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Multifractional processes and nonlinear functionals of
Gaussian random fields

Renaud Marty*

Abstract

In this paper we consider sequences of nonlinear functionals of Gaussian random
fields. We prove their convergence to multifractional processes which generalize
Hermite processes.

Keywords : Limit theorems, multifractional processes, Gaussian random fields

1 Introduction

This paper deals with sequences of processes defined from functionals of Gaussian
random fields. Many works state that such sequences converge to various types of
limits which depend on the form of the functionals and on statistical properties of the
random fields. Consider for instance a stationary and Gaussian sequence (X, )pen of
random variables with mean zero and variance 1. We assume that there exist m € N*,
C >0, and « € (0, 2) such that

E(X0X,) ~ n% (1)

as n — oo. For all N € N we define the process Sés\,[H by

[Nt
(Y a0 = | O 6(X0) 2)
n=1

t>0

where H € (3,1) and ¢ : R — R is a function such that

/(¢(x))2612/2dx < o0 and / gi)(x)e*zzﬂdx =0.
R R

Assume that a = % and that the Hermite rank of ¢ is equal to m. By [4] and [9],
as N — oo, Sé)\{ p converges in distribution to a Hermite process By, y defined by

(Bm7H(t))t20 = (c(m, H)/ AWy, - dW,, t H(9 B xk)f—3/2d6> (3)
t>0

m 0 k=1
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where H = 1+ 21 D = {r1 < 29 < -+ < mp}, W is a Brownian motion, and

m
c(m, H) is a constant. The process By, i can also be written as

A - — exp(it(& + -+ fm)) -1
(Bt ()20 = (C(m’H)/ TR =T +---+fm>>t>o (4)

where W is the Fourier transform of a Gaussian measure and c¢(m, H) is a constant.
It is a self-similar process with index H and its local Holder exponent is H at every
point. Moreover it is not Gaussian when m > 1, and By g is a fractional Brownian
motion with Hurst index H.

The above result is extended in a multifractional framework in [3] and [6]. Let
(Xn(H))(n,myenx(1/2,1) be a Gaussian sequence of random fields with mean zero. We
assume that for all (Hy, Hy) € (3,1)? there exists R(Hi, H2) > 0 such that

R(H,, Hs)

E(Xo(H1)Xn(Hz2)) ~ — =g —p, (5)

as n — 0o. Notice that if H; = Ha, then (5) is similar to (1). We consider a continuous
function h: Ry — (%, 1) and, for all N € N, we define the process S5’ by

[Nt
Xn(h(n/N))
N _ n
(Sk (1)e=0 = Z T NR/N) (6)
n=1 >0
By [3] and under additional assumptions, as N — oo the finite-dimensional distribu-
tions of S,JZV converge to those of a Gaussian process Sy, with mean zero and such that

for all £; and to,

E(Sh(t1)Sh(t2)) 2/01/02 R(h(m;XEG;TZD,;(Z)(TE;{G’J}))deda.

This is a multifractional extension of the result of [4] and [9] in the special case where
¢(z) = x for all x € R. If h is constant, then S} is a fractional Brownian motion,
namely a Hermite process with m = 1. If h is non-constant, then S} is multifractional
like, for instance, the multifractional Brownian motions (defined in [1, 8]).

Now consider for all N € N* the process Sg p, defined by

[Nt W (h(n
st (32 2L 00) "

n=1

>0

where



We assume that there exist a function g : (H,§) — ¢g(H,&) and a symmetric compact
set K C R such that the field X = (X,,(H))n,m)enx(1/2,1) of (7) is

X, (1) = [ e SRS ). 0

Under additional assumptions on g, X satisfies (5) with

e’
R(Hy, H2) :9(H1,0)9<H270)Ammwd§
Notice that in this case,
R(Hy,H2) = R(Ho, Hy). (9)

The main result of [6] states that, as N — oo, the process S(J;] ;, converges in distri-
bution to a multifractional process Sy, , defined by

_ = = [ exp(if(&+ -+ Em))
(S (£))ez0 = </Rm We dem/o 9() €1 - - £y |P(O)-1/2 dH) o (10)

where g is a deterministic function. This is an extension in a non-Gaussian setting of
the result of [3]. Moreover, the process S, generalizes By, i, namely, if there exists
Hc (%, 1) such that h(z) = H for all =, then S, , = Bp, 1.

