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EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS
TO A FRACTIONAL PARABOLIC PROBLEM WITH SINGULAR
WEIGHT AT THE BOUNDARY

BOUMEDIENE ABDELLAOUI, KHEIREDDINE BIROUD, EL-HAJ LAAMRI *

ABSTRACT. We consider the problem

we + (—A)u = )\6;:7;) in Qr = Q x (0,7),
(P) u(z,0) = wuo(x) in Q,
u = 0 in (RN \ Q) x (0,T),

where Q C RY is a bounded regular domain (in the sense that 9 is of class
o), §(x) = dist(z,090),0 < s < 1,p >0, A > 0.

The purpose of this work is twofold.

First We analyze the interplay between the parameters s,p and A in order to
prove the existence or the nonexistence of solution to problem (P) in a suitable
sense. This extends previous similar results obtained in the local case s = 1.
Second We will especially point out the differences between the local and
nonlocal cases.

1. INTRODUCTION

Recently, great attention has been focused on the study of nonlocal diffusion
equations, i.e., first-order evolution equations driven by a nonlocal operator. These
operators play a crucial role in describing several phenomena as, for instance, the
thin obstacle problem, anomalous diffusion, quasi-geostrophic flows... See, for in-
stance, [49, 23, 43] and the references therein. The use of such operators reflects
the need to model long-distance effects not included in the usual, local diffusion
operators such as the Laplacian. Prototypical examples of a nonlocal operator are
the various versions of the fractional Laplacian.

Note that the proper definition of a fractional Laplacian is not obvious and of-
fers some choices. In the literature, several definitions, not always equivalent to
one another, and different terminologies are found. However, when working in the
whole IRY, the alternative definitions are equivalent ; we refer the interested reader
to [30, 43, 25] and the references therein.

Contrary to the case of full space IRY, several different fractional Laplacians can
be defined on a open subset  # IRY. These alternatives correspond to different
ways in which the information coming from the boundary and the exterior of do-
main is to be taken into account. In particular, two different fractional Laplacians
are widely studied in the literature, contributions include [49, 15, 16, 48, 43, 25]
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and references therein. Needless to say, these references do not exhaust the rich
literature on the subject.

Here, our problem is posed on a bounded domain 2 with homogeneous Dirichlet
boundary conditions, that is u = 0 in RN \ Q. In other worlds, the Dirichlet datum
is given in RN \ © and not simply on 9. Then we are working with the following
fractional Laplacian operator ! which can be defined as :

Sprfo) o u(z) — u(y)

where P.V. stands for the Cauchy principal value and
52231’\(N+2s)
1.2 Gy o= o N2 )
(12) M AT )

is a normalization constant.?

Specifically, in this article, we consider the following nonlocal parabolic problem :

P
w A+ (—APu = )\% in Qr =Q x (0,7),
(1.3) u(z,0) = wup(z) inQ,
u = 0 in (RN \ Q) x (0,7),

where Q is a bounded regular domain of R", §(z) = dist (x,09Q),0< s <1, p >0,
A > 0 and ug 2 0 is a nonnegative measurable function.

As far as we know, no works seem to have treated this problem.

The first goal of this work is to obtain “natural” conditions on the parameters s, p,
A and the initial data ug that allow us to prove the existence of positive solutions
to Problem (1.3). By solution, we mean either energy solution or weak solution or
distributional solution (for more specifics, see Subsection 2.2).

In the local case (s = 1), this problem corresponds to the classical heat equation;
it has been studied by the first two authors in [5].

Apart from the study of the nonlocal problem itself, the second purpose of this
article is to highlight the differences between the local and nonlocal cases. In fact,
our results show a significant difference with respect to the local case s = 1. For
this, see Remark 3.2, Remark 3.3 and Proposition 3.4.

In addition, let us mention that the first author et al. have been studied Problem
(1.3) in the case where the weight 6=2°(z) is replaced by |z| =25, see [7] for more
details.

But, in this case, existence and nonexistence results are stable when s ~ 1. This
justifies the importance and the role of the singular weight &(z) 2.

Before going further, let us mention some previous works concerning the local
case and in order to compare it with the nonlocal cases.

LThis fractional Laplacian operator is sometimes called the restricted fractional Laplacian (see
for example [49, 15, 16]), or regional fractional Laplacian (see for instance [48, 43]) or Dirichlet
fractional Laplacian (see [44]).

2The choice of the constant a N,s is motivated, among others, by the following assertion :

lim (—A)’u=wand lim (—A)°u=—-Au
s—0t s—1—

where A is the classical Laplacian. For a proof, see for instance [30, Proposition 4.4]).
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p
First. The case where the weight §=2(x) is replaced by |x|=2 (i.e. us — Au = ‘)\UF)
and 0 €  has attracted® a lot of interests by researchers. The paper [12] by Baras-
Goldstein is the starting point on the existence of global solutions and blow-up for
these equations. From this pioneering work, a lot of contributions have been made.
Among the works dealing with inverse-square potential, we cite [12, 20, 24, 50] and
references therein, with no attempt to provide an exhaustive list. Let us briefly
recall these following results :

e For p =1, it is proved that global existence of weak solution holds if and

2
only if A < \* := (NQ_2> .

e For p > 1, independently of the value of A > 0, a nonexistence result is
obtained in [20], where also an instantaneous complete blow-up result is
proved.

Second. While considerable effort has been devoted to the study of the heat equation
with the potential |z|~2, relatively little is done in the case of §(x)~2. As mentioned
above, Problem (1.3) with s = 1 has been recently treated in [5] ; see also [4] for
the elliptic case and their references. In that work, the authors proved a strong
nonexistence result if p < 1. However, for p > 1 and under adequate assumptions
on ug, they proved the existence of a positive solution using suitable sub- and
supersolution and iteration arguments.

When p =1 and 2 is a bounded convex domain, a strong nonexistence result for
A > A* has been proved in [24]. As a consequence, a complete and instantaneous
blow-up result was proved for some approximating problems.

As we shall see in more detail later on, in the nonlocal case (i.e., 0 < s < 1), a
different phenomenon appears in the cases p < 1 and p = 1. Indeed, clarifying the
differences between the local and nonlocal cases is the second purpose of this work.

In order to give precise statements of the results obtained, let us introduce first
the following fractional Hardy inequality (for a proof, see [32] or [34, Theorem 5])
in the form that we will use.

Theorem 1.1. Let s € (0,1). Assume that Q is a bounded reqular domain (C°!

reqularity is sufficient) of RN where N > 2s. Then, there exists a positive constant
C = C(s,9) such that for all ¢ € C°(2)

¢2( aNs )|2
(14) ¢ o 0%%(x) //DQ |z —y |N+28 ey,

where Dg := RY x R™ \ (Q° x Q°).

In what follows, we denote by A () the best possible constant in (1.4), and
henceforth we will use that inequality in the following form :

(1.5) Ay(Q) / ;;2(( < s / /D ) |x_ |N+2)8|2dxdy,

Remark 1.2.

3This question was first posed by H. Brezis and J.-L. Lions in the early 1980s.
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(1) If s € [1/2,1) and Q is a conver domain, As(Q) is independent of Q, is not
attained by a non-zero function and it is given by
(s + 1

(1.6) M) = A D)

i
(#3) In all cases, we always have Ag(Q) < A%, see [34, Theorem 5].
(#i1) The constant As(Q) is attained by a non-zero function if and only if As(Q) <
A We refer to [14] for more details.

Remark 1.3. In general, problems with the weight §~2%(z) are more complicated
to treat that the case of the classical Hardy singular potential |x|=2* and can gen-
erated new phenomenon which is one of the main objective of this work. Related
inequalities were also treated intensively in [37] and [42] where applications to the
stereometric inequality are given.

