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ABSTRACT

We investigate the asymptotic scaling of the growth rate and of the characteristic layer width of reduced-MHD tearing modes occurring in thin
current sheets when reconnection depends on two non-ideal parameters. For this purpose, we use a new multi-precision finite difference
eigensolver. The viscous-resistive regime, the warm-resistive regime that includes both resistivity and electron temperature effects, the warm-
inertial regime in which a finite electron inertia replaces resistivity in allowing reconnection, and the inertial-resistive regime that includes both
electron inertia and resistivity are investigated. Previous analytical results of the first three regimes are recovered. For all regimes, the scalings of
the width of the reconnecting layer are provided in the different limits of the wavelength spectrum, and general estimates for the fastest growing
modes are obtained and generalized to different magnetic equilibria. Implications for the disruption of evolving current sheets are discussed.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0022133

I. INTRODUCTION

In this work, we carry out a numerical study of the stability of
thin current sheets in a class of extended magnetohydrodynamic
(MHD) models.

Thin current sheets can occur in laboratory plasmas, such as in
the m =1 mode in tokamaks, and in a variety of space plasmas. They
are also observed in numerical simulations of MHD turbulence. They
are characterized by large aspect ratios L/a, with L being the length of
the sheet and g its width, a background magnetic field B, and a sheet
magnetic field B, not necessarily of the same order as B,,.

Thin current sheets generally possess a broad range of unstable
modes, ranging from a minimum wavenumber Ky, of order 1/L to a
maximum wavenumber k., of order 1/a. The spectrum has usually a
maximum at a wavenumber ky; such that 1/L < ky < 1/a. The
maximum growth rate y,, is important to assess the eventual fate of
the current sheet in the context of an evolving plasma. This notion will
be discussed later in a more precise way. Also, in the following analy-
sis, we will assume a continuum spectrum of wave-vectors k, which is
formally valid only in the limit kL — oo.

The linear analysis is performed in the 2D, slab geometry approx-
imation of the reduced magnetohydrodynamic (MHD) model, which
is valid in the strong guide field limit: we assume a sheared equilibrium

magnetic field configuration B, (x) in the x, y plane where we only
consider reconnection modes that satisfy the condition 9/0z = 0,
with z being the direction of a uniform large guide field that ensures
plasma incompressibility in the ideal case. With this restriction, for the
configurations that we will investigate, reconnection can occur only at
the resonant surface x = 0, with x being the inhomogeneity direction
of the sheared magnetic fields.

We will investigate regimes where one non-ideal effect beside
resistivity intervenes in the reconnection process: we will consider ion
viscosity, electron temperature, and a finite electron inertia, respec-
tively. Although considering just two of the non-ideal effects at a time
may not represent more realistic regimes where all of them may play
together, the present investigation can shed light on how these effects
combine in allowing the onset and the development of reconnection.
For this purpose, we have developed a multi-precision linear solver
that uses finite difference schemes with tunable precision on a non-
uniform grid with double periodic boundary conditions. It must also
be noted that integration of the linear problem in regimes where the
non-ideal parameters are sufficiently small, so as to justify the applica-
tion of the asymptotic matching techniques of the boundary layer the-
ory, is challenging also from a computational point of view because
one must resolve strong spatial gradients in intervals of the domain
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with thickness that scales as some positive power of the small non-
ideal parameters.

This work is organized as follows:

Section IT introduces the reduced-MHD (RMHD) equations we
consider and the non-ideal parameters of the problem.

Section III discusses the linear limit of the equations and the
numerical solver. Further details on the finite difference scheme and
on the choice of the grid non-uniformity in relation to ill-conditioning
of solutions and to machine precision are presented in Appendixes A
and B, respectively. Details on the choice of the equilibrium profiles
are given in Sec. II A.

Section IV recalls some general features about thin current sheet
stability, which are reviewed in a qualitative manner for the purely
resistive case.

Section V presents the results of the linear analysis in the viscous-
resistive regime, for which numerical results already available in the lit-
erature” have provided also a benchmark test for the solver.

Section VT is devoted to discuss the warm-resistive regime, where
electron temperature effects combine with resistivity.

Section VII addresses the warm-inertial regime, with a focus on
the comparison between electron inertia and resistivity in allowing
reconnection.

Section VIII considers the inertial-resistive regime in which elec-
tron inertia combines with resistivity.

Section IX is devoted to the discussion of the results and their
place in the understanding of the stability of thin sheets in evolving
plasmas.

Section X summarizes the main points of the article and its
motivation.

Il. MODEL EQUATIONS

We consider the incompressible reduced-MHD model (hereafter,
RMHD) where the dynamics of perturbations is dominated by Alfvén
modes. We take its 2D limit, cold ion limit in slab geometry (x, y). The
model equations are as follows:

e+ o = 21U +57 %, (1)

5 o U= [y, V2] + RI'V2U. )

The previous system is non-dimensionalized using the reference
magnetic field (By), the reference length a that represents the equilib-
rium magnetic field gradient scale, and the Alfvén time 14 = a/vy,
where the Alfvén velocity is given by v = By/+/4mming. The
“Poisson bracket” representation is given by [f, g] = O f0,g —0,f0.g.
The magnetic stream function V) is related (in dimensional units) to
the magnetic field by B = Vi X e, + Bye,, while the velocity stream
function is related to the E x B velocity by vexg = V¢ x e,. Also,
F =y —d*V*} and U = V*¢. Here, d. = ¢/(wpca) is the electron
skin depth normalized to a (where @, is the electron plasma fre-

quency), p, = <\/me / m,») v,/ (a€Y;) is the ion-sound Larmor radius
normalized to a (where m, is the mass of the species, o = e, i, vj, is
the electron thermal velocity, and Q; is the ion cyclotron frequency),
R = av, /v is the Reynolds number related to ion-ion viscosity v, and
S = ava/n,, is the Lundquist number related to the magnetic diffusiv-
ity 17, = ¢*n7/(4n), where 7 is the plasma resistivity. Note that the
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latter is in turn related to the electron-ion viscosity v,: by
N =2nve/ u)lzw in dimensional units or by ™! = v,;d?/2 in dimen-
sionless units.

Equations (1) and (2) have been derived in Refs. 3 and 4 in the
collisional regime (d, = p, = 0) by relying on the assumption of a
uniform, strong guide field along the z direction. The parameter p,,
which violates the Lagrangian invariance of the parallel electron
canonical momentum F =y — d*V% ), is related to electron parallel
compressibility effects.” It is, however, also considered to be a Finite-
Larmor-Radius (FLR) effect since in a strong guide field limit, it can be
shown to be due to a non-isotropic component of the electron pres-
sure tensor (see the early derivation of Ref. 6, in which it was obtained
by including also a kinetic modeling of ion FLR effects, and a more
recent fluid re-derivation in Ref. 7).

Note that the strong guide field hypothesis with which RMHD
Egs. (1) and (2) have been derived assumes fluctuations of the guide
field to be ordered 6B, ~ (|B.|/By)*, which are then negligible with
respect to other quantities ordered ~|B, |/By < 1. While the Hall-
term contribution in Ohm’s law is, therefore, completely neglected in
the RMHD slab geometry here considered, it must be pointed out that
alternative derivations of an identical set of equations exist,” ! which
relate the p,-depending terms of (1) to the Hall-term in Ohm’s law
while assuming a standard polytropic (isothermal) closure for the elec-
trons. In the latter kind of derivation, with respect to which [(1) and
(2)] may be called “low-f reduced Hall-MHD” equations, we must
order 0B, ~ |B, |/By. In both cases, however, linearization of the sys-
tem equations around a homogeneous equilibrium yields in the ideal
MHD limit the dispersion relation of shear Alfvén waves, which
become kinetic/inertial Alfvén waves (see, e.g., Ref. 12, pp. 20-21)
when the microscopic scales p; and d, are attained and included.
Further discussion on the role of plasma f# in RMHD orderings can be
found in Ref. 70.

In conclusion, while throughout this article we will historically
refer to the RMHD interpretation of Egs. (1) and (2) with no Hall-term
contribution, for which boundary layer calculations have been carried
out in the past, the results we are going to discuss can be applied also to
plasmas described by the low-f reduced Hall-MHD model.

I1l. LINEAR PROBLEM

The system of equations (1) and (2) is linearized by introducing
small perturbations of the form f(x, y) ~ f (x)e®¢’* on static equilib-
rium profiles with Y, = ¥,(x) # 0 and ¢, = 0. This leads to the fol-
lowing system:

ot i)

2

+ikFyp, 4+ 87! <8— - kz) vy, (3

Ix2
02 ! az m
((9 5 kz)(/’l :ik{‘//o(iz_kz) - :|‘//1

4 2
+{R (%—218%%‘*)} (4)

Different reconnection regimes can be studied this way. In the
following, we will focus on collisional regimes in which only two
parameters at a time will be chosen to be different from zero: S and R,
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S and p,, and S and d,. Equations (3) and (4) can be written in the
following form:

(5 w)()-(2 2)(0) o

82 2 2 12 282 1
Q/:W_k’ El:l_'—kd‘—’_de—axz’ :g)l:S JZ/,
Ly = kp¥Yhof —KE,, L5 =k, — ikl
ot lia
pD—1 @ o 2 4
$4ZIR (57 and(«f:@ka @‘Fk

An exact analytical solution to this general eigenvalue problem
does not generally exist in a closed form, but approximated analytical
solutions, using a boundary layer approach, can be obtained in the
purely resistive constant-i regime'” and internal kink'“'” regimes or
in purely collisionless reconnection regimes.'®'® Heuristic estimations
(cf. Sec. IV) can be sometimes used to evaluate the scalings of the
growth rates and of the reconnecting layer width by relying on an
appropriate balancing of the terms of Egs. (3) and (4), without work-
ing out all the calculations of the asymptotic matching of the boundary
layer approach. This kind of simplified analysis has been first applied
to kinetic tearing equations.'” Even in this case, however, the support
of numerical calculations may be required, as for regimes in which
finite Larmor radius effects are included (this point will be addressed
in detail in a forthcoming article).