In this paper we extend the results mentioned above. We consider fields X such
that for all H; # Ho,

R(Hy,Hsy) # R(Ho, Hy),

in contrast with (9) and [6]. With such fields X, we prove the convergence of sequences
defined as in (7) to a process of the form

< / AW, -+ dW,, / t £(0) ﬁ(e - xk)§<9>‘3/2d9> (11)
m 0 k=1

t>0

where f is a deterministic function. The limit is multifractional and generalizes Hermite
processes, even though it generally differs from S, 5, defined by (10) and studied in [6].
In addition, we prove the convergence when N — oo of

105 337)
2 Nh(n/NP)

n=1

(12)
>0

for all § € R\{1}. In this case, the limit is a Hermite process with Hurst index
depending on the sign of 5 — 1.

The paper is organized as follows. In Section 2 we present the setting and state the
main result of the paper. In Section 3 we analyze a multifractional process of the form
(11). Section 4 is devoted to the proof of the main result.



2 Setting and main result

Our main result is the convergence of a sequence defined from a functional of a Gaussian
field with long-range dependence. This random field is presented in Section 2.1 and
two examples are given in Section 2.2. The main result is stated in Section 2.3.

2.1 Gaussian fields with long-range dependence

We consider a random field X = {X(t’H)}(t,H)eﬂhx(%,l) such that for all (t,H) €
R-i— X (%7 1)7

t
X(t,H):/ a(t — x, H)dW, (13)

where W is a Brownian motion and a : Ry x (3,1) — R% is a continuous function such
that fooo a(z, H)?dx =1 for all H. As a consequence, X is a Gaussian field with mean
zero and covariance function r which can be written as

r(t1, Hi,t2, Hy) = E(X (t1, H1) X (t2, H2))

min{¢,t2}
= / a(ty —x, Hy)a(te — x, He)dzx (14)

—00

for all (t1, Hy,t2, Hy) € (Ry x(3,1))?, and which satisfies r(¢, H,t, H) = E(X (¢, H)?) =
1 for all (¢, H). Moreover, we assume that there exists a continuous function A :
(1,1) = R such that for all compact set K C (3,1),

lim sup \t%*Ha(t, H)—- A(H)|=0. (15)
t—=00 e

We deduce the following property of the covariance which implies that X satisfies the
assumptions considered in [3].

Lemma 1. For all compact set K C (%, 1)2,

lim sup |[tr — to| > 20 (ty, Hy,to, Hy) — R(ty, Hy,tg, Hy)| = 0. (16)
[t1—t2| =00 (Hy Hy)eK

where R : (Ry x(3,1))% = R is a continuous function such that for all (t1, Hy,to, H) €
(R4 % (3,1))?,

R(t1, Hy,to, H) :1t12t2A(H1)A(H2)/ (1+2)=3H2=3 gy
0

+1t1<t2A(H1)A(H2)/ (1 + z)P2=22M1-3 4y, (17)
0



Notice that if we set for all (Hy, Ha),
C(Hy, Hy) = A(H1)A(Hy) / (14 2)h—2gH 5 4y
0

then
C(Hl’ HQ) 7& C(H27 Hl)

when H; # Hs. Indeed, if we assume that Hy > Ho, then

o0 ) H1-3/2
/ (1 + x)H1_3/2$H2_3/2dx = / <1 + 1) Y $H1+H2_3dx
0 0 x

0o 1\ H2-3/2
> / <1 + > i HH2=3 g,
0 X

:/O (14 z)H2=3/2,H1=3/2 4 (18)

Hence, the framework of this paper is different from that of [6].

