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ABSTRACT. We prove existence of L'-weak solutions to the reaction-diffusion
system obtained as a stationary version of the system arising for the evolution
of concentrations in a reversible chemical reaction, coupled with space diffu-
sion. This extends a previous result by the same authors where restrictive
assumptions on the number of chemical species are removed.

1. Introduction and main result. The goal of this note is to give a complete
answer to the following question which was left open in [3].
Let us consider the stationary reaction-diffusion system

Forall k=1,...,m,
(CHS)Q up — dAug = (B — ap) (KA o — Kol o) + fi, (1)
dyur = 0 on 09,
where (2 is a bounded regular open subset of RV, K;, Ky € (0,+00) and for all
k=1,...,m,d € (0,+00),ax, B € {0} U[1,+00), fr € L}(Q)*. Moreover
I:= {z e{l,..m}; a; — f3; > 0},
and J:= {j e{l,...,m}; Bj —a; > 0}
satisfy :
T#£0,J#£0, TUJ={1,....,m}.
This system is a stationary version of the evolution reaction-diffusion system sat-
isfied by the concentrations of the chemical species A;,7 = 1,...,m in the following

reversible reaction, under the classical mass action law and with Fick’s spatial dif-
fusion :

(2)

O[1A1 + O(QAQ =+ ...+ OémAm = BlAl + 62142 + ...+ ﬂmAm. (3)
The question discussed here is the following : does the stationary system
(CHS) have a weak solution ? By this we mean:
Vk=1,..,m, ug, Auy, € L1 (Q),
h(u) = KT st — Kol ult e LY(Q), (4)
and the uy's satisfy the equations in (CHS).
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We gave a partial positive answer to this question in [3], at least when also
frlog fr € LY(Q), but with restrictions on the number of elements of I or of .J.
Here we are able to prove the existence of weak solutions without any restriction
on the number of elements of I and J.

Theorem 1.1. Assume fi, € LY(Q)T, frlog fr € LY (Q) for all k = 1,...,m. Then
there exists a nonnegative weak solution to (CHS) (in the sense of (4)). If moreover
m = 2, then the same result holds if only fr € LY(Q)F for k =1,2.

Remark 1. About the condition filog fr € L*(Q),k = 1,...,m. It is not surprising
since the entropy inequality (see (2.4.3)) is strongly used in the proof of Theorem
1.1 and naturally involves these quantities (see (24), (25)). Note that for the cor-
responding evolution system — i.e. when ur = ug(t,z) and ur — dpAuy, is replaced
by Opuy, — dpAug— global existence of renormalized solutions is proved in [2] under
the assumption that the initial data satisfy ug(0,-) € LY(Q)F, ux(0, ) logux (0, -) €
LY(Q). The entropy inequality is also a main ingredient in [2]. Note that it is not
known whether the nonlinear reactive terms are in L1((0,7) x Q) or not in the cor-
responding evolution system. It may be that Theorem 1.1 will help understanding
the evolution case through a time-discretization process (see more comments on this
in [3]).

Remark 2. About the boundary conditions. Here we work with Neumann bound-
ary conditions. The same result would follow as well for Dirichlet (or also Robin)
boundary conditions. An important feature though is that these boundary condi-
tions have to be the same for all k equations, k = 1,...,m. This implies that all
equations are governed by the same operator (here the Laplace operator with Neu-
mann boundary conditions). It allows to have expressions like in (6), (7) coming
out by summing two different equations. Actually this adding of equations is a bit
complicated here by the fact that the diffusion coefficients dy are different from each
other. We encourage the reader to assume in a first reading that all dj are equal to
1 (and all vy as well). This helps to better understand the main ideas and the steps
of the proof without being lost in the sometimes technical formulas due to the fact
that the d; are different from each other.

Note that surprising facts appear in the corresponding evolution reaction-diffusion
systems when the boundary conditions are different from one equation to the other
(see for instance the analysis in [4]). Indeed, exploiting the sum of two equations
is then not so easy since the governing operators are different. We leave this as an
open question for the above stationary systems : is it possible to obtain similar L*
results with a mixture of Neumann and Dirichlet boundary conditions, including
the nonhomogeneous case? Same open question for nonlinear boundary conditions
of the type d,ur + B(ug) = 0 on 9 where S : [0, +00) — R is increasing.

