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Abstract

Starting from the exact solution of the heterogeneous linear viscoelastic Eshelby
ellipsoidal inclusion problem obtained in the time domain for an ellipsoidal inclusion
embedded in an isotropic matrix (Berbenni et al., 2015), a direct time-incremental
homogenization Mori-Tanaka scheme for two-phase non linear elasto-viscoplastic
materials is proposed. The extension to non-linear behavior is based on a “modified
secant” formulation to obtain the linear comparison composite (LCC) properties.
In contrast with more classic homogenization method based on the first moment of
stresses (i.e. classic secant formulation), the present approach is based on the second-
order moment of stresses making use of the Hill’s lemma. Hence, a modified secant
viscoplastic compliance is considered for the matrix phase. The effective behavior as
well as the evolution laws of the averaged strains and stresses per phase are directly
solved in the time domain, without the need of Laplace-Carson transforms. The

estimates provided by the present homogenization model are compared to full-field
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calculations from the literature for two-phase non linear particulate composites
constituted of an isotropic elasto-viscoplastic matrix phase and isotropic elastic

particles, and, for radial and non-radial loadings.

Keywords: Homogenization; Elasto-Viscoplastic material; Particulate Compos-

ites; Time-incremental method; Mori-Tanaka estimate; Modified Secant formulation

1 Introduction

Materials like composites or metallic alloys exhibit time-dependent behaviors, which
are elasto-viscoplastic (or non linear viscoelastic) and involve different orders of time
differentiation. This leads to a “long term memory effect” due to spatial-temporal in-
teractions between the constituents of these composite materials. As an illustration
of this effect, the effective (overall) behavior of an aggregate of Maxwellian con-
stituents is no more Maxwellian (Suquet, 1987). In addition, such materials exhibit
non-linear behaviors, which make more difficult the prediction accuracy of mean field
homogenization models in comparison with full-field computations. Generally, mean
field homogenization models first require a linearization step, which needs to be op-
timized, and, which is crucial to derive accurate estimates of the effective behavior

and phase responses.

Two main homogenization strategies were reported in the literature for elasto-
viscoplastic composites and polycrystals. The first is based on Riemann-Stieltjes

integral-based “hereditary ” homogenization approaches for non ageing linear vis-
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coelastic materials using Laplace-Carson (LC) transforms and the correspondence
principle (Mandel, 1966). Different homogenization schemes were developed using
this principle (Hashin, 1969; Laws and McLaughlin, 1978; Wang and Weng, 1992;
Weng, 1993; Turner and Tomé, 1993; Rougier et al., 1993, 1994; Li and Weng, 1994,
1997; Brinson and Lin, 1998; DeBotton and Tevet-Deree, 2004; Pierard and Doghri,
2006; Masson and Zaoui, 1999). However, L.C inversion is needed at each resolution
step in these homogenization methods, which severely limits their practical applica-

tions.

The second more efficient way is based on time-incremental “internal variables ap-
proaches”, whereby the stress history in phases is recorded through internal vari-
ables. The advantage is to directly provide the effective behavior of the composite
in the time domain avoiding LC inversions. Besides, complex loading paths in time
domains and ageing behaviors can be treated. Different formulations were devel-
oped these last decades in this direction. In particular, the “additive interaction”
(AI) law for the Maxwellian Eshelby inclusion problem was derived by Kouddane
et al. (1993); Molinari et al. (1997); Molinari (2002); Mercier et al. (2005), and, more
recently applied to the Mori-Tanaka (MT) and self-consistent (SC) estimates, using
a “tangent ” linearization formulation in Mercier and Molinari (2009); Mercier et al.
(2012). The numerical results of the Al for non-linear particulate elasto-viscoplastic
composites were compared to full-field finite element (FEM) calculations in Czarnota
et al. (2015). In the context of polycrystal plasticity, different extensions of the Al law
were developed by Wang et al. (2010), and, more recently by Zecevic and Lebensohn
(2020). The “translated fields” (TF) method was developed for linear viscoelastic
and elasto-viscoplastic composites in Paquin et al. (1999) and in Sabar et al. (2002)
using a classic “secant ” formulation. The TF method was adapted to treat linear
viscoelastic composites with the MT scheme in Mercier et al. (2012), where it was

successively compared to the Al law and full-field Fast Fourier Transform (FFT) cal-

3



culations. The TF method was extended to non linear elasto-viscoplastic composites
and polycrystals with a first order “affine” formulation to improve the effective be-
havior estimates of composites (Berbenni and Capolungo, 2015) and polycrystals
(Mareau and Berbenni, 2015; Lhadi et al., 2018). Another original approach was
proposed by Kowalczyk-Gajewska and Petryk (2011), in which the linearized sub-
problems for an inhomogeneity /matrix system with elastic or viscoplastic interaction
rules were solved sequentially within one incremental step. This approach was devel-
oped for both MT and SC homogenization schemes. Doghri et al. (2010) developed an
incremental-homogenization model based on a first order “affine” linearization and
a fully implicit backward Euler scheme with an algorithmic tangent operator. Their
numerically efficient method was applied to inclusion-reinforced elasto-viscoplastic
composites for non-monotonic and non-proportional loadings and were compared
to FEM calculations. In Wu et al. (2017), an incremental-secant homogenization
model using an isotropic “modified secant” formulation was derived making use
of the second moment of stresses. An “internal variables” approach inspired from
the collocation method as used in LC methods was developed by Ricaud and Mas-
son (2009) for two-phase composites, which gives exact and approximate results for
the MT and the SC estimates, respectively. The extension of the this method to
the case of linear anisotropic polycrystals with a SC procedure was reported in Vu
et al. (2005) and in Masson et al. (2012). More recently, this approach was also
extended to non-linear elasto-viscoplastic particulate composites with ageing effects
in Masson et al. (2020), using a “modified secant” formulation as linearization for
the viscoplastic strain rate in the matrix phase. A recent “internal variables” ap-
proach was introduced in Berbenni et al. (2015) and Berbenni and Sabar (2017). It
is based on an exact incremental Eshelby-based homogenization scheme for linear
viscoelastic heterogeneous materials. In Berbenni et al. (2015), the exactness of the

obtained stress interaction law was demonstrated for an arbitrary anisotropic and



ellipsoidal inhomogeneity embedded in an infinite matrix with isotropic properties,

in comparison with the corresponding exact result given by the LC formulation.