Proof. (Lemma 1) We assume ¢; > t2. We have
r(t1, Hi,t2, Ha) (19)

:/ “(alty — o, Hy) — (t — o) 3 AGHD ) alts — o, Hy) — (s — 2)72 3 A(Hy))da

—00

n /tQ (a(ti — z, Hy) — (t1 — )2 ACHY)) (t2 — 2) 7272 A(Hy)dz

—00

+ /t2 (tl - l‘)Hl_%A(Hl)(a(tg — .%',HQ) — (tg — ZC)HQ_%A(HQ))dx

—0o0

+/t2 (t1 — )3 A(HL) (t2 — )™~ 3 A(Hy)da (20)

—00

We set 6 = t1 — t5. We have
7(t1, Hy,t2, H)

_/oo<a(5+3? Hy) — (8 + 2)™ 72 A(HY)) (al, Hy) — 27273 A(Hy))da

/ a8+ 2, Hy) — (5 + 2)" A, )3 A(H) de
0

o0

(6 )P A (ala, Ha) — o273 A(Hy))da

oo

+

S— —

(5 + )72 A(Hy a2 A(Hy)da (21)



As a consequence, by the change of variable x — dx,

527H17H2T(t1, Hiq,to, HQ) — A(Hl)A(HQ)/ (1 + x)HlfgajIﬁ*%daj
0

:R1(5, Hy, HQ) + RQ((S, Hy, HQ) + R3(5, Hq, HQ)

where

R0, Hy Ha) = 61 [ (a(§ 4 50, 1) = (65 -+ 0)™FA(H)

0

% (a(8z, Hy) — (62)72~2 A(Hy))dx,

(22)

Ra(5, Hy, Hy) = 6%/> 1 A(Hy) / (a(6 + S, Hy) — (5 + o)™~ A(Hy) )23 do
0

and

R3(8, Hy, Hy) = 6%/2~H2 A(Hy) /OOO 1+ 2)" 72 (a(6z, Ho) — (2)7272 A(Hs))dz

‘We have

R3(5, Hy, Hg) = A(Hl) /Ooo (1 + x)Hli%IHzfg(((533)3/271{2&((533, HQ) — A(HQ))dLU

(23)

Let K be a compact set. Because of (15), for all v > 0 there exist two positive constants

w and c¢ such that

sup |R3((5,H1,H2)|
(H1,H2)EK
<v sup ]A(Hl)/ (1+:c)H17%9:H2*%dx]
(H1,Hz) n/o

/6 Hi—3 . 3
+c¢ sup \A(Hl)/ (14+2)" 2272 2dx|
(Hy,Hy) 0

so that

lim sup |R3(67 H17H2)| =0
d—=00 (H, Hy)eK

Similarly, we prove that

lim  sup [Ri(0,H1, Hp)| = lim  sup |Ry(d, Hy, Hp)| = 0.

d—o0 (H1,H2)EK d—00 (H1,H2)EK

This completes the proof.

(24)

(25)

(26)



2.2 Examples

We give two examples of fields satisfying the assumption presented in Section 2.1.
Consider that X is defined for all t and H by

X6 H) = EH) /t (=) (= 1 =) T2) aw, (27)

\// H 1/2 (x_l)f_1/2>2dx.

For all H, X;(-,H) : t — Xi(t, H) is the fractional Gaussian noise (see [9] for instance),
namely the process of the increments By(-) — Br(- — 1) of the fractional Brownian
motion By such that for all ¢,

Bul) = i [ (2172 a2 s, (29)

Then for all (¢, H),

where

where for all z > 0,

so that for all x > 1,

arte ) = a2 s (o)
with
(H—-1/2)(3/2—H)
C1(H):Ci’_/2_H .

Hence, the field defined X by (27) satisfies (15) with the function A(H) = (H —1/2)/C1(H).
We give a second example. Consider the field X5 defined for all ¢ and H by

1 ! H-1/2  _(t—x) e H-1/2
Xg(t,H)_CQ(H) /Oo <(t—:1:)+ —e U /0 et¢ d§> dW, (29)

|p1(z, H)| <

where

(e’ T 2
— \/ / <xf‘1/2 e / 665H1/2d5> dz. (30)
0 0



For all H, t — Xs(t,H) is the stationary fractional Ornstein-Uhlenbeck process (see
[2] for instance) such that

