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Abstract

For all 2 < n € N, the four vertices(g), (8) (Zn”)(ﬂ) of the Pascal Triangle expanded from level O to

level 2ndefine the greatest embedded rhomboid sub-block demae@RISB in this paper. Tha-GRSB
is canonically partitioned into two triangular sub-blodgsandg, with respective vertex sef). (5). (1)}

n

and{(”}l), (Zn”), (”;1)} TheG-sub-block (respg-sub-block) has twelve distinct triangular matrices arrange-
ments, numbered from 1 to 12 and designated Geneatrix set (respg-matrix set): three northeast, three
northwest, three southwest and three distinct triangular southeast arrangements. So we defined thirty-si
matrix forms of then-GRSB encompassing the set of the sums of pair-wise compleme@aand g-
matrices. We refer to the thirty-six as full Pascal matrices (FP-matrices). We then identify and present the
invariant groups underlying two significant partitions of the FP-matrix set. The insight gained from a previ-
ous study of the twelve G-matrices led us to derive the 36 full matrix forms presented in thiseyeal

papers in the literature have dealt with some matrix forms of the Pascal Triangle. Only two of these are so
far encountered in the literature. Our work is the first to focus on the hitherto little-known 36 full matrix
forms as mathematical objects in their own right. As novelty, this paper presents, for the first time, the set
of the thirty-six Pascal full matrices. This work focuses on a systematic study of matrix forms derived from
the Pascal Triangle, on the individual properties of these forms, their applications, and on the groups of

transformations that structure their relations.
Keywords: Pascal matrix, bipartition, circulant matrix, transformation matrix, symmetry transformation.

Introduction

The G-matrix set, presented in [1], embraces the twelve possible triangular maangementf the
Pascal Triangle expanded to level(2 < n € N). This study presents thirty-six full matrix arrangements
(referred to as FP-matrices) of the so-calledreatest rhomboid sub-block extracted from the Pascal Tri-
angle expanded to level 2(2 < n € N). Only two of such matrix forms have hitherto been encountered in
the literature [2, 3, 4, 5, 6].

In this paper, every FP-matrix is defined as the sum of a G-matrix and one of three complementary small g-
matrices. The latter are the twelve possible triangular matrix arrangements of the sub-bloak-gfélagest
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rhomboid comprising tha(n + 1)/2 entries from levels + 1 to 2n (see Figure 1 fon € {3, 4}). Areas of
application of the FP-matrices and the G-matrices incluaelinatorics, numerical analysis, cryptography,
linear algebra, and computational geometry [7, 8, 9, 1012113, 14, 15, 16, 17].

The four so-called circular®-compositions®; = aydB, ©, = Bays, O3 = dBay and®, = yéBa) help to
structure the derivation of the 36 FP-matrix set and induparétion of the latter into three twelve-vertex
orbits. Every®-composition is a 3-cycle rotation of matrix entries abdw two centers of gravity of the
complementary sub-blocks of one of four triangular biigri of a square matrix. Given an appropriate
complementary G- and g-matrix pair and the associ@igét = 1,---,4), the procedure is the parallel
unfolding of the action of@,)® on G and g in terms of its twelve constituent circulant fagtapplied from
right to left. All resulting intermediate matrix pairs anehgbited. The sum of respective pairs in that order
yields one of the three induced twelve-vertex orbits of tRerRatrix.

Four six-order invariant groups generated, for examplepdayng the® compositions with square matrix
reflections in the main-diagonal ) and in the anti-diagonallg) account for eight six-vertex partition
of the FP-matrix set. Associated group generator pairS B@1), (T4, ©,), (Te, O3) and(T4, B4). The
concluding section presents their actions along with tise@ated orbits.

The paper is organized as follows. Section 1 defines the f@urgular bipartitions of any square matrix
and recalls the definition of the G-matrix set presented jn §ection 2 presents the so-calledjreatest
rhomboid sub-block extracted from the Pascal Triangle afohes the g-matrix set. Section 3 is devoted
to the construction of the FP-matrix set. The generic dedimst of the thirty-six are organized into a
grand table divided into four segments comprising nine Frges of the same triangular bipartition. The
entries of each segment are derived from the Cartesian grafuworresponding rows of the tables of
generic definitions of the G- and g-matrix sets. Section dteslthe vertex orbits @, andG, to the three
vertex orbits off, under the action of th®-compositions. The conclusion of the section considers the
special case af = 1, corresponding to the cases of the22G- and FP-matrix sets. It turns out that, under
Z/2Z algebrag, = 1 and the two sets are simple copies of the four-element Lagglaton matrix set.
Section 5 presents four six-order dihedral groups of t@nsations that provide an alternate three-orbit
structuring of the FP-matrix set.