Based on an implicit Euler time discretization scheme, different variational ap-
proaches were first developed in linear viscoelasticity (Lahellec and Suquet, 2007a;
Badulescu et al., 2015) and for elasto(visco)plastic materials by Lahellec and Suquet
(2007b) and Brassard et al. (2012). Using this time discretization, the variational
approach for elasto-viscoplastic composites is based on the estimates of mechanical
fields at each time step, working with an optimal linear thermo-elastic comparison
composite. The variational approach to solve this problem was further improved
by Lahellec and Suquet (2013), using a condensed dissipation potential in a “Rate
Variational Principle (RVP)”, and by Agoras et al. (2016) using a condensed stress
potential in an “Incremental Variational Procedure (IVP)”. More recently, Cotelo
et al. (2020) provided an approximate “differential ” form of the IVP, which gave ex-
act results, such as the MT estimates for isotropic incompressible linear viscoelastic
composites as well as accurate estimates for non-linear elasto-viscoplastic particu-
late composites. The IVP was also successfully applied to estimate the macroscopic

responses and field statistics of elasto-viscoplastic polycrystals in Das and Ponte

Castaneda (2021).

Inspired by several recent studies on homogenization-based methods considering sec-
ond moments of stresses in two-phase Maxwellian composites (Lahellec and Suquet,
2013; Badulescu et al., 2015; Masson et al., 2020), the objective of this work is to
extend the recently developed internal variables approach of Berbenni et al. (2015)
and Berbenni and Sabar (2017) to non-linear elasto-viscoplastic behaviors using a
“modified secant” formulation in the framework of a homogenization MT scheme.
The present homogenization model is called the “MT-SEC-MODIEF” formulation.

For single potential materials (in linear elasticity, viscoplasticity ...) and making use



of a “Linear Comparison Composite ” (LCC) (Ponte Castaneda, 1991), it was proved
that the “modified secant” formulation significantly improves the estimates of the ef-
fective behavior of composites with large mechanical contrasts between phases, such
as voided materials or particulate composites with rigid inclusions (Ponte Castaneda
and Suquet, 1998; Qiu and Weng, 1991; Suquet, 1995; Hu, 1996). In contrast, the
classical “secant” (SEC) formulation, which only considers the first order stress mo-
ments (i.e. the phase average stresses), tends to overestimate the effective behavior

of such composites.

The paper is organized as follows. In section 2, one first recalls the main direct
time-incremental equations for non linear elasto-viscoplastic composites. The inte-
gral equation is exactly solved by considering an isotropic homogeneous reference
medium with isotropic elastic and viscoplastic properties (Berbenni et al., 2015).
Starting from the exact solution of the heterogeneous linear viscoelastic Eshelby el-
lipsoidal inclusion problem obtained in the time domain for an ellipsoidal inclusion
embedded in an isotropic elasto-viscoplastic matrix, a direct time-incremental ho-
mogenization Mori-Tanaka (MT) scheme for two-phase non linear elasto-viscoplastic
materials is proposed in section 3. In section 4, the extension to non-linear behavior
is presented, based on a “modified secant” formulation for the viscoplastic behavior
of the matrix phase. In contrast with more classic homogenization method based
on the first moment of stresses, the present approach is based on the second-order
moment of stresses making use of the Hill’s lemma (Hill, 1967). The applications of
the present homogenization method based on the “MT-SEC-MODIEF” formulation
are reported for elasto-viscoplastic particulate composites reinforced by elastic par-
ticles in section 5. Some numerical comparisons with full-field calculations reported
in Lahellec and Suquet (2013), Czarnota et al. (2015) and Masson et al. (2020) are

discussed for different materials and loadings.



In the whole paper, the Einstein’s summation convention is used for repeated indices

and the notations for a given quantity X are the following:

e vector: X

e 2nd order tensor:

e

e 4th order tensor: )z(
Their indicial notations are:
e vector: X;
e 2nd order tensor: Xj;
e 4th order tensor: X ;i
The main symbols used are the following:
e The 2nd order unit tensor is 0 where 6;; =1 if i = j and d;; = 0 if ¢ # .
e The 4th order unit tensor is £ where ;i = % (0ir0j1 + 0it0p;)-
e The 4th order projection tensor g is given by Jiju = %5¢j5k1-
e The 4th order projection tensor is ‘5 is given by Kiju = Lijui—Jiju = % (0ir0j1 + 0itlrj)—
%@jdkl.
e “” deals with the simple product.
e 7 deals with the contracted product.
e “®” deals with the tensor product.
e The spatial convolution is denoted .

e The Eulerian temporal derivative of A4 is denoted A.

2 Time-incremental equations for non linear elasto-viscoplastic compos-

ites

A heterogeneous elasto-viscoplastic medium with volume V' and boundary 0V is

considered with constituents characterized by linear elastic compliances s and non



linear viscoplastic strain rates £ = g(g), which are time and stress-dependent. The
problem is treated within the framework of quasi-static equilibrium with infinitesimal
strains and no volume forces. The non linear constitutive behavior for a phase is given
by:

£=g:0+9(0) ()
where ¢is the total (compatible) strain rate, o is the equilibrated Cauchy stress. The
viscoplastic strain rate £ = g(o) is a non linear function dependent on the stress
tensor ¢. The solution consists in determining the strain and stress rates satistying
all the field equations. In the following, in order to be able to apply analytical
homogenization methods, this non linear behavior is approximated by a “Linear
Comparison Composite ” (LCC)(Ponte Castaneda, 1991). Therefore, the first step
is to solve a linear viscoelastic Maxwellian problem with a linearized viscoplastic

strain rate:

E=5:0+

23

el (2)
where m is the linearized viscoplastic compliance. In this paper, a “modified secant”

formulation will be considered, see section 4.

Due to the material’s property heterogeneities, spatial fluctuations Js and dm are

defined with respect to an infinite medium with homogeneous properties s and m°:

s=5"+ds;m=m’+om (3)

where :go, m? are linear elastic compliances and linearized viscoplastic compliances

of the homogeneous reference medium. Using the Green’s function technique and
previous linearized constitutive equations for an applied homogeneous strain rate &°

at the boundary 9V

§:§0+ “ % CO*O:mozg (4)

Q-

14e)

0:]3—1—

a!

[4e)

. . (U . .
where % denotes spatial convolution, I'“ is the modified Green’s tensor associated



with ¢? defined as (Kroner, 1990):

0

ikl = (sz g G]kzl) (5)

with G the elastic Green’s tensor (Mura, 1987). In Eq. 4, R contains the fluctuations

of both elastic and linearized viscoplastic compliances and is given by:

r=

zz°“

s:0+0m:o (6)

~
~

For the rest of the paper, one assumes the case of a homogeneous reference medium
with isotropic elastic and anelastic (viscous) properties, where &, k. are the elastic
and anelastic (viscous) bulk moduli of the reference medium, and, u°, u,° are its

elastic and anelastic (viscous) shear moduli, such that:

¢’ =3k"] +2u°K (7)
and:
1 1
0
=—J+ —K 8
Tg 3]’%0%—*—2/%0% ( )
Then, using the identities J : 0 = 0,0 and K : 0 = 0 —0,,0 with oy, the hydrostatic
1
pressure (o, = ggkzk)i
L0 10 10
gO:rrgO:g—:<kvO—[Lvo Umé+uv0g (9)

In this case, the elastic Green’s tensor used in Eq. 5 reads (Walpole, 1966; Mura,
1987):

1 51‘3‘ 1 3k0 + ,UO
Arpd |z — 2| 8wpd 3k + 40

Gy (x—2) = |z — 2| ;; (10)

where z and 2’ are position vectors.