We could also easily generalize Theorem 1.1 to more general elliptic operators,
but again only if the same operator appears in all equations in order to be able to
exploit adding equations. The case of operators varying with k& is open.

Remark 3. About the regularity of the solutions in Theorem 1.1. As stated in
Theorem 1.1, the solutions uy are such that uy, Aux € L'(Q2). This implies (see
e.g.[1]) that Vuy, € LP(2) for all p € [1, N/(N —1)). As a consequence, the trace
of Vug on 9Q is well defined in L'(0Q)Y (at least) and therefore the trace of
Oyu, = Vuy - v is well defined as well (v= unit exterior normal to 99). In [3], we
wrote that ux € W21(Q), without actually redefining this Sobolev space, while we
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meant that uj, and Auy € L1(Q) “only”. It is well-known that this does not imply
that up € W21(Q) if we define, for all 1 < p < 400,

W2P(Q) = {v € LP(Q) ; 85,0, Op,a,v € LP(Q), Vi, j=1,..,N}.

By LP-regularity theory, it is well-known that uj, and Auy € LP(Q2) implies uy €
W2P(Q) if 1 < p < 400, but this is false for p = 1.

Remark 4. A simple change of variable allows to reduce all systems of the type
up — dpAuy, = )\kh(u) + fr, k=1,...,m,

to (CHS) if M\(Br — ) > 0 for all k (see [3]) . But this does not include a 2 x 2
system like

U — dkAUk = (_l)kuglugz [u’272 - u’ln] + fk? Ok, Yk € [1700)7 k= 172
Here (—1)*(Bx — ax) = =y < 0. It is not known whether this system has weak-L!

solutions.

2. Proof of Theorem 1.1. The particular case m = 2 is proved in [3]. We only
consider here the case with the extra assumption f, log fx € L'(Q).

2.1. Approximate problem. Existence in Theorem 1.1 follows by passing to the
limit in the next approximate system where f;' := inf{fy,n} for all k =1, ...,m.

Lemma 2.1. There exists a nonnegative solution u™ € ﬂpe[lm)W27P(Q)+m of

fork=1,...,m,
(CHSn) § up —dpAup = (B, — ax)h(u™) + fi in Q, (5)
Oyul = 0 on 0.
Moreover, we have, with vy := |Br — o/,
Y+ vivj — Alyidiug +yidjul) =y f +vff, Viel,j € J, (6)

and u™ is bounded independently of n in L**7(2)™ for some n > 0.

This approximation lemma is proved in [3] as a consequence of a more general
abstract lemma. For completeness, and for simplicity, we give a direct and shorter
proof in Section 3.

The proof of Theorem 1.1 consists in passing to the limit as n — 400 in this
Lemma 2.1. The main point is to prove that h(u™) is bounded in L(2) indepen-
dently of n. As explained in [3] and recalled below for completeness, this L!-estimate
is a direct consequence of the existence of the vectorial function 8™ = (0)1<k<m as
stated in the main Lemma 2.2 below.

In order to state this lemma, let us introduce these notations :

op = min{ag, Bi}, W = lak — Bil, ¢ = [mincp<mdi]
We may now write (see the definitions of I and J in (2) )
h(u) = (Hznzluzz) B(u), B(’U,) = Klﬂie]’u,?i — KQHjeJU;-/j7
and we rewrite the main equations in (5) and in (6) as follows :
cdiul — A(druy) = (B — ar)h(u™) + g7, g7 = fi +up(cdr — 1) >0,
= 'y]dluf + %-dju? = ’)/jG? + ’in?,
where G} := (¢ — A)"Y(g}), 0,GF =0 on 90 Vk=1,..,m,

(7)



4 EL HAJ LAAMRI AND MICHEL PIERRE

where Z denotes the identity in L'().

Remark 5. As already mentioned in Remark 2, a first reading of the proof may
be made by assuming that dy = 1 = 7 for all k = 1,...,m. This helps to make the
main ideas more clear and to first avoid some technicalities. With this simplification,
above relations simply become

W — Auf = sign(By — a)h(u") + f7, (- A)f +u}) = [+ 7, and so on.

