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ABSTRACT
The solution of the linear dispersion relation of electromagnetic oblique instabilities, for two counterstreaming electron beams, is
investigated by using an extended ﬂuid approach that includes the full dynamics of the pressure tensor. Numerical solutions of the simpliﬁed
polynomial formulation so obtained are analyzed and compared to full kinetic solutions. They correspond to two classes of eigenmodes: lowand high-frequency oblique modes of resonant character. Coexistence of several oblique modes in neighboring regions of the wave vector
plane, having close growth-rates, leads to the possibility of a transition starting from a low wave number mode to an oblique mode of high
values in wave numbers. For such counterstreaming plasmas, the oblique instability may strengthen and amplify the ﬁlamentation process of
the distribution function in velocity space, a property of the Vlasov equation. In addition to its simplicity, useful for solving the dispersion
relation in the linear regime and for identifying kinetic solutions difﬁcult to calculate otherwise, this extended ﬂuid model is helpful in gaining insight into the fundamental properties of Vlasov theory, which are possibly relevant to kinetic heating processes.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0003697

I. INTRODUCTION
Counterstreaming plasmas can be identiﬁed in many astrophysical and laboratory systems. Outﬂows into ambient media such as the
solar wind or stellar wind can be described as counter-propagating
plasma streams (or “clouds”). Likewise, collisionless shock waves can
be seen as the interpenetration of two ﬂuids (see Refs. 1–3); Weibel,
current ﬁlamentation, two-stream or oblique instabilities are ubiquitous in such systems. Weibel-type instabilities play a role in solar
wind-magnetosphere interaction,4–7 but they can also be important in
the physics of solar ﬂares, where relativistic electron beams may produce x-ray emissions. Moreover, ﬁlamentation or Weibel instabilities
could be responsible for the ampliﬁcation of seed magnetic ﬁelds (i.e.,
those related to the “linear perturbation”) up to a cosmological scale.8,9
These instabilities could play an important role in explaining the origin of a variety of high energy photons sources including supernova
remnants, gamma-ray bursts,10,13 as well as in the fast ignition scenario in the laser-matter interaction.11,12 Generally speaking, these
instabilities are capable to amplify the seed magnetic ﬁeld in the large
interpenetrating structures of intergalactic plasmas even when they are
competed by the (electrostatic) two-stream instability. Properties of
such counterstreaming beams were investigated using a covariant
description for relativistic plasmas in Refs. 14–16.
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Weibel-type instabilities arise and release the excess of free energy
stored in the plasma particle anisotropy, i.e., in the temperature anisotropy or in the counterstreaming beam-plasma system. In the Weibel
scenario,17 a fraction of the kinetic energy of the plasma particles is
converted contributing to the generation and ampliﬁcation of the
magnetic energy. On the other hand, the magnetization of a counterstreaming plasma-beam system can be attributed to the (current) ﬁlamentation instability, ﬁrst considered by Fried18 as a special case of
Weibel instability. The ﬁlamentation instability met in two counterstreaming currents is a quite general process and previous studies have
shown that such an instability can also be excited in the fast ignition
scenario for inertial conﬁnement fusion. In this concept, the target is
compressed by an ultra-short and intense laser pulse leading to the
generation of a relativistic particle beam propagating into an overdense
plasma by hole boring. During the propagation, a return current is
then generated, thus establishing an equilibrium state. The obtained
system becomes unstable to any harmonic perturbations, from the
wave vector aligned with beams, leading to the electrostatic twostream instability (TSI) to wave vectors normal to the beams, leading
to the so-called the current ﬁlamentation instability (CFI). In fact,
two-stream and ﬁlamentation instabilities correspond to the system
responses to some one-dimensional deﬁnite perturbations, but a real
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world perturbation involves much more than one single wave-vector
orientation, which leads to a plasma response more complex than that
characterized by TSI of CFI alone. Restricting studies to the one wave
vector direction can be relevant if the modes correspond to the fastest
growing ones.
However, another class of unstable modes propagating obliquely
to the beam was discovered: usually referred to as “oblique modes,”
they have been investigated in Refs. 23–25. Even though the oblique
character of the dominant mode excited by a relativistic hot beam was
pointed out in the electrostatic limit by Watson et al. in Ref. 26, the
investigation of the mixed electromagnetic–electrostatic nature of the
mode in two dimensional plasmas started in more recent times. The
linear theory, ﬁrst developed in a cold relativistic two-ﬂuid model for
purely transverse perturbations by Pegoraro et al. in Ref. 27, and then
generalized for oblique propagation in Refs. 19 and 20, has been intensively extended by Bret et al. in the warm relativistic regime. In Refs.
21 and 22, Bret reported on the ﬁrst uniﬁed kinetic theory of the
unstable spectrum of a relativistic beam-plasma system. While the
Weibel instability differs from the resonant particle-wave instabilities
because it relies on bulk plasma effects, with no resonant particle contributions, oblique modes exhibit a resonant character since they are
characterized by a ﬁnite real frequency [i.e., with ReðxÞ ¼
6 0]. This
fundamental difference implies that in the case of oblique instabilities,
the evolution of the plasma can be governed by Landau-type wave–particle interactions.
To date, the kinetic approaches investigating the linear behavior
of the system in the two-dimensional case have been restricted to the
research of the most unstable growing mode by solving the kinetic dispersion relation. Most of the ﬁrst investigations of oblique instabilities
were based on determining the domain of preponderance of each
instability class – TSI, CFI or oblique instability (OI) – in k-space,
while discussing the properties about the possible transitions between
two distinct instability classes. Even though linear approaches to the
full kinetic description are helpful for a qualitative evaluation of thermal or relativistic effects, and in singling out the dominant unstable
mode for a given set of parameters, they are severely ﬂawed by their
neglect of other mode solutions (e.g., low-frequency oblique solutions,
that can be “lost” in expanding the coefﬁcients related to the equilibrium distribution function or in the numerical search of its roots).
Moreover, the presence of trapping effects, especially near saturation,
demands that one takes also into account these low-frequency unstable
modes also in the nonlinear phase, whereas they are often neglected
due to their smaller growth-rates. An example is provided by the
observation of electron acoustic waves in the laser experiment in Refs.
28 and 29 that modify the absorption of the laser light (see Ref. 30).
A complete description of these oblique instabilities requires the
use of a kinetic theory. Nevertheless, the ﬂuid modelization has proven
in Refs. 31 and 32 its ability to identify and understand some of the
main features of studied Weibel-type instabilities. In Ref. 32, this
description has been used to study the (time) resonant character of the
Weibel instability in a counterstreaming beam conﬁguration in a onedimensional geometry.
A description of linear oblique instabilities, based on a ﬂuid
approach including the dynamics of the pressure tensor is here presented. The results are restricted to nonrelativistic temperatures.
Despite the approximation, thanks to its polynomial form, the dispersion relation obtained in the extended ﬂuid model including the
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pressure tensor dynamics is somehow more informative on the physical mechanisms of oblique instabilities than the full kinetic Vlasov
approach. A polynomial form is so obtained, which leads to low- and
high-frequency solutions that can be this way more easily identiﬁed
and are coherent with a kinetic description. Thus the eigenmodes singled out with this extended ﬂuid model are compared and shown to
agree with the solutions obtained from the linearization of the fullVlasov Maxwell system.
This study is divided in two papers: this one focusses on the linearization of a ﬂuid model that takes into account the dynamics of the
pressure tensor; in the second one in Ref. 44, we discuss the nonlinear
numerical results obtained with a noiseless semi-lagrangian
Vlasov–Maxwell code (“Vlem,” VLasov ElectroMagnetic solver).
The present paper is organized as follows. Section II describes
the analytical model based on a ﬂuid approach but which takes
into account the dynamics of the full pressure tensor. In Sec. III,
the nature of the roots of the dispersion relation, obtained in a
polynomial formulation in terms of low- and high-frequency oblique modes, is brieﬂy discussed and compared to the corresponding
solutions of the linear Vlasov–Maxwell problem. Conclusions and
some of their implications for the plasma heating scenario are
given in Sec. IV.
II. THE ANALYTICAL MODEL
The physical mechanisms underlying the generation of both
Weibel and ﬁlamentation instabilities are very similar, and can be
understood in terms of the free energy stored in the initial temperature
or velocity anisotropy, respectively. In both situations, the initially
unmagnetized system transforms the initial kinetic energy into magnetic energy associated with the ampliﬁcation of a zero-frequency
magnetic ﬁeld. Due to their mathematical analogies, it was shown in
Refs. 33, 34, 36, and 37 that it was possible to describe both types of
instabilities by the same analytical reduced kinetic model. This allows
a unifying description of these instabilities by using the concept of
exact invariance of the perpendicular momentum in terms of
“streams.” This so-called Hamiltonian reduction technique was based
of the existence of a cyclic space variable, say z, which leads to the
Hamilton equation
dPcz
@H
¼ 0:
¼
@z
dt