The stress field o is statically admissible, therefore: 1:CO x 0 =0, and, using Eq. 9:

(L omeg) = ( ) / [z —2)om @) v’ (1)
ij



From Eq. 5, Eq. 10, and the identity: |z — g’|7kk =2z — g’|_1 :

1 3 1
e, (z—2')=—— 12
z]kk(i g) 47T3k0+4#0 <|$_xl|>ij ( )
Therefore, Eq. 4 writes:

E=+ L xR+ B (13)

oy () = —417r V/ (M)J om (2') AV’ (14)

where o5 () — 0 when |z| — oo. Furthermore, from Eq. 11 and Eq. 12 together

with Eq. 14, the constant 3 is given by:

3 %0 MO
= S ap (ko - u°> 15)

Through Eq. 14, it is seen that ¢* is a volume term, which is incrementally solved

from its time derivative:

dﬂ@=—;!<miw%ﬁmwww’ (10

Using Eqgs. 2, 3, 6 together with Eq. 13 yields:

. . 0
U:cozao—i-(cO:FC*co—co>:R—|—ﬂcO:0*—cozm0:a (17)

~

The rate of o, (z) in Eq. 16 is obtained by taking the spherical part of Eq. 17 using
Eq. 12:

0
ac

o 1 ’ / 0
- V/ <|x> . Rij(2) dV' =60 Ry (2) = —50m (z)  (18)

where:
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0 3]{ZOMO

@ _ 19
3k0 4 4p0 (19)
k'UO UO
"= 30 s (20)
3k, + 4,0

Inserting Eq. 18 in Eq. 16 and after algebraic manipulations, the field o* is obtained
with the following time-differential equation already reported in Berbenni et al.

(2015) and in Berbenni and Sabar (2017):

o

. 30 1 a »
5@ == [l 2l v (L) Rt - @
V 1.

T 27
1

(21)

)

using ‘{ <‘x_1z,‘) . dV' = 0 and the following identity proved in Appendix A:

1 1
ol "o ot dV" = —2r |§ - ill,z‘jkl (22)
Jo\lz—2") 2" =2 )

Eq. 21 together with Eq. 13 (or Eq. 17) represent the two exact integral equations
of the present time-incremental internal variables approach to be solved simulta-
neously in a given time step, using the properties of Green’s tensor for isotropic
properties of the homogeneous reference medium (i.e. the matrix phase in section
3). In the following, the Eshelby inclusion problem is first solved in the context of ar-
bitrary anisotropic ellipsoidal Maxwellian inclusion embedded in an infinite isotropic
Maxwellian matrix. Then, a homogenization Mori-Tanaka scheme for two-phase lin-

ear viscoelastic composites is developed.
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3 Homogenization Mori-Tanaka scheme for two-phase linear viscoelastic

composites
3.1 Linear viscoelastic Eshelby problem

First, the strain concentration equations for the linear viscoelastic Eshelby problem
are derived. The volume V is constituted of an ellipsoidal inhomoheneity I with
volume V; embedded in an infinite matrix M (here considered as the homogeneous
reference medium 0 introduced in section 2) subjected to éM at remote boundaries.
By denoting él the spatial average of £ over the ellipsoidal inclusion V7, EI is obtained

from Eq. 13:

éI — §M+.EC]W : gM . ./Rij +5(Z*I (23)

~

where constant 3 is given by:

3 k’M ,U,M
_ _ 24

and, of, resp. o0*!, is the spatial average of o, resp. o* over V;, and:
Rl =6s" 6" +om' 0! (25)
and, for any x € V7, the fourth order tensor IBCM is defined as:

P = [ @ ayav’ (26)
Vi

ECM is a uniform tensor due to the Eshelby’s property for ellipsoidal inhomogeneities

~

(Eshelby, 1957, 1961) associated with ¢. The elastic Eshelby tensor is defined as

1395

M = ECM : ¢™ (see Appendix B). Using Eq. 17, Eq. 23, and the constitutive law

~

for the matrix phase yields:

. . M
UI—GM—(CM—£M2§C ):Rl—i-ﬁgM:a*I—gM:mM: <01—0M> (27)

~
~
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where o™ is the remote stress in the infinite matrix.

Using Eq. 21, g*l is the solution of the following time differential equation:

M M M

af 3a° o
cxl T T T I I
Oi5 = T w,zjsz Kkl T o ¢,inm T o Oj (28)

In Eq. 28, ¢! and ¢! are harmonic and bi-harmonic potentials (Eshelby, 1957, 1961)
related to the ellipsoidal inhomogeneity (see Appendix B). Introducing Eq. 23 in Eq.

28 yields (Berbenni et al., 2015):

EI _ gM +]~3W : QM : }ZI +7Q*I (29>
where constant 7 is given by:
] LU 30
3k 4 Ap,M \ KM pM

M . . .
and, where ]fb is a uniform tensor associated with QM :

P = / " (z — 2/) dV’ (31)
Vi
b]\/f

: bM (see Appendix B). Using

~
~

The anelastic Eshelby tensor is defined as QbM =P

Eqgs. 2 together with Eq. 29 yields:

QIZQM_(CM_ M:ng>:P£1+,y£M:(Z*1_ M:mM:<g1_gM> (32)

~
~

RO
QO

In the case of spherical inhomogeneities for applications to particulate composites

in section 5, the expressions of P and ¢*! are given in Appendix B.

3.2 Homogenization Mori-Tanaka (MT) scheme for two-phase composites

In the case of two-phase composite materials, the Representative Volume Element

(RVE) is constituted of inclusions (phase I) with volume fraction f embedded in

13



a matrix phase M with volume fraction (1 — f). The Mori-Tanaka (MT) homoge-
nization scheme (Mori and Tanaka, 1973; Weng, 1984; Benveniste, 1987) is based on
choosing the infinite homogeneous reference medium as the matrix phase M. This
scheme is well adapted to estimate the effective properties of two-phase composites
with an isotropic distribution of phases, provided the volume fraction f of inclu-
sions is not too large. The RVE is subjected at its boundary 9V to the homogeneous

macroscopic strain rate here denoted E satisfying:
E=f&l+(1- )M (33)

The strain rate in the phase I is obtained from Eq. 23 together with Egs. 1 and Eq.
25:

. . M
6I:II:5M+II:INDC :<g1:717,1—£M:77~1M> :UI+BII:U*I (34)

where the elastic tensor T' ' (Benveniste, 1987) is given by:

1 M N!
T = (1+ P s o) (35)

~
~

with (SNCI = gl — M,

NO

Using Eq. 34 together with Eq. 33 gives the strain rate in the matrix phase M:

. : M
‘C’:M:éM:E_féM:I[:EC :(EI:U}I_EM:TILM>:O-I_fﬁéM:II:U*I

(36)

where /NlM is the elastic strain concentration tensor of the phase M used to derive

MT estimate in pure elasticity (Benveniste, 1987):

-1

AM = (1= )L+ fT" (37)

~
~ ~

The (average) stress rates in each phase ¢’ and ¢ are obtained from Egs. 34,

36, and from the Hooke’s law. Lastly, the overall stress rate  of the composite is

14



incrementally solved from the stress rate averaging rule:

5= fo 4+ (1- o (38)
Therefore, the effective behavior of the two-phase linear viscoelastic composite can
be obtained from Eq. 38 together with Eq. 33. Considering the Laplace-Carson
transform method for non ageing linear viscoelastic materials, the agreement of the
present MT formulation (i.e. Hashin-Shtrikman estimates) with the MT estimate
obtained from the correspondence principle (Wang and Weng, 1992) is proved in

Appendix C for both strain and stress-based formulations.