The main results of this paper can be summarized in the following points.
e In the sublinear case p < 1, we shall see that Problem (1.3) has a nonnegative
solution, in a suitable sense, for all ug € L'(€2). This makes a significant difference
with the local case s = 1, where a strong nonexistence result has been proved in [5].

e In the linear case p = 1, we will show that the range of the parameter s, together
with the validity of the Hardy inequality with optimal constant stated in (1.5) and
Remark 1.2, will be decisive for existence and nonexistence of positive solutions for
A large.

e In the superlinear case p > 1, we are able to show the existence of a nonnegative
solution for a suitable ug € L>(€2).

Before ending this section, let us give the outline of the paper. In Section 2, we
give some auxiliary results related to fractional Sobolev spaces and some functional
inequalities. We also define the three notions of solution that we will use system-
atically throughout the paper : energy solution, weak solution and distributional
solution.

The case where 0 < p < 1 is treated in Section 3. Using monotonicity arguments
and suitable test functions, we prove the existence and uniqueness of a global weak
solution that is in a suitable Sobolev space. This seems to be quite surprising since
in the local case, the corresponding problem does not have any distributional so-
lution and a complete blow-up holds for the sequence of solutions approximating
problems that will be introduced later on.

In section 4, we treat the linear case i.e. p = 1. According to the value of s, we
will show the existence or the nonexistence of solution for suitable range of A\. In
subsection 4.1, we prove the existence and the uniqueness of a positive weak solu-
tion for all A < A4(€Q) and for all s € (0,1). In subsection 4.2, we deal with the
case s € [1,1) and A4(€2) = A} which includes, in particular, the case of convex
bounded domains. We are able to show that the corresponding problem does not
have any nonnegative distributional solution for A > AZ¥.

The superlinear case p > 1 is treated in Section 5. Under suitable assumptions on
the initial data and using monotonicity arguments, we are able to get the existence
of a bounded positive solution. Finally, in the last section we give some extensions
to the case of the spectral fractional Laplacian.

We have tried to write this paper in an almost self-contained form. Moreover,
we give precise references for all points that are not detailed in this work.
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Finally, throughout this paper, we assume that
es5c(0,1);
e O is a bounded open subset of IR such that 9 is of class COL.

2. THE FUNCTIONAL SETTING AND TOOLS

In this section, we give some useful tools that will be used many times in this
paper. First, we recall some results related to fractional Sobolev spaces and some
useful functional inequalities respectively in subsections 2.1 and 2.2. Then, we
specify the sense in which solutions are considered in subsection 2.3 and we recall
an useful theorem in subsection 2.4.

2.1. Functional framework. As already announced in the introduction, we are
working in a bounded domain 2 with homogeneous Dirichlet boundary conditions
u = 0in RY \ Q and not simply u = 0 in Q. This makes the classical fractional
Sobolev space approach not sufficient for studying our problem. Then, we need to
set a natural functional framework that is inspired by (but not equivalent to) the
fractional Sobolev spaces which will allow us to deal with the Dirichlet boundary
condition. Of course, this subsection can be skipped by readers already familiar
with these notions.

Definition 2.1. Let Q ¢ RY be a bounded reqular domain. For any p € [1,400),
the fractional Sobolev space W*P(Q) is deﬁned as

P
WP(Q) := qu € LP(Q // W) dxdy < —l—oo}.
©) { axQ |33— |N+s”

It is a Banach space endowed with the norm

1
u(y)|? g
|ullwer ) == <u||LP Q)+//xﬂ T —y ‘N+sp —— dxdy | .

Now we define the space W3 () as
WP (Q) == {ue W(R"); u=0in RV \Q}.

WyP(2) is a Banach space endowed with the norm

P\
ol o= ([ 2 goay )
Q

where Dg = R2V\ (Q x Q).

In the particular case p = 2, we denote by H*(Q2) = W*2(Q) and H{(Q) =
Wy 2(Q) Then, for bounded domain €2, using Poincaré’s inequality we can endow
the space H(Q2) with the equivalent norm

AaN,s )|2
||U||HS(Q) //D |x— |N+29 T oN+es dady
Q

where ay s is the normalization constant given by (1.2).

The pair (H§(€2), ||.|[ms (o)) is a Hilbert space (see for instance [48, Lemma 7] or
[43, Lemma 1.29]). The dual space of H(§2) will be denoted by H~*(2). For more
properties of the previous spaces, we refer to [30], [9] and [43, subsection 1.5].

]
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2.2. Some useful functional inequalities. In this subsection, we collect and
present some functional inequalities under the form in which they will be exploited.

e The following Sobolev inequality is proved in [30] (see also [45] for a simple proof).

Theorem 2.2. Let Q@ ¢ RY with 2s < N. Then, there exists a positive constant
S = S(N,s) such that for all u € H§(Q2), we have

22* CLNS )|2
|u < i |x = |N+2S dx dy
Q

2N
where 2% = N _2 is the so-called critical Sobolev exponent.[]
s

I?(s+ 1) o
e In order to treat the case A = A¥ := ———== we need the following improved
s

Hardy-Sobolev inequality obtained in [34].

Theorem 2.3. (Improved Hardy-Sobolev inequality) Assume that % <s<1and

Q c RN (N > 2)is a uniformly Lipschitz bounded convex domain. Then, there
exists a positive constant C := C(Q,s) such that

/\u 7 aNS// Jule) = w4 g ae [ g,
Do e e f

o
where 27 N

O

25

e The Kato type inequality below will be useful in this paper, we refer to [29] and
[28] for the proof.

Theorem 2.4. Let ® € C?(IR) be a convex function. Assume that u, ®(u) €
W Q) are such that (—A)*u € L'(Q), (—A)*®(u) € LY(Q) and ' (u)(—A)*u €
LY(Q). Then

(2.2) (—A)*B(w) < & (u)(~A) w0

e Finally, we end this subsection with the next Picone inequality. For a proof, see
for instance [38] or [6].

Proposition 2.5. Let s € (0,1) and u € H5(Q) such that w > 0 in Q. Then, for
all ¢ € C§°(Q), we have

(—A)*u 62 do < W // o(y)[°
2.3 / - dz dy.Od
(2:3) Q u Dq |5U - y|N+2S Y

2.3. Notions of solution. As already mentioned, in this paper, we will consider
three notions of solution : energy solution, weak solution and distributional solu-
tion.

Let us consider the following problem

us+ (—A)°u = g(z,t) in Qr=Qx(0,7),
(2.4) u(z,t) = 0 in (RN \ Q) x(0,T)
u(z,0) = wup(z) in £,

where ug and g are given functions in suitable Lebesgue spaces and T' is a positive
real.

e Energy solution Let us start by defining what we mean by energy solution.
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Definition 2.6. Assume that (g,ug) € L*(
energy solution to Problem (2.4) if u € L*((
L2((0 T),H=*(Q)) and for all w € L?((0,T),

/ /utwdxdﬂ—/ //Dg |m_))(|l]”v(+ﬂ)s w(y)) dxdydt:/OT/ngdxdt.

Remark 2.7. If (g,u0) € L*(7) x L3(2), Problem (2.4) has an unique energy
solution w. Moreover, g > 0 and ug > 0 imply w > 0. For a proof, see, e.g., [38,
Theorem 26]. O

Qr) x L?(Q). We say that u is an
0,7), H3(€)) N C([0,T], L*(Q)), u; €
HE(©2)), we have

e Weak solution : Since we will consider problems with general datum in L', we
need the concept of weak solutions. For this purpose, let us first define the space
of test functions.

PQr):={¢:RY x [0,T] = R, st. —¢s+ (=A)¢ =, p € L)
é(z,t) = 01in (RN \ Q) x (0,7, ¢(x,T) = 0 in Q}.

It is worth to notice that if ¢ € P(Qr), then ¢ € C%*(Qr) N L>®(Qr) , see for
instance [33, Theorem 1.1 and Corollary 4.1].
Then we have the subsequent definition.

Definition 2.8. Let (g,ug) € L* (1) x LY(Q). We say that u € C([0,T], L}(Q))
is a weak solution to Problem 2.4 if for all ¢ € P(Qr), we have

/OT /QT u(_¢t+(—A)S¢)dxdt=/QTugodxdt:/OT/QT g(bdmdt—f—/ﬂuoqs(gg,o)dm

The following existence and regularity result is obtained in [38].