When the diffusion coefficients dj, are different (which is the general case), the
diffusion operators are different from each other in the m equations. A slight change
of writing allows us to deal with the only operator ¢Z — A : this is the reason why
the equations are written as they are in (7). Adding equations is then efficient as
such.

2.2. Statement of the main lemma.

Lemma 2.2. Under the assumptions of Theorem 1.1, there exists 0™ = (0} )1<k<m €
LY Q)™ with A0 € LY (Q), k= 1,...,m such that

Vdibi + vid;0F = v, G + Gy, Viel,jeld,
KiILier (07) = Kllje s (07)% (or B(6™) =0), (8)
0,0 =0on 0Q, Vk=1,..,m.

Moreover
sup{lg}caixm 0% | 1) + 1A0F | 10y} < +oo. )

We postpone the proof of this main lemma and we recall why it indeed implies
Theorem 1.1.

2.3. Lemma 2.2 implies Theorem 1.1. The main point is that the existence of
0" as in Lemma 2.2 implies that

h(u™) = (T, (uf)°*) B(u™) is bounded in L' () independently of n. (10)

Then, it can be deduced that a subsequence of {u™} converges to a weak solution
of (1). We skip this part of the proof here and we refer to [3] or also to [5] where
an even more involved proof is given for evolution reaction-diffusion systems.

Let us prove the L'-bound on h(u™). Without loss of generality, we assume that
1 € I. Using the first equation (k = 1) in (5) and using B(0™) = 0, we may write

uf =07 — A~ 07) + Il ) B - BOU =)
P = ] — 07 + di AGT.
But, replacing all uf (vesp. 07'), i € I\ {1} and u} (resp. 07), j € J in terms of uj
(resp. 07), we have
{ B(u") = b"(-,ut), B(0") =0"(-,07),

where r — b™(+, r) is an increasing function.

(12)

This increasing property is the main point in the structure of System (1). We
will prove it below, but let us assume (12) and end the proof of the L'-estimate
(10). Let us multiply the equation (11) by sign(u} —607) and integrate on Q. Using
that

{ sign(ui — 07)[B(u") — B(6")]

sign(uy — 607)[b" (-, uy) — 0" (-, 07)]
‘bn(7u?) - bn(79?)|7
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and that

[ sion(u = opfut - 07 - dus(ut — 6] 2 0,
we deduce ’

[ ) B ) =0 ) < [ 160

But since again b(-,07) = B(0™) = 0, the integral on the left-hand side is exactly
Y1 fq |h(u™)] whence the expected L'-bound (10) thanks to (9).

Let us now come back to the details of the proof of (12). Before that, let us
introduce

F'=d'G} = 6,GY, Viel, F}:=d;'G}+6;Gy, Vje, (13)

where we denote 0y, := v /(11di) VE =1,...,m.
By using (7), we can write all 4} in terms of u} as follows

’U,Zl = FZn + dléiu?, Viel, U;L = an — dléju?, V] e J

By (8) in Lemma 2.2, we also have in a similar way
0; = F' +d16;07, Viel, 07 =F—di0;67, VjeJ
It follows that
B(u") = Killier(u})" — Kallje (uf}),
= Klﬂiel(Fi” + d1§lu7f)% — KQH]‘EJ(F;L — d15ju7f)71'.

From now on, we will use the following notations :

b"(.’lﬁ, ’l") = Klﬂiel(Fi”(at) + dléir)%’ - KgHjej(an(x) - dl(SjT)w,

for all x € Q,r € [ (x),r] (x)] where (14)

™ (x) = max;er[F{*(x)]” /(d10;), v} (x) := minje s Fi(x)/(d10;).
We check that r” (x) < r%(x) and that r € [r" (z),r7] (z)] — b"(z,r) is increasing.
We similarly have that B(6™) = b™(+,07) thanks to (8). This ends the proof of (12)
and of the fact that Lemma 2.2 implies Theorem 1.1.

2.4. Proof of the main Lemma 2.2. Let us first notice that in the trivial case
when there exists (ig, jo) € I x J such that v;,G7 +7;,G% =0 (i.e. G =0=G7),
then 0™ is simply given by 0} = G} /dy for all k =1,...,m. We will assume that it
is not the case, that is v,;G} +7;G # 0 for all (4,7) € I x J which implies by strict
maximum principle applied to the equations defining G} in (7) that

min{y;G}' + G} >0, V(i,j) € [ x J. (15)

The new idea here (compared to [3]) is to prove the existence of 8™ as the limit
of the solution of an adequate approximate problem to which we are able to apply
the entropy estimate.