3.8 Discussion: comparison with other recent approaches

Compared to the recent internal variable formulation proposed by Ricaud and Mas-
son (2009) (case where the elastic properties of both phases are identical) and Masson
et al. (2020), the present formulation also makes use of a fictitious linear (viscoelas-
tic) comparison composite (LCC) and same modified secant formulation will be used,
see section 4. However, a major difference with their formulation is that, here there
is no need to use the correspondence principle (Mandel, 1966) as in the equations
(6-11) in Masson et al. (2020)) to find the time-incremental effective behavior of two-
phase linear viscoelastic composites. All the equations in this section were directly
solved in the real time domain using the Eshelby tensors reported in Appendix B
(isotropic matrix, general ellipsoidal inhomogeneity). It was only checked afterwards
(see Appendix C) that the present equations agree with the MT estimates obtained
from the correspondence principle for two-phase non-ageing viscoelastic composites.
In contrast, Masson et al. (2020) started from Laplace-Carson (LC) transform of the
stress concentration equation related to the MT estimate (see their equation (13))

to derive the time evolutions of averaged phase stresses (see their equation (15)).
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Finally, Masson et al. (2020) applied their method to an isotropic effective behavior
with both isotropic phases (see their section 3), where LC inversions are straightfor-
ward to perform. In the present formulation, first, no inversion of LC transforms are
needed to find the time evolutions of the overall and average phase responses, and,
second, only the matrix phase M is supposed to have isotropic properties, see Eqs. 7
and 8. Furthermore, the ellipsoidal non-spherical shape of the inhomogeneities can
be considered by the present method, so that more general two-phase composites
than particulate composites can be handled with the same set of equations as re-
ported in this section. The method proposed by Masson et al. (2020) was explicitly
formulated and used for the case of spherical inhomogeneities and isotropic effective
behavior (see their equation (45) and their Appendix A). In comparison with the
recent proposal of Cotelo et al. (2020), the present MT estimate is not based on
a differential algebraic system of equations (DAS) using as primary variables the
variances of the field fluctuations, but it makes use of a fictitious linear comparison
viscoelastic composite for which the effective behavior is directly obtained in the time
domain through Egs. 33 to Eq. 38. In Cotelo et al. (2020), the time discretization
scheme to approximate the stress rate is based on an implicit Euler scheme, so that
an incremental stress potential is exploited using the incremental viscous compliance
and strain-rate polarization tensors of each phase of the composite. Their differential
equations can be applied to more general anisotropic behaviors than only isotropic
ones. However, the applications in Cotelo et al. (2020) are shown for isotropic phases
and isotropic microstructures using MT estimates which are easier to derive. In the
present method, the case of two-phase elasto-viscoplastic (non linear viscoelastic)
isotropic composites with elastic particles is considered with the present linear vis-
coelastic MT estimates, making use of a modified secant formulation, where the
“effective stress” in the matrix phase M is based on the second order moment of the

deviatoric stress field. This methodology is explained in the next section.
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4 A modified secant formulation for two-phase non linear visco-elastic

isotropic composites with elastic particles

To study the effect of non linear (possibly ageing) behavior on the overall composite
responses, the MT scheme derived in section 3 is extended to non linear viscoelastic-
ity, i.e. elasto-viscoplastic composites, using the linearized relationship described in
Eq. 2. Here, one assumes that the matrix phase M is isotropic elasto-viscoplastic and
the particles I are isotropic elastic. Therefore, @I = 0. The matrix phase M exhibits
a non linear incompressible viscoplastic behavior given by the following dissipation

potential ®P:

a@,vpl\/l
gt = T (39)

~ - do'™

where ¢’ is the deviatoric stress tensor, and ®*? is given for M by a the power law:

. M n+1
(I)UpM (O'/M> _ €00o [ < Ogy — Oy > (40)
n+1 0o

where n is an exponent such that m = 1/n is the strain-rate sensitivity of the matrix

M

cq 18 the equivalent Von Mises stress (or effective stress), €y is a reference

phase, o
strain rate, oo, oy (threshold stress) are material’s parameters. < z > denotes the
positive part of z, i.e. < x >= maz(x,0). For m # 1, the behavior is non linear,

which is the case for metallic alloys for example. The elastic compliance tensor s is

isotropic for both phases I and M, which are elastically compressible:

1 1
LM _
g T 3]{;1,M£+ QMI,MQ( (41)
where kI'M ad M are the elastic bulk and shear moduli for phases I and M,

respectively. For the matrix phase M, Eq. 39 also writes:

1
eM = MM oM (42)



where 1, is the non-linear shear viscoplastic modulus:

M n
M = Zea <(n)> (43)

36 \< oM —oy >

The “classical secant” (denoted “SEC”) linearization procedure only considers the
first order stress moments (i.e. the phase average stresses) and tends to overestimate
the effective behavior. In the case of the SEC linearization, the linearized viscoplastic

compliance in the matrix phase M becomes:

1
M
= K 4
2,U/'UMR'J ( )

Q3

M M

where m™ is the classic secant compliance tensor. For this classic formulation, m
depends on the first order moment of deviatoric stress field with an effective stress

given by o, defined as:

M M 3 M M 12

Opy =0cq = (20’ i o’ ) (45)
In contrast, the so-called “modified secant” formulation (denoted “SEC MODIF”)
includes second order stress moments and leads to better estimates for voided mate-
rials and particulate composites with rigid inclusions (Qiu and Weng, 1991; Suquet,
1995; Hu, 1996; Ponte Castanieda and Suquet, 1998). The “SEC MODIF” lineariza-
tion procedure was developed to better account for intra-phase heterogeneities in
non linear composites and makes use of an isotropic LCC. For the computation of
second moments of stress tensor for isotropic linear viscoelastic composites using MT
estimate, only the trace (ijij) of the second-order moment of stress field is needed
(Masson et al., 2020). As the MT estimate is used in the present formulation, the
stress field in the inclusion phase I only needs first moments of stress field. Therefore,
the present “SEC MODIF” formulation is based on the estimate of the “effective

stress” in the matrix phase oé‘g defined as the square-root of the (ijij) trace of the
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deviatoric part of the second stress moment:

" o\ 1/2
oM =5, = (SM) (46)
where SM = o7 o/ .
In order to evaluate the time evolution of a:eqM, a direct method is used as the one
shown in Masson et al. (2020) (for compressible two-phase composites), Li and Weng
(1997) (for compressible two-phase composites but specified to creep loadings ) and
Badulescu et al. (2015) (for incompressible two-phase composites). The method is

based on the application of the Hill’'s lemma (Hill, 1967):

(47)

29
Lo
I
29|
20|

Neglecting the second order moment of the hydrostatic stress field in the matrix
phase M like in Li and Weng (1997) and Masson et al. (2020), straightforward

algebraic manipulations lead to the following time evolution equation for SM.

