

డ

డ௫
 ቂ 𝜆∗ డ்

డ௫
+ 𝜌଴  𝐷௑

௩  𝐿 
డ௑

డ௫
ቃ       (8) 

Where 𝜆∗ is the apparent thermal conductivity. 
It may be expressed by [2]: 
𝜆∗ = 𝜆 + 𝜌଴𝐷்

௩ 𝐿          (9) 
Where: 
Assuming that the isosteric heat of sorption is negligible (this hypothesis will be further 
discussed), 𝐿 is the vaporization latent heat of water given by [10]:  
𝐿 = 2.501 × 10଺ − 2650 (𝑇 − 273.15)        (10) 
𝑐∗ = 𝑐௦ + (1 + 𝑋)𝑐௪           (11) 
𝑐௪  specific heat of water 
𝑐௦  specific heat of the solid in dry state 
The parameter 𝜆 in relation (9) represents the thermal conductivity at the local scale. In the  
general case, this conductivity depends on the thermal conductivities of the different phases 
(solid and gas) but also on the transport of vapor at the microscopic scale [2]. In the particular 
case of a parallel model (all the constituents of the material are in parallel with respect to the 
heat flow), it may be written [16]: 
𝜆 = 𝜀௦𝜆௦ + 𝜀௚𝜆௚            

In the following applications, the parameter 𝜆, supposed constant, will be identified.  
The diffusion coefficients of water vapor in a medium are written [17]: 

𝐷௑
௩ =

ఛ

ఘబ 

஽∗

ோ்

ெೡ

ଵି௫ೡ
𝑝௦௔௧

ௗுோ

ௗ௑
          (12) 



𝐷்
௩ =

𝜏

ఘబ 

஽∗

ோ்

ெೡ

ଵି௫ೡ
𝐻𝑅

ௗ௣ೞೌ೟

ௗ்
          (13) 

According to [7]: 𝐷∗ = 2.17 × 10ିହ ቀ
்

ଶ଻ଷ
ቁ

ଵ,଼଼

       (14) 

According to [10]  : 𝑥௩ =
௣ೡ

௣
       (15) 

Where  𝑝௩ is the partial pressure of water vapor) (𝑝௩ = 𝐻𝑅 𝑝௦௔௧)   

And: 𝑝௦௔௧ = 𝑒𝑥𝑝 ቀ25.5 −
ହଵଽହ

்
ቁ         (16) 

This relation is valid for 0 °C < 𝑇 < 60 °C, with 𝑝௦௔௧ in Pa and 𝑇 in K. 

2.2 Solutions of the diffusion equation 

For the sake of simplification of the writings, we will further note 𝐷 = 𝐷௑ and 𝛿 =
஽೅

஽೉
 

Case where 𝐷 is constant and the heat transfer is negligible 
If we can consider the mass diffusivity constant (small variation interval of 𝑋) and if we neglect 
the influence of heat transfer on mass transfer, the system of equations to be solved is as follows: 
డమ௑

డ௫మ
=

ଵ

஽

డ௑

డ௧
           (17) 

With the initial condition: 
𝑋(𝑥, 𝑡 = 0) = 𝑋଴          (18) 
The first boundary condition at the air/product interface is :   

at 𝑥 = 0 : ℎ௠[𝑋(𝑥 = 0) − 𝑋ଵ] = −𝜌଴𝐷 ቀ
డ௑

డ௫
ቁ

௫ୀ଴
      (19) 

Model M1: semi-infinite medium, 𝐷 constant, heat transfer and external resistance neglected 
A first solution, which we will call the M1 model, can be developed by assuming that the sample 
is a semi-infinite medium: 
𝑋(𝑥, 𝑡) = 𝑋0  when 𝑥 → ∞         (20) 
Neglecting the external mass transfer resistance, relation (19) becomes: 𝑋(𝑥 = 0, 𝑡) = 𝑋ଵ 
The problem is analogous to heat transfer in a semi-infinite medium with imposed surface 
temperature and the solution is written [12]: 
௑(௫,௧)ି௑భ

௑బି௑భ
= 𝑒𝑟𝑓𝑐 ቀ

௫

ଶ√஽௧
ቁ          (21) 

The mean value in the sample is then calculated between 𝑥 = 0 and 𝑥 = 𝑒 : 

𝑋ത(𝑡) =
ଵ

௘
∫ 𝑋(𝑥, 𝑡)

௘

଴
𝑑𝑥 =

ଵ

௘
∫ ቂ𝑋ଵ + (𝑋଴ − 𝑋ଵ)𝑒𝑟𝑓𝑐 ቀ

௫

ଶ√஽௧
ቁ ቃ

௘

଴
𝑑𝑥     (22) 