For technical reasons, we extend the function r € [r” (z), 7% (x)] — b"(z,r) de-
fined in (14) to the whole set R as follows: V (z,7) € Q x R,

b (2, 1) = Kallies[(F}' (2) + di6im) 7] = KoMy (F () — dadjr) 717, (16)

We check that » € R — b™(+,r) is nondecreasing.
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2.4.1. Introduction of the approzimation (" of ™. In what follows, and up to the
formula (27), we drop the indexing by n for simplicity (but everything depends on
n which is fixed all along the following computations). For all n > 0, we define
¢" = ({)1<k<m € L*(2)T™ which is meant to converge to ™ as n — 0. We first
define (7 as the solution of

e LY )T, AR e LY(Q),
ndi(c¢y — AC) +7b(-, ) = ng1 in Q, (17)
9,¢ =0 on 99.

This problem has a (unique) solution since r € R — b"(+,r) is nondecreasing and
sup,<g |b(-,7)| < +oo for all R (see e.g. [l, Section 4], for a proof). Then we
complete the vector (" = ({')1<r<m as follows :

Vie I\ {1}, ¢ := F; + d16;¢},
Vi€ J, ¢ = Fj —did;¢, (18)
¢ = (G)r<h<m:

We may rewrite this definition in the more condensed form (including k = 1) :

V= 1,...,m, C]Z = Fj — nkd15k<?7 (19)
ng:=—1ifkel, n:=1ifkeJ

2.4.2. Some properties of the approximation ¢". With these definitions and accord-
ing to (16), we have :

bz, ¢}) = K1llier[(Fi(x) + di0i¢7) "] — Kollje g [(Fj(x) — di6;¢7) 7],

= b(, () = KaTlies[(¢)) 7)™ = KaTlie s [(¢]) 17 = B(CM).

Note that this is an extension to R™ of the previous function B(-) which was defined
on [0, +00)™. We will use that it satisfies

mB(¢")(¢))™ >0, for all k =1,...,m, where (¢)” :=sup{0, —(}}. (20)

Let us now write the equations satisfied by ¢,k = 2,...,m. Recall that by the
definitions (13) and (7)

Vk=1,...,m, ck, — AF}, :d;19k+nk5kgl~ (21)
Using (19), (21) and the definition (17) of ¢}, we deduce
¢l = AG! = di; g + mibrgr — mrdadrleCt — ACT).

= ndi(c() — AG) = mB(C") + ngp- (22)

Let us multiply the equation (22) by (¢;')” := sup{0, —¢;'} and integrate on €.
Using [,(¢)7A¢)) > 0 and (20), we obtain

ndie /Q ) > /Q () [ewBC") + ngel > 0.

We deduce that ¢;' > 0. This also implies that r_ < ({ <ry (see (14) ) so that we
will not need the extension (16) of b(-,-) any more.
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2.4.3. The entropy inequality. We will now use the entropy inequality. Let us intro-
duce

{ Vs € [0,4+00), Li(s):=s(logs—14pr)+e ", k=1,--- ,m,
i = [log Ko/ K1) [mmeye] ~t.

Note that L} (s) = log s + pg, Ly > 0. Moreover, the choice of the y;’s implies that
for all r = (rq,- -+ ,7m) € (0,400)™

Z NeyeB(r)[log r + k] = —B(r) [log (K1 ILierr]") —log (KQHjGJr}j) ] <0. (23)
k

We now consider the functions w} := Ly (¢). We have

n_ " 7 n_ 7 0, VG
vwk; = UOg Ck + Mlc]vc:ka Awk = [1Og Ck + Mk]ACk + Cn ,
k

so that, using (22), we deduce

n|2
ndxle(log ¢ + )G — Auwj] + ndy T4

= ndi(log ¢ + ) [c)! — AG
= (log ¢! + ) ki B(C) + ng)-

Dividing by n and using (23), we obtain after summing over k that :