= 2 = X
SM oy — M = g M ——— 48
+ " (48)
where ™M = “”MM is the relaxation time of the matrix phase, and X is given by:
.= f I 4 f(r) 7(1”)7(7,)
X_Q'E_QTLI(Z Lo —Z;k(r)am Tm (49)

with (r) = I, M, f1 = f, fM = 1— f. At t=0, it is assumed that S = 0. Then, the
time evolution of S can be calculated using Eq. 48 together with Eq. 49 to derive
the “SEC MODIF” compliance tensor of the matrix phase m(g, ) (Eq. 44) from

the “effective secant viscosity” ,(Fog ) (Eq. 43) using Eq. 46.

In the following section, the present time-incremental M'T homogenization scheme for
elasto-viscoplastic particulate composites based on the equations derived in sections

3 and 4 will be called “MT-SEC-MODIF” formulation. In the next section, numerical
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results are reported and discussed. All numerical calculations for the present “MT-
SEC-MODIF” formulation presented in this work have been performed with a C++

code in the Simula+ environment (www.lem3.fr/collard/pub/simula+/doc/html).

5 Results for two-phase particulate composite materials with a non lin-

ear viscoelastic matrix phase reinforced by spherical elastic particles

5.1 Uniaxial tensile loading and strain rate sensitivity effects

In this first application, the two-phase composite contains a linear elastic inclusion
phase I and an elasto-viscoplastic matrix phase M with a power-law dissipative
potential in the form of Eq. 40 with zero threshold stress (oy = 0). The materials
parameters for both phases are given in Table 1. The volume fraction of the inclusion
phase is set to f = 0.25. One considers a uniaxial tensile loading in the direction

parallel to e; where the applied stress tensor is given by:
E(t) = Zss(t)es ® e3 (50)

The applied strain rate is fixed to Es3 = 102571, In this simulation, at each time
step, the non zero overall stress rate component Y33 is computed as well as the

overall strain rate tensor F, using the effective behavior relationships (Egs. 33 and

38).

This case was first investigated by Lahellec and Suquet (2007b) using a “modi-
fied secant” formulation in an “Effective Internal Variable” (EIV) approach, where
FEM calculations were performed to assess the homogenization model. The FEM
calculations were based on a periodic unit cell approximated by a cylindrical unit
cell containing an inclusion. Later, Czarnota et al. (2015) reproduced the same re-

sults, but also considers larger RVEs with 30 inclusions (instead of one inclusion).
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Therefore, FEM calculations with 30 inclusions are considered as reference full-field
calculations for this application. In addition, in the linear case n = 1, the LC an-

alytical solution for the MT homogenization was also reported by Czarnota et al.

(2015).

First of all, the numerical results for the effective behavior and the phase responses
given by the present “MT-SEC-MODIF” formulation are reported in Figure 1 for
a linear viscoelastic matrix ((a) n = 1) and for a non linear elasto-viscoplastic
matrix ((b) n = 10). Compared to n = 1 (larger strain rate sensitivity), the tran-
sition between elastic and viscoplastic regimes is very sharp in the case of n = 10
(lower strain rate sensitivity) for both macroscopic and matrix behaviors. In Figure
2, some comparisons are made with the Mori-Tanaka (MT) estimate using exact
inverse Laplace-Carson (LC) formula for n = 1 and FEM calculations with 30 inclu-
sions in the RVE from Czarnota et al. (2015) for n = 1,10, 100. A very good match
is obtained in the elastic regime. For the linear case n = 1, the present M'T model
underestimates the overall response with respect to full-field FEM calculations at
large times, i.e. in the viscoplastic regime, which was already observed by Lahellec
and Suquet (2007b). But, it exactly matches the theoretical result given by inverse
LC transform for the MT homogenization scheme for all times. The fact that the
present formulation exactly matches the inverse LC response was already theoret-
ically proved in Berbenni et al. (2015) and in Appendix C. The estimates of the
effective behavior given by the “MT-SEC-MODIF” formulation for non linear cases

(n =10 and n = 100) are very close to the FEM calculation results.
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Phase E (GPa) v &y (s7!) o9 (MPa) oy (MPa) n

Matrix (elasto-viscoplastic) 70 0.3 1072 480 0 1,10, 100
Inclusion (elastic) 400 0.2 / / / /
Table 1

Materials parameters for two-phase particulate composites with a non linear elasto-
viscoplastic matrix phase reinforced by spherical elastic particles (f = 0.25). For these
simulations, different strain rate sensitivities are considered: m = 1,0.1,0.01. For isotropic

elastic parameters, F is the elastic Young’s modulus and v is the elastic Poisson ratio.

(a) n=1 (b) n=10
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Figure 1. Numerical results given by the “MT-SEC-MODIF” formulation: overall (effective
behavior, black solid line), inclusion phase (red solid line), matrix phase (blue solid line)
monotonic stress-strain responses of a two-phase composite with spherical elastic inclusions
of volume fraction f = 0.25 and with a linear viscoelastic matrix (a) n = 1, and a non-linear

elasto-viscoplastic matrix (b) n = 10, see Table 1 for materials parameters.

5.2 Strain rate effects, non-monotonic and non-radial loadings

In the following applications, the two-phase composite is constituted of a linear

elastic inclusion phase I and an elasto-wd2coplastic matrix phase M with a power-
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Figure 2. Numerical results given by the “MT-SEC-MODIF” formulation: predicted over-
all stress (X33)/ strain (Es3) responses of a two-phase composite with spherical elastic
inclusions of volume fraction f = 0.25 and an elasto-viscoplastic matrix with three power
exponents: n = 1,10, 100 (i.e. three strain sensitivities), see Table 1 for materials param-
eters of both phases. Comparisons are made with the Mori-Tanaka (MT) estimate using
the exact inverse Laplace-Carson (LC) formula for n = 1 and with FEM calculations with
30 inclusions in the RVE from Czarnota et al. (2015) for n = 1, 10, 100.

law dissipative potential in the form of Eq. 40 with threshold stress oy = 100M Pa.