A numerical approach to the eigenvalue problem (5) is, therefore,
useful to determine the scalings and eigenmode profiles in different
reconnection regimes. For this, one needs to resolve accurately the
thin layer (hereafter named the “inner layer”) around the reconnecting
current sheet, where non-ideal MHD effects become important. We
indicate with 0 the thickness of such a layer.

To this purpose, we have developed an eigensolver for a slab peri-
odic box of dimensions [—L,/2,L,/2] x [-L,/2,L,/2], which uses
compact finite difference schemes of tunable precision for the deriva-
tives (see Appendix A) on a non-uniform grid along the x-direction
(see Appendix B). The non-uniformity of the grid ensures the spatial
resolution of the inner layer, where the grid spacing can be chosen to
be much smaller than in the outer layer, where the non-ideal parame-
ters can be neglected. While this guarantees a faster convergence of the
solution of the eigenvalue problem, it also leads to ill-conditioned
finite difference matrices when the non-uniformity is high and the
non-ideal parameters take asymptotically small values. This is espe-
cially true for the eigenfunctions that converge much more slowly
than the eigenvalues. It should be noted that this ill-conditioning is an
unavoidable feature of the numerical solution, when finite-difference
schemes are used to compute the derivatives inside the inner layer. We
have solved this latter problem by developing a multi-precision algo-
rithm that relies on the Advanpix Multi-precision Computing
Toolbox for MATLAB™ for arbitrary machine precision calculations
and that solves the eigenvalue problem related to the finite difference
scheme described above with a generalized Schur decomposition™"*”
(or QZ decomposition).

In all the results that follow, the dependence of the scalings on
both ¢ and stability parameter A" introduced in Ref. 13 has been
explicitly verified by direct numerical calculation. To this purpose, the
scaling dependence on ¢ has been obtained by “defining” and thus

evaluating § as the distance of the maxima of /" (i.e., of the inflection

scitation.org/journal/php

point of the perturbed z-current component) from x = 0. The one on
A in the constant-i limit relies on the estimation A =2¢ /co, where
co = ,(0) and ¢; = max ) {}/} }. We will show that these definitions
allow the correct estimation of the scalings already known from ana-
Iytical boundary layer calculations where available (the analytical moti-
vation behind these choices will be discussed in detail in a future
paper). Among the reconnection regimes here considered, only in the
viscous-resistive regime, the scalings of ¢ were already available from
theoretical estimations”* and had been numerically confirmed.” In the
small and large wavelength limits of the warm-resistive case, they had
instead been analytically obtained in Ref. 23 with heuristic arguments
applied to boundary layer results in the warm-collisionless regime.

A. Equilibrium choice and A’

In this article, we study the (in)stability of planar current sheets
J.(x,y) of extension L along y and thickness a along the shear coordi-
nate x, which have a single resonant point, say at x = 0. This leads to
excluding the onset of “double”*” or “multiple tearing” modes and cor-
responds to a magnetic shear field that has a single zero with respect
to the x variable.

Although different magnetic equilibrium profiles can be consid-
ered, which are compatible with this choice, we focus here on
“Grasso’s equilibrium,” first proposed in Ref. 25,

aB.

Yo = m~ (6)

The above expression is in dimensional units. It becomes
Wy = B/ (2cosh?(x)) when normalized as in Sec. I1.

We recall that in a slab geometry, the analytical form of the equi-
librium profile modifies the value at fixed k of the A’ instability param-
eter since the definition of the latter,

51 ‘Mmt(g)_lp:mt(_g)
S RN () B

depends on the solution ,,, of the linear problem in the “outer”
boundary layer domain. This corresponds to the J x B = 0 equilib-
rium force condition in the momentum equation (1) once linearized,

[lpvut? g} + I:l//07 vzl//out] = 07 (8)

which is equivalent to

%

"
l//;,ut = <k2 + _9) lpout' (9)
Yo
This leads to an analytical dependence A" = A’(ka; ), which is here
taken to be a monotone decreasing function of ka (in dimensional
units). Since for each equilibrium choice the interval of values of k
allowed for a continuous spectrum of unstable tearing modes is fixed
by the condition A’(ka) > 0, the interval of unstable wave-vectors is
the interval (0, k;,, ), where k=0 and k = k,,, are marginally stable
modes for which A’ = 0. In the presence of a continuum spectrum of
wave-vectors, the large wavelength limit k — 0 and the small wave-
length limit k — ky,, of the dispersion relation correspond to the
large-A’ or internal-kink regime'*'> and to the small-A’ or constant-y
regime'” (cf. also Fig. 1), respectively.
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A'>1 JA ~ 1

S =2x10°

A < 1

0 0:5 1 k 2

FIG. 1. The continuous line shows the dependence of y on ka in the continuous
interval [0, kngal, for tearing modes due to resistivity (S~ =5 x 107%). Dots,
stars, and squares correspond instead to the discrete modes that can be destabi-
lized when L/a = = (black square), 27 (green star), 20 (blue dots), and 40 (red
stars), respectively, The largest oscillation number corresponds to [kngL/(27)],
where “|...]” means the ‘integer part of.” Here, knga = /5 is fixed by the equilib-
rium profile (6), whereas, for comparison, knga = 1 in the case of Harris pinch
equilibrium.

In this regard, equilibrium (6), which has kmga = +/5, was intro-
duced because at fixed k, it provides comparably higher values of A’
than, for example, the , = cos(x/a) profile in an interval with
L, =2mn. In this sense, it is particularly useful for the numerical
modeling of large-A’ modes, both for the linear (i.e., scaling analysis)
and nonlinear dynamics. It must be noted that this equilibrium is peri-
odic in x only in the formal limit L, /a — oo. Therefore, the periodic
conditions in x, required by the present version of the code (they can
be in principle relaxed in the numerical scheme), are granted by taking
a sufficiently large interval L,. For example, for a choice L, = 4na,
which is typical for numerical simulations of tearing modes in numeri-
cal boxes with aspect ratios of order of unity, /,(+2m) ~ 7 x 107°.
The numerical error introduced in this way is shown to be negligible
by the results presented later. We note, however, that a slightly modi-
fied version of equilibrium (6) has been also considered in Ref. 26,
where constant values have been added to the first terms of the
Fourier expansion in x of Y, in order to ameliorate the convergence
of its numerical Fourier series in boxes with finite values of L, /a.

IV. GENERAL FEATURES OF THE LINEAR CURRENT
SHEET STABILITY

The linear study of reconnecting instabilities presents a difficult
analytical challenge when more than one non-ideal parameter is
included in the generalized Ohm’s law, even in the slab geometry
approximation of the RMHD model that we consider here. The main
reason is due to the fact that the boundary layer analysis, first used to
address this problem in the resistive regime in the seminal paper by
Furth, Killeen, and Rosenbluth'® (FKR, hereafter), often requires a
multiple boundary layer approach when more microscopic scales are

ARTICLE scitation.org/journal/php

introduced, with each layer being related to a different non-ideal
parameter. Indeed, it is not trivial to identify the characteristic scale
lengths delimiting the size of each boundary layer since they require
close inspection of the differential equations involved and since their
scaling with the non-ideal parameters depend on a priori orderings
that need to be verified once the solution has been obtained. The need
to perform a multiple boundary layer calculation has been shown by
Pegoraro and Schep in the so-called semi-collisional regime.'* In that
article, the linear problem for tearing modes in the presence of both
resistivity and electron (and ion) temperature effects has been solved
analytically in Fourier space. This multiple boundary layer technique
has, then, been adopted in other regimes: in the semi-collisional inter-
nal-kink instability,"— in viscous-resistive reconnection,”> where both
finite resistivity and ion viscosity influence the growth rate, and in col-
lisionless regimes,”” where reconnection is ruled by electron inertia
and Finite-Larmor-Radius effects.

These analytical estimates have provided for the years to follow
the basis of several studies in which the scaling of the reconnection
rate plays a fundamental role also for the interpretation of nonlinear
simulation results. Relatively few works have undertaken the system-
atic numerical study of the problem and the verification of the few
available theoretical estimates, especially for tearing on single resonant
surfaces.

At the same time, it is worth recalling that it is sometimes possi-
ble to obtain the estimates of the growth rate and of the layer width by
combining the boundary layer approach with some ansatz about the
ordering of terms and scales in the linear equations, which are essen-
tially based on dimensional estimates and whose consistency must be
verified a posteriori. This is what we hereafter refer to as the “heuristic
approach.” Below, we are going to provide an example in the purely
resistive regime (and in the viscous-resistive regime, in Sec. V).