> edr(log ¢ + )¢l — A dpw] + " di
k k k

Using the Young’s inequality

72
Vé’f' < log ¢ + pklge. (24)
k k

Vr € [0,+00), Vs €R, rs < (rlogr —r) + €’
applied with r := g and s := log ¢}/, we have

gilog ¢} < (gxlog g — gi) + ¢}
Plugging this into (24) and integrating over 2 lead to

\Vied 2
Z/ cdy [log G + pi] ¢y +dk| Cff'
— Ja G

S/Z(gkIOggk*QkﬁLCngﬂkgk)-
2y

(25)

2.4.4. Estimates on the ;. In the estimates below, A € (0,+00) denotes a constant
which does not depend on n, neither on n.
From the definition (18) of ¢", we have

VidiGi + vid;i () =7 Gi + 4Gy, Yiel, je T (26)

Recall that ¢! > 0. Since G4, ..., G,, do not depend on 7 and are bounded in LY(Q)
independently of n (see (7) and Lemma 2.1 ), we have

1<
1;r}€zi§xm/s2§k <A (27)
We here go back to the indexing by n. As seen in (7), g¢ = fi* +u}(cdy —1). Under
the assumption fy, fxlog fr € L'(Q) (recall that f* = inf{fx,n}) and thanks to
the end of Lemma 2.1, it follows that

max {lg¢ L), lgi log il } < A (28)
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2
Going back to (25) and noticing that |VCZ|2 /Gl =4 ’V\/(Z , we deduce

n n n
1g;;gcm{/Qcklogck, vy

2.4.5. Passing to the limit as n — 0 and building the function 0™ of the main
Lemma 2.2. Tt follows from (29) that /(] is bounded for all k = 1,...,m in H(Q)
independently of 7 and n. For n fixed, up to a subsequence as 7 — 0, /(! converges
for all k in L?(2), a.e. and also weakly in H'() to some v} € H'(Q2). Thanks
to (26) and to their nonnegativity, the ¢} are bounded in L*°(2) and therefore
v € L>®(2)T (not independently of n though). Let 67 := (v)2, k = 1,...,m so
that VO = 202 Vo, Then 67 € L>=(Q)T N H*(Q) and by lower semicontinuity for
the weak convergence and (29), we have
Vo

_ _ n|2 I 712
Vk=1,..,m, o —4/Q|V\/9k| §4hnrn%1(r)1f/ﬂ|V\/Ck| <A. (30)

By (27), we also have

2
} <A (29)

Vk=1,...m, /92 <A.
Q

Passing to the limit as  — 0 in the definition (18) of (", we obtain
Viel, 0) = F'+d6;07, VjeJ, 07 =F}' —di0;07. (31)

Now for n fixed, b"(z, (] (x)) converges a.e. to b™(x, 07 (z)) as n — 0. Moreover it
stays uniformly bounded. Thus the convergence holds in the sense of distributions.
Letting n tend to 0 in the equation (17) (which defines ¢7) leads to

b (z, 07 (z)) = 0 = B(6"), Yz € Q. (32)

Note that 67 (z) is uniquely determined by (32) since r — b"(x,r) is increasing.
Moreover  — 07(z) is regular by the implicit function theorem since (z,r) —
b™(z,r) is regular thanks to the fact that F}' € Npepr,00)W?P(2) and to the defini-
tion of ™, namely (see (14) )

bn(.’E, 7”) = Kl]._.[lej(FZn(l') + dlél-r)"“ - KQHjG.](FJn(x) - dl(Sj’f’)’Yj .
Using (15), we check that F}"(z) + d16;07 (v) = 0}'(x) > 0 for all 7 € I and F}*(x) —
d16;607 (z) = 07(x) > 0 for all j € J. Thus, we have the W*P-regularity for all

€ [1,00) of b™(+,-) around all points (z, 67 (x)). Whence the same regularity for
x — 07 (z) and, by (31), for all z — 07 (x).