The materials parameters for both phases are given in Table 2. The volume fraction

of the inclusion phase is set to f = 0.17.

A monotonic loading with applied strain tensor at different strain rate magnitudes

is considered:
E(t) = Es3(t) (—0.5e, @ e — 0.5e, ® €5 + €3 @ €3) (51)

where the applied strain rates Ess are 0.012s7%, 0.12s7%, 1.2571, 12571, 1205~ ! and
1200571, respectively. In Figure 3, a very good agreement with the full-field FFT

calculations performed by Lahellec and Suquet (2013) is shown. Thus, the overall
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Phase k (GPa) wu(GPa) €y (s7') o9 (MPa) oy (MPa) n

Matrix (elasto-viscoplastic) 10 3 1 100 100 10/3
Inclusion (elastic) 20 6 / / / /
Table 2

Materials parameters for a two-phase particulate composite with a non linear elasto-
viscoplastic matrix phase reinforced by spherical elastic particles (f = 0.17). The strain
rate sensitivity of the matrix is m = 0.3. For isotropic elastic parameters, k is the elastic

bulk modulus and p is the elastic shear modulus.
strain rate effect on the monotonic response of the particulate composite is well

predicted by the present “MT-SEC-MODIF” formulation.
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Figure 3. Numerical results given by the “MT-SEC-MODIF” formulation: monotonic
overall stress (X33)/ strain (Fs33) responses obtained at different applied strain rates
FEs3 = 0.012571,0.1257,1.2571,12571,120571,1200s ! (red solid lines) . Comparisons
with the full-field FFT calculations reported in Lahellec and Suquet (2013) (star sym-

bols).

Now, the same strain-controlled radial loading as Eq. 51 is used, but for non-
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monotonic (cyclic) loading. The applied radial strain rate history with two changes

in the sign of Es3 is the following:

Es3(t) = 12-107357 for 0s < t < 10s,
Ess(t) = —12- 107357 for 10s < ¢ < 30s, (52)

Egg(t) =12-1073s7! for 30s < t < 40s.

Figure 4 represents the overall cyclic behavior obtained with the “MT-SEC-MODIEF”
formulation (red solid lines). These responses are compared to the full-field results
of Lahellec and Suquet (2013) (star symbols) and the Maxwell approximation (blue
solid line), which consists in the homogenization of elastic and plastic parts sepa-
rately to end with an effective constitutive law of Maxwell type for the composite.
It is seen that the agreement of the present model is rather good for the over-
all behavior. In contrast, it is noted that the Maxwell approximation predicts an
overall stress higher than the viscoplastic limit, right after the elasto-viscoplastic
transition, which confirms that the effective (overall) behavior of a composite of
Maxwellian constituents is no more Maxwellian. Figure 5 represents the averaged
phase responses obtained with the “MT-SEC-MODIF” formulation (red solid lines)
compared with the full-field results of Lahellec and Suquet (2013) (star symbols).
A very good agreement with the full-field reference results is obtained during the
whole cycle for the average stress in the matrix phase M. For the inclusion phase I,
the stress is a little bit overestimated by the present mean field model. In order to
explain the possible origin of these differences, Figure 6 reports the time-evolution

of the stress fluctuations over the matrix phase M with the “MT-SEC-MODIF”

~

formulation (red solid lines), which is computed as \/ SM g™ é’M following La-
hellec and Suquet (2013) and Masson et al. (2020). It is then seen that the the level
of stress fluctuations in M is relatively high for this composite, and, the predictions

of the present model are not so far from the full-field results of Lahellec and Suquet
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(2013) (star symbols). The deviation from the FFT reference results stems from the
fact that the matrix stress fluctuations are certainly not correctly estimated due
to the absence of matrix hydrostatic stress fluctuations in the model, see Eqs. 48
and 49. Furthermore, it is noted that during a short period of time between loading
sequences, the matrix stress field fluctuations vanish, which is not observed with the
full field results. For comparison, the same example with incompressible phases is
considered by setting infinite bulk moduli in both phases (purely deviatoric behav-
ior for both phases), so that the matrix hydrostatic stress fluctuations automatically
vanish. In this incompressible case shown in Figure 6 (blue dashed lines), the matrix
stress field fluctuations do not vanish anymore in these short finite time intervals.
However, it is highlighted that, apart from these short time intervals, the present
“MT-SEC-MODIF” formulation gives better predictions than the incompressible

case in the elastic-viscoplastic transition.

A last application concerns the application of the present model to a non-radial
loading for the same materials parameters (see Table 2). Such non-radial loading
paths were extensively studied essentially for elasto-plastic composites in Lahellec
and Suquet (2013) and for elasto-viscoplastic composites in Masson et al. (2020).
For this problem, full-field FFT results reported in Masson et al. (2020) serve as

reference results to assess the present “MT-SEC-MODIF” formulation.

The strain-controlled non-radial loading history is given by:

E(t) = E33(t) (—0.5¢; ® €1 — 0.5e, @ €5 + €3 ® €3) (53)

"‘ElS(t) (@1 Kest+e3®e +ey®eg+ e ®§2)
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Figure 4. Numerical results given by the “MT-SEC-MODIF” formulation: overall stress-s-
train responses (red solid lines) obtained during a non-monotonic (cyclic) loading for a
two-phase composite with spherical elastic inclusions of volume fraction f = 0.17 and
with a non-linear elasto-viscoplastic matrix (n = 10/3). Comparisons with the full-field
FFT calculations reported in Lahellec and Suquet (2013) (star symbols) and the Maxwell
approximation (blue solid lines).

where the time evolutions of prescribed strain rates Egg and Elg are:

Eas(t) =12- 1073571, Ey5(t) = 057! for 0s < t < 10s,
Es(t) = 0571, Eyg(t) = 7.5 - 1073571 for 10s < t < 20s, »
Eas(t) = —12- 1073571 Ey5(t) = 05! for 20s < t < 30s, o
Es3(t) = 0s7%, Eyg(t) = —=7.5- 107357 for 30s < t < 40s.

Because of the material’s isotropy, this strain loading path involves a rotation of

the principal strain axis and therefore a rotation of the principal stress axis in the

plastic regime, as explained in Lahellec and Suquet (2013).

Figure 7 reports the predictions of the present “MT-SEC-MODIF” formulation re-

garding the overall shear stress ¥13 as a function of the overall axial stress Y33 during
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Figure 5. Numerical results given by the “MT-SEC-MODIF” formulation: averaged in-
clusion phase and matrix phase stress-strain responses (red solid lines) obtained during a
non-monotonic (cyclic) loading for a two-phase composite with spherical elastic inclusions
of volume fraction f = 0.17 and with a non-linear elasto-viscoplastic matrix (n = 10/3).
Comparisons with the full-field FFT calculations reported in Lahellec and Suquet (2013)

(star symbols).
non-radial loadings given by Eqgs. 53 and 54. In comparison with the full-field cal-

culations (Masson et al., 2020), the model gives relatively good results, which are

similar to the “modified secant” formulation developed by (Masson et al., 2020).
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Figure 6. Numerical results given by the “MT-SEC-MODIF” formulation: time-evolution
of the stress fluctuations over the matrix phase (red solid lines). Comparisons with the
full-field FFT calculations reported in Lahellec and Suquet (2013) (star symbols) and the

purely incompressible case (blue dashed lines).