With: 

∫ 𝑒𝑟𝑓𝑐(𝑘𝑥)𝑑𝑥 = 𝑥 𝑒𝑟𝑓𝑐 (𝑘𝑥) −
௘௫௣ (ି௞మ௫మ)

௞√గ
       (23) 

𝑋ത(𝑡) = 𝑋ଵ + (𝑋଴ − 𝑋ଵ)
ଵ

௘
 ቂ𝑒 𝑒𝑟𝑓𝑐 ቀ

௘

ଶ√஽௧
ቁ −

ଶ√஽௧

√గ
𝑒𝑥𝑝 ቀ−

௘మ

ସ஽௧
ቁ +

ଶ√஽௧

√గ
ቃ    (24) 

Given the values of 𝑒 and 𝐷, the terms 
௘మ

ସ஽௧
 and 

ଶ

ଶ√஽௧
 are very large and therefore all the time that 

the hypothesis of the semi-infinite medium is valid we can write: 

𝑋ത(𝑥, 𝑡) = 𝑋ଵ + (𝑋଴ − 𝑋ଵ)
ଶ√஽

௘√గ
 √𝑡         (25) 

The plot of the curve 𝑋ത(𝑥, 𝑡) = 𝑓൫√𝑡൯ must have a linear part whose slope 𝛽 makes it possible 

to estimate the mass diffusivity 𝐷 by: 𝐷 =
గఉమ௘మ

ସ(௑బି௑భ)మ
     (26) 

Model M2: finite medium, 𝐷 constant, non-null external resistance, negligible heat transfer 
We will now develop a M2 model corresponding to the case of a plate of finite thickness 𝑒 and 
sealed on the side and rear faces, taking into account the resistance to external mass transfer. 



The boundary conditions are written: 

ℎ௠[𝑋(𝑥 = 0) − 𝑋ଵ] = −𝜌଴𝐷 ቀ
డ௑

డ௫
ቁ

௫ୀ଴
        (27) 

ቀ
డ௑

డ௫
ቁ

௫ୀ௘
= 0   (sealed surface in 𝑥 = 𝑒)       (28) 

With these assumptions, the problem is analogous to that of heat transfer in a plate of thickness 
2𝑒 with heat transfer coefficient imposed on both sides. 
The solution can be calculated using several resolution methods leading to solutions of different 
formulations but all representing the same function, we thus obtain by separation of variables 
[9]: 
௑(௫,௧)ି௑భ

௑బି௑భ
= 2 ∑  

௦௜௡(ఠ೙௘)

ఠ೙௘ା௦௜ (ఠ೙௘)௖௢௦(ఠ೙௘)
 𝑒𝑥𝑝(−𝐷𝜔௡

ଶ𝑡) 𝑐𝑜𝑠[𝜔௡(𝑒 − 𝑥)]ஶ
௡ୀଵ    (29) 

Where 𝜔௡ (𝑛 = 1,2, … ) are the solutions of the equation: 𝜔𝑡𝑎𝑛(𝜔𝑒) =
௛೘

ఘబ஽
 that may also be 

written: 𝜔𝑒 𝑡𝑎𝑛(𝜔𝑒) =
௛೘௘

ఘబ஽
. Thus, the solutions 𝜔௡𝑒 of this equation only depend on  

௛೘௘

ఘబ஽
. 

This expression can be used to calculate the mean water content 𝑋ത(𝑡) of the sample between 
𝑥 = 0  and 𝑥 = 𝑒 . We obtain : 

𝑋ത(𝑡) − 𝑋ଵ = 2 (𝑋଴ − 𝑋ଵ) ∑  
௦௜௡మ(ఠ೙௘)

ఠ೙௘ [ఠ೙௘ା௦௜௡(ఠ೙௘) ௖௢௦(ఠ೙௘)]
 𝑒𝑥𝑝(−𝐷𝜔௡

ଶ𝑡) ஶ
௡ୀଵ    (30) 

This relation shows that the mean water content is proportional to (𝑋ଵ − 𝑋଴). Otherwise, since 

the values of 𝜔௡𝑒 only depend on 
௛೘௘

ఘబ஽
 and that we have : 𝐷𝜔௡

ଶ𝑡 =
஽௧

௘మ
 (𝜔௡𝑒 )ଶ, one can deduce 

that 𝑋ത only depends on 
௛೘௘

ఘబ஽
 and of the reduced time 𝑡∗ =

஽௧

௘మ
. In this case, the following three 

parameters must be estimated: 𝑋଴ − 𝑋ଵ, 𝐷 and ℎ௠. 