Aiming at reviewing some qualitative, general features of the cur-
rent sheet stability, let us now proceed with some dimensional
estimates.

Consider first a current sheet of intensity J, in an MHD
hydrogen-type plasma with (ion) density 1, and mass m. The “natural
timescale” that we can build with these parameters, irrespectively of the

width of the sheet, is
1/2
mng c
~ [ —= — . 1
% (M) Q) (10)

It must be noted that only the current density amplitude, Jo, enters in
this definition. In the geometry we have chosen, it can be specialized
further so to make explicit its dependence on a characteristic length
and on a magnetic field intensity by using Jo ~ B/a; in this case, 7,
becomes the transition time of a shear Alfvén wave across the distance
a. Notice, however that, unless additional hypothesis is made, in gen-
eral, Bi; # By since the validity of the reduced MHD equations only
requires that the relevant time-scales are longer than the inverse total
cyclotron frequency.

For illustrative purposes, let us now proceed by considering for
simplicity the case of the purely resistive tearing. By restoring the
dimensions in Egs. (3) and (4), one has

Wy = ik‘//é)@l + ”m( ,1/ - kz‘//l)v (11)
yamnom(p) — K ¢,) = ikyy (W) — I2Y,) — ikyig vy, (12)
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where ¢ = c¢/BY,. Here, ¢ is the electrostatic potential and BY, the
modulus of the total equilibrium magnetic field, which, in the strong
guide field limit having B? > B, is BY, ~ BY = B;. Note that,
although dimensional, these equations have no explicit dependence on
the reference magnetic field By, which has been incorporated in the
quantity ¢, the stream function of the fluid.

When we consider the solution of Egs. (11) and (12) at a distance
from the neutral line of the order of the reconnecting layer width 6, we
can neglect k* with respect to the second order derivative in x of the

perturbed quantities. We can also approximate gl,.s ~ Si/g

|x:;
=~ 47y /c and neglect the /{ term. By ordering ¥/} //, ~ 1/8%, we,
then, obtain the two time scales

The former is essentially the shear-Alfvén wave dispersion relation at
the scale x ~ 9, it is related to the natural timescale 7, and it does not
depend explicitly on the current sheet width a nor on the characteristic
system length L.

The second timescale is the resistive diffusion time along x over
the scale 6.

The above estimate is valid in the large A’ limit, that is, as long as
ANo>> 1.

In the small-A’ limit, one must assume /¥, ~ A’ and
W1 /W, ~ A'/6. One, then, has the two conditions

A 1/2 A
y o~ 7](5( 9) and y~ M2
To o

(14)

We have, thus, heuristically obtained the following scalings in the
large- (label LD) and small-A’ (label SD) limits, respectively:

ko
D~ 2, dp ~ (k) (1)
0
A 1/2
Ysp ~ ](6513(1706‘%)7 5SD ~ (Tok—lnm)z/sAll/5. (16)

Note that by treating the wavenumber as a parameter, there is no
explicit dependence on the sheet length L. Moreover, the dependence
on the scale a occurs only for the small-A’ solution via the instability
parameter A’(ka), which fixes the range of values of ka € (0, kuza)
allowed for the unstable modes.

Scalings [(15) and (16)], then, define the two ranges of the spec-
trum of unstable modes, which meet at a wavenumber such that
S1p ~ dsp ~ A", This situation is illustrated in Fig. 1, where the
dependence of y is represented with respect to both a continuum spec-
trum and a discrete spectrum in k; the latter is given for different val-
ues of L/a. One observes that the wavenumber at which the two ranges
meet corresponds to the most unstable mode if L/a is sufficiently large.

The scaling of this fastest growing mode depends on the mag-
netic equilibrium profile, and its calculation generally requires a
numerical approach even if estimates based on the algebraic scaling of
A (ka) for small values of ka can be given from the small- and large-
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typical aspect ratio of the current sheet is taken to be very large, so the
approximation L/a — oo can be adopted. A paradigmatic example,
already considered by Dungey in his first formalization of the notion
of reconnection,””" is provided by the terrestrial magnetotail. Its
instability to reconnecting modes in a continuous spectrum of wave-
lengths has been addressed in a kinetic framework in Ref. 37 and then
by considering resistive slab tearing modes in Refs. 32 and 38. Other
astrophysical applications of tearing theory to large aspect ratio cur-
rent sheets have been, then, considered for coronal mass ejections (see
Ref. 39-42), whose occurrence close to neutral magnetic points noted
by Giovanelli*’ had indeed motivated Hoyle"* and Dungey ™" to
explore and formalize the mechanism that would have been later
dubbed as magnetic reconnection.”” In particular, as noted by Velli and
Hood,"" an aspect ratio of the order of L/a ~ 20 is typically sufficient
to allow the instability of modes with a wave-vector close enough to
that of the fastest growing mode as computed by considering a contin-
uous spectrum (cf. Fig. 1).

In the numerical results that follow, however, the fastest mode
has been identified by selecting, for each fixed couple of non-ideal
parameters at play, the wave number that displayed the maximum
growth rate after a scan over about 40 modes in the (0,+/5) interval
of the (normalized) k variable.

Although only the small-A" and fastest growing mode wavelength
limits are physically relevant to the stability of a planar current sheet
(cf. discussion in Sec. IX A), it must be noted that the slab tearing anal-
ysis in the k — 0 limit is formally equivalent to that of the internal
kink mode in large aspect ratio tokamaks.'*'* Because of this, in the
following, we will always note in each reconnection regime the scalings
in the large-A” limit too.

V. VISCOUS-RESISTIVE REGIME (R ',S™)

We here identify as “viscous-resistive” the regime in which we
can set d, = p, = 0 in Egs. (1) and (2). The eigen-matrix coefficients
in Eq. (5) take, then, the form

? -
<9/:8x2_k27 2=1, L£1=S"'o, L=k,
Ly =kyyo — ik,
ou >
1 2 2 4
L4 =iR '€, and ﬁ’:ax4*2k 8x2+k.

Although linear tearing modes in this regime have been already
extensively studied in the literature (see Refs. 1, 2, 22, 46, and 47), they
are considered here for two reasons. The first one is that previous stud-
ies in this regime chose different equilibria from (6). The second one is
that comparison with previous results that do not depend on the
choice of the equilibrium profile (notably the results in the constant-j/
or small-A’ limit) provides a benchmark test for the newly developed
eigensolver.

We have recovered the well-known scaling laws both in the
purely resistive' ' regime,

A’ limits of the dispersion relation.”””’ Yip ~ k2/3571/3’7 Orp ~ k71/3571/37 17)
The scaling of the fastest growing mode lefaialready addressed in op ~ K ISAM5S315 Sop ~o k25 AV/5S 25 (18)
a series of papers by Cross and Van Hoven,” ~ which were mainly ' '
focused on applications to astrophysical plasmas. In these papers, the and in the viscous-resistive regime,””
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i ~ k2/3R1/3s—2/37 OLp ~ k—l/SR—l/GS—1/67 (19)

Ysp ~ kl/sAlRl/és—s/e7 Ssp ~ k—1/3R—1/6S—1/67 (20)

where the subscripts “LD” and “SD” label the large-A” or large wave-
length limit ka — 0" and the small-A" or small wavelength ka —
(kmga)™ limit of the dispersion relation, respectively. Note that the
reconnecting layer width in the viscous-resistive regime has the same
scaling in both the large- and small-A’ limits [Eqs. (19) and (20)].
Scalings [(17) and (18)] correspond to (15) and (16), respectively, once
the latter are normalized as specified in Sec. I1.

These benchmark results are shown in the right frames of Fig. 2.
For the growth rates, these scalings had been already numerically veri-
fied in the past, for example, in Refs. 1, 46, and 47, although with a dif-
ferent magnetic equilibrium (which does not affect these results). It is,
however, in the more recent work by Tenerani et al’ that a more
extensive numerical study has been performed also for the scaling of
the reconnecting layer width and in all wavelength limits of the slab
dispersion relation, with a different eigensolver than the one used here.

The scalings [(17)-(20)] can be estimated by means of the
heuristic-type argument outlined in Sec. I'V. A relation is obtained b
balancing the dominant terms of Eq. (4), which, by assuming q;i
~ @, /0" (with ™) expressing the Nth-order derivative with respect to
x), we write as y@, /6* ~ ikoy/| + R~ ¢, /6*. Using the latter and the
estimates obtained from (3) so to eliminate ¢, and v/} in terms of ¥,
(that is, ¢, ~ —ipy,/(k6) and ] ~ 7Sy,), we get the qualitative
expression as follows:

y~ R7I572 — k25%S. (21)

Combination of (21) with the relations obtained from Ohm’s law
(second relation of (13) and (14)) yields two polynomial relations for y

S
210%2107=10%210°=10%=10%

106 =1 : 102"
S 10 102 10710 108

S
107 510821072100210°210%=10%

e 1074 7 7 1 S 3
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(or 0) whose solution gives the sought scalings. Equations (19) and
(20) are obtained by assuming the R™'-related terms to be dominant,
which, by developing the algebra, is seen to correspond to R~! > §™!
for A'd;p > 1 and to y ~ (S7'A'/dsp) < R™'g5 for A'dsp < 1.
Using (20), the latter condition a posteriori means
R > §7/5(k"'/3A")*/° . Leaving k unordered with respect to R and
S, one so recovers the condition R™! > §~7/%, already evidenced by
Bian and Vekstein'® from boundary layer calculations in a problem of
forced reconnection. Using instead the upper limit of the A'Ssp =< 1
condition, that is, of k~'/>A’<R'/68/¢, the R™' >> $~! ordering is
re-obtained. Equations (17) and (18) are obtained in the opposite lim-
its when S™!-related terms are dominant. The condition R™! > ™!
in the large-A’ limit is, therefore, more restrictive and can be generally
assumed as required for the occurrence of the viscous-resistive regime,
when a continuous variation of k is assumed in a slab geometry.