1. Preliminaries

We begin by defining the four triangular bipartitions of amuare matrixA and then recall the generic
definition of each of the twelve G-matrices presented in [lb]the absence of explicit mention, matrix
subscripts and j are assumed to run from O to

1.1. The four triangular bipartitions of a square matrix
In the definitions that followA stands for anyr(+ 1) x (n + 1) matrix.

Definition 1. TheNorth-Easysouthwest triangular bipartition of A.
nel _ J [Al 0 i< sw_ J[Alj if P>
[A ]ij_{o it > AdIATI= 0T i g
The two matrices #F and A" together define thBlorth-Easysouthwest triangular bipartition of A.
For short, we write A= ANE + ASW = ANE/sw



Definition 2. TheSouth\Wesfnorth-east triangular bipartition of A.

sw _ J [Alj if ix>] neg _ ) [Alj if i<
A h‘{o it i<j AAATI=00T i is
The two matrices A" and A together define thEouth\Westnorth-east triangular bipartition of A.
For short, we write A= ASW + A"® = ASWre,

Definition 3. TheNorth-Wesfsouth-east triangular bipartition of A.

NWl [A]ij if i+an s _ [A]ij if i+j>n
A h‘{o it i+j>n A9ATI= 07 i iij<n
The two matrices AV and A®together define thBlorth-Wesfsouth-east triangular bipartition of A.
For short, we write A= ANW + Ase = ANWse

Definition 4. TheSouth-Easjpnorth-west triangular bipartition of A.

ser  [[Al; if i+j=n oy J [Al if i+j<n
A h—{o it irj<n 2ATTI=00T § isjsen
The two matrices 2 and A" together define thBouth-Easgnorth-west triangular bipartition of A.
For short, we write A= ASE+ A™ = ASEW,

Notice that the triangular matricé®'E andASY (resp.ANW and ASF) contain the main-diagonal (resp. anti-
diagonal) entry positions. They are referred to as majangular sub-blocks oA. The corresponding
complementary matrice&®” and A" (resp. A>** andA™) are referred to as the minor triangular sub-blocks
of A as defined in [1] and depicted in Figure SM1 of the Appendihts paper.

TheNW) seand theS E/nwbipartitions highlight four types of matrix triangularitgrely encountered in the
literature on triangular decomposition of matrices. Weereéb the four as non-classical triangular matrix
forms and define them as follows.

Definition 5. Non-classical triangular matrix forms.

A is north-west major (NW) triangular= [A];; = O whenever i j > n.
A is north-west minor (nw) triangulak= [A];; = 0 whenever i j > n.
Ais south-east major (SE) triangulat= [A];; = O whenever i j <n.
Ais south-east minor (se) triangulage= [A];; = O whenever i j < n.

To be complete, we recall the formal characterization offthee classical triangular matrix forms.

Definition 6. Classic triangular matrix forms.

A'is major north-east (NE) triangulak= [A];; = O whenever b |.
Ais minor north-east (ne) triangular= [A];; = 0 whenever ¢ j.
A is major south-west (SW) triangulas= [A]i; = O whenever k |.
A'is minor south-west (sw) triangulae= [A];; = 0 whenever K .

The eight triangular matrix forms highlighted above unigeolur procedure for constructing the thirty-six
FP-matrices from the so-calladgreatest rhomboid carved from the Pascal Triangle exghitaldevel
2n, (n > 2). This facilitate the understanding of the organizatibthe 12 matrices as shown in the next
section.



1.2. The twelve G-matrices

In the sequel, we shall denote the twelve G-matrix segbgnd individual members b@y, wherek € 7 =
{1, ..., 12}. Table 1 presents the generic definitions of the twelve argannto rows according to the four
major triangular forms of Definitions 5 and 6. By constructithre mapping? of Eq. 1 below

T -5 Gn:W(K) = Gy (1)

determines a natural bijection betweérandG,. So, any partition off in turn induces a corresponding
partition onGg, and vice-versa.