Model M3: Finite medium, 𝐷 variable, external resistance and heat transfer not neglected   

We will assume that there is no liquid diffusion in the solid, which is an acceptable assumption 
if the relative humidity of the air / product equilibrium is less than 70%. We will further note 
𝐷 = 𝐷௑

௩  . The equation (7) may be rewritten as: 

𝜌଴  
డ௑

డ௧
= −

డ

డ௫
 ቂ𝜌଴  𝐷 ቀ 

డ௑ೡ

డ௫
+ 𝛿 

డ்

డ௫
ቁቃ         (31) 

If we assume that there is no liquid diffusion in the material, 𝐷௑
௩ is given by relation (12) and 

the coefficient of thermomigration 𝛿 has the expression: 

𝛿 =
஽೅

ೡ

஽೉
ೡ =

௣ೞೌ೟
೏ಹೃ

೏೉

𝐻𝑅 
𝑑𝑝𝑠𝑎𝑡

𝑑𝑇

           (32) 

The system of equations to be solved is composed of equations (8) and (31) with the following 
limiting conditions: 

(ℎ௖ + ℎ௥)[𝑇ଵ − 𝑇(𝑥 = 0)] = −𝜆 ቀ
డ்

డ௫
ቁ

௫ୀ଴
        (33) 

ቀ
డ்

డ௫
ቁ

௫ୀ௘
= 0            (34) 

ℎ௩[𝑌ଵ − 𝑌଴ ] = −𝜌଴𝐷 ቀ
డ௑

డ௫
ቁ

௫ୀ଴
         (35) 

ቀ
డ௑

డ௫
ቁ

௫ୀ௘
= 0            (36) 

Where the radiation heat transfer coefficient ℎ௥ (W m-2 K-1) is calculated by (assuming 𝜀 =
0.9): 
ℎ௥ = 4𝜎𝜀𝑇ଷ            (37) 
𝑌ଵ and 𝑌଴ are the air absolute humidity (expressed in kg m-3) respectively far from the surface 
and on the surface given by: 



𝑌ଵ =
ெೡ

ோ భ்
 𝑝௩ଵ =

ெೡ

ோ భ்
 𝐻𝑅ଵ 𝑝௦௔௧(𝑇ଵ)         (38) 

𝑌଴  =
ெೡ

ோ்(ೣసబ)
 𝑝௩(𝑥 = 0) =

ெೡ

ோ ்(௫ୀ଴)
 𝐻𝑅(𝑥 = 0) 𝑝௦௔௧[𝑇(𝑥 = 0)]     (39) 

With the approximation  : 𝐻𝑅(𝑥 = 0) = 𝐻𝑅଴ + [𝑋(𝑥 = 0) − 𝑋଴]
ௗுோ

ௗ௑
   (40) 

Where 
ௗுோ

ௗ௑
 is inverse of the slope of the sorption isotherm of the material. 

The Chilton-Colburn analogy establishes a relationship between the mass transfer coefficient  
ℎ௩ (m s-1) and the convective exchange coefficient ℎ௖ (W m-2 K-1) [4]: 

𝑆𝑡 𝑃𝑟
మ

య = 𝑆𝑡௠ 𝑆𝑐
మ

య           (41) 
Leading to: 

ℎ௩ =
௛೎

ఘ௖
 ቀ

஽∗

௔
ቁ

ଶ/ଷ

             (42) 

where 𝑎 and 𝜌𝑐 are respectively the thermal diffusivity and the thermal volume capacity of air. 
One can simply solve the problem of coupled heat and mass transfer in 1D by an explicit method 
based on the diagram of figure 2. 
 
 
 
 
 
 

   
Figure 2: Diagram for numerical resolution 

 
Setting: 𝑇(𝑗, 𝑡) = 𝑇1(𝑗) ; 𝑇(𝑗, 𝑡 + 𝑑𝑡) = 𝑇2(𝑗) ; 𝑋(𝑗, 𝑡) = 𝑋1(𝑗)  and  𝑋(𝑗, 𝑡 + 𝑑𝑡) = 𝑋2(𝑗) 
The heat and mass balances for each type of mesh lead to: 
Mesh 1: 

𝑋2(1) = 𝑋1(1) +
ଶௗ௧

ఘబௗ௫
ቄℎ௩[𝑋ଵ − 𝑋1(1)] − 𝜌଴𝐷 

௑ଵ(ଵ)ି௑ଵ(ଶ)