(1)

In (1), H denotes the Hamiltonian which is independent of the z variable, Pcz ¼ pz þ eAz ðx; y; tÞ is the generalized canonical momentum,
pz is the z-component of the momentum, and Az is the z-component
of the vector potential. Finally, when z is cyclic, Pcz is invariant. Due to
the simpler analytical form, this reduced description allows a more
insightful modeling of these inherently kinetic instabilities. Its limitations, however, become manifest when we need to take into account
the z coordinate for more realistic 3D systems. A ﬂuid description
including the dynamics of the pressure tensor takes all its interest in
such a situation. Furthermore, this model has proven in Refs. 31 and
32 its ability to investigate the time-resonance of the Weibel instability
in a 1D geometry, by providing insights into the kinetic results, with
which it was shown to agree.
In the present work, we consider only beams propagating along
the y direction. Figure 1 schematizes the geometry of the ﬁlamentationtype oblique instability for two counter-propagating beams where
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@ua
e
$:Pa
;
þ ua :$ua ¼ ðE þ ua  BÞ 
m
@t
mna
@Pa
þ $:ðua Pa Þ þ rua :Pa ðrua :Pa Þt
@t

e
Pa  B þ ðPa  BÞt  $:Qa ;
¼
m

(3)

(4)

where “t” expresses the matrix transpose and where the heat ﬂux tensor is deﬁned by
Qa ¼ mna hðv  ua Þðv  ua Þðv  ua Þia :

(5)

B. Connection with the kinetic Vlasov–Maxwell model
Equations (2)–(4) are then coupled to the Maxwell equations
FIG. 1. Sketch of the equilibrium conﬁguration with two counter-propagating beams
along the y direction. The pressure (temperature) components in the (x, y) plane
are equal for each beam. The linear perturbation has wave vector k with components in the x, y plane.

instabilities are due to the momentum or temperature anisotropy in
the distribution of the beam ﬂows. The conﬁguration of two counterstreaming beams is known to not only generate an electrostatic twostream instability (for a perturbation taken along the streams) but also
an oblique instability (for a perturbation in any direction), which can
become resonant, i.e., with a nonzero propagation velocity. In particular, the extended ﬂuid model allows us to identify a transition between
the stationary and propagating Weibel modes, already evidenced by
Lazar et al. in Ref. 38. Furthermore, it is worth noticing that the relativistic version of the pressure tensor Pa ¼ na mðhvvia  ua ua Þ remains
a complex problem. Here, h…ia indicates the average in the velocity
coordinates v with respect to the particle distribution fa ðx; v; tÞ and ua
denotes the ﬂuid mean velocity. In the relativistic ﬂuid approach, the
second moment of the distribution function, the so-called energyÐ
3
momentum tensor given by Pl ¼ e pl p fdp0p, could be instead
introduced (see Ref. 39). It measures the ﬂow of the 4 momentum
across a surface at x ¼ const. In this article, however, we limit ourselves to consider the classical case only.
A. Extended fluid model including the pressure tensor
dynamics
We consider two nonrelativistic counter-propagating electron
streams denoted by the index a (with a ¼ 1; 2 for beams of equal densities, while keeping the notation a ¼ p; b for a more general case,
where p, b denote the plasma and the beam, respectively). The ﬂuid
model we adopt can be in principle extended to include anisotropic
ions (see Ref. 40 for a linear study based on the inclusion of a full ion
pressure tensor), but we restrict here to time steps Dt ⱗ x1
pi , with ion
plasma frequency xpi ¼ c=di , where di is the ion skin depth.
We write the ﬁrst three moments of the Vlasov equation, for two
electron ﬂuids labeled with the index a and for an electron mass m
@na
þ $:ðna ua Þ ¼ 0;
@t
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(2)

@E
J
 c2 r  B ¼  ;
@t
e0
@B
þ r  E ¼ 0;
@t
q
r:E ¼ ;
e0
r:B ¼ 0:

(6)
(7)
(8)
(9)

The P
source terms in Eqs. (6) and (8), namely,
the current density
P
J ¼ a J a and the charge density q ¼ e a na are determined from
the distribution function fa of the beam a, since ions form a ﬁxed neutralizing background. Thus the a-component of the current and
charge densities of the (electron) a beam are calculated using
ð
ð
p
fa d 3 p and qa ðx; t Þ ¼ e fa d3 p:
(10)
J a ðx; t Þ ¼
mc
P
P
In the ﬂuid approximation, J ¼ e a na ua and q ¼ e a na  en0
where na is the a-beam electron density and n0 is the ion density. In
Eq. (10), the quantity fa represents the electron distribution function
for the beam a. If we apply the standard extension of the Vlasov transport equation to the relativistic regime, fa veriﬁes


