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NONLINEAR ELLIPTIC SYSTEMS WITH COUPLED GRADIENT TERMS

AHMED ATTAR, RACHID BENTIFOUR, EL-HAJ LAAMRI

ABSTRACT. In this paper, we analyze the existence and non-existence of nonnegative solutions
to a class of nonlinear elliptic systems of type :

—Au = |Vu|24+Af in Q,
—Av = |VulP+pg in Q,
u=v = 0 on 09,
u,v > 0 in Q,

where Q is a bounded domain of R and p,q > 1. f,g are nonnegative measurable functions
with additional hypotheses and A, > 0.

This extends previous similar results obtained in the case where the right-hand sides are potential
and gradient terms, see [2, 4].

1. INTRODUCTION

The main goal of this work is to analyze the issue of existence and non-existence of nonnegative
solutions to a class of nonlinear elliptic systems with gradient terms. More precisely, we deal with
the following model :

—Auy = |Vulf7+Af in Q
—Av = |VufP+pg in  Q,

(1.1) u=v = 0 on 0,
u,v > 0 in

where  is a bounded domain of RY | (p,q) € [1,4+00[2, (A, 1) € (0, +00)? and f, g are nonnegative
measurable functions that satisfy additional assumptions that will be specified later.

The purpose of this paper is to find the conditions between (f,g) and (A, u) which allow us to
establish existence of solutions to System (1.1). Moreover, we will prove some non-existence results
that show, in some sense, the optimality of our assumptions. In this article, we focus our attention
on the proof of the existence of weak solutions ; by weak solution, we mean solution in the sense
of distributions (see Definition 2.5).

Let us mention that a class of nonlinear elliptic systems with gradient terms has come to the
fore in some electrochemical models of engineering, and in some other models in fluid dynamics.
More recently, another class was introduced in [29, 30] in the theory of mean-field games ; see
also [16] for an in-depth analysis.
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2 A. ATTAR, R. BENTIFOUR, E.-H. LAAMRI

U Let us recall some previously known results related to the present study.
First Case : One Equation. In the case where the gradient term acts as source term, the problem

(1.2) —Aw = |[Vw|!+ b inQ, we W),

is known as a stationary Hamilton—Jacobi equation, or the stationary Kardar—Parisi-Zhang equa-
tion. This problem has been extensively investigated. Contributions in this topic include [12, 13,
26, 28, 3, 24] and the references therein. Needless to say, these references do not exhaust the rich
literature on the subject. To be more precise, if ¢ < 2 (sub-quadratic and quadratic growth),
existence of solutions is obtained using comparison arguments and a priori estimates. The super-
quadratic case (¢ > 2) has been studied, for instance, in the references [28], [35] and [34] where
the existence of solutions is obtained using potential theory and some fixed-point arguments.
Concerning the case of one equation where the gradient term acts as an absorption term, the
associated problem appears in theory of mean-field games, we refer to the pioneering works [32],
[29] and [30] for more details.

Second Case : Systems. In contrast to single equations, only few results are available in the liter-
ature for systems where the source terms depend on the gradient. Moreover, only partial results
have been obtained, see for instance [2, 4, 17, 15, 22]. We recall the results of [22] and [15] where
the dependence on the gradient appears in one equation. In [4] and [2], nonlinear systems with
potential and gradient terms are studied. Existence of solutions is obtained under some optimal
conditions on the data.

The main objective of this work is to analyze System (1.1), where the dependence on the gradient
appears in both equations, without any restriction on the value of p and g. To the best of our
knowledge, no result was previously obtained under these general assumptions.

Moreover, in order to show that (1.1) has a solution, it is necessary to have (minimal) regularity
assumptions on the data f, g and smallness conditions on A and p. Indeed, such conditions are
necessary even in the case of a single equation. More precisely, for the problem (1.2), we have the
following existence result proved in [28],

Theorem 1.1. Assume that h € L*() is a nonnegative function. Define

/ Vol de
L

= inf
{$EC5° (Q) ; p£0} /hwq'dx
Q

Then, Problem (1.2) has a nonnegative solution u € Wol’q(ﬂ) for A > 0 if and only if m(h) > 0.
Moreover, there exists A\*(m(h)) > 0 such that Problem (1.2) has a solution for all X < A*(m(h)).