Xo(t,H) = By(t) —e™! /t e’ By (0)dd

—00

where By is the fractional Brownian motion defined by (28) with the constant Co(H)
instead of C1(H). In this case, for all (¢, H),
t
Xo(t,H) = / as(t — x, H)dW,

—0o0

where for all x > 0,

CLQ(CC,H) = 022]_]) <xfl/2 LT /0m 6£€H1/2d§>

(H-1/2) o [* eon-
= 02(H)xi/2—He /0 efé'H 1/2d£

_ (H-1/2)
= CZ(H)xi/Q—H — P2

(z, H)

with

pa(a, H) = (H;;(ﬁie_ (xf‘” 4 (H - 3/2) /0 C(ef - 1)§H—5/2d5) ,

which satisfies

— 2 o€
|p2($,H)| < (1{02([1{/)2) <e—$xf—3/2 + (3/2 —H) <621’Ij—3/2 +e 7 ; ;5/2[1-Id§>> .

Then we deduce that the field X2 defined by (29) satisfies (15).

2.3 Main result

Let ® € L2(R, e *"/2dx) be a function with Hermite rank m € N*, which means that

— Ok
=) b (31)
k=m
where the convergence of 2 is defined from the norm || - ||, (R,e—o2/2dn) and for all

k, Py is the Hermite polynomial of degree k, namely

dk
Py iz Py(z) = (_1)%3@2/2%6—962/2



and
1 71.2/2
O = (L, Ph) (g o—22/24m) = Jom e ®(z)Pp(z)e ™ “du.

Let h: Ry — (3,1) be a continuous function and for all § € R,

%(0)—1+h(97)n_1€<1—271n,1>. (32)

We set h~ = minh and h™ = maxh, and assume that [, hT] C (3, 1).
Let X be a Gaussian field defined as in Section 2.1. For all N € N* and t € RY , we
consider

=

2 ®(X (n, h(n/NP)))

Nh(n/NF)

Eg,h(t) =

n

(33)
1

where € R. Moreover, in the case f < 1, we assume that limg_, h(6) exists and
belongs to (3,1). We denote this limit by A (cc).

The main result states the convergence of the process E(]I\; n as N — oo. The proof
is postponed to Section 4.

Theorem 1. As N — oo, the process 5, converges in distribution in D([0, c0), R)
to the process ¥, ;, defined by

(Emn(t))i>0 = </m AWy, -+ - dWy, . /OtG(H,xl, e ,xm)d9> - (34)

where Dy, = {z1 < 29 < -+ < xp, }, W is a Brownian motion, and for all (6,21, ,Zm) €
R+ X Dm,
( PN h(0)-3
oA (h0)" TTO 2022 i5>1,

b
Il
—

0-2)"OF irp=1, (35)

s

GO, 21, tm) = 4 dmA (E(e))m

£
Il

1

m ~
omA (Ro0)) " [0 -2 7F ifp<1.
\ k=1
If B # 1, then the limit 3,, , is a Hermite process as defined in [4, 9] with Hurst
index equal to h(0) or h(oo) depending on the sign of 5 — 1.
If 3 =1 and h is a non-constant function, then the limit X,, 5 is a multifractional
process as those we analyze in Section 3.



We conclude this section with a continuous version of Theorem 1. For all € > 0 we
define the process X3 ;, by

~ t _ ~
() = [ TR0, R o)) as
t/e 5 .
:/ ME0B(X (0, h(°0)))db.
0

The following theorem states the convergence of ifb p ase— 0.

Theorem 2. As e — 0, the process i‘fp p converges in distribution in C([0,00),R) to
the process X, 1, defined as in Theorem 1.

The proof of Theorem 2 is omitted because it is similar to that of Theorem 1 in a
continuous setting.

3 A multifractional process

In this section we analyze a stochastic process which has the form of 3,, j, (see Theorem
1). In particular we prove that it satisfies multifractional properties.
We fix m € N* and for all ¢t > 0 we define

t m
_ P03/
Y(t) = / deII AW, /0 £(6) k||1(0 K)? do (36)

where D, = {z1 < 22 < -+ < &, }, W is a Brownian motion (see [5] for the definition
of the multiple Wiener integrals), and f : Ry — R% and ¢ : Ry — (1 — 55, 1) are

2m’
continuous functions. The process Y is well defined by Lemma 2 which is stated below

and is used throughout the paper.