ௗ௫
− 𝜌଴𝛿𝐷 

்ଵ(ଵ)ି்ଵ(ଶ)

ௗ௫
ቅ  (43) 

𝑇2(1) = 𝑇1(1) +
ଶ

ఘబ௖∗ ௗ௫
ቄℎ[𝑇ଵ − 𝑇1(1)]𝑑𝑡 − 𝜆

்ଵ(ଵ)ି்ଵ(ଶ)

ௗ௫
𝑑𝑡 + 𝜌଴

ௗ௫

ଶ
𝐿 [𝑋2(1) − 𝑋1(1)]ቅ 

(32) 
where: ℎ = ℎ௖ + ℎ௥ 
Mesh j: 

𝑋2(𝑗) = 𝑋1(𝑗) +
஽ ௗ௧

ௗ௫మ
{𝑋1(𝑗 + 1) + 𝑋1(𝑗 − 1) − 2𝑋1(𝑗) + 𝛿 [𝑇1(𝑗 + 1) + 𝑇1(𝑗 − 1) −

2𝑇1(𝑗)]}            (44) 

 𝑇2(𝑗) = 𝑇1(𝑗) +
ௗ௧

ఘబ௖∗ௗ௫
ቄ𝜆 

்ଵ(௝ାଵ)ା்ଵ(௝ିଵ)ିଶ்ଵ(௝)

ௗ௫
+ 𝜌଴𝐿 𝑑𝑥

௑ଶ(௝)ି௑ଵ(௝)

ௗ௧
ቅ    (45) 

Mesh J:  

𝑋2(𝐽) = 𝑋1(𝐽) +
ଶௗ௧

ௗ௫మ
{−𝐷 [𝑋1(𝐽) − 𝑋1(𝐽 − 1)] − 𝛿𝐷 [𝑇1(𝐽) − 𝑇1(𝐽 − 1)]}   (46) 

𝑇2(𝐽) = 𝑇1(𝐽) +
ଶ

ఘబ௖∗ ௗ௫
ቄ−𝜆

்ଵ(௃)ି்ଵ(௃ିଵ)

ௗ௫
𝑑𝑡 + 𝜌଴𝐿

ௗ௫

ଶ
[𝑋2(𝐽) − 𝑋1(𝐽)]ቅ    (47) 

where 𝐿 is calculated by relation (10). 
The simulations have been done using the Matlab code. A sensitivity study of the mesh 

influence leads us to choose a space interval 𝑑𝑥 =
௘

௃
  with  𝐽 =  60. The time step was 

calculated as: 

𝑑𝑥 2𝑑𝑥 

T1(t) T2(t) T(j,t) 

X1(t) 
X(j,t) X2(t) 

1 2 3 J 

0 

j 

(𝐽 − 1)𝑑𝑥 = 𝑒 



𝑑𝑡 =
ఘబ௖∗

ఒ

ௗ௫మ

ସ
           (48) 

Where 𝑐∗ is given by relation (11). 
The parameters to be estimated are a priori the coefficient of tortuosity 𝜏, the coefficient of 
thermomigration 𝛿, the thermal conductivity 𝜆,the heat and mass transfer coefficients ℎ and ℎ௠ 
supposing that 𝜌଴ and 𝑐௦ are known. 

If we know the sorption isotherm or more simply the inverse of its slope 
ௗுோ

ௗ௑
, we are brought 

back to the estimation of 4 unknown parameters: 𝑋଴ − 𝑋ଵ, 𝜏, 𝜆 et ℎ௖. 

2.3 Validity limits of the models 

The hypotheses of a constant diffusivity 𝐷 and of a negligible effect of the heat transfer on the 
mass transfer are widely used, the aim of the following study is to investigate their validity 
domain. 
A series of simulations of the evolution of the average water content of the samples was carried 
out using the coupled heat and mass model M3 with the following values: 
𝑒 = 10 mm ; 𝑐௦ = 1000 J 𝑘𝑔ିଵ𝐾ିଵ ; 𝜆 = 0.1 W mିଵ Kିଵ 𝐻𝑅଴ = 25 % ; 𝐻𝑅ଵ = 60% ; 
ℎ௖ = 5 W mିଶ Kିଵ  ; 𝑋ଵ − 𝑋଴ = 0.01 ; 0.025 ; 0.05 ; 𝑇 = 15 °C ; 25 °C ; 35 °C ; 45 °C  
𝜌଴ = 150 kg mିଷ ; 300 kg mିଷ ; 600 kg mିଷ ;  𝜏 = 0.01 ; 0.05 ; 0.1 ; 0.25 ;  
These simulations allow for each simulated case to calculate the evolutions of the water content 
𝑋(𝑥, 𝑡), of the temperature 𝑇(𝑥, 𝑡) and of the mass diffusion coefficient 𝐷(𝑥, 𝑡). Figure 3 
represents an example of the evolution of the diffusion coefficient 𝐷௫ୀ଴ (face exposed) and 
𝐷௫ୀ௘ (middle of the sample) over time. We can see in this example a strong variation in the 
diffusion coefficient (about 30 %) at short times and that at long times this coefficient tends 
towards a uniform value 𝐷௠௜௡ throughout the sample. 
 