@fa
p
p
:$fa þ e E þ
 B :$p fa ¼ 0:
(11)
þ
mc
@t mc
In (11), the spatial gradient was denoted as $ (we have omitted the
index x), while its equivalent derivation in the momentum space p is
$p. In principle, we could continue and build moments of higher
orders in the hierarchy by simply adding the number of moments in
the integral so as to increase the rankÐ of the tensor.
For instance, the
3
components of Qa become Falr ¼ pl p pr fapd0 p in the relativistic
treatment. We recall that within
kinetic theory, the rest
Ð relativistic
3
mass density current Jal ¼ m pl fa dp0p for the beam a, the Pl
a
energy-momentum tensor for the beam a, and the ﬂux tensor Falr are
deﬁned, respectively, as the ﬁrst, the second, and the third moment of
fa , and the possible number of ﬁelds can be extended to include even
higher-order moments of the distribution function. Obviously the
extension to a large number of ﬁelds raises the question of their physical interpretation and it increases considerably the complexity of the
set of equations, especially when a numerical solution is searched (see
the discussion p. 312 in Ref. 41). Thus Eq. (4) requires some closure
condition on the heat ﬂux, which we choose here as $:Qa ¼ 0.
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Some remarks are in order:
•

•

D. Linearization

there are of course several ways to close the set of ﬂuid equations.
As previously shown by Basu43 a small number of moments can
be used and the resulting moment equation description seems to
provide an accurate picture of the Weibel instability, as long as
phase velocities are much smaller than thermal velocities (hydrodynamic limit). Such a conclusion was conﬁrmed in the treatment of the Weibel instability using another analytical tool, the
Hamiltonian multi-stream model in Refs. 35–37, based on the
invariance of the perpendicular canonical momenta.
The condition $:Qa ¼ 0 is an approximation, although it leads
to reasonable results in the linear regime for Weibel-type instabilities as shown in Ref. 32. As previously mentioned by Basu in
Ref. 43, it may become necessary to include the $:Qa term in the
analysis we go farther from the hydrodynamic approximation,
but it has been shown in Refs. 31 and 32 that in the linear analysis, discrepancies with respect to exact kinetic results were
reasonably small. Moreover, the solutions identiﬁed here by
assuming $:Qa ¼ 0 ﬁnd correspondence in a Vlasov treatment.
This is the way in which we assume here the closure $:Qa ¼ 0
(see e.g., Ref. 40 for another example and discussion about the
neglect of heat ﬂux in linear analysis).

C. Equilibrium configuration
At equilibrium, we assume the beams along the y axis (see
Fig. 1). We represent them by their own set of ﬂuid variables: the ﬂuid
ð0Þ
velocity u2 ¼ u1 ¼ uy ey , identical density na ¼ n0 =2, and the
ð0Þ
pressure tensor Pa (for a ¼ 1; 2)
3
2
0Þ
Pðxx;a
0
0
7
6
7
6
0Þ
0Þ
(12)
Pða0Þ ¼ 6 0
¼ Pðxx;a
0
Pðyy;a
7:
5
4
0Þ
0Þ
6¼ Pðxx;a
0
0
Pðzz;a
We assume a null total current, so that at equilibrium n1 u1
þ n2 u2 ¼ 0 and ions are initially at rest with density n0 ¼ n1 þ n2 .
Even for such a simple system, linear stability analysis is intricate
because of the number of unstable modes. The dispersion relation
obtained by linearizing the extended ﬂuid model given by Eqs. (2)–(9)
allows us to single out the modes which are related to the dynamics of
the pressure tensor. We deﬁne the squared plasma frequency of the
2
ae
beam a by x2pa ¼ nme
, and the squared plasma frequency
0

By considering a linear perturbation of any physical quantity A
in the form Að1Þ eiðkx xþky yxtÞ , the linearization of Eqs. (2)–(9) allows
the characterization of the Weibel instability (WI), of the current ﬁlamentation instability (CFI), of the purely electrostatic two-stream
instability (TSI) and of the oblique instability (OI). Starting from the
continuity Eq. (2), we have for the density perturbation

0Þ
Pðxx;a
ð Þ

mna0

¼

0Þ
Pðyy;a
ð Þ

mna0

and a2z;a ¼
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0Þ
Pðzz;a
ð Þ

mna0

6¼ a2a :

(13)

kx uðx1Þ þ ky uðy1Þ

nða1Þ ¼ nða0Þ

xa

(14)

;

where we have introduced the notation
0Þ
xa ¼ x  ky uðy;a
:

(15)

By components, the linear momentum balance reads
1Þ
uðx;a
¼

1Þ
¼
uðz;a

1Þ
kx Pðxx;a



1Þ
ky Pðxy;a



ie
0Þ ð1Þ
þ
Exð1Þ þ uðy;a
Bz ;
ð Þ
mna0 xa mxa
1Þ
1Þ
kx Pðyx;a
ky Pðyy;a
ie ð1Þ
1Þ
¼
þ
þ
Ey ;
uðy;a
ð0Þ
ð0Þ
mx
a
mna xa mna xa
1Þ
1Þ

ky Pðzy;a
kx Pðzx;a
ie  ð1Þ
0Þ ð1Þ
þ
þ
Ez  uðy;a
Bx :
ð0Þ
ð0Þ
mna xa mna xa mxa
ð Þ
mna0 xa

þ

(16)
(17)
(18)

Equations (16)–(18) involve the ﬁrst order perturbations of the presð1Þ
sure tensor components. The different components Pij;a (unless necessary, we omit below the index a to simplify the notation) are then
determined from (4), assuming the closure condition $:Qa ¼ 0. Thus
the full pressure tensor equation for the species a reads as
@Pij
@ 
@ui
@uk
uk Pij þ
Pjk þ
Pik
þ
@xk
@t
@xk
@xk
e
ilm Plm Bm þ jlm Pli Bm ;
¼
m

(19)

where ijk is the Levi-Civita symbol. We obtain for the diagonal comð1Þ
ponents of Pij
Pðxx1Þ ¼

2

x2p ¼ x2p1 þ x2p2 ¼ dc 2 , with de being the electron skin depth.
e
While in the most general conﬁguration we should in principle
account for a generic orientation of the principal axes of P with
respect to the direction of beams and of the perturbation of the wave
vector k, we restrict here to the particular choice of having one of the
ð0Þ
principal axis of P aligned to the beam direction (i.e., ua ¼ uy;a ey )—
see Ref. 32 for a discussion of the relevance of this conﬁguration. It is
useful to introduce the following notation:
a2a ¼

scitation.org/journal/php

3kx uðx1Þ Pðxx0Þ

þ

ky uðy1Þ Pðxx0Þ

;