Theorem 2.9 ( See [38, Theorem 28]). Assume that (g,uo) € L'(Qr) x L(Q).
Then, Problem (2.4) has a unique weak solution w, that is obtained as a limit of
approximations, such that Yk > 0, Ty (u) € L?((0,T),Hg(Q)), u € LI(Qr) for all

g €1, 222 and |(—A)2u| € L™ (Qr) for allr € [1, ]X;f:).

Here, Ty (o) := max{—k, min{k,o}} for k > 0.0

e Distributional solution : Finally, we end this part by the notion of distribu-
tional solution.

Definition 2.10. Assume that (g,uo) € L},.(Qr) x L}, (). We say that u €
LY(Qr) N C([0,T], L}, .(Q)) is a distributional solution to Problem (2.4) if for all
7))

loc
¢ € C§°(Qr), for all p € CF° () we have

/QT u(—(bt—l—(—A)s(b)dxdt:/QTugodxdtz/QTg¢dxdt,

/ (z, d;v—)/uo x)dz ast — 0.0
Q

and
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2.4. An useful Theorem. Taking into consideration the singular weight §—2°
at the boundary of 2 and in order to prove a priori estimates for approximating
problems, we will use the following existence result obtained in [1] (see also [10]).

Theorem 2.11 (See [1, Proposition 1.10]). Assume that s € (0,1) and 8 € (0, 2s).
Then, the following problem

1
(_A)sg = (;ﬁ(l‘) m Q7
&€ =0 in  RM\Q,
has a bounded distributional solution such that
(i) if B < s, then £ = 67,
(ii) if B =s, then & = &° log(%) where D >> diam(S2),
(iil) if B € (s,25), then & = 6275,

(2.6)

Note that for given nonnegative functions f and g, by f = g, we mean that there
exist two positive constants C; and Cy such that C1 f < g < Csf. O

3. THE SUBLINEAR CASE p < 1 : EXISTENCE RESULTS.

In this section, we are interested in the sublinear case, namely 0 < p < 1.
Contrary to the local case studied in [5], we are able here to show the existence of
a solution, at least, in the distributional sense defined in Definition 2.10.

The main existence result of this section is the following.

Theorem 3.1. Assume that 0 < s < 1 and 0 < p < 1. Then, for all 0 S ug €
LY(Q), Problem (1.3) has a minimal positive solution uw € L*(Qr) at least in the
sense of distributions given in Definition 2.10. This solution is minimal in the
sense that if v € L'(Qr) 4s an other nonnegative distributional solution to Problem
(1.3), then v > u in Qrp.

Moreover, if s < % and 0 < p < 1 — 2s, u is a weak solution in the sense of

P
Definition 2.8 such that :;? € LY(Qr).

Proof. : Taking into consideration that p < 1, then without loss of generality we
can assume that A = 1.

Now we divide the proof in five steps.

First step : We proceed by iterations. Let n > 1 and define u,, to be the unique
positive energy solution to the problem

Oy, —-A)su,, = L in

(3.1 e (8(e) + 0 }
Un (2, 1) = 0 in (RN \ Q) x(0,T),
un (2, 0) = upn(x) in Q,

where ug ,, := min(n, ug) and ug o := 0.
The existence and the uniqueness of u,, follow using classical arguments for mono-
tone operators. Moreover u,, > 0. On the other hand, ug, T up as n — 400, then
the comparison principle ensures that u,, < u,y; for all integer n.

Let & be the solution to Problem (2.6) with 8 € (s,min{2s,1}). Thanks to
Theorem 2.11, £ = §2*=8. In addition, 8 < min{2s,1}, then & € H5(2). Hence we
conclude that & € L>*(Q) N H{(2). Thus, choosing ¢ as a test function in (3.1),



FRACTIONAL PARABOLIC PROBLEM 9

taking into consideration the estimate on £ given in Theorem 2.11 and using the
fact that u,_1 < u,, it holds

d n— 15 n
dt/unfdx—i— 6—Bdsc /{2(6(1:) C/ dx.
Since p < 1, by Young’s inequality, we obtain
2 " _n < _
(3.2) = upEdr + (1 —¢) (Wd Cl(e) (wdx
Q Q

1
Recall that 8 < 1 implies / 58 dx < co. Now, by choosing € small enough and

integrating (3.2) in time, we get

sup /un(x t)édr + (1 / /*da:dt<TCC( )+ Q/uofdas<oo.

te[0,T]
Q

Thus, there exists a measurable function u € L*(Q7) N L>((0,7), L,.(2)) such
that

u, — U strongly in L'(Qr),
Unp, u i
(3.3) =5 — 35 strongly in L1(Qr),
e p
7(;7; N ;Lﬁ strongly in L'(Qr).
Moreover
P P
(34) uin T L Strongly in Llloc(QT>'

(@) + 27 o

Second step : We claim that {u,£},, is a Cauchy sequence in the space C([0,T1]), L*(Q)).
To see that, let us fix m > n > 1 and define wy, n, = Uy — u, > 0. It is clear that
Wyn,n 2> 0 a.e. in Q7 and solves the following problem

(3.5)

0 +(-A)® L in O

Wm,n - Wm,n m.n 11

t 5 5 ((5(.’1}) + %)28 g 5 T

W (1) =0 in  (RY\Q) x(0,7),
Wpnn(x,0) = Upm(x) — uon(x) in Q.

( 1 _ 1
TN O(x) + )2 (d(x) + L)z

where g, n(2,t) == u ) Note that g, > 0 in
Q.

Using ¢ as a test function in (3.5) and the fact that £(z) = 62577 (z) yields
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sup /wmnxt §dx+/ / mnd dt
te[OT]Q

(3.6) C/ / (U1 ﬁi;; )dxdt+C'/ /gmn (z,1)6% P (z)dxdt+

+/(u0,m(x) — ug,n(2))E d.
Q
We deduce directly from (3.3) that

(3.7) / / — U 1)dxdt+/(uo,m(x) —ug,n(x))dr — 0 as m,n — +oo.

Q
Concerning the term / /gmm(x, 1)6% =P (x)dxdt, let us first remark that
0

Imn — 0 a.e. in Qp) as m,n — 400 and

» 1 208y < g7 1 .
"L—l(<6<x>+,;>2s <6<x>+;>%)5 () < <<6<x>+,;>28 <6<x>+1>28)5 (@)

n
u525—[3

0+ 5)2

On the other hand, the sequence { }n converges in L'(Q7) and then it is

a Cauchy sequence. So

65 [ [ (Gt 55 - Gy o ) et 0 s o
Q

In view of (3.7) and (3.8) (recall also that w,, , > 0), we deduce from (3.6)

sup /|wmn(:17 t)|€dz — 0 as m,n — oo.
t€[0,T)
Therefore, {u,&}, is a Cauchy sequence in the space C([0,T7]), L1(Q)).

Now, let p € C§°(€2) be fixed. Then, we have M < C(£,p) and

sup /\wm,n(x,tﬂ lp|de = sup /|wmn x,t |€|p|
te[0,T te[0,T]
(3.9) @
< C(f,p) sup /|wm’n(;v,t)\§dm.
te[O,T]Q
So

sup /|wm’n(aﬁ,t)\ |p| dz — 0 as m,n — oo.
te[0,T]

Hence, up € C([0,T1]), L (Q)) for all p € C§°(€2) and

(3.10) / (x,t)p(x)dz — /uo x)dx as t — 0.
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Third step : Now, let us prove that w is a distributional solution (in the sense
of Definition 2.10) to Problem (1.3). Let us fix ¢ € C§°(Qr) and p € C°(2). By
using ¢ as a test function in (3.1), we obtain

//QT Up(—¢r + (—A)°¢) dx dt = //QT T l)%qﬁda@dt.

n

As n — oo, we have in view of (3.3) :

//QT Un (= + (—A)*¢) da dt — / w(=y + (—A)*¢) da dt

Qr

//QT 5+ i 2s¢d$dt_>//QT i(bd:cdt.
//QT u(—py + (—A)*¢) da dt = //Q ;Ti¢d$ dt.