Lemma 2. For every (t,v1, -+ ,¥m) € Ry x (1 — ﬁ, Hm,

t m 2
/ dzy - dzy, </ H(@ - xk)lk_3/2d6?> < 0. (37)
R 0 k=1

Proof. By the Fubini theorem and changes of variables,

t 2
/ day - dzo, ( / (6 — xk)lk?’“de)
m 0

t t m
0 Jo m Pt

t t m 00
s/ / dedo—w—ay?Zm?H/ dz((1 4 z)z) w32, (38)
0 Jo 1”0

Since v, € (1 — %, 1) for all k, the upper bound of (38) is finite. O

10



The following lemma states the continuity of Y.
Lemma 3. The sample paths of Y are continuous almost surely.

Proof. For all s < t such that |t — s| is small enough,

E((Y(t) —Y(5))*)

m 2
= dzy---dx,, </t f(9) H(9 _ $k)ﬁ(9)—3/2d9)

D

/ d@/ da/mdx1 ~dzm f(0) (o) [ (0 0 — 2;,) 832 (g — )83

k=1
By changes of variables,
E((Y(t) =Y (s
< sup |f|? / do / do(t — §)2rme((=9)0+5)Ho((=)7+5)-2)
[s,t]

% ’0 U|m o((t—8)0+s)+p((t—s)o+s)—2)
X < / - da(1 + 2)?((t=9)0+5)=3/250((t=s)o+5)=3/ 2) " (39)
0

We deduce that there exists a constant C' > 0 independent of (s, t) such that

E((Y(t) = Y(5))?) < Csup | f[*(¢t — 5)?Fm00ae=1), (40)
[s.1]

Remark that 2(1 + m(inf[, 4 ¢ — 1)) > 1. By the Kolmogorov lemma, we deduce that
Y has a modification with almost surely continuous sample paths. ]

The multifractional properties of Y are stated in the following two theorems. The
first one establishes that Y is locally self-similar.

Theorem 3. Lett > 0. If ¢ is Holder-continuous then, as € — 0, the process

<Y(t—i—€u) - Y(t)) )
u>0

51+m(§9(t)_1)

converges in distribution to

(f(t) / AWy, -+ H — )" 2d9> (42)
m u>0

0 k=1

in C([0,00),R).

11



Proof. For all t and u,

Y(t+eu) —Y(t)
cltm(p()-1)

t+su m 0
= 5_1—m(90(t)—1)/ dle . / H _xk 2d9
i _3
—e 00 [, / 70+ 1) [0+t — 225 o,
m 0 h

Il
—

Then, by a change of variable in the stochastic integral, for all ¢ the process defined by
(41) is equal in distribution to

( / AW, - dW,, / (o, 9)d0> (43)
m 0 u>0

where

go(a&-‘rt %

Ve (t, 2, 0) = e PEH=0M) £(20 4 1) H (44)

To prove the convergence of the finite-dimensional distributions, it suffices to show

lim dxy---doy, / v (t,x,0) 0 —xp) P03 (45)

For all (¢,z,6), by the continuity of f and ¢,

m 3
. _ -3 _
;1_1(}1(1) <w (t,z,0) — |_| a:k ) 0.

Moreover, there exists a constant C' > 0 such that for all (¢, z,6),

Hence, by the bounded convergence theorem and Lemma 2, we obtain (45). It remains

12



to prove the tightness of the family of processes defined by (41). For all w and v,

. ((Y(t Yeuw) —Y(t) Y(t+ev)— Y(t)>2>

me-1)  gltm(p(t)-1)

m 2
~2-2m(p(t)-1) e o(0)-3
= ¢ dxy - - dxy, FO) 10— ) do
m t+ev k=1
u 2
= dry - dxmy, (/ VE(t, x, 9)d9>
D"n v

2
mm max p—3
Sﬂﬂil;dm~whm</(wII< )T ¢2+w_xm+¢2>>.