(1.3) m(h)

In term of elliptic capacity, the positivity of m(h) is equivalent to the following fact : denoting
by cap, ./, the elliptic capacity defined by

capy o (E) := inf { / V|7 dz with ¢ € C5° () and ¢ > XE},
Q

then m(h) > 0 if and only if
(1.4) |E|n < Ccapy o (E),
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where E' C Q is a measurable set and |E|;, = / h(y)dy. We refer to [28, Theorems 1.1, 1.2, 3.1]
B

for more details.

The paper is organized as follows. In section 2, we introduce some useful tools such as regularity
results for elliptic problems, the sense in which solutions are defined, and the Schauder fixed-point
Theorem used in this paper. In Section 3, we state and prove the main existence results of this
work. Under suitable conditions on the data, we prove the existence of a nonnegative solution
in suitable Sobolev spaces. Some examples and non-existence results showing the optimality of
our conditions are also presented in Section 4. Finally, in the last section we treat more general
systems where the interaction between v and v appears in both gradient and potential terms.

Throughout this paper, for a,b > 0, we use the notation a >~ b, to say that,
C’la S b S OQCL,

with C7,Cy > 0 are independent of a, b.

2. PRELIMINARIES AND USEFUL RESULTS

For the convenience of the reader and for the sake of completeness, we recall in this short section
some classical results we will use in our proofs.

In order to prove the existence results of this paper we will invoke the following Proposition and
the famous Schauder fixed-point Theorem.

Proposition 2.1. Let h € L*(Q) and {h,}, C L"(Q) with 1 < r < 4+o00. Assume that h, — h
strongly in L*(Q)) and {hy,}, is bounded in L" ().
Then, h € L"() and for any a € [1,7), we have the following interpolation inequality

0 1-6 . _r—a
(2.1) 1hn = hllLe(@) < hn = Bllzs@)llhn = hll 77 (q) where 6 := o= 1)

In particular, h, — h strongly in L*(Q).

Theorem 2.2 (Schauder fixed-point Theorem). Assume that E is a closed convezx set of a
Banach space X. Let T be a continuous and compact mapping from E into itself. Then, T has a
fixed point in E.

Systematically, we will use the following existence and compactness result proved in [8, Appen-
dix].

Theorem 2.3. Assume that h € L'(Q), then the problem

—Az = h in €
(2.2) { z = 0 on 09,
has a unique weak solution z € Wy*(Q) for all s € [1, .

Moreover, for s € [1, %) fized, there exists a positive constant C = C(Q, N, s) such that
(2.3) [|Vz]

Lo < CllhllLy o)
and the operator ® : h — z is compact from L'(Q) into W, *(Q).
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Finally, let us recall the following classical regularity result that we will use in several proofs
below.

Theorem 2.4. Let z be the unique weak solution to Problem (2.2) with h € L™(2), m > 1. Then,
there exists a positive constant C' = C(2, N,m) independent of h such that

(1) If 1 <m < N, then

(2.4) V=]

m* (Q) S CHhHLm(Q) where m* = m

(2) If m= N, |Vz| € L5(Q) for all s € [1,400).
(3) If m > N, z € C1(Q) for some v € (0,1).

For a proof see for instance [18] or [10].

We now define what we mean by solution to our system (1.1).

Definition 2.5. Let (f,g) € (L'(Q)1)? be nonnegative functions. We say that (u,v) € Wy (Q) x
W) is a weak solution to System (1.1) if u,v > 0 and for all ¢, ¢ € C§(R), we have

(2.5) /V(qudm:/\Vv|q<pdaz+)\/fcpdac, and /VwVvda::/|Vu\p1/)dac+u/gz/)dx.
Q Q Q Q Q Q

In what follows, we denote by Cq, Co, ... any positive constants that depend only on the datum
of the problem and that can be changed from one line to next one.

3. EXISTENCE RESULTS

Recall that we are considering the following nonlinear system

—Au = |Vul?4+Af in
—Av = |VulP+pg in  Q,

(3.1) u=v = 0 on 09,
u,v > 0 in €

where Q is a bounded domain of R™ and p,q > 1.

Let us begin by stating the first existence result of this paper.

Theorem 3.1. Assume that p,q > 1 are such that pg > 1. Let (m,0) € [1,+00)%. Suppose that
(f,g) € L™(Q)" x L7(Q)™ where (m, o) satisfies one of the following conditions :

N N
(3.2) m,o € (1, N), po<m*:Nm_m andqm<N0_0:o*;
qmN
3.3 > N d > :
(3.3) or m 2 Nand o> o
N
(3.4) or c>Nand m> Pa

N +po’
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Then, there exists A* > 0 such that for all (A, p) € IT where

(35) = {(\ 1) € [0, +00) % [0,4+00) | WL fI ey + Allgllie ey < A,
System (3.1) has a nonnegative solution (u,v). Moreover (u,v) € VVol’e1 (Q) x W01’92(Q) for all
0 < mi and 02 < oN
1< o ) < .