In addition, we have already proven (3.10), namely

/ (x, dx—)/uo x)dzx as t — 0.

Therefore, u € C([0,T1), L},.(2)) and it is a distributional solution to Problem (1.3)
in the sense of Definition 2.10.

and

Thus

Fourth step : Now let us prove that u, the solution obtained above, is the minimal
solution to problem (1.3). Assume that v is an other nonnegative distributional
solution to Problem (1.3). As for all n > 1,

vP P
>
7 = @) +

by going back to the equation in wu;, it holds that v > u;. Thus, by iteration and
using the comparison principle, we deduce that v > u,, in Qp for all n > 1 Since the
sequence {uy }, is increasing, we deduce that v < v in Q7 and then we conclude.

Fifth step : Now we deal with the case s < % and p < 1—2s. Since u € LY(Qr),
then by using Hoélder’s inequality, it follows that

uP (z,t) 1=p
d dt < // u(x,t) dxdt) (// d:cdt) .
// §2s(@) ( Qr Qr 0T 5 (

25 IS L1 (Qr). Therefore we conclude
517 ()

that 57 € LY(Qr). This finishes the proof of Theorem 3.1. |
Remark 3.2.

o In the local case (i.e s =1), the first two authors proved in [5] a strong nonexis-
tence result to Problem (1.3) for allp < 1. As a consequence, they get a complete
and instantaneous blow-up for the approzimating problems. Hence, our existence
result in Theorem 3.1 shows a significant difference between the local and the non-
local cases.

o As we will see in the linear case (i.e. p=1), a similar phenomenon occurs as it
was established in [31]. More precisely, it was proved that all functions are locally

a.e in Qr.
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s—harmonic up to a small error. This produces more solutions in the nonlocal case
than the local case (that disappear when letting s — 1).

Remark 3.3. Blow-up and non-stability as s 1.

If we substitute the “Hardy” weight §=2%(x) by the “Hardy” potential |x|~2*,
existence and nonexistence results are stable if we let s /1, see for instance [7].
However, comparing the existence result in Theorem 3.1 and the nonexistence result
obtained in [5], we deduce that the situation is totally different when considering
the weight §=2%(x).

More precisely we have the next blow up result.

Proposition 3.4. Assume that ug € L*() such that ug > 0 and let 0 < p < 1
be fized. Consider a sequence {sm} C (0,1) with s, 1 as m — 400 and
let uy, be the minimal solution to Problem (1.3) obtained in Theorem 3.1. Then
[coEs

Proof. Without loss of generality we can assume that s,, > % and ug € L*(Q).

Let p € (0,1) be fixed and consider {um, }n to be the family of minimal solutions

to Problem (1.3) obtained in Theorem 3.1 with s = s,,. Thanks to Theorem 3.1,
P

— 400 as m — +00.
L1 (Qr)

U ub
U LY(Q d then —— ™ ¢ LY(Qy).
Saypen © 1 () and then (e s, € L)
To prove the main blow-up result, we will argue by contradiction. Assume that
ub uP
— || < C for all m. Setting f,,(x,t) := m , and
Iy 4 e 200 < NG
consider v,, to be the unique weak solution to the problem
OV + (—A)* vy, = falz,t) in Qp
(3.11) Vg (2, 1) = 0 in (RN \ Q) x(0,7),
Um('rvo) = ’u,o(l‘) in Q7

Let us observe that v, < u,, in Qr for all m > 1. On the other hand, s,, > % > %
and || fm||L1(0,) < C, then thanks to [8, Theorem 1.1], there exists C; > 0 such

that ||’UmHL”(07T;W01,a(Q)) < () for all m and for all o < N;islm
+3

all 09 < {5. Hence, we get the existence of o € L7°(0, T} W, 7°(Q)) such that
vy — 0 weakly in L7°(0,T; I/V1 7°(Q))) and then, up to a subsequence, vy, — ¥
strongly in L7°(Qr) and a.e. in QT.

Notice that

; in particular for

vP (z,1)
fm(‘rat) > m

Let ¢ € C§°(Qr) with ¢ > 0. Using ¢ as a test function in (3.11), it holds that

// U (—Gr+(—A)* @) dadt = / fonl, )t > // ) 3 Tyss, Oedt
Qr Qr QT m

Notice that |¢:| + |(=A)*¢)| < C in Qr and
(=A™ — —A¢ in L=(Qr) as s, 11,

where we get the last convergence by using the same arguments as in [30, Propo-
sition 4.4]. Since

a.e. in Qp.

4 t vP(x,t
U (2, 1) Y (z,2) a.e. in Qr,
x
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then by Fatou’s lemma, we conclude that

//QT i(—¢y — Ad)dadt > //QT %me.

Thus, 9 is a non-trivial supersolution to the following problem

2P

2zt — Az = 52 in Qp
(3.12) Az t) = 0 in  (RY\ Q) x (0,7),
z(z,0) = wup(zr) in Q.

Hence a contradiction with the nonexistence result proved in [5] and the result
follows. d

4. THE LINEAR CASE : EXISTENCE AND NONEXISTENCE RESULTS.

In this section, we consider the linear problem :

ur + (—A)Su = )\5% in  Qr,
(4.1) u =0 in (R \ Q) x(0,7T),
u(z,0) = wup(z) in €Q

where A > 0 and wg is a measurable nonneative function satisfying some assump-
tions that we will specify later.

This section is divided into two subsections. Subsection 4.1 is devoted to existence
results and is split into two parts : in the first part, we deal with the case where
s € (0,1) and A < A4(Q)*, and in the second we treat the case where s € (0,1/2)
without any restriction on A. In Subsection 4.2, we prove that Problem 4.1 does
not have any solution in the case where s € [1/2,1) and A > A;(Q) = A¥ where
(s +3)
N 7r

A%

(see 1.6).

4.1. Existence results.

4.1.1. Case where s € (0,1) and A < A4(Q).
The first existence result is the following.

Theorem 4.1. Let s € (0,1) and let @ C R" be a bounded regular domain with
N > 2s. Assume that 0 < ug € L?(Q).

1) If A < As(Q2), Problem (4.1) has a unique positive energy solution u such that
u € L2(0, T, Hy(2)).
2) If As(Q) is attained and A = As(Q2), Problem (4.1) has a unique positive distri-
butional solution u such that u € L*(Qr).

(s + 3
3) If s € [3,1) and Ay(Q) = A% == Dlsts)
attained), then:

o if A < A%, Problem (4.1) has a unique positive finite energy solution u €
L*((0,T), H5(%)) ;
o if \ =A%, Problem (4.1) has a distributional solution u € L?(Q7).

(recall that in this case, As(2) is not

4For the ecase of the reader, let us recall that we denote by As(€2) the best possible constant
in Hardy’s inequality (see Theorem 1.1 and Remark 1.2 ).
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Proof. As in the proof of Theorem 3.1, introduce the following approximate prob-

Un—1 .
n —A)* n - Q P
PR B T
(42) un(z,t) = 0 i (RY\ Q) x (0,7),
Up(z,0) = upn(x) in Q,

where ug ,, := T}, (up) and ug,o := 0.

In the sequel, we have to distinguish two cases : case where s € (0,1) and
A < A () < A%, and case where s € [$,1) and A < A, (Q) = A}

e First case : s € (0,1) and A < A,(Q) < A
Using u,, as a test function in (4.2), the fact that u,—1 < u,, integrating over Qp
and applying Hardy’s inequality (1.5), we obtain

1/uQ(ac T)dx +
2 Jo

an,s |U‘n L, t un(y7 )|2
4.3 : dx dy dt
(4.3) + 9 < Q)/ //DQ |ac— [N+2s T ay

1
< §/Quodx.