(20)

Pðyy1Þ ¼

3ky uðy1Þ Pðyy0Þ
þ
;
ð Þ
ð Þ
x  ky uy0
x  ky uy0

(21)

Pðzz1Þ ¼

ky uðy1Þ Pðzz0Þ
þ
:
ð Þ
ð Þ
x  ky uy0
x  ky uy0

(22)

ð Þ

x  ky uy0

ð Þ

x  ky uy0

kx uðx1Þ Pðyy0Þ

0Þ
kx uðx1Þ Pðxzz

Let us now consider the non-diagonal components. At the ﬁrst order,
we have
Pðxy1Þ ¼ Pðyx1Þ ¼

ky uðx1Þ Pðyy0Þ þ kx uðy1Þ Pðxx0Þ
ð Þ

x  ky uy0

þ

ð0Þ
ð0Þ
ie Pyy  Pxx ð1Þ
B : (23)
m x  ky uðy0Þ z

ð0Þ
¼ Pð0Þ
Note that in Eq. (23), the last term disappears for Pyy
xx : WI
is not excited in the conﬁguration we have chosen, i.e., (12),
coherently with the lack of initial temperature anisotropy. We also
have
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kx uðz1Þ Pðxx0Þ

ie Pðxx0Þ  Pðzz0Þ ð1Þ
þ
B ;
ð Þ
m x  ky uðy0Þ y
x  ky uy0
ky uðz1Þ Pðyy0Þ

ð0Þ
ð0Þ
ie Pzz  Pyy ð1Þ
þ
B :
ð Þ
m x  ky uðy0Þ x
x  ky uy0

(25)

ky Ezð1Þ
;
x
kx Ezð1Þ
;
Bðy1Þ ¼ 
x
ð Þ
ky Exð1Þ kx Ey1
¼
þ
;
x
x
Bðx1Þ ¼

(26)
(27)
(28)

while Eq. (6) gives, after linearization and reintroducing the beam
index a
iky Bðz1Þ ¼

2
X

1Þ
el0 nða0Þ uðx;a


a¼1

ikx Bðz1Þ ¼

ix ð1Þ
E ;
c2 x


 ix
1Þ
0Þ
el0 nða0Þ uðy;a
þ nða1Þ uðy;a
 2 Eyð1Þ ;
c
a¼1

2
X

ikx Bðy1Þ  iky Bðx1Þ ¼

2
X

1Þ
el0 nða0Þ uðz;a


a¼1

ix ð1Þ
E :
c2 z

Exð1Þ

0Þ
iekx uðy;a
xa

¼

mx
mx


iexa ð1Þ
2 ð1Þ
2 2
2 2
1Þ
¼
2kx ky a ux;a þ kx a þ 3ky a  x2a uðy;a
E :
m y



ie
x2a k2x a2 þ 2k2y a2  x2a Exð1Þ
mxD
i
ie h ð0Þ  2 2
kx uy;a xa k a  x2a  2kx ky a2 x2a Eyð1Þ ;

mxD

(31)

It is interesting to note that a temperature anisotropy (here given by
a2z  a2 ) leads to the excitation and growth of a WI that determines
the evolution of the z component of the ﬂuid velocity. The evolution
ð1Þ
of the out of diagonal components Pð1Þ
xz;a and Pxy;a of the pressure tensor, given by Eqs. (24) and (25), respectively, is here essential since
they determine the expression of the corresponding mean velocity perð1Þ
turbation component uz;a . Thus by substituting Eqs. (24) and (25)
ð1Þ
into (18), uz;a reads now as
" 
#
ie k2 a2  a2z  x2a ð1Þ
ð1Þ
uz;a ¼ 
(37)
Ez :
mxD
x2a  k2 a2

Combining the linearized Maxwell equation set from Eqs. (26) to
(31) with the expression of the ﬂuid velocity Eqs. (34), (35), and (37)
leads to the dispersion relation


det ðDÞ ¼ Dxx Dyy  D2xy Dzz ¼ 0;
(38)
where Dij is the tensor verifying the condition DEð1Þ ¼ 0, which takes
the form
2
3
0
Dxx Dxy
0 5:
(39)
D ¼ 4 Dxy Dyy
0
0 Dzz
Its components are given by
Dxx ¼ x2  k2y c2 þ

2 x2 h 
X
pa
a¼1

Dyy ¼ x2  k2x c2 þ

Da

2 x2 h 
X
pa
a¼1

Dxy ¼ Dyx ¼ kx ky c2 þ

Da

(33)

2 x2 h
X
pa

Da

Dzz ¼ x2  k2 c2 þ



(40)


i
0Þ2
x2 þ k2x uðy;a
þ 2k2x a2 x2a ;

(41)
i
0Þ
k2 a2  x2a kx uðy;a
xa  2kx ky a2 x2a ;

 

2 x2 k2 a2  a2  x2
X
pa
z
a
a¼1

(34)

i
k2 a2  x2a x2a þ 2k2y a2 x2a ;

k2 a2  x2a

(32)

1Þ
uðx;a
¼
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(36)

E. Dispersion relation in the extended fluid model
(30)

Solving the set of Eqs. (32) and (33) leads to the following expressions
of the perturbations in velocity:

Published under license by AIP Publishing

where

a¼1

Eyð1Þ ;

(35)

(29)

We can indeed group Eqs. (26)–(31) and (28)–(30) into two separate
sets depending on the ﬁeld vector components, one set involving only
the transverse magnetic (TM) modes say, ðEx ; Ey ; Bz Þ, and another set
involving ðEz ; Bx ; By Þ, i.e., the transverse electric (TE) components. It
is important to note that the TE and TM modes, determined by the
Maxwell equations, are completely decoupled one from another. Such
physical property will be recovered in the dispersion relations, separating the physical processes occurring in the (xy) plane from those
occurring along z and linked to the introduction of a thermal
anisotropy.
In order to evaluate the ﬁrst order mean velocity perturbation of
ð1Þ
ð1Þ
the ﬁrst order, say ux;a and uy;a , we replace in Eqs. (16) and (17) the
ð1Þ
ð1Þ
expressions of the pressure tensor components Pð1Þ
xx;a , Pyy;a , and Pxy;a
deﬁned by Eqs. (20), (21), and (23). Thus we ﬁnally rewrite Eqs. (16)
and (17) in a more conventional form


1Þ
1Þ
þ 2kx ky a2 uðy;a
3k2x a2 þ k2y a2  x2a uðx;a
iex2a

ie
2kx ky a2 x2a Exð1Þ
mxD


ie 
xxa k2 a2  x2a þ 2k2x a2 x2a Eyð1Þ ;

mxD


D ¼ x2a  k2 a2 x2a  3k2 a2 :