 
Figure 3: Example of simulated changes in the diffusion coefficient on the external face and 

in the center of the sample.  

The results were then treated as experiments to estimate 𝐷 and ℎ from the M2 model and it was 
chosen to calculate the deviations from the values used in the simulations by: 

∆𝐷 = 100 
஽ି஽೘೔೙

஽೘೔೙
  (%) 

It was found that these deviations did not depend on the density 𝜌଴ so all the following 
simulations were performed with 𝜌଴ = 300 kg mିଷ. Figure 4 shows that at fixed tortuosity 𝜏, 
the estimation error increases when the thermal conductivity decreases. This error also increases 
very strongly with 𝜏. 
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Figure 4: Estimation error at 25°C as a function of 𝜏 for different values of 𝜆 (W mିଵ Kିଵ) 

with the M2 model ( 𝑋ଵ − 𝑋଴ = 0.03) 

Figure 5 shows that the estimation error with model M2 varies very strongly with temperature, 
which is explained by the exponential form of the mass diffusivity in air 𝐷∗ given by equation 
(14). 

 
Figure 5: Estimation error as a function of the temperature with the M2 model (𝜆 =

0.1 W mିଵ Kିଵ, 𝜌଴ = 300 kg mିଷ, 𝑋ଵ − 𝑋଴ = 0.03) 

Figure 6 shows that when 𝜏 is constant, the estimation error does not vary significantly with  
𝑋ଵ − 𝑋଴. 

 

Figure 6: Estimation error as a function of (𝑋ଵ − 𝑋଴) with the M2 model (𝜆 =

0.1 W mିଵ Kିଵ, 𝜌଴ = 300 kg mିଷ, 𝜏 = 0.05) 

 

-12.0

-10.0

-8.0

-6.0

-4.0

-2.0

0.0

2.0

4.0

6.0

0 0.05 0.1 0.15 0.2 0.25 0.3

Es
tim

at
io

n 
er

ro
r (

%
)

t

l = 0.05
l = 0.1

l = 0.25

-40
-35
-30
-25
-20
-15
-10

-5
0
5

10

10 20 30 40 50

Es
ti

m
at

io
n 

er
ro

r 
(%

)

Temperature (°C)

t = 0.01
t = 0.05
t = 0.1
t = 0.25

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

5.0

0 0.01 0.02 0.03 0.04 0.05 0.06

Es
tim

at
io

n 
er

ro
r (

%
)

X1 - X0

T= 15 °C
T = 25 °C
T = 35 °C
T = 45 °C



3. Sensitivity study 

For each of the two models M2 and M3, the reduced sensitivities of the mean water content to 
the different parameters were calculated to determine which parameters are estimable and the 
precision of their estimation. The reduced sensitivity to a parameter 𝑌 was calculated 
numerically by: 

𝑌
డ௑ത

డ௒
= 𝑌

௑ത(ଵ,଴଴ଵ௒)ି௑ത(௒)

଴.଴଴ଵ௒
= 1000 [𝑋ത(1.001𝑌) − 𝑋ത(𝑌)]      (49) 

Figures 7 and 8 show the results for models M2 and M3 respectively. The calculations were 
carried out for the following values of the parameters: 𝑒 = 10 mm ; 𝑋ଵ − 𝑋଴ = 0.03 ; 
Model M2: 𝐷 = 5.83 × 10ିଽ mଶsିଵ ; ℎ௠ = 0.005 kg sିଵ  
Model M3: 𝜆 = 0.1 W mିଵ Kିଵ ; 𝑐 = 1000 J kgିଵ Kିଵ ; 𝜌଴ = 300 kg mିଷ;  𝜏 = 0.25 ; ℎ௖ =

5 W mିଶ Kିଵ ; 𝑇 = 25 °C 

   
Figure 7: Reduced sensitivities of 𝑋ത(𝑡) to the various parameters for model M2. 