2.4.6. More estimates on 0™ ; end of the proof of the main Lemma 2.2. Let us prove
that 0,07 = 0 on 0N for all k. We start by taking a logarithmic differentiation of :
0= B(@") = KlﬂieI(Q?)W - KQHjeJ(H;L)’Yj, namely

vor Vo
el ? jed J
Inserting (31), we deduce
non _ N~ BVE WVE N 0k
d,VOT A *Z m *Z g A =Y o
jes ier i k=1

Since VF}' -v = 0 on 09 for all £ = 1,...,m, we deduce from this equality that
VO -v =0 on 090 as well. And by (31), it also follows that VO} - v = 0 on 9.
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It remains to prove the estimate on A#} in L'(€2) independently of n. For this,

we use the same computations as in [3]. We differentiate (33) to obtain
N Ay VO
. = — . 4
2 g i gy = L (o) (34
iel ? jeJ J

Using (31), we may rewrite (34) as

n Agn VAF! | 3l VO|? VAF! | V07
BAAGY =Y T o Do e
il v v jeJ J J
If we denote aff := 0y /A"0} for k=1,--- ,m, then

(35)

m
0<ap <1and Zaﬁ:l.
k=1
Then we rewrite again (35) as

A 07|
dlAG?:Zai[ f 'V97L']+Z

iel

AFp VO
5,07

We know that AFY is bounded in L'(€) uniformly in n (see the definition of the
F}* in (13) together with (7) and (28)). Moreover, |V07|2/67 is bounded in L'(£2)
by (30). Therefore this last identity proves that A#7 is bounded in L!(£2) uniformly
in n. Going back to the relations (31), we deduce that

<
max [A0;][L1 (o) < A

And this ends the proof of the main Lemma 2.2.

3. Proof of Lemma 2.1. Let n be fixed and let € € (0,1). We introduce
h(v)
he(v) ==
)= T R
Note that |[h€(v)] < e ! for all v € R™. We consider the mapping 7 : v €
L®(Q)™ — u® € L>®(Q)™ where u® = (u$)1<k<m is solution of

{ U € Npef1,00)W2P(Q)™, and for k=1,...,m

for all v € R™.

uf, — diAus, = (B — ag)h (vT) + f2, in Q, dyu, =0 on 99,
where v := ((vg)")1<k<m, (vp)T := max{vy,0}. Obviously
lug, — drAugll L~ () < ey +n, YeE=1,...,m

It follows that u¢ is bounded in all W2P(Q)™ p < +oo independently of v €
L>(Q)™ (e,n being fixed). Therefore, 7 maps L*°(2)™ into a compact subset
of itself. Since T is obviously continuous, by the Schauder fixed-point theorem, 7
has a fixed point in Npe(r 4o0)W2P(Q2)™

Let us check that the quasipositivity of the nonlinearity ((Bx — ax)h(v'));<pep,
imply that u§, > 0. By quasipositivity, we mean (and this is easily checked) that

forall k=1,...m, (Bx— ax)h(v") >0 for all v € R™ with v;, = 0.
Thus let us multiply the equation in uf namely

— dpAuj, = (Bx — ar)h ((u) ") + [t du(uf) =0, (36)
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by (uf)” := sup{—uf,0}. Using [,(uf)”Auj, > 0 and also the quasipositivity
property, we obtain

- / (uf)™ > / ()~ (B — an)h ()™ + 1] > 0.
Q Q

Whence (u,)” =0 or u§, > 0.
Now we use that
hE((u) )i (B — i) +7:(Bj — )] =0, Viel,je
to deduce from (36) that
Yiug +yuy — Alvidiug + yidjul) = v +vff, Yiel,jed (37)
If ¢ := [maxi << di] ~' BEEBOVE, thanks to the nonnegativity of the ug, this implies
clydivg + vidjus] — Alyidivg + vidjug) < v fi + i f7
= 0 < ydiuf + vidju§ < (¢ — A) T (y 1+ if]). (38)
This implies that, for n fixed, the uf are bounded in L*°(§) independently of
e. Going back to the equations (37), we deduce that the uf, are also bounded in
Npelt,00) WP (). Whence their compactness in L°°(€2). Let us denote the limit as
¢ — 0 (along a subsequence) by u™ = (u})1<k<m. An easy passing to the limit in
(36) and (37) proves that u™ satisfies the system (CHSn) in (5) and the identities
(6) as well.

Finally, the last point of Lemma 2.1 is obtained thanks to the inequality (38)
which is also valid at the limit for v;d;u;’ + vid;uj. Since the f;' are bounded
in L'(Q) independently of n, this implies that v;d;u} 4 yid;u} is bounded in any
LP(Q) for all p € [1, N/(N —2)T) (see e.g. [1]).
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