The Faraday’s Eq. (7) leads to the following set:

Bðz1Þ

1Þ
uðy;a
¼

(24)

scitation.org/journal/php

x2a  k2 a2

(42)
:

(43)

III. NATURE OF THE ROOTS OF THE FLUID MODEL
AND COMPARISON WITH THE NUMERICAL SOLUTION
OF THE FULL KINETIC DISPERSION RELATION
Let us now discuss the roots obtained from this extended ﬂuid
description by comparing them to those obtained by numerically solving the corresponding full kinetic Vlasov–Maxwell dispersion relation.
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Usually, cold ﬂuid models are unable to reproduce kinetic aspects
derived from a full kinetic treatment. The ﬂuid model we consider
here, extended to the full pressure tensor dynamics, offers us the possibility to study the onset of the time-resonant oblique instability, an
extension of the concept of time-resonant Weibel instability, already
investigated in Refs. 32 and 38. Besides the results being consistent
with the full kinetic description, this ﬂuid-type approach allows us to
characterize the transition from a non-propagative regime to a time
resonant (propagative) regime of the oblique instability. We will see
that it also makes possible the identiﬁcation of a region of the parameter space in which a merging of both branches is allowed.
We can write the tensor D in the form Dðk; xÞ ¼ x2 eðk; xÞ
þkk  k2 I, where I is the unity tensor, kk is a tensorial product, and
eðk; xÞ is the standard dielectric tensor. In this notation, (38) reads
h

 
i
2
x2 eyy  k2x c2 x2 exx  k2y c2  x2 exy þ kx ky c2

 x2 ezz  k2 c2 ¼ 0:
(44)
The dispersion relation has two main branches: the ﬁrst one [ﬁrst
term in bracket in Eq. (44)] pertains to the oblique mode, CFI and
TSI, while the second one (x2 ezz  k2 c2 ) corresponds to WI with an
electric ﬁeld along z. It must be pointed out that kx ¼ 0, i.e., for a wave
vector aligned to the beams, the off diagonal term exy disappears and
Eq. (44) reduces to


(45)
x2 exx  k2y c2 x2 eyy ¼ 0:
We recover in that case, the purely electrostatic TSI that is described
by eyy ¼ 0. If we now consider a wave vector normal to the beams,
with ky ¼ 0, we recover the so-called current ﬁlamentation instability
described by

(46)
exx x2 eyy  k2x c2 ¼ x2 exy :
The existence of the standard three distinct instability classes is clearly
shown in Fig. 2, in the bottom panel, where we have plotted the analytic solution of the kinetic dispersion relation using Eq. (A1) of the
Appendix. This solution corresponds to a Maxwellian distribution of
temperature Tx ¼ Ty ¼ 6 keV and to a value of the drift beam velocity
ð0Þ
ð0Þ
of uy;2 ¼ uy;1 ’ 0:669c, with n1 ¼ n2 ¼ n20 . Figure 2 illustrates the
main instability classes: TSI modes are exactly longitudinal (i.e., with
kx ¼ 0), while CFI modes are purely perpendicular (ky ¼ 0) with
respect to the direction of beams. If perturbations both parallel and
perpendicular to the beam ﬂow become unstable, the ﬁlamentationtype instability is then referred to as oblique. The cross in the bottom
panel of Fig. 2 indicates a region where both ﬁlamentation and oblique
instabilities can be simultaneously excited. While ﬁlamentation modes
dominate for n1 ¼ n2 , oblique ones take the lead in the diluted beam
regime (in the beam-plasma system).
Because the different instabilities do not share the same sensitivity to the physical parameters (temperature, density, and drift velocity), the solution of the dispersion relation is usually identiﬁed by
searching the (unique) dominant mode, i.e., the mode with the maximum growth rate for a given instability. However, an alternate view of
the mode hierarchy is also shown in the top panel in Fig. 2, for a
restricted region in the wave vector space, where the superposition of
the lobes corresponding to two different solutions for the oblique
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FIG. 2. In the bottom panel, the plot of solutions with the maximum growth-rates of
the (full) kinetic dispersion relation is given by (A1). The two main classes of unstable modes can be recognized: TSI modes are exactly longitudinal (kx ¼ 0), while
CFI modes are purely perpendicular (ky ¼ 0) with respect to the direction of beams
(here along y). If perturbations both parallel and perpendicular to the beam ﬂow
become unstable, the ﬁlamentation-type instability is then referred to as oblique:
this solution occurs as a lobe in an inclined direction with respect to the kx axis.
The cross in the bottom panel indicates a region where both ﬁlamentation and oblique instabilities can be simultaneously excited. In the top panel, a zoom is plotted
in the interval 1  kx de  10 and 1  ky de  10 of the parameter space, in which
propagative and non-propagative solutions of the full kinetic dispersion relation
have been found. A second lobe, corresponding to lower frequency modes having
a comparable growth rate to the other ones, is clearly visible. The “high frequency”
lobe is here superimposed by using a contour representation. The physical parameters correspond to an electron temperature of Tx ¼ Ty ¼ 6 keV and a mean drift
ð0Þ
ð0Þ
velocity of uy;2 ¼ uy;1 ’ 0:669c with a beam density of n1 ¼ n2 ¼ n20 .