—1If A < A4(Q), we deduce from (4.3) that {u,, },, is bounded in L?((0,T), H(£2)).
Thus we deduce the existence of a measurable function v € L?((0,7), H, ( )) such
2

that u, — wu weakly in L%((0,7),H5(2)), u, — u a.e in Qp, and :;2"5 — %
strongly in L'(Q7). Therefore u is an energy solution to Problem (4.1). Using
(up, — u) as a test function in (4.2) and letting n — +oo, it holds that w, — u
strongly in L2((0,T), H5(S2)).
— If A = A;(2), applying again (4.3), we obtain
max / u? (z,t)dr < C.
Q

te[0,T]
Then we conclude that the sequence {u,}, is bounded in L?(27), and by mono-
tonicity of u, we get u, — u in L?(Qr). In addition, {%}n is bounded in

L} .(27). Thus as in the proof of first part of Theorem 3.1, we conclude that u is
a distributional solution to (4.1) in the sense of Definition 2.10.

e Second case : s € [3,1) and A,(Q) = A%,
As above, using u,, as test function in (4.2), we get

]. S n n Y 2
f/u%(x,t) dx aNs / // [un (2, ) 11\L[+(2y o)l dz dy do
2 Ja Do —y|N2e

//62’;dxdo—|— /u%d;v.
Q

Now using the improved Hardy-Sobolev inequality (see Theorem 2.3), it holds that

2
1 t . 1
f/ui(a:,t)dz+k(]\7,s)/ </ u?f(x,a) dxda) < f/ugdx.
2 Ja o \Ja 2 Ja
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By Sobolev’s inequality, we get

1 K 1
f/ui(a:,t)dz+6’/ /ui(x,a)dxdagf/ugd:r.
2 Ja 0 Jo 2 Ja

sup /ui(m,t)dwﬁ/u%dm.
te[0, 7] JQ Q

which implies that the sequence {uy,}, is bounded in L?(Q7).
Finally, we conclude as above. O

Hence

Related to the asymptotic behavior of the above solution, we have the following
proposition.

Proposition 4.2. Assume that A € (0,A4(R)) if s € (0,1) and As(Q) < A%, or
A€ (0,A] if s € [5,1) and Ay(Q) = A% If u is the solution to Problem (4.1)
obtained above, then there exists C > 0 such that

eCtHu(vt)HL2(Q) —0 ast — +oo.

Proof. The first case follows easily using estimate (4.3) and Gronwall’s lemma.
Suppose that s € [1, 1) and A = A%, then

1d aNs (y, )‘ /
2de < — dx dy dt + A o d
2dt “ / //DQ Iw—le“s vayas "

Thus by improved Hardy-Sobolev inequality (2.1), we obtain,

1d .o\
< s .
2d/udm C(/Qu dx)

Thus Hélder’s inequality allows us to get

1d
2dt

u?dr < —C, /u2 dz.
Q Q
Thanks to Gronwall’s lemma, we obtain
()22 (@) < e luol|L2(@)-

By choosing C' < Cj, we get the desired result. O

4.1.2. Case where s € (0,1/2) and X > 0.
In this subsection, we consider the problem

ur + (—A)u = /\u?;f((j))) in Qr,
(4.4) (1) — 0 in (IRY\ Q) x (0,7),
u(z,0) = wo(x) in €.

where A > 0 and H : [0,+00) — [0,4+00) is a continuous function such that
H(0) = 0.

If s € (0, ) we are able to prove the next existence result without any restriction
on the parameter A
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Theorem 4.3. Assume that Q is a bounded reqular domain of RY with N > 2s,
s€(0,1) and 0 S ug € L*(2). Then, for any A > 0, Problem (4.4) has a unique
weak solution u € C((0,T), LY()), in the sense of the Definition 2.8, such that

1) ¥k >0, Ti(u) € L*((0,7), H5(9)) ;

2) uw€ LYQr) for all g € [1, X2 ;

3) [(=A)2u| € L™(Qr) for all v € [1, %Jf;).

To prove Theorem 4.3, we will need the lemma below. This lemma is more or
less classic except for the fact that the solution belongs to H(2).

Lemma 4.4. Assume that 0 < s < % and fix a > 0 such that 2s + 2a < 1. Then,
the following problem

1 .
(—A)sw = m m Q,
(4.5) w >0 in
w=0 in  RY\Q,

has a unique weak solution w obtained as a limit of approximating problems. More-
over, w € H§(Q) and

(4.6) w(z) 20" %x) in Q.

Proof. For the sake of completeness and for the reader’s convenience, let us give an
idea on the proof.
Since 0 < 25+ 2a < 1, 6726+ ¢ L1(Q). Therefore by [38, Theorem 23], Problem
(4.5) has a unique solution w obtained as a limit of approximating problems. In
addition, Estimate (4.6) comes from [3, Proposition 3.

Hence, we have just to show that w € H§(€2). Notice that w can be obtained as
a limit of the approximating problem

1

(—=A)w, = e L in Q,
n
(4.7) wy, >0 in
Wy =0 in RY\Q

We have w,, T w strongly in L () NJ—V23' Moreover, by using w,, as a
test function in (4.7) and by Young’s inequality, we get

aNs ‘wn ( )‘2 w’ﬂ(w)
L e a = [t

wz()n 1
< 6/(529()d +C()/9628+2a(x)dx
w; (x)
= 652525()

Choosing € small enough and applying Hardy-Sobolev inequality (2.3), we conclude
that

dx + C(g,9).

an,s lwn, () — wy (y)|?
//DQ |;p _ |N+2s dx dy < C(Q) for all n.

Thus w € H{ (). O
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Now we are ready to prove Theorem 4.3.
Proof of Theorem 4.3.
We proceed by approximation. Let n > 1 and u,, € L*((0,7T), Hg(2)) N L>°(Qr) be
the positive solution to the approximating problem

un—1H(0(z))

atun + (_A)Sun == )\71 in QT
(0(z) + 3)*
(48) Uy (, 1) =0 in  (RY\Q)x(0,7),
U,n(ﬂf, O) = Uon(ﬂf) in Qa

where g, := T, (up) and ugg := 0.

In what follows, we denote by C any positive constant that can change from one
line to the other and it is independent of n.

We claim that,
(4.9) .
2s
Ve > 0,YA > 0, 3C = C(\, &) > 0 such that A < C §*°(z) + H0@)) Yz € Q.
It is clear that (4.9) holds trivially in a neighborhood of the boundary. Now, far from
the boundary we use the fact that for every compact set K CC Q, §(z) > C(K) in
K. Thus, by choosing C' large in (4.9), the claim follows.

Now fix o € (0,252) and consider w € H(Q2) the unique weak solution to

Problem (4.5) given in Lemma 4.4. By taking w as test function in (4.8) and using
the fact that u,,_ < u,,, we obtain

g/unwdac—f—/w(—A)Sundavg)\/ de.

aQ 625
Thus
d Up upwH (6(x))
(4.10) —/u wder/ dxg)\/idx.
dt Q n Q 525-1—01 Q 625
Using (4.9), it holds that, for ¢ small enough to be chosen, we have
u,wH(0(x)) UpW
A 52 < CupwH(6(x)) + ¢ 5;3 .

Taking into consideration that H(d(x)) < C and w ~ §~%, we get the existence of
C4,C5 > 0 such that

§2s
Going back to (4.10) we deduce that

Un

A 52s+a :

< Crupw + eCy

Un

d Up,
7 Qunwdx—k/ﬂ 2ot dr < C’l/unwdx—i—ng/mdx.
Q Q
Choosing ¢ small enough, we obtain

d Un
(4.11) gfﬂunwder(l7502)/9de<6'1/9@¢”10¢1$

which implies

i/unwdngl/unwdx.
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By Gronwall’s Lemma and integrating in time, it holds that

T
sup /un(x,t)w de + (1 — C’Qs)/ / 6;‘:?‘“ dx dt < C(T) /uow dzx.
] 0
Q

te(0,T
Q Q

Thus

T [ un(1+ H(3(2)))
sup /un(x,t)wdx < C(T) and /0 Q/52dealt < C(T).

te[0,T]
Q

Recall that the sequence {u,}, is increasing. Thus, there exists a measurable
function u such that

(1) u, —u strongly in L'(Qr),

(2) f;%”s - 5% strongly in L'(Qr).