A further scaling, which is of physical interest in a large aspect
ratio current sheet, is that of the mode with the highest growth rate."”
The scalings of this mode occurring at A’ ~ 1 do depend on the
choice of the equilibrium profile,”” as it had been already numerically
found by Cross and Van Hoven.”' Previous studies of this mode in the
viscous-resistive regime have focussed” on a Harris-pinch equilib-
rium.”® In Ref. 29, however, general formulas for the maximum
growth rate for a general equilibrium profile have been proposed for
the collisionless, purely resistive and viscous-resistive regimes [see Egs.
(23)-(25) therein]: these scalings can be estimated by equating
vsp(kar) = y1p(kar) = 7> while assuming A'(k) ~ kP for k < 1.
These formulas agree with the results obtained for a Harris-pinch pro-
file”** (case p=1), and they have been verified also for equilibrium
(6), indirectly in the warm collisionless case in Ref. 29 (by comparison
with previous results by Comisso et al.”’) and directly with another
numerical solver in the purely resistive, inviscid regime in Ref. 30.

E=5x10"% S =3.33 x 10°

1078 ~ RY3 _.

YLD —

108 15 25 3 x10°
k=175 5=2x10°

‘ 3 5x10°
k=5x107"% R =10

5 x10°

FIG. 2. Scaling laws in the visco-resistive regime of Sec. \/ (dots are numerically obtained values). Left frames: growth rate of the fastest growing mode 7y, as a function of R
(top) and of S (bottom). Center frames: wavenumber of the fastest growing mode ky, as a function of R (top) and S (bottom). Right frames: growth rates in the large-A” and

small-A’ limits (labels 7, and ysp, respectively) as a function of R and S.
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For convenience, we rewrite here these general scalings for the fastest
growing mode A’ ~ 1 by including also the corresponding estimates
for ky; and d, (they can be, then, easily rewritten in terms of Prandtl
number P = v/n = S/R),
P
N ~ RT3 3
Viscous — Resistive Jm ~ REPS T, 1
regime (P > 1) ky ~ (R-V/28-1/2)7% (22)
i "~ kP
for limy—o A" ~ k Oy ~ (R1/28~ 1/2)%

1+p

v~ ST,
Resistive regime (P < 1) o 23)
for limg_,g A" ~ kP kv ~ ST, (
S~ ST,

In the left and center frames of Fig. 2, we have plotted the scalings of
ym and kyy, with respect to the Reynolds and Lundquist numbers,
which we have numerically obtained by solving the eigenvalue prob-
lem for equilibrium (6). The complete set of numerical results is sum-
marized by

Py~ RZ/7875/77
Viscous — Resistive

o R-1/14¢—1/14
regime (P >> 1) ki ~ R S ’ (24)
Opr ~ RISV,
M~ 573/77
Resistive 17
regime (P < 1) ka ~ ST, (25)
Op ~ §72/7,

Equations (24) and (25) correspond to the analytical estimations
[(22) and (23)] after the substitution p =2, valid for equilibrium
(6). The transition to a purely resistive regime in which the effects
of viscosity become negligible is qualitatively in agreement
with that obtained in Ref. 2 for a Harris equilibrium, and the scal-
ings for y,s and kys of (25) coincide with those already verified in
Ref. 30.

Two distinct regions are visible in Fig. 2. The first one is for
R < S (see, e.g., the yellow line in the top frames of Fig. 2 for
R < § = 10°). This region represents the visco-resistive case, and its
scalings confirm those of Eq. (24). The second region is for R > S (see,
e.g., the yellow line of Fig. 2 for R > S = 10°) and corresponds to a
purely resistive limit in which viscosity negligibly contributes. Its scal-
ings are given by Eq. (25). A transition region between these two limit
regimes is also visible. This region is characterized by a reversal of the
slope in the scaling of ky; with R~!—see the top-center frame of Fig. 2,
where a relative minimum of ky (R™!) is clearly visible. No power law
scaling has been measured here.

The growth rates of the fastest mode in both viscous-resistive and
purely resistive regimes for equilibrium (6) can be compared by re-
writing their ratio in terms of the Prandtl number: y,/ ~ P 2/7y Moo
where 7, stands for the scaling of Eq. (24) and y M for that of (25).
This relationship indicates the intuitive role of the VISCOSIty in slowing
down the tearing growth rate as P overtakes unity (cf. the values of y,,
plotted in the right frames of Fig. 2). In the parameter range we have
numerically explored, the limits of applicability of Eqgs. (24) and (25)
in terms of the value of P can be quantitatively expressed as given by
P < 107! and P > 10, respectively.

scitation.org/journal/php

VI. WARM-RESISTIVE REGIME (p,,S™")

We consider the regime in which only temperature effects and a
finite collision rate dominate. That is, we can assume R™! = d, = 0 in
Egs. (3) and (4) so that they become

2

0
W = kpl (7 - kz) @ —kgp+S7! (a 5 k2> v, (26)

> 2
e

The coefficients of the eigen-matrices of Eq. (5) are .o/ = 0x2
—k2, =1, &1 =S, Lr=kpPyd —kiry, L3 =kly/
—knp{)”, and ¥, = 0.

The linear problem in this warm-resistive regime has been first
studied analytically by means of a boundary layer theory in Ref. 18.
Although in that treatment diamagnetic drift effects were also
included, here we neglect them, as equilibrium density fluctuations are
not retained in the model of Egs. (3) and (4). In the same paper, the
effect of finite ion Larmor radius corrections was also retained by
means of a (gyro)-kinetic modeling of the ion response.”’ Although
ion FLR effects can be included in the model by means of Padé-type
approximants””* or by means of more refined approximations,””*
which, in the collisionless limit, preserve the Hamiltonian character of
the system for the arbitrary values of p;, we have chosen not to include
them in the present analysis. In this sense, we depart from the “semi-
collisional” limit, identified in the kinetic study bgr Drake and Lee'’
through the condition yd? < §7! < (kd,)A'~'/?

The scalings given in Refs. 17 and 18 for the warm—resistive case
and in Ref. 27 for the warm-collisionless case can be recovered from
those discussed in this work with the substitution p? — p? + p2.
However, the loss of symmetry between p? and p? in the warm-
collisionless growth rate, which was noted in Ref. 55, requires further
investigation. The warm-collisionless scalings (de # 0, p, # 0) were
also obtained by Zocco and Scheckochihin,” starting from a reduced
semi-kinetic model somewhat different from the one considered in
Refs. 18, 27, and 51 (see also Ref. 6), and by integrating the boundary
layer equations in coordinate space.

The heuristic estimation of the tearing scalings in the presence of
ps is much more difficult than in “cold” (ie, p; =0) regimes.
However, as it happens for the cold collisionless limit with p, = 0 and
d. # 0, in which the collisionless scalings can be deduced from those
of the purely resistive regime after substituting”® d> — S~!/y, it is
easy to verify that the scalings of the warm-resistive regime below can
be equally recovered from those of the warm collisionless case first dis-
cussed in Ref. 27. This is also the criterion used in Ref. 23 to re-obtain
the results of Refs. 17 and 18 and to deduce the corresponding scalings
for the inner layer width from boundary analysis calculations in a
semi-kinetic warm-collisionless regime.

The corresponding scaling laws, confirmed by the numerical sol-
utions, are as follows:

Yip ~ ]‘:6/7p;1/7571/77 5LD ~ k74/7p;5/7sf4/77 (28)
Vsp ~ (kA')2/3pf/3571/3, Ssp ~ k72/3A/1/3p3—2/3872/3' (29)

In Fig. 3, we plot the growth rates ysp and y; p vs different param-
eters (k, S, and p,) and the corresponding scaling laws of dsp and ;.
The conditions of validity of these scalings are obtained from the
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k=102 S =1.667 x 10°

1074+

10 X102

9 x10°10 7 9 X107

FIG. 3. Scaling laws in the warm-resistive regime of Sec. /| (blue dots are numerically obtained values): growth rates y are displayed in the two upper panels, and reconnect-
ing layer widths ¢ are d|sp|a¥ed in the two Iowe/r panels. Labels LD and SD correspond to the large-A’ and small-A” limits, respectively. In left figures (SD case), the abscissa

variables are z = k%3A""/° and z; = (kA)

normalization scales of the boundary layer analysis, which
give'*p, > (kS)"* in the large-A’ limit and A’ < p’1/7(k5)2/7 i
the small-A” limit. Outside of this range, the effect of p; is negligible and
scalings [(17) and (18)] of the purely resistive regime are recovered.

Using the same argument described in Sec. V to estimate the
growth rate of the fastest growing mode, we obtain from Egs. (28) and
(29) the following scalings:

ym ~ p3/8STI
Kyt ~ pl/165-1/8 (30)
Ont ~ ps—3/4571/2.