instability is shown: a classical non-propagative solution (plotted with
a contour-line in the top panel) and a propagative solution exhibiting
a nonzero frequency are visible. Although the accurate determination
of the shape of the domain of the oblique instability in the wavenumber space depends on the choice of the distribution function, this
result is expected to hold, at least qualitatively for a wide range of initial conditions and in the relativistic regime.
In the full kinetic, relativistic regime, the dispersion relation
depends on the plasma dispersion relation Zðna Þ and is given in the
Appendix by Eq. (A1). Its components are given by (A6)–(A8). This
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extended ﬂuid description provides an interesting alternative to identify the multiplicity of stable and unstable modes related to the ﬂuid
pressure tensor dynamics, which occur associated with a given
anisotropy-driven kinetic instability in which the heat ﬂux does not
play a major role.
A detailed analysis of the roots of the ﬂuid dispersion relation
shows there are two main classes of possible complex solutions, corresponding to the low- and high-frequency oblique modes. However,
subclasses of solutions appear that are time-resonant with one of the
two beams, depending on the direction of propagation. Some high frequency modes exhibit very strong growth-rates xgp  1, indicating a
possible explosive nature of the instability. Moreover, some subclasses
of solutions may have more than one root. Once compared to the full
kinetic model, the extended ﬂuid approach contains manifestly a sufﬁcient information of the physical mechanism of the oblique instability
arising in counterstreaming plasmas. The previous analysis shows that
the stress tensor term Pxy of Eq. (23) plays a crucial role in the coupling of the different branches in Eq. (38).
Further insight into the behavior of the unstable modes comes
from the restriction to the zero-temperature limit which implies the
reduction of (38) (indeed a polynomial in x of degree sixteen) to a
polynomial of degree eight in x. Earlier, Watson et al. in Ref. 26
obtained a similar dispersion relation in the case of the beamplasma instability in the relativistic regime. The beam-plasma instability will develop when the convection of the beam particles introduces into the plasma, a mechanism of positive feedback. This may
happen whenever x=ky , the component of the plasma phase velocð0Þ
ity in the beam direction, is close to 6u0 (where u0 ¼ uy;2 ). The
authors offered a similar explanation by means of a kinetic treatment, and the role of two types of solutions was recognized: a low
frequency branch with x ’ ky u0  xp and a high-frequency solution for x  ky u0  xp .
We now focus on the solution of the dispersion relation taking
into account the pressure tensor dynamics. The analysis further shows
that even in the low-temperature limit (i.e., for a ! 0), the coupling
between the two main branches can be recognized. This can be
obtained from (38) and the deﬁnitions of the different components of
D given by Eqs. (40)–(43). In any case, one ﬁnds
"
#
2 x2 


X
pa
2
2 2
2
2 2
x þ kx u0
x2  k2xy c2  x2p
x  kx c 
2
xa
a¼1
!2
2 x2
X
pa
2
¼ kx ky c þ
kx u0 :
(47)
xa
a¼1
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TABLE I. Values of the different coefﬁcients of polynomial in the zero-temperature
limit of the oblique ﬁlamentation-type instability.

n

an

0
1
2
3
4
5
6
7
8

1
0
2j2 þ 2k2 c2 þ x2p
0
j4 þ 2k2 c2 j2 þ j2 x2p þ k2 c2 x2p þ x4p  k2x u20 x2p
2k2x jc2 x2p
4 2 2
4 2
2 2 2 2
j k c  j xp  2j xp kx c þ x2p j2 k2 c2  k2x u20 x2p j2
2k2x j3 c2 x2p
4 2 2 2
j kx c xp þ k2x u20 x2p ðj2 k2y c2 þ j2 x2p Þ

frequency and growth-rate are plotted in the top and bottom panels,
respectively. This solution corresponds to the low-frequency solution
exhibiting positive frequencies (i.e., a solution propagating along the
second beam of velocity u0 > 0).

The dispersion relation (47) leads to a polynomial in x with real coefﬁcients which can be written in the following form:
8
X

an x8n ¼ 0;

(48)

n¼0

whose coefﬁcients fan gn¼0;8 are given in Table I (with j ¼ ky u0 ).
A Bairstow’s method has been used to search for real or complex
roots of the polynomial (48) (see Ref. 42 for the numerical scheme).
The search consists of successive divisions of the initial polynomial by
second-degree polynomials, for which it is easy to obtain the lowfrequency roots. A ﬁrst solution is shown in Fig. 3: the corresponding
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FIG. 3. Complex roots of the cold dispersion relation for the oblique instability given
by Eq. (48) for counter-propagating beams. We have represented the frequency xxp
in the top panel and the growth-rate xgp in the bottom panel for the low-frequency
branch. Roots are obtained from the ﬂuid model including the dynamics of the pressure tensor, in the case of an initially cold plasma (Te ¼ 0) and a mean drift velocity
of u0 ¼ 0:125c and nn10 ¼ nn20 ¼ 12.
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In Fig. 4, we have represented a second low-frequency solution
corresponding to the counter-propagating mode (i.e., the mode propagating along the ﬁrst beam). Both solutions in Figs. 3 and 4 were
obtained in the case of a cold plasma (Te ¼ 0) and of a mean drift
velocity of u0 ¼ 0:125c.
The Bairstow’s method for ﬁnding the roots of polynomials is
particularly appealing because its convergence is quadratic and its
algorithm can be easily implemented in a computer. However, the
method may suffer from a number of restrictions: indeed, the
Raphson-Newton’s method, which is here used and where the convergence is quadratic, may often fail, and this failure is particularly likely
to occur when the polynomial has multiple roots. Following the work
of Alt and Vignes in Ref. 42, we have applied the PermutationPerturbation method to the Raphson-Newton’s technique in order to
improve the accuracy of the algorithm. Looking more carefully at the
behavior of the solution, we see that the numerical scheme nearly