6 Conclusions and future studies

A time-incremental internal variables homogenization scheme for non-linear vis-
coelastic (elasto-viscoplastic) isotropic two-phase particulate composite materials
has been proposed. The formulation is based on a solution for the linear viscoelastic
(Maxwellian) Eshelby problem assuming isotropic elastic and viscoplastic properties
for the matrix phase. The homogenization Mori-Tanaka (MT) scheme is used for
two-phase linear viscoelastic composites. The agreement of the present formulation
with the MT scheme obtained from the correspondence principle (Wang and Weng,
1992), i.e. the Hashin-Shtrikman estimates in linear viscoelasticity, was proved for
both strain and stress-based formulations. The extension to non-linear behavior is
based on a “modified secant” formulation with an approximation to compute the

second order moment of the deviatoric stress field in the matrix phase (the so-called
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Figure 7. Numerical results given by the “MT-SEC-MODIF” formulation: evolution of the
overall shear stress X153 as a function of axial overall stress Y33 during non-radial loadings
(red solid lines) given by Egs. 53 and 54. Comparisons with the full-field FF'T calculations

reported in Masson et al. (2020) (star symbols).

“MT-SEC-MODIF” formulation in this work) in order to obtain the linear compar-

ison composite properties.

In comparison with the approach of Masson et al. (2020) using the same “modified
secant” formulation, the present model overcomes the use of the correspondence prin-
ciple and Laplace-Carson inversions to formulate time evolutions of phases stresses
and overall behavior. It gives quite accurate results regarding the effective behavior
for such non-linear two-phase microstructures, which are similar to recent variational
approaches methods for determining uniaxial tensile responses, strain rate sensitive

responses and non-monotonic or non-radial responses.

In comparisons with the most recent differential variational methods (Cotelo et al.,
2020; Das and Ponte Castaneda, 2021) based on the IVP of Agoras et al. (2016),

the development and the applications of the present time-incremental homogeniza-
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tion scheme to other composites with more complex morphologies (fibers, plate like
inclusions...) or anisotropic materials (polycrystals) is left for future studies. Indeed,
the computation of the fluctuations of the stress field in the phases is a key issue to

extend the proposed formulation to non linear viscoelastic polycrystals.

Appendix

A Derivation of Eq. 22

In this appendix, the objective is to prove Eq. 22 using the Fourier transform method.

Let us denote H;j;j; the following integral:

1 1
H., :/ av" Al
Jkl (‘:IZ‘—CC”’) "<’x//_x/’>kl ( )
1% s8] y

Let £ be the Fourier vector, then ( ! ,‘) ,

lz—z

; and [z — 2'| ;;;, are defined by:

1 1 iSj . ,
(221) = o ool @) v a2)
i i
|z — l/|,z'jkz = _732 &fgk& exp (l§ (z — &l)) dV (A.3)
Ve

1 &i; . Ekéi .
Hijk‘l = 47T4V/ 5/2] exp (lé;/ . (g _ &ll)) d‘/f/ —— exp (1§ . (iﬂ _ gl)) d‘/g dv//

(A.4)

Using the classic Fourier transform formula: [ exp (i (f =& ) - ) dV'" = 873§ (5 - ),
J STS STS
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where 0 (é =& ) is the three-dimensional delta Dirac function, Eq. A.4 becomes:

Hijp = *// - f 55 5k&e p(lf :L') exp (—15 :C) dVer dVe (A.5)

e 2
Ve V/ é- g
Hence:
Hipa =2 [ S5 e (i€ - (2 - 0) Ve (A6)
Therefore, from Eq. A.3, szkl ertes.

which proves Eq. 22.

B Harmonic, bi-harmonic potential functions and Eshelby tensors for

general ellipsoidal and spherical inhomogeneities

In Eq. 28, ¢’ and ! are harmonic and bi-harmonic potential functions (Ferrers,
1877; Dyson, 1891; Eshelby, 1957) related to a general ellipsoidal inclusion V7. gb{ij

and 1%, are given by equation 11.35 (p. 85) in Mura (1987):

1
I _ I
i _/<|x—x’|> “dV/ gkl = /|$ 2] i d (B.1)
VI 4]

which are uniform when x € V;. Then, the tensors JBCM and EbM are given by:

ikl — _87T,LLM (¢,jl ik + ¢,il jk> + 87r,uM (3kM + 4MM) Jigkl ( -2)
1 3k, M + p,M

)z A Ls. v v I B.3

ijkl 87TIU/UM ( jlVik + ¢7'Ll ]k) + SWMvM (3kvM N 4’LLUM> w,ljkl ( )

The elastic (resp. anelastic) Eshelby tensors §CM (resp. §bM), for elastic (resp. anelas-

X . M M M M
tic) reference media defined as S = P : ¢™ and S* = P" : b™. Thus, for

~
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isotropic elastic and anelastic matrix phase and an arbitrary ellipsoidal inhomogene-

ity, S°¢

~
~

Y reads:
I T I I I
oo ( jné’im + (b,jméin + (b,inéjm + ¢,im6jn)

3EM — oM
&

[ g
imn = T (BKM 4 4y O
N 3EM + M ol
A7t (3EM + 4y M) Tormn

(B.4)

while §bM is given by:
3kvM - 2MvM T T I I I
_47T (3/{3 M N 4,LL M) ,ijémn - 87 ( jn(sim + ¢,jm6in + ¢,in6jm + ¢,im5jn)

bM
ijkl —

S

3kvM + ,UvM I
,igmn
(B.5)

- 47 (BkvM + 4MUM)

For spherical inhomogeneities, the expressions of ¢%; and ¢%;;, (Eq. B.1) are simpli-

fied to the following expressions (Walpole, 1981; Mura, 1987):
A7 8T
¢,Iij = 35@' fijkl T (0ij0k1 + dardj1 + dudj.) (B.6)
Therefore, for spherical inhomogeneities, ECM is given by:
1 3 (kM +2uM )
Pt = J K B.7
~ 3EM + 4uM = + SuM (kM + 4uM) = (B.7)
(B.8)

while EbM is given by:
3 (k™M 4+ 2p,M
( ) K

1
P = J+
Bk + Ap M= M (3K, + 4, M)

~
~

Besides, the time differential equation for ch*I is obtained from Eq. 28 together with