Warm — Resistive
Regime

These are confirmed by numerical results. Figure 4 shows the scalings
of yar (left frame) and ky; (right frame) vs the different parameters.
Here, again, two limit regions can be recognized where scalings (25)
and (30), respectively, hold. In the top-left frame of Fig. 4, we see that,
when §=10°, the scaling of y,;  p*/® agrees with Eq. (30) for all
chosen values of p,. For the values of § < 10°, we recognize a threshold
value for the ion sound Larmor radius p, above which we recover the
semi-collisional regime of Eq. (30). When p; < p,, the scaling of y,
becomes independent of p,. In the bottom left frame of Fig. 4, when
S > §, we recover the scaling y; ~ S V4 of Eq. (30) (see, e.g., the blue
line in the bottom-left frame of Fig. 4, where we can identify § = 107
for p, = 1072). The second limit regime (purely resistive) governed by
Eq. (25) corresponds to 7,, ~ $~3/7 and is observed when S < S (see
again, e.g., the blue line in the bottom-left frame of Fig. 4 for
p, = 1072). In the right frame of Fig. 4, we recognize the same features
as above. Here, a threshold value of the Lundquist number S for each
value of p; is visible. For larger values of S, the wavenumber of the fast-
est growing mode follows the scaling ky ~ S~'/® of the warm-
resistive regime given by Eq. (30), while below this threshold value, the

wavenumber of the fastest growing mode is once more governed by
the scaling ky ~ S7/7.

The spatial profile of the eigenmodes obtained in this regime, in
which p; explicitly affects the eigenvalues, perfectly agrees with its
approximated analytical form provided in Ref. 18 for |x/p,| < 1. In
dimensional units and in the notation of the present article, Eq. (74) of
Ref. 18 reads

—(x/a) ~

. —1\1/2
J.(x/a) = _2a (%) o (e $7) . (31)

i 2(x/a)2 + p14S7!

as the following correspondence between the variables of the afore-
mentioned reference and the ones we use here in the slab-geometry
limit holds: s =1 (we have arbitrarily chosen the magnetic
shear parameter § of the tokamak to be equal to unity in the
slab geometry approximation), & = S, m=ka, p=1 (isothermal
(kp,)*,25 =1/ (kp,)’,
G=—yuS/(ka), 2 =—(ma) " and g =(gz)"”
= (yaka) /2812, In Fig. 5, the spatial profile of (31) is compared to
that numerically obtained from the eigenmode /;, in the interval
—ps <x < p, for the same set of parameters of the center-bottom frame
of Fig. 3; here, 6 ~3 x 10~ 4,

Finally, the scalings of Eq. (30) can be generalized to an arbitrary
equilibrium profile. Proceeding as before, we obtain

limit), g,=1 (uniform equilibrium density), tb =

2+44p

2+4p

Yoy ~ RS
Warm — Resistive I psﬁp e ’ (32)
Regime for limy_,o A~ kP kag ~ ps ﬁ W‘:’
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FIG. 5. Perturbed current density profiles normalized to their maximum value, com-
pared in the —p; < x < p; interval: the blue curve represents the current density

numerically computed with the eigensolver, while the red one is obtained using Eq.
(31), formally valid for x| < ps. Here, the inner layer width is 6 ~ 3 x 107*,

VII. WARM-INERTIAL REGIME (p, de)

This regime differs from the previous one in that a finite electron
inertia replaces a finite resistivity as the mechanism that allows recon-
nection by violating the ideal Lagrangian invariance of . We, then,
assume R™! = S! =0 in Egs. (3) and (4), and the coefficients of
Eq. (5) become .o/ = %— K, 2=1 —Q—kzule2 — dgaa—;7 L=,
=0,%, = kp*Yyof — kFy, L3 = kipyof — ik .

Scalings of the growth rate in this regime have been first obtained
by Porcelli”’ and had been provided for the layer width § by Zocco
and Schekochihin.” For the fastest growing mode, they had been first
numerically obtained by Comisso et al.”” for the same equilibrium (6)
we consider here, and they had been generalized to different equilibria
in Ref. 29.

As mentioned in Sec. VI, scalings in this regime mirror those of
the warm-resistive case previous the substitution S™' — yd2.

In the regime where both d, and p, contribute, which is delimited
by the condition p, = d,, we rewrite below all the relevant scalings,
whereas we present in Fig. 6 the numerical results for the small- and
large-A’ regimes, only, since the fastest growing mode with p=2 has
been already studied,”’

YD ™~ kpsz/3d:/3a OLp ~ P:1/3d§/37 (33)

Ysp ™~ kA/psd€7 5SD ~ A/d§7 (34)
Ly 2
Tm o~ ps” A’
Warm — Inertial
£ (35)
Regime for limy_g A" ~ k™? ky ~ ps'de”,
S ~ p1 i,

Note, in the large-A’ limit, the localization of the reconnecting layer in
a scale 6, smaller than d, because of p, > d, and, in the small-A’
limit, the independence of dgp from p.

It is well known, however, that for d, >> p,, the purely inertial
(i.e., cold collisionless) regime is entered. Its scalings in the large- and
small-A’ limits have been provided in Refs. 27 and 56 and in Refs. 16,
19, and 56, respectively,

FIG. 4. Scaling laws of the fastest growing mode (A’5 ~ 1) in the warm-resistive
regime (Sec. V). Vip ~ kdey  Orp ~ de, (36)
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FIG. 6. Scaling laws in the warm-inertial regime of Sec. VI (blue dots are numerically obtained values): growth rates y are displayed in the two upper panels, and reconnecting
layer widths 6 are displayed in the two lower panels. Labels LD and SD correspond to the large-A’ and small-A” limits, respectively.

Ysp ~ k(A VA, Sgp ~ Nd?. (37)

Again, we do not present here the numerical results of this case,
as they have been already addressed elsewhere,””” but we note that
we found the condition d, > p, delimiting the validity of (36) and
(37) to be numerically satisfied already for d,/p, = 0.1.

In this cold, collisionless case, the fastest growing mode in a large
aspect ratio current sheet has been first considered in Ref. 33, where
the scaling 7,; ~ d>/2 has been numerically obtained for the equilib-
rium , = cos (x). This agrees with the more general estimates given
in Ref. 29,

14p

Cold — Inertial Par ~ d.’
Regime (d; > p7) kg ~ dt (39)
for limy_g A" ~ kP Sas ~ d

which have been verified also for a Harris pinch equilibrium™ and,
here, for equilibrium (6) (cf. Sec. VIII).

Finally, Fig. 7 evidences the formal equivalence of d, and S~! by
showing the practically identical shape of the eigenfunctions obtained
when inertia and resistivity, respectively, are the only non-ideal mech-
anisms at play and when the values are chosen so that yd2 = S™!. We
recall instead that p,, like R™!, is per se not sufficient to regularize the
singularity that, in ideal MHD, would develop at the neutral line since
ps (or R™") does not violate the topological invariance of magnetic field
lines in ideal MHD, as they are dragged by the flow: although, as
d, = S7' =0, p, appears in front of a source term in the equation for
the Lagrangian invariance of i, it can be re-absorbed in a redefinition
of the fluid stream function with respect to which the total (ie.,

material) time derivative of i/ results to be zero (¢ — ¢ — p2U).
More in general, both pg-corrections to the E x B velocity, as they are
derived in the 6B, ~ (|Bperp|/ By)” limit, and the J x B term in Ohm’s
law of Hall-MHD model do not allow, alone, reconnection (see, e.g.,
Ref. 57). After redefinition of the fluid velocity, both terms can be
indeed re-absorbed into a null Lie-derivative of B(x,t), which
expresses the impediment of magnetic reconnection.”

VIIl. INERTIAL-RESISTIVE REGIME (d.,S ™)

In this regime, where R™! = p, = 0, the coefficients of Eq. 5
become .o = 8‘)—; -k, 92=1+kKd - d?(;%, L =851,
yz = — F(,), 33 :klpg&{— ik%",and 3}4 =0.

Three regions in parameter spaces can be identified, depending
on the relative magnitude of yd? and S™!. These three regions can be
classified as two asymptotic regimes, in which resistivity or electron
inertia, respectively, dominate, and an intermediate region at the inter-
section of these two regimes.

The existence of these three regions, and in particular of a param-
eter range in which both d, and S™! contribute to the growth rate
when yd? ~ S7!, had been already noted in the pioneering numerical
study of Ref. 33 although specific scalings have been there provided for
the yd2 > S~ limit only.

The scalings in the two asymptotic regimes are easily obtained.

The first regime, valid for yd? < §7!, can be so identified as
purely resistive. This has been already discussed and summarized with
Egs. (17), (18), and (23): in this case, the inertia-related terms in Eq.
(1) can be neglected with respect to the resistivity contribution.

The second one, valid in the opposite limit ydﬁ > S, is the
cold-inertial regime of Sec. VII.
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FIG. 7. Eigenmode profiles of s (upper panel) and ¢ (lower panel) obtained for a
case in which d, (blue curve) and S~' (red curve) are the only non-zero non-ideal
parameters. The values of the parameters have been chosen so that ydg ~ S
the blue and red curves are practically superimposable.