FIG. 4. A low-frequency unstable mode is represented, which is somewhat different
from the solution shown in Fig. 3. This solution may be resonant with the beam of
g
negative velocity (or of negative frequency). Frequency jxj
xp and growth-rate xp are
shown in the top and bottom panel, respectively. Roots are obtained from the ﬂuid
model including the dynamics of the pressure tensor, in the case of an initially cold
plasma (Te ¼ 0) and a mean drift velocity of u0 ¼ 0:125c and nn10 ¼ nn20 ¼ 12.
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jumps to another pole. However, in the case of complex roots that are
very close one each other, selecting the good root among the eight (or
sixteen) possible roots, for a sampling of values in the wave vector
plane, remains a difﬁcult task.
While Fig. 2 was obtained from the full kinetic dispersion relation, described in the Appendix, Fig. 5 shows, in the bottom panels,
the roots of the dispersion relation obtained from the ﬂuid model
including the dynamics of the pressure tensor. In order to make a
comparison between both methods, identical physical parameters
have been used here, i.e., an electron temperature of Te ¼ 6 keV and a
mean drift velocity of u0 ’ 0:66c for symmetric beams of equal densities. In Fig. 5, the top panels correspond to the results obtained by the
full kinetic solver, while the bottom panels are related to the extended
ﬂuid model. In the top left panel, the standard non-propagative root is
represented in the wave-vector space. This is the eigenmode which is
non-resonant with plasma particles: it grows exponentially in time and
does not propagate [ReðxÞ ’ 0]. A propagative solution with nonzero
frequency is also possible: the solution obtained from the full kinetic
dispersion relation with the same set of physical parameters is plotted
on the top right-corner panel.
Both classes of solutions of the oblique instability can be excited
independently one from each other by selecting the appropriate root
found by solving the linear kinetic dispersion relation (whose results
are shown in Fig. 5 in the top panels). It is also possible to make the
two sets of eigenmodes “interfere” one with each other: this leads to a
merging of both unstable branches, as shown in the bottom left hand
corner panel, for a set of solutions obtained with the extended ﬂuid
model. In the bottom right corner panel, we have also plotted the corresponding frequencies of the mixed branch: an asymmetry between
the magnitude of the frequencies and of the growth-rate is visible. The
solution clearly presents a mixed character, which is sometimes
propagative.
We now increase the plasma temperature. Physical parameters
correspond to an electron temperature Te ¼ 25 keV and a mean drift
velocity u0 ¼ 0:66c. Thus Fig. 6 shows the appearance of at least two
low-frequency oblique modes: the frequency is shown in the upper
panel, while the growth-rate is plotted in the bottom panel. The solution presented in Fig. 6 corresponds to the ﬁrst solution of the lowfrequency mode, i.e., the one obtained with a positive velocity (i.e. for
the beam propagating along y > 0). The formation of two lobes, in the
bottom ﬁgure, clearly shows the existence of two adjacent solutions,
very close in terms of growth-rate and frequency. Because the maximum growth-rates are very close (with xgp  1), a transition takes place
from the ﬁrst lobe (left panel) with kx c=xp  5 and a frequency close
to x ’ 0:9xp to the second lobe (right panel) with kx c=xp  11 and a
corresponding frequency close to x ’ 0:4xp . In the top panel, the plot
in frequency shows that the dispersion relations of the two most unstable modes differ in the wave vector, indicating that these unstable
modes correspond to different branches. For the second unstable lobe
in the g-k plot (i.e., for kx c=xp  11), the corresponding frequency is
quasi-constant and we do not observe the formation of a second lobe in
frequency. Thus the transition can be associated with a change in the
nature of the oblique mode. This transition can be accompanied by a
strong ﬁlamentation process with the nonlinear generation of thinner
and thinner ﬁlaments in the spatial proﬁle of the electromagnetic ﬁeld
components. We will come back to this feature of the oblique instability
in Paper II in Ref. 44. We will see that it is such a property of the
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FIG. 5. Comparison between the full-kinetic (on top panels) and the ﬂuid models (on bottom panels). Both classes of instabilities can be switched on and off independently from
each other by selecting the appropriate root when solving the linear kinetic dispersion relation. In the top panel at right, the non-propagative solution is shown at left while a propagative mode, “unexpected” from previous analysis, is represented at right. The last solution is automatically obtained in the ﬂuid model including the dynamics of the pressure
tensor leading to a merging of both unstable branches: the growth-rate (at left) and frequency (at right) are represented in the bottom panels. For both kinetic and ﬂuid models,
identical physical parameters have been used here: an electron temperature of Te ¼ 6keV and a mean drift velocity of u0 ’ 0:66c for symmetric beams of same densities.

oblique instability that can modify the energy transfer among the different contributions to the total energy of the Vlasov–Maxwell system.
The search of a high-frequency solution is much more challenging because there may be three or even more complex roots, all unstable with a very similar growth-rate but very different.
Figure 7 illustrates this situation, where the solution with the
highest growth-rate was represented at a given position in the space of
wave vectors. It can be clearly observed that some regions become stochastic due to the existence of several roots with similar growth-rates
for the same positions in k (regions described by a cloud of points).
The appearance of a high-frequency mode for much higher vector values leads to the formation of an increasingly ﬁne microstructure
in the conﬁguration space. Because the growth-rate of this mode may
become very large, an instability of an almost explosive nature may
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Published under license by AIP Publishing

occur. In addition, a transition from a low-frequency mode (with
smaller wave vectors) to a second mode with a somewhat higher frequency and higher wave vectors also occurs. In this way, the structure
of the magnetic ﬁeld can be strongly modiﬁed, with the generation of
a ﬁner and ﬁner ﬁlamentation. This process, which takes place in the
coordinate space and then in the phase space, can in principle compete
with the ﬁlamentation mechanism of the distribution function in the
velocity space. Since the ﬁlamentation mechanism of the distribution
function is intimately related to the reversibility of the Vlasov equation
at the microscopic level, an alteration of the process can lead to a
change in the energy transfer, leading to a plasma heating.
Finally, we have chosen to further increase the electron temperature in order to study its possible effects on the growth of the modes.
Figure 8 focusses on the appearance of the low frequency oblique
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FIG. 7. The ﬁgure shows the growth-rate xgp in the k space. The parameters are the
same as Fig. 6, but here the difﬁculty of discerning distinct complex solutions displaying similar growth-rates with real frequencies that are large in modulus but
sometimes negative is highlighted. Roots are obtained from the ﬂuid model including the dynamics of the pressure tensor. The physical parameters are identical to
those in Fig. 6.

FIG. 6. Representation in the wave vector plane of neighboring roots of the lowfrequency solution class. Frequency is shown in the upper panel while the growthrate is plotted in the bottom panel. Because the maximum growth-rates are very
close (with xgp  1), a transition may take place from the ﬁrst lobe (at left) with
kx de  5 to the second lobe (right) with kx de  11. In the top panel, the plot in frequency shows that the dispersion relations of the two most unstable modes differ in
the wave vector, indicating that these unstable modes correspond to different
branches (we do not observe the presence of a second lobe in frequency). Thus
the transition can be associated with a change in the nature of the oblique mode.
This transition is accompanied by a strong ﬁlamentation process in the structure of
the magnetic ﬁeld with the generation of thinner and thinner ﬁlaments. Roots are
obtained from the ﬂuid model including the dynamics of the pressure tensor. The
physical parameters correspond to an electron temperature of Te ¼ 25 keV and a
mean drift velocity of u0 ¼ 0:66c.