   

Figure 8: Reduced sensitivities of 𝑋ത(𝑡) to the various parameters for model M3. 

Figures 7a) and 8a) show that the sensitivity to (𝑋ଵ − 𝑋଴) is high and completely uncorrelated 
with the sensitivities to the other parameters. Therefore, for both the M2 and M3 models, it is 
not necessary to measure the quantity (𝑋ଵ − 𝑋଴) that can be accurately estimated. 
Figure 8a) also shows that the sensitivity to 𝜆 is low. Figure 7b) shows that the sensitivities to 
𝐷 and ℎ௠ are uncorrelated because the curves representing the sensitivity to ℎ௠ as a function 
of the sensitivity to  𝐷 are not straight lines. For the same reasons, figure 8b) shows that the 

R
ed

uc
e

d 
se

ns
iti

vi
tie

s 
o

f X

R
e

du
ce

d 
se

ns
iti

vi
ty

 to
 h

m

R
ed

uc
ed

 s
en

si
tiv

iti
es

 o
f X

R
ed

u
ce

d 
se

ns
iti

vi
ty

 to
 h

c

a) b) 

a) b) 



sensitivities to 𝜏 and ℎ௖ are uncorrelated. These two parameters are therefore estimable 
separately for the two models M2 and M3. 

4. Material and methods 

The material used is Pavastep, which is a wood fiber board with a density 𝜌଴ = 240 kg mିଷ in 
dry state, available with a thickness 𝑒 = 10.85 mm. Its specific heat capacity in the dry state 
was measured using a SETARAM µdSc3 differential scanning calorimeter and has the value: 
𝑐௦ = 1250 J kgିଵ Kିଵ. 
We used two samples of the same section 10 × 20 cm2, a thin thermocouple was glued in the 
center of their interface to assess the influence of mass transfer on temperature. Both samples 
were then glued together. The side surfaces were finally coated with glue to seal them. 
The two glued samples were placed on a Kern BBA-600 balance, taking care to place the 
exchange surfaces in the direction of the air flow as shown in figure 9. The whole was placed 
in a Binder KBF 115 climatic chamber which allows to regulate the temperature and relative 
air humidity. 
 

 

Figure 9: View of the experimental device  

The temperature and relative humidity in the chamber were set at (𝑇଴, 𝐻𝑅଴) and the changes in 
the mass 𝑚 of the set of glued samples + thermocouple and of the temperature 𝑇 at the center 
of this set were recorded together. Then set the conditions in the oven at (𝑇ଵ, 𝐻𝑅ଵ) and start 
recording the mass 𝑚 and the temperature 𝑇 with a time step of 1s until they no longer vary. 
(𝑋ଵ − 𝑋଴) is a parameter estimated by an iterative method, so a value is assigned to it at the 
start of each iteration. 
The mass 𝑚 is the sum of the dry mass 𝑚௦ of the two samples, of their water mass 𝑚௪ = 𝑋 𝑚௦ 
and of the mass 𝑚௖ of the glue and the thermocouple, we can therefore write: 

𝑚଴ = (1 + 𝑋଴)𝑚௦ + 𝑚௖  if the sample is in equilibrium with air at the start of the experiment. 

𝑚 = (1 + 𝑋)𝑚௦ + 𝑚௖ 
𝑚ଵ = (1 + 𝑋ଵ)𝑚௦ + 𝑚௖ if the sample is in equilibrium with air at the end of the experiment. 

𝑋௘௫௣(𝑡) = 𝑋଴ +
𝑚(𝑡) − 𝑚଴

𝑚ଵ − 𝑚଴

(𝑋ଵ − 𝑋଴) 

We assume that 
ௗுோ

ௗ௑
 is constant and it is calculated by : 

ௗுோ

ௗ௑
=

ுோభିுோబ

௑భି௑బ
. This is equivalent 



assuming that the sorption isotherm is a straight line over the water content interval considered. 
We then have all the parameters necessary for the computation of 𝑋௠௢ௗ(𝑡). The unknown 
parameters, namely (𝑋ଵ − 𝑋଴, 𝐷, ℎ௠) for the M2 model or (𝑋ଵ − 𝑋଴, 𝜏, 𝜆, ℎ௖) for the M3 model, 
are estimated using the Levenberg-Marquart algorithm to minimize the sum: 

𝑆 = ∑ ൣ𝑋௘௫௣(𝑡௜)
ଶ − 𝑋௠௢ௗ(𝑡௜)

ଶ൧ே
௜ୀଵ   

where 𝑁 is the number of experimental points.  