The intermediate parameter range is defined by the constraint
7d? ~ S~1. We note that the scalings for tearing modes in the presence
of both electron inertia and resistivity can be deduced by considering,
for example, the scAa%ings (36) and (37) of the cold inertial case and by
rescaling® d? — d,” = d? + S~! /7. For the growth rates, this leads to
the implicit relations

1/2 3/2
: . S : g5
))LDNk de<i>N ’ /SDNk(A) de+ ) (39)

’LD 7sp

which are useful to interpret the results in the transition region.

Using for 7 the scalings [(36) and (37)] of the collisionless tearing
modes or the scalings [(17) and (18)] of the purely resistive case, it is
possible to reformulate the condition of transition between the two
asymptotic regimes in terms of the wave-vector as

k ~d3st (A1),

Inertial — resistive

rangeyd? ~ S (40)

k(A) ~ d5s (Ns<1).
In a numerical scan of the parameter space, it is easier to identify
the three regions (i.e., the two asymptotic regimes and the transition
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region) by focusing first on the scalings of the fastest growing mode,
for which the wave-vector is fixed by the non-ideal parameters.

Figure 8 displays the results of a set of numerical integrations per-
formed by varying both d, and S~! and by selecting the corresponding
fastest growing mode in a formally continuous spectrum of unstable
modes. The dependence of 7, and ky; on d, and on S~ is displayed in
the top and bottom frames, respectively. For each line, the transition
from one asymptotic regime to the other, occurring when yd? ~ §71,
is quite evident. In each frame, the dashed line evidences the scaling
dependence on the dominant parameter of the mostly inertial (38) or
mostly resistive regime (25).

IX. DISCUSSION

The main results presented in Sec. V-VII are summarized in
Table T, where we have reported only the scalings for the regimes
where both non-ideal parameters each time involved contribute. We
recall that only the scalings of the fastest growing mode depend explic-
itly on the analytical form of the perturbed magnetic equilibrium but
not those of the small- and large-A’ limits. For the scalings of the fast-
est growing mode, we have indicated also the values that can be
extrapolated for an equilibrium for which p =1 when A’ (k) ~ k= for
k <1, according to the criterion discussed in Ref. 29 and previously
recalled; in the present numerical study, we have verified only the case
p =2 of equilibrium (6). Different types of equilibria and their corre-
sponding algebraic scaling in terms of k for k < 1 are reported in
Table II.

While the scalings of the viscous-resistive regime had been
already analytically obtained and numerically verified by previous
authors, also for the fastest growing mode, a different choice of the
magnetic equilibrium had been made, which corresponds to the p=1
case (cf. Sec. V). The scalings of the warm-resistive regimes were
instead available only for the growth rates and in the small- and large-
A’ limits (Sec. V1). In the inertial-resistive regime (Sec. VIIT), for which
no power law scaling can be measured in the narrow parameter region
in which both resistivity and electron inertia contribute, a numerical
scan spanning the two asymptotic regimes at the best of our knowl-
edge had never been performed before.

The warm resistive scaling, once combined with those of the
warm-inertial regime in the tearing and inertial-kink limits and for the
fastest growing mode (see Sec. VI-VII), can provide, for example, a
correction to the estimate previously done in Ref. 59, about the possi-
ble onset of a secondary inertial tearing on the current sheet generated
by a primary resistive internal kink mode (for example, in a tokamak,
during the sawtooth crash in Kadomtsev scenario). In this case, the
embedded current sheet condition”’ must be kept into account to eval-
uate the scalings (see also Ref. 61).

Moreover, while in the present work we have carried out the lin-
ear analysis assuming a static equilibrium, the question of how a thin
current sheet of a given aspect ratio L/a is produced is pertinent to
assess what happens in a given context.

If one assumes that the current sheet is generated by an underly-
ing dynamical process whose characteristic timescale is Tproc, it is
important to compare this timescale with the growth time of all the
unstable modes permitted at a given sheet aspect ratio.

If the process timescale is sufficiently long, one expects that the
current sheet bifurcates to a state with a magnetic island determined
by the characteristics of the first mode that becomes unstable. On the
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FIG. 8. Scaling laws of the fastest growing mode occurring for A’6 ~ 1 in the inertial-resistive regime. The dashed green lines of the upper frames indicate the scaling of the
purely collisionless regime (38), while the black ones in the lower frames indicate the scalings of the purely resistive regime (25).

other hand, if the underlying process is fast enough that 7o is smaller
than the growth times of all the unstable modes permitted at a given
aspect ratio, then one expects that the process of producing thinner
and thinner sheets can go on until this condition is violated. An exam-
ple occurs when 7o is Alfvénic, as discussed in the example below,
for a mechanism leading to thin sheets exhibiting both ranges of the
unstable spectrum.

A. A case of current sheet evolution

Consider a (typically turbulent) plasma characterized by eddies
of size L, fluid velocity vs and magnetic field B,. Assume energy equi-
partition, such that Ve~ Va, where v, is the Alfvén velocity associated
with the field By. One can, then, consider a process by which current
sheets are produced as the magnetic field is advected by the plasma
motion on a timescale Tpr of the order of the eddy turnover time
7y ~ L/vy, which is also of the order of the Alfvén time T4 ~ L/vy
(the symbol “T4,” here, is to mark the difference with respect to
T4 = a/v, previously introduced).

Assume also that the current J, in the sheet scales like By/a (ie.,
B, ~ By). One has, therefore, to take into account that, as the sheet
shrinks, a gets smaller and 7, which in this specific case can be written
as 19 ~ (a/L)7 4, also gets smaller.

Of course, the linear analysis on a static equilibrium would be
applicable only if the unstable modes satisfied yTproc > 1, which here
means Y7o ~ 974 >> 1. However, since only modes with 779 < 1 can
be destabilized if the aspect ratio is not large enough, a critical condition
of transition corresponding to y7y ~ 1 can be determined by performing
a stability analysis on a sequence of static current sheets ordered according
to the increasing values of L/a. It is in the sense that below we mean the
application of the linear estimates to the rapidly evolving current sheet.

As the inverse aspect ratio grows, more and more modes
become unstable, initially in the small A’ range. Of these, the fast-
est growth is associated with the smallest possible wave-number,
which is k ~ 1/L. This process goes on until the condition A’5 ~ 1
is met for this mode.

At this point, it is necessary to make an assumption about
the dependence of A on k and a. Let us assume, for example,
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TABLE I. Asymptotic scalings of resistive reduced-MHD tearing modes in the presence of viscosity and electron temperature and of collisionless modes in the presence of elec-

tron temperature. The bottom line refers to the scaling of the critical aspect ratio (a/L)

crit

discussed in Sec. [X A.

Viscous-resistive: (R, $7!)  (Sec. V) Warm-resistive: (p,, S7!)  (Sec. VI) Warme-inertial: (p;, d,)  (Sec. VII)
YLD RIS Kpis kpid:
Orp kSRS 6 K ng s Ps_% dﬁ
/o KARS ¢ (kA" pis kA p.d,
Ssp kRS ki s N

A ~ (ka)" A ~ (ka)? A ~ (ka)™! A ~ (ka)? A ~ (ka)™" A ~ (ka)?

Taa RIS RS pis pis pode pide
ot (R4s7)’ (R4s4) pis s pist pids plds
om (Rs4) (R ps pis pid: pid:
( % ) . RS RIS 2 phgt pise pids pudrs

the scaling A’ ~ (ka?)™", which is what one gets for the Harris
pinch at small k [the argument can be generalized to different
power-law scalings,”” among which equilibrium (6)—see next and
Table IT, at the end].

One finds eventually that the maximally growing mode appears
in the spectrum at k ~ 1/L when a/L ~ SZI/S, where §; = L*/
(1,,T4) is the Lundquist number evaluated with the large scale param-
eters. The corresponding layer width is & ~ LS; */°, and the maximum
growth rate is such that

yEa~ S5 (41)

We note that the growth rate is still smaller than the characteristic rate
at which the current sheet shrinks (by assumption, N%;l). Therefore,
the shrinking process can continue producing modes in the lower
wave-number portion of the spectrum, which is now in the large A’
range. “Producing” is here meant in the sense that the aspect ratio
grows up to values, which, in a static current sheet, would allow the
destabilization of large A" modes.

One can, thus, evaluate that the wavenumber k;; of the fastest
growing mode scales now as

I\
kyL ~ ;' (E) : (42)
and the maximum growth rate y,, scales as
3/2
- L
Tt~ S (E) ' (43)

The critical aspect ratio, when y,; ~ 1/7 4, is, therefore, reached when

L
B
A/ crit

This is the smallest possible aspect ratio compatible with the stability
condition. Below this value, the current sheet would be destroyed by a
mode growing at a faster rate than the one at which the sheet is
produced.