(N —m)y (N—o0)+

Proof. We will give the proof under the assumption (3.2). The other cases follow using similar
approach.

The proof will be given in several steps.

Step 1 : For s > 0, we define the function

T(s) = spi — C's,

where C is a positive constant depending only on the data, which we will specify later.
As pg > 1, then there exists sg > 0 such that Y(sg) = 0, T(s) > 0, Vs € (0,s0), Y(s) <0, Vs €
(s0,+00). Hence, there exist two positive constants ¢ > 0 and A* > 0 such that

r;lzaé(T(s) =7T() =A".

Thus

Fix ¢ > 0 as above, and define the set

A*
H::{()VM) € [0, 400) x [0, +00) ; )\prszm(Q) + ullgllzr oy < é}.

Obviously, II is a non-empty, bounded and closed set of IR?. Moreover, for all (A, ) € II, we have
- 1
(36) e+ XU +alllley ) < 055

For a fixed r € (gm, A‘?J_VU), let

(3.7) oo {@ € W (Q) and ||Vl 1o < g;q}.

It is clear that H is a convex set. We claim that H is a closed subset of I/VO1 1(Q) To see that,
let {un}n C H be such that u, — u strongly in W' (€2). Then [[Vun||Lr o) < (77 for all n and
[V, — VuHLl(Q) — 0. Thus, up to a subsequence, Vu,, — Vu a.e in 2. Using Fatou’s lemma we
obtain that |Vu| € L™(€2) and

IV

. . 1
L) = 1171H_1>1£f [[Vun||Lr @) < €7

Thus v € H and the claim follows.

Let ¢ € H, then |Vy|* € L}(Q) for all @ < r ; in particular [V|? € L1(2). Thus, we can define u
as the unique weak solution to the problem

—Au = |Vpl?+Af in Q,
(3.8) { u = 0 on 0.
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In addition |V¢|? € L™(2), thus using Theorem 2.4, it holds that

N
IVullpo@ < Cr|[[Vel?+Af||  , forall B<m* = ",
Lm () N-—m
and then
(39) I¥ulls0) < Ca90lE oy + Al ) for a5 <

Recall that gm < r, hence setting 5 = p < m*, it follows that

(3.10) IVullr) < CslIVell i gy + Call fllLm@)-

Thanks to Theorem 2.3, we define v as the unique weak solution to the problem
—-Av = |VulP+pg in  Q

(3.11) { v = 0 on 0f.

By the same theorem, v € W'*(Q) for all a < N

Therefore the operator
T:H— Wy'(Q)
pr—T(p) =v
is well defined. Moreover, if v is a fixed point of T, then (u,v) is a weak solution to System (3.1).
So we just have to show that T has a fixed point in H.

Step 2 : We show that T'(H) C H.
According to (3.9) and since po < m*, then |VulP € L7(Q2). Hence by using Theorem 2.4, we

obtain that for all # < o* = A‘;J_VU,

IN

[[Vol| Lo () Cs|[|Vul? + pg

Lo (Q)
o (190l e + allller o )

Using again po < m*,gm < r and (3.9), we get
p )
L'm(Q) .

Since r < ¢*, by choosing # = r in the previous inequality it holds that

(3.12)

IN

I¥ollogay < Cr( IVl + nlsleray + 111

IVl

i = Ca 961 )+ ol ey + VI ) )

b
L) )

By choosing C' = Cy and taking into consideration the definition of ¢, we conclude that
[[Vv||gr) < €Pa. Thus v € H and then T'(H) C H.