So, in view of the above estimates, we conclude that u € C([0,T], L*(2)). Thus, u
is a weak solution to problem (4.1) in the sense of Definition 2.8.

On the other hand, w is obtained as a limit of approximating problems with mono-
tone behavior, then by a simple comparison principle, it follows that « is the minimal
solution to Problem (4.1).

To prove the uniqueness, we argue by contradiction. For this we assume that v
is another nonnegative weak solution to Problem (4.1). Since v > 0 in Qp, then
v > wuy defined as the unique solution of Problem (4.8) with n = 1. Thus by
iteration it follows that v > u,, for all n > 1. Hence v > u. Defined = v —u > 0,

then U > 0, % € L'(Qr) and U satisfies
H(S
doCayu — MHOED g,
(4.12) U = o in (B¥\ Q) x(0,T),
U(x,0) = 0 in Q.

Taking w (the solution to Problem (4.5)) as a test function in (4.12). Then, using
(4.9) and following the same arguments as in the proof of Theorem 4.3, we obtain

d U

where € << 1. Since U, w > 0 in Qp, then

i L{wdeC’/Z/lwdz.
Using Gronwall’s lemma impies U(¢,x)w(z) = 0 a.e. in Q for all ¢ > 0. Thus
U(t,z) =0 for all ¢ > 0 and the uniqueness follows. (]

In the case where the initial data ug has more regularity, we can improve the
regularity of the solution u. More precisely, we have :
Theorem 4.5. Let s € (0,3). Assume that Q is a bounded regular domain and
A>0. Let 0 > 1 and assume that 0 S ug € L7(Q, wdx) where w is the solution to
Problem (4.5).
Then, the unique solution u to Problem (4.4) satisfies u € L*((0,T), L (Q, wdzx)).
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Proof. As in the proof of Theorem 4.3, let us consider u,, the unique solution to
the approximating Problem (4.8). Since o > 1, applying Kato type inequality (2.2)
to the function wZ (that is a convex function), we obtain

(4.13) Ot (uf) 4+ (=AY ul < oul 'Oy, + oul " H(—A) u,.
By using uZ 1w as a test function in (4.8) and taking into consideration estimates
(4.9) and (4.13), we get

1d

1 o d
—— | WCwdx + p / 5227-:-(1 dr < 7 uf;lumw dr + /wuzfl(—A)Sun dx
Q Q
< )\/ ulwH (§(x))
= 525 (z)
Q

uU
< o — g
< C’/Qunwdx+eC/Q 52t () dx
Therefore

lea
u’ﬂ

1d 1
P ugw dx + (0 — €C> 2ota dx < C/QuZw dx.
Q Q

1
Hence, by choosing € such that eC' << —, we obtain that
o

d o o
o upw dr < C’/Qunwd:l:.
Q

Gronwall’s inequality allows us to conclude that

/u,"l(aj,t)wdw < /ugwdaj et vt >0.
Q Q

Thanks to monotone convergence Theorem, we get the existence of a solution wu
such that u € L7(Qp, wdx dt) and

T o
u
Q

O

Remark 4.6. As a typical examples of a function H, we can take H(o) = 0% for
some a > 0, H(o) = (log(2))~ where a > 0 and A >> diam(Q), or H(c) =
Ji(log(g))b where a,b > 0.

Remark 4.7. In the case s € (0,3), it is well-know that Hg(Q)) = H*(Q)) and
then xa € H5(Y)), see for instance [39] or [17]. In this case, Hardy’s inequality in
Theorem 1.1 holds and As(Q) > 0 for any reqular domain. However it seems to be
interesting to prove that As(2) does not depend on Q if Q is a convex domain as in
the case s € [3,1). Notice that in [19], the authors proved that in convex domains,
and if s € (0, %), then there exists a universal constant C(s,$) depending only on

s and Q such that Ag(Q2) > C(s,Q).
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4.2. The case s € [%, 1) : Nonexistence result.

Let us recall that, in this case and if € is a regular convex domain, then Hardy-
Sobolev inequality in Theorem 1.1 holds with the optimal constant As(2) = A%,
As in [24], if Q is a convex domain, we are able to show the next nonexistence
result.

Theorem 4.8. Assume that % <s<1, N>2 Qc RY is a bounded reqular
domain such Ag(Q2) = AL (that includes the case of convex domains). If X > A%,
then Problem (4.1) does not have any weak positive solution.

To prove Theorem 4.8, we need two useful propositions. The first one is the next
version of the maximum principle.

Proposition 4.9. Let s € (0,1) and Q C R" be a bounded regular domain. As-
sume that vg € L*(Q) and consider v, the unique solution to the problem

v+ (—Av = 0 in  Qp,
(4.14) v(x, t) =0 in  (RY\Q)x(0,7),
v(z,0) = ovo(z) in Q.

Then, for all s € (0,T), there exist two positive functions Cy(t) and Ca(t) (actually,
Cy(t) and Cz(t) depend also on N, s and Q) such that for all x € Q,

(4.15) C1(t)6° (z) < vz, t) < Ca(t)8 ().

Moreover, for all t € [t1,t2] C (0,T), there exist two positive constants 61, 52 >0
independent of t such that

0< 61 < Cl(t) < CQ(t) < 62.

Comment : It is worth to point out that Proposition 4.9 is independent of
Hardy’s inequality and then holds for any s € (0,1) and any bounded regular
domain of RY.

Proof. The proof follows closely the argument used in [40] for the local case. How-
ever, for the reader’s convenience, we include here some details.

In what follows, we denote by S(t) the corresponding semi-group to (4.14), so
(1) = S(t)vo(-).

Now introduce p the unique solution to the problem

(=A)*p 1 in €
(4.16) { o = 0 in RV\Q

Then by Theorem 1.2 in [47], there exist ¢1,c2 > 0 such ¢16°(z) < o(z) < c26°(z).
On the other hand, thanks Theorem 4.3 in [13], for any ¢ € (0,T) there exists
C(t) > 0 such that v(z,t) > C(t)o . Hence, the left-hand side inequality in (4.15)
follows. By applying again [13, Theorem 4.3], there exists two constants Cy and Cs
such that for all ¢ € [t1,t2] C (0,7T), we have 0 < Cy < C(t) < Cs.

Let us now prove the right-hand side inequality in (4.15). For this, we will use the

regularizing effect of the fractional heat semi-group S(t).
Fix t > 0, then

C
lo(z,t)] < EHUOHD(Q)-
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Now, let us introduce V, the unique solution to the problem

Vt + (*A)SV = 0 in QT,
(4.17) V(x,t) = 0 in (RY\Q)x(0,7),
V(x,0) = p in O
By using Hopf’s Lemma (see [33)), it follows that, for all ¢ > 0 there exists C'(t) > 0
such that
H VP(" t)

55

< C®)llpll L= (@)
Lo (Q)
where 0 < Cy < C(t) < Cy uniformly if ¢ € [ty,t2] C (0,T) with Cy and C; are
independent of .
Let V(1) := Vyo (-, 1) = S(t)xa(-). Thanks to the semi-group properties and
the Hopf’s Lemma (see [33]), if v solves (4.14), we have

45(5) [5G0

CONSE o0l @

v(-,
=5 =@

L>=(Q)
and
t
HS( HL°° () < Co(t )HS<§)U0(')HL1(Q)~
Now, taking into consideratlon that
¢ s S(E)XQ
18001y = /vo(x) o) A
Q
V(x, L
= /vo(x) 8°(z) (;é(x:;) dx < C(1)]]0° vol|L1 (),
Q

and combining with the above estimates, it follows that
0%, t) < C(1)]16° vol | L1 ()
Hence we conclude. O

We need also the next result that extends the one obtained in [21] in the local
case.