modes: the frequency is shown in the upper panel while the growthrate is plotted in the bottom panel. Identical parameters to previous
Figs. 6 and 7, have been chosen with the exception of the electron temperature, that we have increased to Te ¼ 100 keV. This can be considered as an upper limit value compatible with a nonrelativistic
description. Assuming heuristically the validity of the ﬂuid description
even at high temperatures, the model allows the determination of the
polynomial solutions (the polynomial being of degree 16). It is
observed that at this temperature, the low-frequency solutions of the
dispersion relation are little affected, suggesting the possibility of such
linear mode coupling even at a high temperature.
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If we take into account the temperature effects, the comparison
between the extended ﬂuid and kinetic solutions (see, for instance,
Fig. 5) shows that both kinetic and ﬂuid descriptions lead to a propagative (resonant) solution. Although with some quantitative differences in the numerical estimations of the growth-rates (g is usually
somewhat overestimated in the extended ﬂuid model), the existence
and characterization of the propagative and non-propagative are conﬁrmed in the linear full kinetic description. However, for a large k
spectrum (k  1), a limitation becomes manifest: the plot of the
growth-rates obtained from the extended ﬂuid model has no cut-off in
the wave vector, even a for a hotter plasma temperature in Figs. 7 and
8. The fact that the extended ﬂuid model provides an overestimation
of the cut-off, which departs from the kinetic one as farther as the considered regime departs from the hydrodynamic limit, had been already
noted for the pure Weibel instability (but not for CFI) and had been
already attributed to the inclusion of temperature effects.31
The equations of the extended ﬂuid model and the related dispersion relation (44) show that the stress tensor components Pxy,
Pxz play a crucial role in the resonant character of the oblique
instability. The analysis further shows that the closure condition,
here performed on the divergence of the heat ﬂux, may also play a
major role in some regimes. We choose here to completely neglect
the heat ﬂux contribution by setting $  Qa ¼ 0, a choice that we
proved to be appropriate to treat Weibel or ﬁlamentation-type
instabilities in the limit where jx=ðky uya Þj  1.31,32 However,
when jx=ðky uya Þj  1 or “equivalently” when k  1, the closure
condition may affect the cut-off limit in the wave-vector usually
observed in the kinetic regime: as previously mentioned in Ref. 43
and 44, this suggests the probable need to retain the heat ﬂux term
contribution for jx=ðky uya Þj  1.
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corresponding branches of the dispersion relation can be thus computed for any type of equilibrium distribution function. This task is
often made difﬁcult in a linear full-kinetic treatment because of the
general non-polynomial form of the dispersion relation. A further difﬁculty, of numerical nature becomes manifest when the roots have
very similar growth-rates.
A further advantage of such an extended ﬂuid model is expected
in the relativistic regime, where a linear analysis of the transition
observed in the oblique mode instabilities can become quite challenging in a fully kinetic description, due to the introduction of a
Maxwell–J€
uttner distribution function.
A comparison between both ﬂuid and full-kinetic solutions
shows that growth-rates may be overestimated in the hybrid ﬂuid
model. A major difﬁculty of the model lies on the choice of the closure
condition usually connected to the ﬂux tensor (here realized by the
condition $  Qa ¼ 0) and in particular, in the limit where
jx=ðky uya Þj  1, that does not lead to the appearance of a cut-off in
wave-vectors. However, we expect that a direct inspection of second
and third order moments of the distribution function in nonlinear
Vlasov–Maxwell simulations, compared to the estimations of the
extended ﬂuid model, could provide valuable physical insights, especially about heating mechanisms that take place in these regimes.
Finally, the solution of the dispersion relation shows a major
result: two main classes of eigenmodes appear, that can be, respectively, grouped into low and high frequency modes with signiﬁcant
disparities in terms of spatial and temporal scales. However, all the
unstable modes have comparable growth-rates. It is also observed that
the maximum growth-rates occur for high values of k. In Paper II, by
means of semi-Lagrangian Vlasov–Maxwell simulations, we will show
how these highly oscillatory modes nonlinearly induce the appearance
of increasingly ﬁne structures, both in the conﬁguration and in the
phase-space. It will be shown how this ﬁlamentation process can modify the energy transfer among the different contributions to the total
energy of the Hamiltonian Vlasov–Maxwell system.
FIG. 8. Representation of the low frequency oblique modes at a high temperature: the
frequency is shown in the upper panel while the growth-rate is plotted in the bottom
panel. The physical parameters were chosen to be identical in comparison to previous
Figs. 6 and 7, except for the electron temperature, which we have increased to
Te ¼ 100 keV. This is a limit value given that the ﬂuid model is not relativistic.

IV. CONCLUSION
An extended ﬂuid model, which includes the dynamics of the
pressure tensor has been used to perform a linear study of the oblique
instability and of the possible transition between the different types of
modes associated with the instability.
The method presents some advantages. The introduction of the
dynamics of the pressure tensor simpliﬁes the linear analysis in the
kinetic treatment of the oblique ﬁlamentation-type instability. Our
model can give important insights about the understanding of underlying kinetic processes that lead to the transition of oblique modes
from low to high wave-numbers and in the change of the nature of the
oblique mode, which can become propagative and thus allows timeresonant aspects. A polynomial formulation of the electromagnetic
dispersion relation for unmagnetized counterstreaming beams has
been obtained from the extended ﬂuid approach. The polynomial formulation of the dispersion relation allows the exact counting of roots
that governs the dynamics of these linear instabilities. The
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APPENDIX: KINETIC DISPERSION RELATION FOR
CFI-TSI AND OBLIQUE MODES
The nonrelativistic dispersion relation can be written in the
general form
Dxx Dyy  D2xy ¼ 0;

(A1)

where the matrix D is the dispersion matrix which takes the form


Dxx Dxy
D¼
:
(A2)
Dxy Dyy
In the dispersion relation of CFI-TSI and OI modes, the matrix elements are
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x2
exx  k2 sin2 h;
c2
x2
Dyy ¼ 2 eyy  k2 cos2 h;
c
x2
Dxy ¼ 2 exy þ k2 sin h cos h:
c
Dxx ¼

4

(A3)
(A4)
(A5)

Here, h is the angle between the wave vector k and the axis (Ox),
the beams being along y. The coefﬁcients of the dielectric tensor e
are given by the following relations:
!
X x2pa
X2a
2
2
ð1 þ na Z ðna ÞÞ cos h þ na Z ðna Þ sin h ;
exx ¼ 1 þ
x2 k2 v2tha
a¼1;2
(A6)
X x2pa Xa
ð1 þ na Z ðna ÞÞ sin 2 h
eyy ¼ 1 þ
x k2 v2tha
a¼1;2
þ

X x2pa v0a sin h
a¼1;2

þ

x

x

ð1 þ na Z ðna ÞÞ

sin h cos 2 h

Xa
ð1 þ na Z ðna ÞÞ
k2 v2tha

X x2pa kv0a
a¼1;2

þ

kv2tha

X x2pa kv0a
a¼1;2



x

x

Z ðn Þ
sin h cos 2 h pﬃﬃﬃ a
x
2kvtha

X x2pa
a¼1;2

X x2pa
Z ðn Þ
1 þ na Z ðna Þ
v20a cos 2 h
;
cos 2 h pﬃﬃﬃ a þ
v2tha
x
2kvtha a¼1;2 x2

(A7)


X x2pa Xa
kv0a
ð1 þ na Z ðna ÞÞ sin h cos h þ
exy ¼
cos3 h
2 v2
x
k
x
tha
a¼1;2


X x2pa Z ðna Þ kv0a sin h
pﬃﬃﬃ
 1 sin h cos h:
(A8)
þ
x
x 2kvtha
a¼1;2
Here, v0a is the velocity of beam a, Zðna Þ is the plasma dispersion
relation of variable na ¼ pﬃﬃ2Xkva with the thermal velocity vtha
tha
qﬃﬃﬃﬃﬃﬃﬃ
kB Ta
¼
m , and the quantity Xa is given by Xa ¼ x  ky v0a
¼ x  k sin hvtha .
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