Recall that ¢ € H, thus

V0]l < Co (e T llgllo @ + N1f)
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Step 3 : T is a continuous and compact operator on H endowed with the topology of WO1 1(Q)
e We begin by proving the continuity of T'. Let {¢,}, C H, ¢ € H be such that ¢, — ¢ in Wol’1 Q)
and define v, = T(¢,), v = T(p). Then (u,,v,) and (u,v) satisfy

—Au, = |Ve,|7+Af in Q
(3.13) —Au = |Veli4+Xf in Q

up=u = 0 on 09,
and

—Av, = |[VupP+pg in Q,
(3.14) —Av = |VulP+pg in Q

vp,=v = 0 on ON.
Thanks to Theorem 2.3, for all s < %,

IV~ V(@) < | [Vinlt = 71
LY

Recall that ¢, — ¢ in Wy (Q) and {¢,}, C H, thus IVenllLr@) < ¢#a for all n. Hence for
a € (1,r) fixed, setting # = /=% and using interpolation inequality (2.1), we obtain

a(r—1)
6 1-6
HV%—WP < HV%—WP Vo, = Ve
Lo(Q) Lléﬂ) L7 ()
< CHVQOH Vo — 0 asn — oo.
L1(Q)

Thus Vi, — Ve strongly in (L%(Q))" for all a < r. Since r > gm, we can choose a = ¢ to
conclude that

— 0 asn — oo.

WV¢uq—|wa
11(@)

N
Hence, for all s < 5=,

Vun, — Vul[pso) — 0 as n — oo.
In particular u, — u strongly in W, (Q).
Now going back to (3.9), we deduce

(3.15) 1Vt | Lo 2y < cw(eé + A||f||Lm(Q)>.

Thus {u,}, is bounded in Wol’pg (Q). Since p < po, we again apply Proposition 2.1 to obtain
Vun, — Vullrr) — 0 as n — oo.

Hence, we deduce from Theorem 2.3 that v,, — v strongly in WO1 1(Q) and then the continuity of
T follows.

e Now, we prove the compactness of T. Let {¢,}, C H be such that \|<pn||W01,1(Q) < C1p and
define v, = T'(¢y). Since {pn}, C H, then [[Vo,||rr) < Cr2. So, [Vp,|? + Af is bounded in
L'(2), then according to Theorem 2.3, we deduce that, up to a subsequence, u,, — u strongly
in W,*(Q) for all s < . On the other hand, ||Vu,||rre (o) < Ci3 for all n. Hence, by using
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again Proposition 2.1, we conclude that u,, — u strongly in WO1 *(Q) for all a < po. In particular,
|V, |P + g — |[VulP + pg strongly in L*(Q). Thus, by setting v as the unique solution to the
problem
—-Av = |VulP+pg in Q
{ v = 0 on 01,

we deduce from Theorem 2.3 that v,, — v strongly in VVO1 Q) for all a < % Hence we conclude.

Therefore using Schauder fixed-point Theorem, we get the existence of v € H such that T'(v) = v.
Thus (u, v) is a solution to System (3.1). Moreover, (u,v) € Wy (Q) x W% (Q) for all 6; < <nhL

and 0, < 2. O

Remark 1. Using the same arguments as above and under the hypotheses of Theorem 3.1, we can
treat the more general system

—Au = ofVu|74+Af in  Q

—Av = BIVulP+pug in Q
(3.16) u=v = 0 on 0f,

u,v > 0 in Q

)

where a, § € {—1,1}. Existence is proved under suitable smallness condition on A and p. Notice
that for a = = —1, we obtain a generalization of the well-known system appearing in mean-field
game theory. See for instance [16] and the references therein. O

It is clear that the above concavity argument does not hold if p = ¢ = 1. In this case, we have
to take into consideration the loss of homogeneity ; then, we will consider the following modified
system

u—Au = |Vo|+f in

v—Av = |Vu|+g in Q

(3.17) wu=v = 0 on 09,
U, V > 0 in Q.

Hence we have the next existence result.

Theorem 3.2. Let N > 2. Assume that f,g are nonnegative functions such that (f,g) €
L%(Q) X L%(Q) Then, System (3.17) has a nonnegative solution (u,v) such that u,v €
Wo ().

Proof. We proceed by approximation. By [31], the following system
|V, /

Uy — A, = + in Q,
" " 1+ 1|V, 1+ 1f

n

(3.18) |Vun| g

Up — A’Un = + in Qa
1+ 1|Vu,| 141y

Uy = Vp = 0 on Of,

U, Up > 0 in Q,

has a nonnegative solution (u,,v,) € (Wy*(€2))2.
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Using u, as a test function in the first equation, v, as a test function in the second equation
and applying Young’s inequality, we obtain

(3.19)

/ui da:—l—/qunde < /|an|un dx—i—/fun dz < /|an|un da:+a/|Vun|2da:+C( R a1,
Q Q Q Q Q Q

and

(3.20)