Eq. B.6:
4 <
s M 1 I 1
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C Agreement with the corresponding Mori-Tanaka estimates from the

correspondence principle

The formal proof of agreement between the present Mori-Tanaka (MT) estimate for
two-phase linear viscoelastic composites reported in section 3 is given by comparison
with the correspondence principle by applying the Laplace-Carson (LC) transform
method. For a given function f (t), the Laplace-Carson transform of f () is denoted

f(p) and is defined by
J?(p) :p/o f(t)e Pdt (C.1)
The time derivation rule is given by

fo) =p(F ) () (C2)

In the sequel, the initial stresses and strains in the individual constituents are set to
zero, so only the part pf(p) is considered in Eq. C.2. Using both Egs. C.1 and C.2,

the LC transform of the constitutive equation (Eq. 1) is given by

d(p)=2c(p):E(p) (C.3)

where

C.1 Strain formulation

The Laplace-Carson transforms of Eqs. 23 and 29 yield:

(20 -2 0) =5 B 0+ 537 )
y (C.5)
P (él (p) — " (p)) = 5" R (p)+p5" (p)



Combining both equations in Eq. C.5 to eliminate Q*I (p) yields:

SCNI _ lﬁSbJW

~ ~ 2 2 ~T
) -V (p = — —5— R (p) (C.6)
Y

In the present formulation, the matrix phase properties ¢™ and m™ are isotropic,

see section 2. Thus, the “elastic symbolic ” behavior of the matrix phase is given by:

M (p) = 3K (p) £ + 20" (p) K (C.7)
where: y
-~ k
B 0 = L
oo™ (C.8)

M

_ pMp

i) =——m
p+

M

Hv

For the inhomogeneity phase, QI (p) is anisotropic, see Eq. C.4. Thus, the expression
of p— g in Eq. C.6 is straightforward from Egs. 24, 30 and C.8:
B EMpM 3kM (p) + 40M (p)

P TR ) () kM

(C.9)

and the expression of §CM — %gng in Eq. C.6 is obtained from Eq. C.8 together

with Eqgs. B.4 and B.5:

ScM . lést _ _i kM:uM 3EM (p) — ZﬁM (p) T 5
ymn Py ymn A7 %M (p) ,EM (p) 3]€M +4NM g mn

1 MM 3EM (p) 43 (p)\

T o \7T i 5zm I' 5m I’ 5m I‘ 671
8 (kM (p) AM (p)  3kM +4uM (@m0 + Djnin + DinGm + imin)
(R SR )+ Y )

A \ kM (p) M (p)  3kM + 4pM jigmn
(C.10)
Thus, introducing Eqgs. C.9 and C.10 within Eq. C.6 leads to:
N . 1 e T
el —e" () = 5 @R @ (C.11)

o~

M

where SC (p) is the “symbolic ” counterpart of §CM (Eq. B.4) associated with the
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“elastic symbolic 7 property of the matrix phase QM (p) (Eq. C.7):

s oy 3kM(p) -2 (p)
4 (KM (p) + 4™ (p))
3EM (p) + M (p

1

) Pl
ar (3KM (p) + 4™ (p)) ™"
(C.12)
In Eq. C.11, El (p) is obtained by transforming Eq. 25 using Eq. C.1:
~T R I .
R (p)=-p3"(p):dc (p):E" (p) (C.13)

Introducing Eq. C.13 in Eq. C.11 gives the relationship between §I (p) and §M (p):

) =T"(p): " (p) (C.14)
where Z::I (p) is given by:
— —1
- ~cM —I
o= (2427 05 0) (.15
with:
B 1 3kM (p) + i (p)
P (p) = ————— (6" 00 + 0,0,1) + £ L
i (P) = =g ) (0o ) 8 (p) (3KM (p) + 47 (p)) "
(C.16)
The LC transform of Eq. 33 in section 3 to find the MT estimate yields:
E(p)=fe'(p)+1—f)eM (p) (C.17)

Therefore, using Eq. C.14 together with Eq. C.17, the strain concentration equa-
tion for &7 (p) with the MT estimate (Benveniste, 1987) using the correspondence

principle is retrieved:

efp)=A"(p): E(p) (C.18)



”

where zill (p) is the “elastic symbolic ” strain concentration tensor of the inhomo-

geneity phase I:

—

41(p>=<£+(1—f)12

~

() : 5" <p>> (C.19)

or, after simple algebraic manipulations using Eq. C.15:

T =T w: (0-p1+sTw) (€.20)

From the definition of @I (Eq. 25), another expression is:

R' =

~
~

(E’ — s g —mM g) (C.21)

=

Then, using Eq. C.1, the LC transform of ]N%I (Eq. C.21) reads:

() S 0) (C.22)

Therefore, using Eq. C.11 together with Eq. C.22 yields:

=2 )+ 157 0 (B0 -7 0): 20) (C.23)

Introducing Eqgs. C.14 and C.18 into Eq. C.23, it is found that the effective “elastic
symbolic 7 behavior of the two-phase composite agrees with the one given by the

correspondence principle using the MT estimate (Weng, 1984; Benveniste, 1987), see

e.g. Wang and Weng (1992):

LMD

(p) = 97 () : E (p) (C.24)

Y

with the effective “elastic symbolic ” stiffness tensor g/ef\ 7 (p):

—

T p) =)+ £ () - M (0)) A () (C.25)
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C.2  Stress formulation

The Laplace-Carson transform of Eqs. 27 and 32 yield:

~

o T A e A
o (p)—a"(p)=—1s Rl B I 1R (p) (€27

' (p)—3"(p)=—Q (p): R (p) (C.28)

of Eq. 25
~1 —~1 R
R (p)=pds (p):3' (p) (C.29)

o) = (1407 0 E W) @) (©.30)

The LC transform of Eq. 38 in section 3 to find the MT estimate yields:

S(p) = fo' (p)+ (1= )" (p) (C.31)

Then, using Eq. C.30 together with Eq. C.31, the stress concentration equation for

g’ (p) with the MT estimate (Benveniste, 1987) using the correspondence principle
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is retrieved:
' (p) = B"(p): £ (p) (C.32)
where B’ (p) is the “elastic symbolic " stress concentration tensor of the inhomo-

geneity phase I:

o~

M

—~

§f<p>=<£+<1—f>

Q)

~

o) 5 <p>)_ (C.33)

or, after simple algebraic manipulations using tensor 7' T(p) defined in Eq. C.15:

—

B'(p)=c'(p): T" (p): M (p) : ((1 — )L+ fcl(p) T (p) : 5™ <p>)_1 (C.34)

~
~

7)) =" ) - 72" @) (E0) -2 (1) :S0) (C.35)

Introducing Eqgs. C.30 and C.32 into Eq. C.35, it is found that the effective “elastic
symbolic ” behavior of the two-phase composite agrees with the one given by the
correspondence principle using the MT estimate (Weng, 1984; Benveniste, 1987), see

e.g. Wang and Weng (1992):

E(p) =357 () :Z () (C.36)

Y

with the effective “elastic symbolic ” compliance tensor gfef? f(p):

ST =0+ (5 0~ 0) B ) (C37)

Qe
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