(44)

TABLE II. Equilibrium profiles and related expression of A’(ka) (both with a bibliographical reference about where the former had been first used for tearing mode analysis and

about where a formula for the second has been provided) and the corresponding scal
reintroduced.

ling of A’(ka) with respect to ka for ka < 1. In this table, dimensional units have been

Vo(x/a) B(y) (x/a) = —dy,/dx Ref. A (ka) Ref. klimo AN~ (ka)? p
Besaln |cosh(x/a)| Btanh(x/a) 28 ( 1 ) 13 5 1
2 ——ka —
ka ka
0 for x<-—a 0 for x<-—a " 2(ka) (1 — ka) — ka tanh(ka) B 2 1
Bi(x/a) for—a<x<a Bsfor—a<x<a N\ ka = (1 — ka)tanh(ka) ka
0 for x>a 0 for x>a
Bcsa cos (x/a) Bcs sin (x/a) 3l 2 T 3 58 8 5
ZWtan > 1 — (ka) r(ka)?
_ Bea tanh(x/a) b —(ka)* +2(ka)’ + 15 v 15 2
2cosh”(x/a “ cosh? k
(x/a) cosh”(x/a) (ka)*y/4 + (ka)® (ka)
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The corresponding critical wave-number scales as

(kL) ~ 81 (45)
which gives a measure of the size of the smaller structures produced
when the sheet is destroyed, a quantity that can, in principle, be com-
pared with observations.

Although in the different context of the forced evolution of a sin-
gle current sheet shrinking at an Alfvénic rate, conditions (44) and
(45) had been already proven numerically by Tenerani et al.”” to pro-
vide the threshold condition for the disruption of the evolving current
sheet. The results (44) and (45) are indeed formally coincident with
the scalings of the ideal tearing regime,” introduced by Pucci and
Velli in terms of an asymptotic threshold condition on the aspect ratio
of a microscopically thin current sheet, at which a resistive tearing
would be allowed to develop over Alfvénic time scales: for larger

63-65 _ . ~ Mm@
" with y,,T4 —— o0

asymptotic scalings, super-Alfvénic modes
would be, in principle, admitted.

The choice of Velli and coworkers for this name was moti-
vated by the independence from S; of the growth rate y;, which is
numerically estimated as the limit toward which 7,,(S;') con-
verges, while the critical aspect ratio condition (44) for (L/a)_;, is
imposed to be satisfied as increasingly smaller values of S;! are
chosen. Although this notion of “ideal tearing” has been shown in
Ref. 29 to go in principle beyond the Alfvénic case and to be gener-
alizable to any reconnection regime (i.e., regardless of the non-
ideal effect at play and of the “reference” time scales that can be
non-Alfvénic), here we want to stress that the critical conditions of
Eqgs. (44) and (45) have been obtained in the well precise context of
a current sheet formation mechanism and that is the latter that
defines and fixes the “timescale of reference,” Ty, of the system.
In principle, 7,,, does not coincide with 7, (or with the character-
istic inverse frequency of the linear stable modes of the system). It
is also important to keep in mind that the result is dependent on
specific assumptions about the dependence of the current density
and of A’, on the width of the sheet, and on the wavenumber (see
also Ref. 61 for further discussions).

B. Critical scalings in the viscous-resistive,
warm-resistive, and warm-inertial regimes

The critical scalings [(44) and (45)] can be of course generalized
to any reconnection regime, similarly to what was shown™ to be possi-
ble for the ideal tearing case. Let us do this in the regimes discussed in
Sec. V-VII. From a practical point of view, it is sufficient to consider
the scalings of the fastest growing modes that we have provided as
written by normalizing lengths to a and magnetic fields to By and to
rewrite them as normalized to L. Let us then label with an apex “*” the
dimensionless quantities referred in this way to L. For the kind of
problem discussed above, T4 = ) is, thus, the characteristic time of
the process governing the current sheet evolution and the limit
73 ~ O(1) must be posed for consistency with the linear analysis.
This provides an asymptotic scaling of the critical aspect ratio (L/a)
with the non-ideal parameters involved.

In the viscous-resistive regime of Sec. V, we, thus, rewrite Eq.
(22) as

crit
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L\ » 142p
y;VI ~ (, R*1+3PS*7H»3P7
a

2+3,

K~ (E)W(R*—uzs*—uz)ﬁ (46)
M P )
_L+2p
L T+3p Y . r
N R R—
The critical scalings (44) and (45) so read
L P 1 P It 3
- ~ R 258§ = P 2% § >, (47)
a/ crit
(kML)crit ~ R*iﬁs*l/z' (48)

This result can be specialized: for p=1, it corresponds to both the
Harris-pinch equilibrium 1/, = aln|cosh(x/a)| and the piece-wise
equilibrium defined by ,(x) = x/a in the interval —a < x < a and
by Yy = 0 for x < —a and x> a (Ref. 13). For p =2, it corresponds to
the case of Eq. (6) and the case of the equilibrium /,(x) = asin (x/a)

(Ref. 58),
1\ =1 o 1\ =2 o
— ~n~ R*76S 2, — ~~ R¥10S 2, (49)

a/ crit A/ crit

The scalings of y;, in Eq. (46) and the critical condition of Egs.
(47)-(49) specialized to the p =1 case had been first obtained numeri-
cally by Tenerani et al. in Ref. 2.

A current sheet with an aspect ratio (asymptotically) larger than
that indicated above is met, for example, in the case of a Sweet-Parker
type steady-reconnection assumption on the current sheet aspect ratio.
In the purely resistive case, it corresponds to L/a ~ Si ? Tts applica-
tion to the evaluation of the fastest growing mode in the purely resis-
tive regime gives”™"! yt, ~ Si/ *: in the literature, this has been often
referenced to as the plasmoid instability regime.”""" In the viscous-
resistive case, the corresponding assumption has been discussed in
Ref. 66 (see also Ref. 67).

Analogous results are obtained in the warm-resistive regime of
Sec. V1. Equations (32), re-scaled to L, become

6+12p

L\ 277 2% 24p
] 277p ok — b
P~ (; ps PSR

547p

e £ z+7pp:ﬁs*—ﬁ (50)
M a ’
448

_ 28

L Wp Tt 4p

s~ (B) e
a

Here, the critical aspect ratio and fastest growing mode read

L gl 2t
- ~ Ps °S 32+p) (51)
a/ crit

w—L *_’l
(kML)crit ~ ps S 2(§+4p), (52)
As it happens in the warm-collisionless case,”” the equilibrium choice
does not affect the scaling dependence of the critical aspect ratio on p.
For p=1and p=2, Eq. (51) specializes to
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[p=1] [p=2]
L x—1 .1 L w—L 2
(7> ~ ps S, <7) ~ ps 28" (53)

a/ crit aJ crit

Also note that for p=1, the critical wave vector does not depend on
resistivity.

For completeness we finally write the critical scalings already
evaluated in Ref. 29 for the warm-inertial regime,

142p

I\ Ll 2
* 3p 3p
M~ (; ps T de T,

IN7 L s2 (54)
o~ (1)

The critical aspect ratio and fastest growing mode are

(L) *7%[1*73(?4112);)) (55)
a) i Ps e )

s—1 *—f;‘
(kML)crit ~ Ps 3d3 ~\4p7 (56)

and for p =1 and p = 2, the critical radii read

[p=1] (p=2]
L ot gl L P Y
(7) ~ps *de 7, (7) ~ps *de P (57)

A/ cit aJ crit

These results perfectly mirror those of the warm-resistive case accord-
ing to the correspondence S! <> yd2, which here reads S~ « d?
since the critical radii above are the same as of the ideal tearing,
Vo = vir ~ O(1).

The critical scalings we have written in the three regimes are
summarized in the last line of Table L.

It should be noted that it is left open the question of whether val-
ues of p different from 1 and 2 are admitted for different magnetic
equilibrium profiles with a single resonant point. The change in the
regime indicated by Egs. (52) and (56) when p <1 suggests us to
exclude the possibility of fractional values smaller than unity.

X. SUMMARY AND CONCLUSIONS

We have presented and discussed numerical results about the
scalings of tearing modes in a slab geometry for different couples of
non-ideal parameters, simultaneously contributing to RMHD equa-
tions. The wavelength limits corresponding to the small-A’, fastest
growing mode and large-A" limits have been all addressed. Although
the scalings of all growth rates in the small- and large-A" limits were
already available from boundary layer analysis, to the best of our
knowledge, such estimates had not been numerically tested, before, in
all the regimes considered here. The present study contributes to the
subject by complementing a systematic numerical verification with
the scalings of the reconnecting layer width, d, not always available in
the pre-existing literature and by providing the scaling of the fastest
growing modes for a particular choice of the magnetic equilibrium
profile. In most reconnection regimes, the latter were not previously
available or had been provided for different magnetic equilibrium
choices. Comparison of all results confirms the general heuristic esti-
mates proposed in a previous work, which we have here re-considered
and extended to all the regimes addressed. Implications of this analysis
have been, then, discussed for an example of current sheet whose

scitation.org/journal/php

aspect ratio evolves over an Alfvénic timescale: critical scalings of the
smallest observable aspect ratio have been so obtained, which depend
on the equilibrium profile and, in each reconnection regime, are for-
mally coincident with those of the geometrical threshold for the transi-
tion to the recently proposed ideal tearing™’ asymptotic limit. Finally,
while discussing numerical details of the finite-difference eigensolver
that we have developed on purpose, we have addressed the role played
by ill-conditioning in seeking a compromise between the convergence
of the solver, the accuracy of the stencil, the non-uniformity of the
numerical grid, and machine precision.