Then there exists a constant C' > 0 independent of (s,t) such that

Y(ttew —Y(t) Y(t+eo)-V(H))* 2(1+m(inf o—1))
E (( clrm(p()-1)  cltm(p()-1) < Clu—v| .

The tightness is proved, then Y is locally self-similar. O
The following results gives the local Holder exponent.

Theorem 4. Let t > 0 and assume that f(t) # 0. The local Hélder exponent of Y at
tis 1+ m(p(t) —1).

Proof. Since Theorem 3 and by similar arguments to those of the proof of Proposition
10 of [8], it suffices to show that for all p € N* there exists C,, > 0 such that for all
s <t in a neighborhood of ¢,

B((Y (1)~ Y(9)) < Gyt — stz (46)
This is obtained from (40) and [7]. O

We conclude this analysis of Y with an important remark. Assume that f =« o
where « is a strictly positive function, so that

t m
Y(t):/ dle---dme/ o H . tp(6’ =3/2 49 (47)
m 0 Pt

which is the form of the limit 3,,; of Theorem 1 (Section 2.3). For non-constant
functions ¢, the processes defined by (47) are generally different from those of [6].
This can be shown as follows. As in the proof of Theorem 3 (see also the proof of
Proposition 1 of [3]), we can establish that for all s # ¢,

lime 2E((Y(t+¢) =Y () (Y(s+e) —Y(s)))

e—0
= [t = 5|72 a(p(s))alp(t)) Ry (p(max{s, t}), p(min{s, t}))

13



with for all (Hy, Hs),

Ry (Hy, Ho) = ni' </ (1+m)H13/2xH23/2dx>
0

Notice that Ry (Hi, Ho) # Ry (Hs, Hy) if Hy # Hj (see Section 2.1).
Now consider the process such that for all £,

2= | Wi, [ 8o(0)

m

P06+ + Em)
61 Gl @12

where [ is a continuous function and W the Fourier transform of . This is the form
of the processes studied in [6]. We can prove that for all s # ¢,

;ii% e2EB((Z(t+¢€)— Z(t))(Z(s+¢€) — Z(5)))
_ |1 — s|POH 02 B((5) Bl p(8)) R (ip(maxs, 1)), (amin{s, £}))
with for all (Hy, Hs),

Ry (Hy, Hy) — ( | exp(if)lé\l‘Hl‘H2d£> .

— 00

do (48)

The function Rz is symmetric, in contrast with Ry . Consider three points ¢1, to and
ts € Ry such that t; < t2 < t3, and a function ¢ such that ¢(t1) = @(t3) > @(t2).
Since Ry is symmetric,

Rz(p(max{ty, ta}), p(min{t1,t2})) = Rz(p(max{ts,ta}), p(min{ts, t2})). (49)
As a consequence of (18),
Ry (p(max{ti,t2}), ¢ (mln{tlafa})) Ry (o(t2), ¢(t1)))
Ry (p(t1), ¢(t2)))
(

(
(
= RY(SO t3), p(t2)))
= Ry (p(max{ts, t2}), p(min{ts, t2})),

which differs from (49). Finally, this proves the following result.

Theorem 5. There exist functions ¢ € C(Ry, (3,1)) such that for all e € C((3,1),R%)
and B € C((3,1),R) the processes Y and Z defined by (47) and (48) have different

distributions.

Hence, the processes given by (47) are generally different from those studied in [6].

4 Proof of Theorem 1

In this section we prove Theorem 1. It is a consequence of the tightness (Section
4.1) and of the convergence of the finite-dimensional distributions of Zg’ pas N — oo
(Section 4.2). Technical lemmas are postponed to Section 4.3.

14



4.1 Tightness

The following lemma establishes the tightness of (Xg )N in D([0,00), R).

Lemma 4. The sequence of processes (Eg,h)N is tight in D(]0,00),R).