Proposition 4.10. Let s € [1/2,1) and Q be a bounded reqular domain such that

As(Q) = A%, Define
aNs |2
//DQ B 7y|N+25 dxdy — C/ dx

inf
$eCs° (9),$7#0 / 2 du

A:

where C' > A*. Then A = —oco

Proof. We argue by contradiction. Assume that |A] < oo, then for all ¢ € Cg°(Q),

we have
“NS// |2dd C/ x>A/¢2dx
rr - |
Q
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Thus
(4.18)
e YOI gy + |Al [ 674
//D |x— \N+2s vy + 1A [ 6o
A . Q *
J(A) = ¢€C8°1?£)¢¢750 7 >C > AjL
/625 dx

Q
For 8 > 0, we define the set

Qg := {a: € Q such that dist(z, 0Q) < B}.

aNs )|2 A 2
— N+25 dxdy + |A| ¢” dx
7 f\) < Doy, |5E \ Qp

inf
T $eCE (Qp),0£0 ¢°
523

Then

dx

Notice that, using the Hardy-Sobolev inequahty7

2 2
¢2 de = ¢ 529 dx < 629 ¢2
Qs 5 0%°

ﬂ?s aNg // )|2
< .
> 5 |x_y‘N+25 dx dy

Qg

dx

Hence, for ¢ € C5°(Qp),

aN&// 19@) — oWl ;- dy+ Al [ ¢*dax <
D |~T—2/|N+25 B

Qg Qs

anN s 625 2
3 (e W) [, e e

Dag

lo@) — o)
[, T

Qg

A .
A} | l) ¢>ecl°°(szﬂ> $?

95 (523
2s
< (1 n)aes).

Recall that A*(Q2) = A%, then since A%(Q) < A*(Qg) < A%, it follows that A*(Qg) =
A¥. Now, using the fact that C > A%, we can choose § small enough such that

( 52S|A|>A* <C,

a contradiction with (4.18). Thus A = —co. O

Therefore we conclude that

dx

We are now ready to prove our main nonexistence result.
Proof of Theorem 4.8.



FRACTIONAL PARABOLIC PROBLEM 23

Without loss of generality, we suppose that 0 S wg € L*(2). We argue by
contradiction and suppose that problem (4.1) has a positive weak solution w for
A > A% Using an approximating argument, we get the existence of a minimal
solution to Problem (4.1) obtained as a limit of approximating problems. We

denote this minimal solution by w. Thus u = lirJIrl u, where u, is the unique
n—-+oo

positive solution to

%un + (=A)°u, = Aap(x)u, in  Qp,
(4.19) Uy (0, 1) =0 in  (RY\Q) x(0,7),
U (z,0) = wug(x) in

with a,(z) = min{n, =}, A > AZ. It is clear that {u,}, is increasing in n and
un — u strongly in C([0,T], L*(Q)).

It is worth to notice that w(z,t) > 0 for all (z,t) € Q x (0,7). By applying
Proposition 4.9, it follows that for all (z,t) € Q x [t1,t2] with ¢; > 0, we get the

existence of a positive constant C' := C(ty, 12, Q)

w(z,t) > up(z,t) > C 6°(x) for all n > 1.

2
Let ¢ € C5°(2) with f ¢?*(z)dx = 1, using ¢ as a test function in (4.19), we obtain

n

atun 2 ¢2 s 2
(4.20) —¢“de+ | —(—A)Yupdr =X | a,(x)p”dz.
Q Un Q Un Q
Using Picone’s inequality stated in Proposition 2.5, it holds
¢? aN s o(y)I?
(4.21) — (=AY up de < dxdy.
Q Un Do |$ - |N+25

Therefore, by combining (4.20), (4.21) and by integrating in [¢1, to] with ¢; > 0, we
obtain

ans )|2 1 un(tg) P
/an( )o* du < //DQ I:E—y\N+2s dxdertQ—tl/an (Un(t1)>¢ o

Notice that In <ZZEZ§> —n (Ugg;) Then
(-
(-

()| =

550)|
I a4 12)0°() |+

<

In (u (-, 11)5°()) ]

To estimate the behavior of the above expression as n — +00, we need to know
the regularity of the term log(d). Notice that, for any 8 > 0, 6°(x)|log(d(x))| <
C(5,9Q) in Q, then |log(d)| € L™(Qr) for any m > 1.

We claim that In (u(-,t;)0%(-)) € L7(Q) for all ¢ > 1 with ¢ = 1,2. For this
purpose, we follow closely the argument used in [24], for the reader’s convenience
we include here some details. Let w(z,t;) = u(-,¢;)(+), then

In(w(z,t;)) = In(w(z, ;) Xw>1) + In(w(z, ;) Xw<1)-
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Since for any a > 0, In(w(z, ;) Xw>1) < Crw(z,t;) + C2, then by choosing a < 1,
it holds that In(w(-, ;) xw>1) € L7(2).
Now respect to In(w(z,t;)xw<1), we know that, for all a > 0,

| G Calt:)
‘ln(w(xvtz)walﬂ < (w(w,ti)Xwgl) +Cs < 52as(x)

By choosing a < 5=, we obtain (’;12(55) € L7() and the claim follows.

230’

In the same way and since u, T u strongly in C([0,T], L*(2)), we deduce that
In (un(-,t;)0%(-)) € L7(Q2) for all o > 1 and Hln (un(-,t:)0°(+)) H < C(t;, ).
Lo(Q)
Thus, since u, 1 u strongly in C([0,T], L*(Q2)) and using the fact that w,(-,¢) >
Cé%(-) for all n > 1 and uniformly for ¢ € [t1,t2] give

+ Cs.

In (un(+,t2)0%(+)) = In (u(-, t2)6°(+)) strongly in L(Q) Vo > 1.

Now, we claim that for all € > 0, there exists C' := C’(s,tl,tz, Q) > 0 such that for
alln>1:

1 Uy (7 )) 2 )|2 2
tg—tl/an(un(,l) o (x)dx < e //DQ |x—y|N+2 dxdy+C/¢ dx.

To prove the claim, let us introduce m,(z) := ——|log (“"(z’tZ)) |. By writing

ta—t1 Un (,t1)

: un (- 12)0° ()
my, (z) under the following form (tzitz) ’ In (Un(, 15 0)

estimates yield m, € L7(2) for all o > 1 and |[my]||-) < C(t1,t2,9). Thus
choosing o > % and applying Holder and Young inequalities, we get

. and using the above

t;tl/QIH(Z:EQZDW@M < /mn ) é(@)||p(x)| dx
< ( / i )" ( / i) ( / |¢<x>12
< ctun(f o) ([nra)’
< QIdx);:

( Q/ 6(2)

Hence using Sobolev’s inequality gives

+C(e,Q,t1,t2) / |p(z)|*dzx.
Q

i)

[\V]
N

o () s 2 [ [

and then the claim follows.
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Now, letting n — oo, it follows that for all ¢ € C§°(Q2) with ¢ # 0, we have

(1+ )|2d dy — A (Z)Qd
95 [, g e [ G

Q/¢2 dx

Since A > A¥, we can choose € small enough such that 1

> —Cle, ty,12,9).

A
> A}. Then we obtain
€

2 2
e // z — |N+2)s| dedy — 1_); ;)25 dz
Do 1Y C(&, t17 tz, Q)

inf > — > —00

$ECE () / 2 di = 1+¢ :

Hence, we reach a contradiction with the result of Proposition 4.10. This ends up
the proof.

5. THE SUPERLINEAR CASE p > 1 : EXISTENCE RESULTS.

In this section, we are interested in the super-linear case, namely p > 1. The
principal idea to get the existence result is to find a suitable supersolution and then
we proceed by iteration. The main existence result of this section is the following.