It is our hope that the organic presentation of the scalings here
discussed may find use in a broad range of applications, ranging from
the linear benchmarks of numerical codes to the interpretation of
numerical and experimental results in tokamak physics and in studies
of turbulent reconnection, both in the slab RMHD limit with no Hall
term and in the low-f reduced Hall-MHD regime. Moreover, this
work represents a first step toward a systematic multiparametric
numerical analysis of tearing modes in which more than two non-
ideal parameters simultaneously contribute.
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APPENDIX A: A TTH-ORDER ACCURATE FINITE
DIFFERENCE STENCIL FOR THE NTH DERIVATIVE
ON A NON-UNIFORM GRID

In the eigenesolver, derivatives are numerically computed
using the standard compact difference method.”® Here, we present
a general, explicit form for a non-uniform approximation of the nth
derivative on a non-uniform grid by using a centered stencil with
N, points and accuracy up to order t = N; — n. It reads

= > i+ e, (A1)

i _ N1
m=—=3

o"f
ox"

Note that, even though the stencils we are considering are cen-
tered (and therefore, N; is an odd number), they are, in general,
not symmetric because of the non-uniformity of the grid (see
Appendix B).
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Coefficients a;,,, are evaluated by following the standard com-
pact difference approach, using Taylor expansion. For the points to
the left and to the right of the center of the stencil, x; we find,

respectively,
Ni=1pl omf B N
ij = A A2
fis mzz;) m! Ox"M i N 8thf’i’ (A2)
N1 W o B 9%
= -1 m_itjY ) i+j ) A3
Jis mZ:O (=1) m! Oxm li * N,! GxNPf i (43)

Using Eqs. (A2) and (A3) combined with (A1), we obtain a system
of N, equations for the coefficients a;x+,,, with 1 < m < (N; — 1)/2.
We write it as

M o hi —hia —h; o
h2 e K2 h2 RO )
H_% it+1 i—1 i—%
W W U e W
HNLT*I i+1 i—1 i7¥
N1 N—1 Ni—1 N—1
hiJrNtTﬂ hi+1 hi—l hi7¥
[Ad]
0t 0
ANty 0
0
: 0
X = e (A4)
ANl g J!
0
0
a. N1 0
L
—_—— N—
a b

where “x” stands here for the matrix product. Naming [4;] the
matrix that results from replacing the column j in [A,] with vector
b, the coefficients a;+; can be found, for example, by using Cramer’s
method as follows:

~ Ne—1
det [Aj] =
Ajrj = ————  dy = — At A5
itj det[A,] 0 ; i+j ( )
j=—5—j#0

Above, the index j runs over j = 1,2, .., (N; — 1)/2. The determi-
nant of [A;] can be computed using the fact that A; is a matrix of
Vandermonde-type. After some algebra, we can write a general
formula for calculating the determinant of a stencil matrix of size
Xt
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N;
H hii

I=—N, 0

N; N;
x (HH[h,»+k+hiz}>, (A6)

k=11=1

det[A¢] =

(H 11 [h,-:k—h,-ﬂ])

k=1 I=k+1

with x now expressing the standard algebraic product. From Egs.
(A2) and (A3), we can, then, rewrite the local truncation error of
the scheme of tth = (N; — n)th order,

N SN 1N

I t t

e = E thqu — E hi,ja,-,j X N_HW ; (A7)
=1 '

=1

It should be noted that in Eq. (A7), the number of multiplications
of ill-conditioned terms like h;+x — h;+; increases with the sought
accuracy t of the scheme: this provides a source of rounding-error,
which eventually forces to reduce the machine-epsilon (ie., to
increase the precision of number representation). Notice that this is
an unavoidable drawback of finite-difference schemes, which must
be “payed” in order to overcome ill-conditioning problems, when
higher order stencils are used.

Previous formulas can be used to compute the coefficients of
compact schemes for an arbitrary derivative with arbitrary accuracy.
As an explicit example, we can consider a fourth order accurate
stencil (t=4) for the first derivative (n =1) such that it has been
used for the numerical calculations discussed in the present article.

Using these values, whence N; =t +n =5, Egs. (Al), (A2),
and (A3) read, respectively,

g — zz: o fo e (A8)
8X ; - = a,+mf1+m e,
4 B .alf h ,an
_ ij i—j
fri = ! Oxlli sl axs 1y (A9)
4 W of ) By of
17 i+
fri = Z(_l) l!]% i S!Jax5 i (A10)

1=0

This leads to a linear system of N;=5 equations: to the following
linear system,

hixa hixn —hion —his Ait2 1
Wi Mo L b, | A | 0 (A11)
Wy, By —hy =k, ai-1 ol
h?+z h?—H hiy hi, i 0
[44] a b
we must add the equation for a; = —(a;_» + ai_» + ai41 + aiy2), as

it is given by the second of Eq. (A5). Applying Eq. (A6), one finds
det[A4] = hipahipihioihia(hivs + hioy) (hig + his)
X (hit = hi2)(hiva + hiz1)(hivy + hiot) (hivy — hisa) -
(A12)

Finally, using (A6) and (A12) in the first of (A5), we explicitly
obtain the sought coefficients as follows:

Phys. Plasmas 27, 102106 (2020); doi: 10.1063/5.0022133
Published under license by AIP Publishing

27,102106-16


https://scitation.org/journal/php

Physics of Plasmas

hiyihioihi_s
aj = 5 Al3
i hiva(hiva + hisz)(hisa + hizy) (hisy — hisa) ( )
—hiahi—1hi_,
ajy1 = 5 Al4
! hiv1(his1 + hiza) (hivr + hiz1) (B — higz) ( )
hizahiyihi,
a1 = ) Al5
Y i (higa + Bisy) (Biey + hiza) (hit — i) (A15)
P —hiy2hi i hioy (A16)

hi—a(hiva + hizz) (hig1 + hiza) (i — hisa) '

APPENDIX B: NON-UNIFORM GRID AND MACHINE
PRECISION

The non-uniform grid with a fine spacing around x =0 is gen-
erated by applying the function

N
2|x7|
(AL
% {( Lx) "

1+0b

X = (B1)
to a uniform grid of spacing h* centered around x; =0 and
defined by x; = ih*, where i = —N,/2, ..., N, /2, with N, the num-
ber of sub-intervals in the interval [—L,/2, L,/2]. The choice of the
real parameters f > 0 and b > 0 allows us to control the degree of
non-uniformity, which increases as f§ increases and/or b decreases.
The generic spacing h; is indeed given in terms of the uniform
mesh size L, /N, by the relation

L [(2|i + 1IN + b] + i(2NX)B(|i +1)f - |i\5)
N, 1+b

Notice that small values of h; can lead to truncation errors compa-
rable to or smaller than the machine epsilon for a given precision.
Therefore, in order to avoid ill-conditioning problems related to
the subtraction of too close numbers, both the parameters f and b
for a fixed machine precision &, and the machine precision itself
must be made to vary at the varying non-ideal parameters allowing
reconnection once the number of grid points N, + 1 is fixed: on
the one hand, the smallest /; must be small enough to allow a suffi-
cient resolution of the reconnecting layer width J; on the other
hand, h;/a must be larger than the machine epsilon.

Lower constraints on ;/a are indeed posed by rounding errors
of the order of the machine precision: by taking into account the
implicit rounding error of truncated numbers given by &,, (e.g., in
decimal single precision pr — s, & =5 x 1077), Eq. (A1) for n =2
and N, =9 should be rewritten as

f = -
) ’i = Z Qitm (fi+m + Epr) +e . (B3)
m=—4

It follows that the condition

Pl o,
m - Z ai+mfm| S e; + Z ai+m8pr (B4)
X Xi m=—4 m=—4
Ai(hi-g,... hiys)
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must be respected, where A;(h;_4, ..., hi+4) is a polynomial function
of the mesh spacings h;_4, ..., hir4 [cf. Egs. (A7) and (A13)-(A16)].

In order to find a quantitative threshold on hj, we could under-
estimate  A;(hi_4,...,hia) by means of the function
A} (min,,{hi1»}) obtained by calculating A;(hi_4, ..., hir4) after
substituting, at the varying of m, each h;;,, with min,,{h; ., } = h*.
The numerical value of the latter can be, thus, computed by finding
the minimum of A} (h*) imposing

oA (h)
on*

This gives us a restrictive lower threshold on the smallest value
of h; on the grid, which is compatible with a given machine epsilon
&pr If this is not the case, the machine precision must be increased
(i.e., &, must be decreased).

In the present version of the code, however, we have proceeded
in a somehow more “empirical” way, although not optimized,
thanks to previous knowledge of relevant parameters in similar
non-uniform grid numerical solutions of the eigenvalue problem:
first, a set of parameters has been fixed and has been checked to
grant convergence of the estimation of J for a certain machine epsi-
lon and for some relatively large values of the non-ideal parameters.
For example: N,=1400, L, =4n f=4, and b= 10°¢ for Epr
~ 107¢ (quadruple precision) and S~! = 1075, p,/a =5 x 1072,
in the warm-resistive case. Then, when the non-ideal parameters
are decreased, an outer loop makes f# and b change in order to
refine the non-uniform grid, while an inner loop checks the conver-
gence by numerical calculation of a fourth order derivative (approx-
imated with a fourth order accurate stencil) of a test-function for
which an exact analytical solution is known. If convergence is not
granted with respect to a certain threshold error that we have cho-
sen, the machine epsilon is decreased for that set of f and b until
convergence is measured.

=0. (B5)
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The data that support the findings of this study are available
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