For the estimation, we use the "leasqr" function in Matlab. In the version used, the damping 
parameter changes permanently. At each iteration it is calculated by linear combination of the 
right singular vectors of the SVD. On the other hand, singular values that are too small are 
replaced by 10-7. 

5. Experimental results and discussion 

Measurements were made on the Pavastep samples by fixing the relative humidity of the air in 
the chamber at 𝐻𝑅଴ = 25 % and 𝐻𝑅ଵ = 60 %.The measurements were performed at 15 °C, 25 
°C and 35 °C and the values of the mass 𝑚(𝑡) and of the temperature 𝑇(𝑒, 𝑡) were recorded at 
the center of the sample. 
The experimental values of 𝑋ത(𝑡) were used to estimate the parameters 𝑋ଵ − 𝑋଴, 𝐷 and ℎ௠ from 
relation (29) (model M2) and the parameters 𝑋ଵ − 𝑋଴, 𝜏, 𝜆 and ℎ௖ from the numerical resolution 
of the M3 model. 
Table 1 shows the results obtained for the three temperatures. 
The differences in between the estimates of 𝐷 presented in Table 1 confirm that, in some cases, 
the estimate obtained from models M1 and M2 can lead to very large errors. The values 
estimated by models M1 and M2 are very close. It is also quite remarkable that the values of 
𝜏 estimated for the 3 temperatures are very close, we obtain an average value 𝜏 = 0.209 with a 
relative standard deviation of  8.1 %. 

Table 1: Estimation results  

Model M1 M2 M3  
𝑇 (°C) 10ଽ × 𝐷 10ଽ × 𝐷 ℎ௠ 𝜏 𝜆 ℎ௖ 10ଽ × 𝐷௠௜௡ 10ଽ × 𝐷௠௔௫ Deviat. 

°C m2 s-1 m2 s-1   W m-2 K-1 W m-2 K-1 m2 s-1 m2 s-1 % 
15 3.44  3.59  0.0018 0.229 0.093 12.0 3.58 4.02 -0.3 
25 5.34  5.01 0.0026 0.201 0.089 9.5 5.34 6.24 7.9 
35 7.45  9.62  0.0049 0.198 0.09 10.2 11.1  13.7 13.3 

Figure 10 represents the experimental curve, the simulated curve with the estimated parameters 
and the residuals (difference between the two curves) × 10 obtained with the M2 model. Figure 
11 represents the same quantities obtained with the model M3. The M2 model, although leading 
to an estimation error of more than 13% gives residuals similar to those obtained with the M3 
model. The analysis of the residuals therefore does not provide any information on the validity 
of the model in this case. 
Figure 12 shows the reduced sensitivities calculated using relation (49) of the average water 
content to the 4 parameters 𝑋ଵ − 𝑋଴, 𝜏, 𝜆 and ℎ௖ of the model M3, calculated with their 
estimated values at 25 °C. It can be noted that the sensitivity to 𝑋ଵ − 𝑋଴  is very high and 
uncorrelated with other sensitivities so the parameter 𝑋ଵ − 𝑋଴ can be estimated with very good 
accuracy. Sensitivities to the other 3 parameters have time-shifted extrema so they are not 
correlated and can be estimated separately. The tortuosity 𝜏 is estimated with good accuracy 
because the higher sensitivity is the one to 𝜏. On the opposite, the sensitivity to thermal 



conductivity is low so this parameter is estimated with low accuracy. The curves also show that 
the sensitivities to the 3 parameters 𝜏, 𝜆 et ℎ௖ are correlated beyond 30000 s. The estimation 
will therefore be performed on the time interval [0; 30000 s].   

 
Figure 10: Experimental and simulated curves with estimation residues ×10, obtained with 

model M2 at 15 °C and at 35 °C 

 
Figure 11: Experimental and simulated curves with estimation residues ×10, obtained with 

model M3 à 15 °C et à 35 °C 

  

Figure 12: Reduced sensitivities of the mean water content to the parameters 𝜏, 𝜆 et ℎ௖ at 
25 °C. 
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Figure 13 shows the evolution of the simulated diffusion coefficient on the outside face and in 
the center of the sample. The non-negligible variations of 𝐷 explain the large estimation errors 
observed in some cases when 𝐷 is considered constant. 