/vidm+/|an|2 dex < /|Vun\vn dx—l—/gvnda: < /|an\undx+€/|Vun|2dx+C'( )||g\|2LN+2(Q)7
Q Q Q Q Q Q

where € > 0 will be chosen later.
Using again Young’s inequality, with a particular choice of the constant, we get

/|an|undx§/u dox + - /|an|2d$ and /|Vun\vnd:r§/v dxr + - /|Vun|2d:r

) ) Q Q ) )
Now, going back to (3.19) and (3.20), we obtain

(1-0) [ FunP e < [ 190, do+CEITIE g

2 (@)’
Q Q
and
_ 2y < = 2 2 .
(1=2) [190aP da < [ 190 do+ CENIP oy, )
Q Q
Thus
1
2 2 2 2
B2y (-9 [IVunldo < g [IFul e+ 0@ (I g, o + ol 2, )
Q Q
1
Choosing ¢ small enough such that (1 —¢) > m, it follows
2 2 2
(3.22) 19w as <@ (IR g, o + 191 o, o )
Q
In the same way we obtain that
2 g0 < 2 2
190t < c@(IFIE g, o) +1bIP 25, ) )
Q
Hence setting
|Vun| f V| g

D, (z):= and D, (z):=

1+ LVu,|  14+1f
it holds that {Dy, }n, {Dy}n are bounded in L% (©2). By the compactness result of Theorem 2.3,
we get that, up to a subsequence, u,, = v and v, — v strongly in Wol’s( ) for all s < 5. Thus,
(u,v) is a weak solution to System (3.17). From (3.21) and (3.22) and by Fatou’s Lemma we
conclude that u,v € VVO1 2(Q) and then the proof is finished. O

1+ 2Vu,|  1+1g’
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Remark 2. It would be interesting to consider the case m = o = 1. However, it seems complicated
to adapt the argument based on the choice of test functions. O

4. NON-EXISTENCE RESULTS

In this section, we show that the size of A\, p and regularity conditions on the data found in the
previous section are optimal in order to get the existence results.

Let us begin with the following result.

Theorem 4.1. Let p,q > 1. Assume that f, g are nonnegative functions such that (f,g) # (0,0)
and (f,g) € L™(Q) x L7(Q) where m, o satisfy the conditions of Theorem 3.1. For ¢ € C§°(Q2)
with ¢ > 0, we define

F(g) = /Q 6|Vl do + /Q SV |V da.

Let (A, i) € (0,+00)? be such that System (3.1) has a nonnegative solution (u,v). Then there exists
a positive constant C(p,q) (depending only) on p and q such that X < X(f) = C(p,¢)\*(f) and

1< X(g) = C(p,q)u*(g) where

A (f) = inf{F(¢) 0<¢eCy(2) and /f(bdx—l}
and

(o) =t {P0): 0< o€ C(@) and [ godo =1,

Proof. Fix A, > 0 be such that System (3.1) has a nonnegative solution (u v). Without loss of
generality, we can assume that m,oc < N. Let ¢ € C5°(£2) such that ¢ = 0. Using ¢ as a test
function in System (3.1), we obtain

/(|Vv\q—|—)\f)d)dac=/VuV¢da: and / (\Vu|p+,ug)qzﬁdx=/VvV¢da:.
Q Q Q Q

Thanks to Young’s inequality, we get
/ (IVol7 + Af) 6 d
Q

IN

/ VoIVl /P67 do
Q

IN

/ ¢|Vul? dz + C(p)/ ¢ |Vo|P da.
Q Q
In the same way, we obtain

/ (IVul? + pg) ¢ dx < / ¢|Vv|qda?+C(q)/ o'Vl da.
Q Q Q

Thus, combining the previous inequalities gives

(4.1) / (Vo] + Af) ¢ da < / G|Vt dx + C(q) / o1 |V dr + C(p) / S |V de.
Hence

(4.2) A /Q fod < C(q) /Q o1 |Vl dz + C(p) /Q S [V de.
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Setting
— 1—¢' q 1—p’ '
F(o)i= [ 67190l dot [ 6 Vol o
then A < X(f) = C(p,q)A\*(f) where

(4.3) A(f) ::inf{F(¢);0<¢€C§°(Q) and /Qfabdle}.

Conversely, if A > 3(f), System (3.1) does not have any nonnegative solution.
In a similar way, we obtain that p < X(g) = C(p, ¢)u*(g) with

w(g) == inf{F(q’)) ; 0< ¢ e3P () and / gpdr = 1} .
Q
Therefore, if > ¥(g), System (3.1) does not have any nonnegative solution.