Proof. Proceeding as in Section 4.4 of [6] and by Lemma 1, we prove the tightness of

(2§ ,)n in D([0,00),R). O

4.2 Convergence of the finite-dimensional distributions

In this subsection we prove the convergence of the finite-dimentional distributions of
Egh as N — oo. For all n and N we set

N._p ("™ W
A = h (55 ) and BY = (<5).
Lemma 5. Letd € N* and (t1,--- ,t4) € [0,00)%. As N — oo, (Egh(tl),--- ,Zgh(td))
converges in distribution to (Spmp(t1), -+, Sma(ta)) in RY

Proof. Following Lemma 6, it suffices to prove the convergence of the finite-dimensional
distributions of the process ©f defined for all ¢t > 0 by

LNt]

o) = Im Z N P (X (n, BV (50)
Since P, is the Hermite polynomial of degree m and E(X (t, H)?) = 1 for all (¢, H),
P, (X(t,H)) = m! / [ a(t =z, HYaws, - dW,.,, (51)

where
Dp(t) ={z1 <xa < ++- <y <t}

As a consequence,
| Nt
Z Nh (n, b))

NtJ

_(;stNhN/ Han—wk, hYAW,, - - - dW,,,

D (n) 1.4
[Vt

:qsm/Dm(n)d . ZN hal Han—xk, hi). (52)
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By a change of variable in the stochastic integral and the self-similarity property of W,
OV is equal in distribution to ©4 defined for all ¢ by

LNt
gv(t):qsm/ AWgy -+ AW, S NTIFm2 g, <nHan—ka,hN)
D n=1 k=1
LNt m
= | AWe, - dWe, S N2 ] nay<naln — Nag, hY).  (53)
D, n=1 k=1

Because of Lemma 10, the convergence of the finite-dimensional distributions of ©% is
equivalent to the convergence of those of @} which is defined for all ¢ by

LNt hN g
@év(t):gﬁm/D AWy, - - ZN LA(R mH(——xk>
= / AWy, - --dme/ GN(O,x1, -, xm)db (54)
m 0
with for all 6 € [0,1),
[Nt] N3
GN (O, 1, Zm) = Om Y L(n-1)/Nyn) (0 )" H (* - ﬂfk)
n=1
—3/2
ol
_¢m Ng] mH(—@" ) (55)
+

where [-] is the ceiling function. Finally, by Lemma 11, the proof is completed. O

4.3 Technical lemmas

In this section we prove Lemmas 6, 10, and 11 which are used in the proof of the
convergence of the finite-dimensional distributions of 2 5, (Lemma 5). The norm
| -l 2(q,p) is denoted by || - .

Lemma 6. For all t, imy o ”Egh(t) — @{V(t)H _o.
Proof. As a consequence of (16), the proof is similar to that of Lemma 4.5 of [6]. [

Lemmas 7, 8, and 9 which follow are used in the proof of Lemma 10.

Lemma 7. For all n > 0 there ezist two positive constants C(n) > 0 and K(n) > 0
such that for all t > K(n) and H € [h~,h™],

la(ts, H) -+ altm, H) — A(H)™(t1- - tm) 2|

_3

k:l
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with

B = max < max
k=1, m \ (t,H)€R 4 x[h—,h+]
Proof. Since (15), for all n > 0 there exists K(n) > 0 such that for all ¢ > K(n) and

H e [h=,ht],

|t%*Ha(t, H)*1 x  max \A(H)|mk1> < 0.
Helh—,ht]

la(t, H) — A(H)tH=3| < tH=3), (57)
Moreover, for all t € [0, K(n)],

lat, H) — A(H)t"=3 |

< max |a(t,H)|—|—tH_% max |A(H)|
(t,H)e[0,K(n)]x[h—,hT] Helh—,hT]

gtHi(Ht%H)( max la(t, H)| + max ]A(H)\)
(t,H)€[0,K (n)]x[h—,ht] Helh—,ht]

< O3 (58)
with

3
Cln)=Q1+Kmnz" t,H AH)| ).
= K@IN (e ol ) s [A()])

From (57) and (58) we deduce that for all ¢ > 0 and H € [h~,h™"],
_3 _3
la(t, H) — ACH)" 2| <t 2 (0l gy + C(0) Li<k ()- (59)
Hence, for all (t1,--- ,tm, H),
\a(thH) w b, H) = ACH)™(t1 -+ ) 72|