Theorem 5.1. Let s € (0,1). Assume that  is a bounded regular domain of R™
with N > 2s and p > 1. Then, there exists ug € L°°(2) such that the problem

uP

up+ (=A)Pu = oo in O,
(5.1) u(z,t) = 0 in (RN \ Q) x(0,T),
u(x,0) ug(z) in €,

has a minimal positive solution u € L?((0,T), H5(Q)) N L= (Qr).

Proof. In order to prove Theorem 5.1, we use a monotonicity argument. Fix 8 > 0
such that 8 € (0,s) if p>2and 8 < (2 —p)sif p € (1,2). Let £ be the solution to
Problem (2.6), then by Theorem 2.11, it holds that § ~ ¢°.

Since p > 1, then setting £ = C¢, we can choose C' small enough such that

gp

§2s”

&+ (-A)PE>

It is clear that if ug < &, then £ is supersolution to (5.1). Consider now £, the
unique solution to the following problem

v+ (—A)% 0 in  Qp,
(5.2) v = 0 in (RN \ Q) x(0,7),
v(z,0) = wup(z) in Q.

Then § € L?(0, T, H§(2)) N L>=(Qr) and ¢ is a subsolution to (5.1) with { < &.
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We define now the sequence {u*}, by u® := ¢, and for k > 1, u* is the unique
positive solution to the problem

ukfl p )
- %’uk—k(—A)Suk = 5525—’_)116 in  Qp,
(5:3) ubt = 0 in (RN \Q)x(0,T),
uF(2,0) = wuo(x) in Q.

Applying the comparison principle gives £ < uP <uFtl <€ forall k> 1.

Thus, we get the existence of v < & such that u* 1 u strongly in L7 (Qr) for all
o >1and u* — u strongly in L2((0,7)),H$(2)). Then u is a bounded solution to

P
Problem (5.1) with ;@ € L*(Q7). This concludes the proof. O

Remark 5.2. [t seems to be interesting to find a natural class of initial data ug

P
such that Problem (5.1) has a weak solution in the sense that % € LY Q7).

6. EXTENSION AND OPEN PROBLEMS

In this section, we state some extension of the previous results to the case of the
spectral fractional Laplacian. For this let us define the space

+oo +oo
(6.1) H(Q) = {u=>_a;p; € L*(Q) ; Y Na? < +00},
=1 i=1

where (\;, ¢;);>1 are the eigenvalues and the eigenfunctions of (—A) with Dirichlet

boundary conditions and |[¢;|[z2(0) = 1. The space H$(Q2) is endowed with the
norm

+oo
2 o s 2
=1

Observe that I?S(Q) is the interpolation space (H§(€2), L*())—g), see [9, 43, 39].
Therefore, we obtain
H*(Q) if 0<s<i,
—~ 1
Hs(Q) =4¢ HE(Q) if s=1
Hy(Q) if 1<s<l,
where

u? ()
e dr < 400

Hiy(@) = fue @) |
Q

+oo —~
For any s € (0,1) and any u = ) a;¢; € H*(Q), the spectral fractional Lapla-
i=1
cian, denoted by Ag, is defined by

+oo
(6.2) As(u) =Y Naidi.
=1
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Remark 6.1. Let s € (0,1). The operator (—A)® defined by (1.1) and As are dif-
ferent. The difference seems to have been known to probabilists ; it was established
later in PDEs.

— Firstly, As depends on the domain Q considered (its eigenfunctions and eigen-
values depend on ), while (—A)*® is independent of the domain.

— Secondly, the respective eigenfunctions of As and (—A)* are different. On one
hand, the eigenfunctions of As (i.e. of the classical Laplacian) are smooth up the
boundary (if the domain is reqular). On the other hand, the eigenfunctions of (—A)*
are, in general, no better than Hélder continuous up the boundary.

For more details, we refer the interested reader to [48], [43, chapter 5], [18] and
[44].

As it was proved by Caffarelli-Silvestre in [25], by adding a new variable, it is
possible to consider the spectral fractional Laplacian operator in a bounded domain
by means of a local problem.

More precisely, consider the problem

Asu = f(z,u) in  Q
(6.3) { u = 0 on ON.
Then, define Cq = Q x (0,+00) € RY*" and denote by (z,y) a point in Cq. For

u € IEIVS(Q), we define the s-harmonic extension w = E,(u) in Cq as the solution to
the problem

—div(y'=2Vw) = 0 in Cq,
(6.4) w = 0 in 99,
w = u on x{0}

with 9 Q = 9Q x (0, +00). It is obvious that w belongs to the following space

s A xs . _2s
X§(Ca) :=C5°(Ca) " 0 with [Jw][%s(cq) = ks /C y' | Vw|? de dy,
Q

where k; is a normalization constant. As consequence, for all u € IEIVS(Q), we have

(6~5) HES(U)HXS(CQ) = ||u|‘ﬁ's(gz)'
Going back to problem (6.4), we get
w(z,y) _ 1 . Ow(@y) s

Now, let us recall the next regularity result obtained in [27, Lemma 2.9].

Theorem 6.2. Assume that s € (0,1) and consider ¢ to be the unique solution to
problem

AsC = 1 in Q
(6.7) { = 0 i o0

Then, ¢ € C*(Q) for all & € (0,min{2s,1}). Moreover, there exists a positive
constant C = C(Q, s) such that

(i) ¢ <C8* ifs< 3,

(i) (<08 if 3 <s<1.
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Set 1) := (* where a € (0,1). By the Kato type inequality (see [26]), we get
C
lea'

As in Theorem 3.1, we have the following existence result where additional hypoth-
esis is needed in the case where s < %

Astp >

Theorem 6.3. Let 0 < s < 1 and consider the problem

P
us + As(u) = )\% in Qr = Q x (0,7),
(6.8) u(z,0) = wo(zx) inQ,
u = 0 in 0Q) x (0,T),

where 0 S ug € LY(Q). Then

(€
(1) zf s € (0,%), Problem (6.8) has a positive distributional solution for all
€ (0,
(2) zf s €
€ (0

Proof. As in the proof of Theorem 3.1, we proceed by approximation. Define u,, to
be the unique solution to the problem

1
1,1), Problem (6.8) has a positive distributional solution for all

[
1)

+A U in Q

Up sUp = ———— in

(6.9) t (6(z) + ) ‘
Up(z,t) = 0 in 09Qx (0,7,
un(2,0) = upp(x) in Q,

with wg, := min(n, ug) and ugp = 0. It is clear that u,, > 0 and u,, < u,41 for all n.

e Let us begin by the case s € (0, 3). Define ¢ = (* with a € (0,1) where  is the
unique solution to Problem (6.7). Using v as a test function in (6.9), we reach that

d Unp ubi ul)
ar) foatim e [ Gy e <€ i
Q

Since p < 1, by Young’s inequality, we obtain

d .
(6.10) dt/unwdx+0/ R} SC/52s(1 a)
Q

1
Taking into consideration that 2s(1 —a) < 1, it follows that [, S2s0-a) dr < 0.
Thus

T
sup /un(x,t)¢dx+0/ /%dmdtSCT+/uowdx<oo.
] 0o Ja
Q

tel0,T
Q

Hence the rest of the proof follows as in the proof of Theorem 3.1.
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e We deal now with the case s € [1,1). In this case, ¢ < C§°. Fix a € (0,1) such

that p < (1 — ﬁ), then as above we have

d Uy,

a/uyﬂﬁdx‘i'c/ﬂmdl'
(6.11) @ uP U 1

< C/ S2=a dx < e/ﬂ Se0-a) dx + C(e) / SGLTa dx

Q Q
Recall that p <1 —sand p < (1—% thenfmdx<oo.
Hence
sup /un(xtwdm—i—C/ / dmdt<CT+/u0wdac<oo.
t€[0,T) 5
Q

Then we conclude. O

Remark 6.4. In the case s < 2, we believe that the condition p < 1—s is technical
and a general existence result holds for any p < 1.
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