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Abstract—This paper presents a validation of the hybrid 

method using the H and A formulations for Pulsed Field 

Magnetization (PFM). This hybrid method can help for 

simulating more complex problems involving superconductors, 

electric circuit and/or ferromagnetic materials. In some cases, 

the hybrid method can even speed up the simulation compare 

to the model that is based on H formulation only. A 2D 

axisymmetric model of PFM coupled with electrical circuit is 

first considered. To validate our concept, we simulated the 

same model governed by the hybrid method and the 

H formulation. The comparison of the final trapped magnetic 

flux density is then performed. The hybrid method was faster 

around 46 %. In the final paper, the validation and 

comparison will also be made on a 3D problem.  
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I. INTRODUCTION 

It is widely known that superconductors can be used not 
only as a medium for transporting huge amounts of current 
but also as strong magnets. A suitable process of Pulsed 
Field Magnetization (PFM) of High Temperature 
Superconductors (HTS) can result in a superconducting 
magnet with more than 5 T of the trapped magnetic field [1]. 
With such a trapped magnetic field Bt, the superconductor 
can be easily used in various applications like electrical 
machines. However, to trap this amount a magnetic field a 
complex structure of the system is required [1], [2]. In 
practical solutions, Bt is still less than the present record of 
5 T [3]-[5]. 

The main limitation in the numerical modelling of the 
magnetization process is the strong nonlinearity of 
superconducting material. As a result, it is common to use 
H formulation for solving Maxwell’s equations with 
superconducting material [6], [7]. This solution is well 
known for providing good convergence in such problems. 
On the other hand, many applications involving 
superconductors also include materials with a nonlinear 
magnetic permeability µ. For example, it is common to use 
iron yokes or rings to enhance Bt when the PFM is performed 
with a cryocooling system [2], [7]-[8]. Unlike to the 
superconducting material, it is preferable to use the A 
formulation for material with nonlinear µ, which provides 
better convergence. The coupling of both formulations will 
allow to solve more easily complex models during a  
magnetization process or for electromagnetics problems 
where superconductors are used. 

The 2D hybrid model based on the A and H formulations 
is well presented in [9], where the electric motor is taken 
under consideration. The positive feature of the hybrid 
solution in 2D problems is that the A formulation usually 
consists of a single varible, which can reduce the number of 
Degrees of Freedom (DoF). 

In this paper, a universal method for coupling both 
formulations not only in 2D but also in 3D problems is 
proposed. We will compare the 2D axisymmetric model 
based on H  formulation with the hybrid solution, i.e. A and 
H  formulation, in terms of accuracy and computing time. 
Moreover, the final paper will consider a 3D problem. The 
3D model will provide a more sophisticated structure using 
hexagonal shaped superconductors cooled by a cryocooler. 

II. NUMERICAL MODELLING 

A. H formulation 

The H formulation can be achieved by combining 
Faraday’s and Ampere’s law as 

 
0 r = 0μ μ

t






H
E  (1) 

where µ0 is the vacuum permeability and the relative 
permeability µr depends on the material. Considering 
superconducting material, the value µr is usually equal to 1 
[6], [8]. For 2D model, we assumed that the electric field E 
and current density J are collinear [10], [11]. The 
relationship between them can be expressed as 

 E J  (2) 

where ρ is the nonlinear electrical resistivity of the material. 
There is no need for imposing 0H  in the presented 

formulation if we choose the curl finite elements as 
discretization in the numerical model [10].  

To model the behavior of the superconductor, we propose 
to use the percolation law, which is some kind of mix 
between the Critical State Model and the E-J power law 
model [12], [13], given by 

 

cmin

cmin

c cmin

c cmin

0 if  ,

=
if  

n

J J

E J J
E J J

J J




  
 

 

 (3) 

with Jc = 100 A/mm2, Jcmin = 0.35Jc, Ec = 1 V/cm, and n-
value = 13.37. Equation (3) can be implemented as a 

nonlinear resistivity. 
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B. A formulation  

The A formulation based on a magnetic vector potential 
can be expressed as 

  1 1

0 r app( )
t

   
  



A
A J  (4) 

For a 2D model, the magnetic vector potential A consists 
of a single component, A, which depends on the scalar 
current density Japp. In the 3D model, we did not perform the 
Coulomb gauge transformation, i.e. 0A  . Therefore, we 

must calculate the double cross-product of the magnetic 
vector potential in (4). By construction, the A formulation 
satisfies 0B =  [14]. 

C. Coupling of A and H formulation 

In H formulation, the electrical field t E A is 

imposed from A formulation in the form of a Neumann 
boundary condition which can be written as 

   H A
n E n E



 (5) 

On the other hand, we can consider the same approach 
for A formulation and write the Neumann boundary 
condition as 

   A H
n H n H



 (6) 

where the magnetic field of H formulation is imposed in the 
A formulation. Both equations (5) and (6) can be adapted to 
2D and 3D models. In the final paper, we will provide more 
details that will allow researchers to easily write such 
conditions in a numerical software. 

III. MODEL 

A PFM process of one single HTS bulk is considered. 
The problem geometry with a set of boundary conditions is 
provided in Fig. 1. The electrical circuit of the magnetizer is 
described in [15]. The equation of the magnetizer can be 
defined as 

 
mcc λ mc λ+ + ) + + = 0( Lu R R i L u

di

dt
   (7) 

and all parameters in (7) have been summarized in Table 1. 

The drop voltage across the coil’s inductance 
mcLu is 

calculated based on Faraday's law as ( )Btd  . 

IV. RESULTS 

The simulations were performed on a computer with 
processor Intel® Xeon® CPU E5-2630 v4 @ 2.20GHz with 
64 GB RAM by using COMSOL software. All formulations 
defined in PDE form. After the pulse of magnetization, the 
trapped magnetic field Bt in the center of the upper surface of 
the HTS bulk is about 1.1 T at t = 200 ms. The distribution of 
the magnetic flux density norm obtained with H formulation 

is shown in Fig. 2 (a). We do not notice any significant 
differences in the distribution of the magnetic flux density 
obtained with the hybrid method as shown by the standard 
deviation in Fig. 2 (b). As expected, the computing time of 
both models is not the same. The simulation of the hybrid 
method was 46.55 % faster than the model based on 
H formulation. This difference is related by the number of 
DoF, which is around 45 % less for a hybrid method (DoF: 
hybrid method 3 559, H formulation 7 905). 

The 2D hybrid method presented here allows for greater 
modelling flexibility and a better convergence when non-
linear magnetic and conductive materials are included and, in 
some cases, it may also reduce computation time. 

In the final paper, the hybrid method will be presented in 
more detail. An iron piece will be added in the 2D model in 
order to give a more general conclusion regarding the 
computing time. The 3D model, which has not been 
presented here, will show the magnetization of hexagonal 
superconductors cooled by a cryocooler. Additionally, the 
paper will focus on providing numerical tips and tricks 
associated with the hybrid method that we have developed 
here using COMSOL. 
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