H-3 . _3
<Z|a (b1 H) -+~ alty, H)(a(ty, H) = A, 2)JACH)™ 5 (b - )72
3 m — H-3 m—k—
S H 2 Z (Ht 2a t];-H ) (nltk>K(n)+C(77)1tkSK(TI))A(H) o
=1
s m
<B(t m)A 2 Z N>k + CN)ly<km)
=1

which completes the proof.
Lemma 8. Lett > 0. For all (0,z) € [0,t] x R,

h(6)—3/2 )
[N6*| }VLI(VNM 73/2 (9 - m)j-( ) / Zf 6 = 17

lim ( - a:) =9 -7 <, (60)
" 0—2)"O32 g1
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Moreover, for all (N,6,z) € N* x [0,t] x R,

7 _3 . h—3
([Nm $> Mo =2 S i K B G e BT (61)
o - u h—3 in h—3
N " (0 — ) P T2 (gm0 g,
Proof. For all 8 and N,
[NO] 1
< — <0+ —.
Sy <0+ N
Then (60) follows from the continuity of h. Moreover, for all x,
[NO]
(9 - )+ S <N — T .
Since EJ(VNM — % < % <0,
7 3
[N6] hine1 =2 o2
<N x . S (6 — fL')+ Ney 2
and then we get (61). O

Lemma 9. Let t > 0 and F; be the function such that for all (0,x1,--- ,xm) € [0,t] X
R™,

m ~

h—3 i _3
H((9 — mk)iup[o,z] 2 40— l‘k)lj:f[o’t] h 2) if B>1,
Fy(0,21,- ,zm) =< Fit

k=1
(62)
We have
+ 2
/ dxy - dxy, </ Fi(0, 21, - ,xm)d¢9> < 0. (63)
m 0
Proof. 1t is a consequence of Lemma 2. O

Lemma 10. For all t, limy_,o |03 (t) — © (t)|| = 0.
Proof. Fix n > 0. By Lemma 7,
LNt]

D

n=1

m m 7
N2 T a(n— Nag) 7)< AR TT (G — )
k=1

£
Il
—

m N_3
hn_é

—

Nt|

I1 (% - l‘k>+ P R S G) P e))

1 j=1

IA
2=

n=1

k
d&ﬁ

k=1

t

NGO hmm‘% m
<[N1 - mk) > (LN N—zy 5K m)N T CD NG /N—2; <K (m)/N)

S
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As a consequence,

|05 (1) — OY (1)[|* < 2(6m)? (BN () + B (1))

with
N 5 ¢ m e =3 ’
Bi'(t)=n / dry---drp, / dGZl [NO]/N—x;>K(n H < >
m o i3 i} +
and
N3
N 2 !'NQ'\ 2
By (t) = C(n) dry---drpy, d@Z LiNgY/N—2;<K(n)/N H — — Tk
" +

By Lemmas 8 and 9 and the bounded convergence theorem, for all n > 0,

t 2
lim sup H@N @é\](t)H2 < 2n? (¢m)2/ dzy - --dz, </ Fi(0,2;--- ,azm)de) .
m 0

N—oo

This completes the proof. O
Lemma 11. For all ¢, limy_, H@év(t) — Zm,h(t)H =0.

Proof. For all t,

H@év(t) — Em,h(t)H < /Rm dxy - - dxy, (/0 ‘GN(Q,xl,--- ) — G0, 21, ,xm)}d0>
(64)

Since (60), for almost every (6,21, , Tm),

lim ’G (0,$1’... ’xm) —G(G,.ﬁvl’... ,xm)‘ =0.

N—o0

Moreover, by (61), there exists C' > 0 such that for almost every (60, z1,- - , ),
|GN(07$17 T ,IL‘m) - G(eamla T ,IL‘m)‘ < CFt(97x17 T 7$m)

where F; is defined by (62). Because of Lemma 9, by the bounded convergence theorem,
we deduce that

t 2
lim dzy -+ dzm, (/ |GN(9,:1:1,~--,xm)G(H,x1,~--,xm)\d¢9> =0,
0

N—oo Rm

which completes the proof with (64). O
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