 

Figure 13: Evolution of the diffusion coefficient on the outside and in the center of the sample 
(𝑇 = 35 °𝐶) 

   

Figure 14: a) Measured temperature at the center of the samples ; b) Measured and simulated 
temperature at 25 °C 

Figure 14a) shows the change in temperature measured at the center of the device during the 
experiments at 15 °C, 25 °C and 35 °C. It can be seen that the higher the temperature, the greater 
the temperature rise, which can be explained by the increase of the diffusion coefficient with 
temperature. The rise in temperature due to the mass transfer alone (as 𝑇ଵ = 𝑇଴) is significant 
since it can reach 5 °C in the case where 𝑇଴ = 35 °C. This shows that the mass transfer must be 
taken into account to calculate the temperature change within this type of material. Figures 14b) 
represent the experimental temperature curves and first a modelled curve (1) calculated with 
the values of 𝑋ଵ − 𝑋଴, 𝜏, and ℎ௖ estimated from the mass measurement at 25 °C. Since the 
thermal conductivity is not estimated with precision as previously pointed out, its value was 
fixed to the one given by the manufacturer that is 𝜆 = 0.05 W mିଵ Kିଵ. The shape of the 
modelled curve (1) is identical to the experimental one but the experimental values are 
significantly higher than the ones calculated with the model. This can be explained by the fact 
that the isosteric heat of sorption has been neglected. This hypothesis is confirmed by the 
modelled curve (2) calculated taking into account the isosteric heat of sorption ∆𝐻௦ by replacing 
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𝐿 by 𝐿 + ∆𝐻௦ in the equations.  We considered the following linear form:  ∆𝐻௦ =

𝐿 ቀ𝑎 + 𝑏
௑ି௑బ

௑భି௑బ
ቁ, where 𝑎 = 0.34 and 𝑏 = −0.32 have been calculated by regression between 

𝑋 = 0.05 and 𝑋 = 0.15 of the data presented by [9]. The curve (2) is quite close to the 
experimental one even if the value of the isosteric heat of sorption has not been optimized. This 
demonstrates that the isosteric heat of sorption has a significant  effect on the temperature 
variation.  

It is now necessary to study the influence of the isosteric heat of sorption on the estimation of 
the diffusion coefficient from mass measurement. This was done with the experimental curves 
at 15°C, 25 °C and 35 °C using the following process: 

- A curve was simulated with the values of 𝑋ଵ − 𝑋଴, 𝜏, 𝜆 and ℎ௖ estimated from the mass 
measurement at respectively 15°C, 25 °C and 35 °C (cf. Table 1), but considering 𝐿 + ∆𝐻௦ 
calculated as previously described instead of 𝐿, 

- This curve was processed as an experimental curve for the parameter estimation considering 
only the latent heat of vaporization 𝐿. 

It was found that the estimated values of 𝑋ଵ − 𝑋଴ and 𝜏 was identical to the values of Table 1 
(less than 0.5% deviation), the latent heat of sorption only influences the estimation of 𝜆 and 
ℎ௖. 
One can finally note that the errors in the mass diffusivity estimates reported in Table 1 vary in 
the same direction as the temperature rise at the center of the sample. A small rise in temperature 
could therefore be a good criterion for the validity of the M2 model. 

6. Conclusion 

In this paper we propose a coupled heat and mass transfer model with a low number of 
parameters used for the first time to simulate the evolution of the mass and temperature field in 
a sample to which a step of humidity is applied to one of its faces. Simulations realized on a 
wide range of vapor diffusion coefficient, thermal conductivity, density and external mass 
transfer coefficient have been used to evaluate the error made when using a mass transfer model 
to estimate the vapor diffusion coefficient from a transient experiment. It has been shown that 
the estimation error can reach 30 % for low conductivity and highly diffusive materials.  
A sensitivity study has shown that a coupled model can be used to estimate separately the vapor 
diffusion coefficient, the thermal conductivity and the external mass transfer coefficient from a 
sample’s mass recording. 
The results of the theoretical study have been confirmed by an experimental study carried on 
wood fiber boards samples. Estimations of the vapor diffusion coefficient have been estimated 
both by a mass model and by the proposed coupled model at 15 °C, 25 °C and 35 °C. The 
deviation between the vapor diffusion coefficient estimated with and without taking into 
account the heat transfer reached more than 13 % in some cases as predicted by the theoretical 
study. It is thus necessary to use a coupled model for the estimation of the vapor diffusion 
coefficient in these cases. It has also been shown that the isosteric heat of sorption (neglected 
in our model) has no influence on the estimation of the diffusion coefficient but only on the 
estimation of the thermal conductivity and of the convective external heat transfer coefficient. 
The measurements of the temperature at the center of the wood fiber boards samples showed 
that the temperature variation only due to mass transfer can be about 5 °C so that a coupled heat 
and mass transfer model should be used to model the temperature field evolution in this type of 
material.  
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