To complete our proof, we just have to show that A*(f), u*(g) > 0.
Notice that for ¢ € C§°(Q2) with ¢ = 0, we have

F(6) = () / Vo7 I de+ ()7 / V7| dr.

Hence, using Sobolev’s inequality to obtain

N N—q’

o] (fotra) o o) ]

Now, according to the values of m and o, we will distinguish two cases m > o and m < o.

e (Case o < m. According to condition (3.2) in Theorem 3.1, we have gm < ¢*. Thus gm < m*

and then m’ < N%q,. By using Holder and Sobolev inequalities, we get
N—q’
N

_N
[ sods < ||f||m>||<z>||mm><cn||f|m<m( [ ov d:c)

IN

Cusl| o / V67 |7 dz < Caol| Il sy F(6).

e (Case o > m. In this case and since po < m*, it holds that m' < N]jp,. Thus

/fobdx < Alfllem@ el m (@) SCQO||f||Lm(Q)/Q|V¢F‘p/ dz < Co||fllm F(0)-

22 and then \*(f) G

F(o) s G s G
/f¢ I fllzm o) Sl
Q

In the two cases, we obtain that > 0.

F
(9) > s , thus p*(g) > 0. O

/gqﬁ HQHL”(Q)

Q

By the same argument, we show that
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To assess the optimality of the conditions on f and g, we prove the following Theorem.
Theorem 4.2. Let p,q > 1. Assume that f, g are positive functions such that (f,g) € L™(Q) x
L7 () where m,o > 1. Define

[1verda [19o1op o iz

A(f) = inf Q Q ,
b5 (). 020 [ flolaa
Q

and

[1vert s [190p ol iz

[(g) := inf 2 <
oeCF (6,620 [lol o

Q
Assume that System (3.1) has a nonnegative solution for some A\, > 0. Then A(f),T'(g) > 0.

Proof. We follow closely the arguments used in [7]. Let (u,v) be a nonnegative solution to (3.1).
Let ¢ € C5°(€2) such that ¢ > 0. Using |¢[F" as a test function in the equation for v, it follows that

(@) [ VeVl de =y [ VuTelol ods= [ 19uplopds+u [ glol d
Q Q Q Q
Using Young’s inequality we get

[ wevelor 2ods Vol
Q

P / Vol Y o
Q

IN

p/

[

N

< [Iveltlol! do+ C) [ Vol loP 7 da,
Q Q
Thus
@) [19upllol o+ [ glol da < [1906" da+ o) [ [Tol7 ol da.
Q Q Q Q
On the other hand, taking |¢|Pl as a test function in the equation in w, it holds
(4.6) / Vuv ol dz = pf / VuVolgl" ¢ de = / Vol g da + A / flol de.
Q Q Q Q

As above, using again Young’s inequality to obtain

[ vuvolop2ode| << [ 19uplop do+ @) [ Vol da.
Q Q Q

pl
Hence

(4.7) Vol ¢ dz+ A [ flo|P de <e [ [Vul?’|¢]P du+ Ce) [ [Vo|* da.
/ [ ] /



NONLINEAR ELLIPTIC SYSTEM 13

Now combining (4.5), (4.7) and choosing & small enough, we obtain :

(1 =€) [ Vol dz+ X [ flo|"'de < Cle) | [Vo|7 ¢l 7 dx + Cle) | [Vo| da.
/ / / /

So, for e < 1,

A flolde < C'(e) | V|76~ du + C(e) [ [V da,
/ / /

and then A(f) > 0. Now, using \¢|q/ as a test function and following the same computations as
above, we obtain :

(45) w [ atelde < '@ [ 9ol 67 o+ @) [ V017 de

Q Q Q
Then the result follows. O
Remark 3.

(1) The result of Theorem 4.2 means that we have the same kind of conditions as in the case
of one equation. See condition (1.3) in Theorem 1.1.
(2) For ¢ 2 0, setting

/ Vol do + / Vol 6P da / Vol d + / Vol |67 de
Q(g) = 2 L. , L(g) =2 £
/flcbl” dx /g\¢|‘1 du
Q Q

Then, Q(ng) = Q(6) and L(nd) = L(@) for all n # 0.
(3) Notice that $(f) = A(f). This follows from the fact that if we set o = ||P ~1p, then

Jvol do+ [ V6160 T do = [ 161 (9l do+ [ 16l VAT do = Pl
Q Q

In the same way, we have ¥(g) = T'(g). O
We are now able to prove the next non-existence result.

Theorem 4.3. Suppose that p,q > 1 are such that gm > ¢* and po > m*. Then, there exist
fe L™ Q) and g € L7(Q) with f,g > 0 such that System (3.1) does not have any nonnegative
solution for any A, u > 0.

Proof. To get the non-existence result, we will construct f,g satisfying the hypotheses of the
Theorem and such that A(f) =0 or I'(g) = 0.

Without loss of generality, we assume that m,oc < N. In what follows, we will assume that
= B1(0). For technical reasons, we distinguish two cases.

Case 1 : m > o and p’ > ¢’. Using Holder’s inequality, it holds that

|V¢q’|¢|p’¢dxs< |V¢|”’d:c>p'< |¢|p'da:)
/ / /

p'—dq’
7



14 A. ATTAR, R. BENTIFOUR, E.-H. LAAMRI

According to Poincaré’s inequality, we obtain that

[Iverrior iz < cp [ Vol da,
Q Q

Thus
/|v¢|p’ dx+/\v¢|¢¢p’*q’ dx:/|v¢|f°’ da.
Q Q Q
Then
[1ver'ds
Qg) ~ H——
[ f1ol iz
Q
. N / N
Notice that pm > poc > m*, then p > N Thus, we can fix a > 0 such that p’ < a < -
Define f(z) = le‘w then f € L™ (). Now, introduce the function ¢ defined by
1 ) 1
owy={ k=S
Q—lz)) if F<la <L

N—«
p/

<< N;p/ and v > 1 and such that ¢ € C*(B;1(0) \ {0}) and ¢ > 0 in B1(0).

where

Since 6 < Np_,p/, then /|V¢|p’ dx < 4+00. However

Q

/ 1
Q Q

Hence, using a suitable approximation argument, we conclude that A(f) = 0 and the non-existence
result follows in this case.

Case 2: m > o and p’ < ¢’. In the same way as above, we obtain go > m* > o*. Thus
q> NJX —, hence ¢’ < % As in the proof of the first case, since p’ < ¢’, by Holder’s inequality, we
obtain

/|V¢\q’ da:+/|V¢|p/¢q,”’/ dx:/\vaﬂq' dz.

Q Q Q
Thus

/ Vol de
@

/glsblq'dfc .

Q

L(¢) ~
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Setting g(x) = ﬁ where ¢ < 8 < %, then g € L7(Q2). Choosing ¢ as in the first case with

NZB <9< N;q/, then /|V¢|p/ dxr < 400 and
Q

q
7 qyp ~ 1 dr —
Q Q
Hence I'(g) = 0 and then we conclude.

In a similar way, we can treat the case m < o. Hence the result follows. O

5. A SYSTEM WITH COUPLED GRADIENT-POTENTIAL TERMS

This section is devoted to the slightly different system given as :

—Au = ulVulf+Af in Q,
-Av = w|VufP+pg in  Q,
(5.1) u=v = 0 on 0N,
u, v > 0 in Q.

In this case, we have the following existence result.

Theorem 5.1. Let p,q > 1 and m,o > 1. Assume that f, g are nonnegative functions such that
(f,9) € L™(Q) x L7(Q) where m, o satisfy

pN qN
p+2 qg+2°
Then, there exists A* > 0 such that, if A\ + u < A*, System (5.1) has a nonnegative solution

N
(u,v) € Wy *(Q) x Wy P () for all a < and B < S L
(N —o)t

(5.2) m > and o>

Nm
(N —m)y
Proof. We will give the proof in the case 1 < m,o < N. The other cases follow using similar

apprach.
As in the proof of Theorem 3.1, we define the function

Ti(s) := s — C(s'H9 4+ s'1P),

with C being a positive constant depending only on the data. Since p,q > 1, we deduce the
existence of a unique value ¢ such that

Thus,
. A*
(5.3) (= C(0F9 4 0P 4 5)'

As ¢ > 0, there exists A* > 0 such that, if A + u < A*, then

1=

(5.4) Al fllm@) + pllgllLe @) < —=-

Q
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Hence
(5.5) é<41+q + 0P L M| fll e o) + N|g||L“(52)> <.

Now, we define the set H,y C Wy (Q) x W, (Q) as :

Hyp = {«o,w € Wi (€) x W () amd [[el gy + [¥lly0(cy < e},

where r and 6 are chosen such that

poNO oy < mN
S s A R
O(N+oc)— No N-—-m’

(5.6)
qgmNr No
r(N+m)— Nm <0< N-o’
Notice that, the existence of (r,8) follows from (5.2). As above, H, g is a closed convex subset of
W () x W (Q).
We claim that if (¢,1) € H, (), then

(5.7) oIVl < Ouallglgry X IR
Lm(Q)
Indeed, by definition:
pelvett] = [ rvupmas < [ o ivvimds,
Lm) Ja Q

Hence, using the Sobolev and Holder inequalities, it follows that

S025</ |¢|r*d$> T </ vw|qmr*7‘_*md£lj> I
L™ (Q) Q Q

r* TN
= qm .
— r(N +m) —mN

< 6. Finally,
m

(5.8) ] o |V

On the other hand, gm

*

holds that gm—
o

Hence, by the definition of r and 0, it

m
q < moo
Jestvs iy =l % IV

and the claim (5.7) follows.

In the same way, usi ___Ne < e obtali

n m Wy,u1ngpaa(N+U)_UN r, W in
(5.9) \ Vel < Corlllay * 1918y

Lo (Q)

Therefore, we can define u and v as the unique weak solutions to the problems

—Au = @ |VY|24+Af in Q
(5.10) { U = 0 on 09,
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and
—Av = Py[VelP+pg in Q,
(5.11) { v = 0 on 0fQ.
According to Theorem 2.4 and estimates (5.7), (5.9), it holds that
(512 IVl @) < o lelhwgran  N6l1 gy + N lmcay ).
and
(513) 19150+ 0y = Coo Il el + Allllzvc )

So the operator
T:H,y — W3HQ) x Wy ()
() — Lip,¢) = (u,v)
is well defined. Moreover, any fixed point of T'in H, g is a solution to System (5.1). Since r < m*
and 0 < o*, then (u,v) € W () x W ?(Q) and

||u||W0”(Q) + ||UHW0“(Q) < Czo (|‘P||W&”(Q)|¢||3V01,G(Q)
Wl oy ol iy + MLy + u||g||m<m)
< Cx (é”q +OFP L N[ fl m ) + /~L|9|LU(Q)>~

By choosing C = Csg, we deduce from (5.5) that
HUHWO“(Q) + ||UHW01”‘(Q) <t
So we conclude that T(H,.¢) C H,g.

The continuity and compactness of T" follow as in the proof of Theorem 3.1. We conclude thanks
to the Schauder fixed-point Theorem. O

Remark 4. Let us review some particular, explicit cases, where the existence conditions hold.

o If m,o > N, the existence result holds for all p,q > 1.

e Ifp=q=1 and m = o, a sufficient condition on m is that m = o > 3

e Ifp=q=2 and m = o, condition (5.2) implies that m = o > %

o If m =0 =2, condition (5.2) implies that

PN ISN_%

which imply p,q < 1, if N > 6. In this case, Theorem 5.1 fails.[]

To show that condition (5.2) is in some sense optimal, we state and prove the following non-
existence result.
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Proposition 5.2. Assume that m = o = 2. For any p,q > 1, we can find f,g € L*(Q) and
ng € IN such that if N > ng, System (5.1) does not have any nonnegative solution.

1
Proof. Without loss of generality, we assume that 0 € Q. Set f(x) = g(x) = —— where 2 < a <

||

N
5 If (u,v) is a solution to System (5.1), then

A

—Au>—, —Av> + .
2l ER

Then, using a suitable comparison principle it holds that

Cs1

|x|a—2

u(z),v(z) > in Br(0) cC Q, for a suitable R.

Thus :
/ |x|_(a_2)|Vu|pdx+/ |x|_(a_2)|vv|qda¢ < 0.
Q Q

According to Caffarelli-Kohn-Nirenberg inequality ([19]), we obtain

p

p” i q i
(/Qfdx> + (/de> < 00.
a7 (=) o] *2

Q Q

Now, taking into account the behavior of u, v near the origin, we find :

1 1
/  de+ / A< CQ).
Br(0) ‘x p*(a72)+%(a72) Br(0) |x‘q*(a72)+%(a72)

Thus
p*(a—Q)—i—p—(a—Z) < N and q*(a—2)+q—(a—2) < N.
p q
For p,q > 1 fixed, choosing N > ng := max{zﬁ%f, %}7 we get the existence of a € (2, %) such
that
pla-2)+(@-2)>Nand¢(a—2) + L(a-2) > N,
p q
and we get a contradiction with the existence hypothesis. 0
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