The row partition of the G-matrix set in Table 1 corresporathe (mod 4)-classes df. Thus, the four
three-order setg."%, G.°F, G.>Vandg,""V constitute a partition o, just as the four three-order sets
Ine, Ise, Iswandyw constitute a partition of . It turns out that threading the three columns of Table 1
from left to right yields a twelve-vertex orbit under the goosition of the circulant transformations.

North-East G-matricesg,"- = {G1n, Gsn, Gon); Ine = {1, 5,9} = {1+ 4kk =0, 1, 2}
N if >, MY >, M) >,
[Gl,n]ii - {S)I) J [(35,n]ij - {<n_J) | [G9»n]ij - {( ) J

0 if j<i.
South-East G-matriceg,> - = (G, Gen, Gion); Ise= {2, 6, 10} = {2+ 4kk = 0, 1, 2}
1) ifi+j=n () if i+ j=n (o) fi+jzn
G I (n_l) ’ G .= n-J ’ G I n-J ’
(Ganl {o ifi+j<n. (Genl; {o ifi+j<n. (Guooli =157 14 j<n.
South-West G-matriceg,>" = {Gsn, G7n, Gi1n}; Tsw=1{3, 7, 11} = {3+ 4kk =0, 1, 2}
M > (")) ifix] (1) ifix]
G ..:(J) ’ G-.]. =\n ’ Giqin]. =4\ ’
(Ganl; {o if i < . (Gral; {o if i < . (Gunli =107 i < i
North-West G-matricesg,"" = {Gan, Ggn, Gion); Tsw= {4, 8, 12} = {4+ 4kk =0, 1, 2}
) if i+ j<n, ") ifi+j<n, N ifi+j<n,
[G4.n]ij = {( . ) [G&n]ij = {( ' ) [Glzn]ij = {( ' )

0 ifi+j>n 0 ifi+j>n 0 ifi+j>n

|
if j<i. 0 if j<i.

Table 1: The G-matrix s&¥,: generic definition of members by triangular type<0, j < n).

2. The g-matrix setG,

We first define the so-calleatgreatest rhomboid sub-block of the Pascal Triangle:n#a&RSB. In [18],
Michael Zaus refers to this as Pascal’s square (pp. 40-423#g3; pp. 93-94) in its binary form. In [17]
and [19], Cooper et al. call it Pascal parallelogram (cf. Big.

Definition 7. (The nGRSB)
Consider the Pascal Triangle expanded to |&re(n > 1). The n-greatest rhomboid sub-block is the rhom-
boid whose vertices are the four binomial entr(%)s (g) (2) and(zn”). The entries fronﬁg) to (2) define the

horizontal diagonal of the izRSB and those fronﬁg) to (zn”) the vertical diagonal.



By way of illustration, Figure 1 presents@RSB and 4GRSB where the latter is a straightforward ex-
tenstion of the former. As can be seen, forralk 1, the associated-GRSB in general comprises two
triangular sub-blocks:

- anmajor upper sub-block PJdelimited by the level-0 entr@) and the two leveh entries(g) and(ﬂ),

- aminor lower sub-block §'* delimited by the two levels(+ 1) entnes(”*l) and(”*l) and the single
level-2n entry(n).
It takes little to see that then( 1) x (n + 1) G-matrices presented in section 1 are just the twelveiless

triangular matrix arrangements of the major upper subklft: Each of the twelve arrangements preserves
the inherent Pascal recursion. Analogous arrangemertis afinor lower sub-block:* yield the g-matrix

set (to be read ammall g-matrix setgn defined hereatfter.

NS

8
0 N
8 NG
4 8

8 g O
6 g

9 M0

(5

The 3:GRSB The 4GRSB

Figure 1. Two consecutive greatest rhomboid sub-blooks 8 and 4).

As with the G-matrices, generic entries of the twelwe-(1) x (n + 1) g-matrices inG, are defined in terms
of their row and column subscriptsand j where 0< i, ] < n € N and numbered from 1 to 12. Thus,
Gn = {0k = 1, ..., 12}. If we replaceG, by G, in Eq. 1, we transform the mapping into a natural
bijection between/ andG,. Hence any partition of in turn induces a corresponding partition G
and vice-versa. Table 2 presents the generic definitionseofwtelves g-matrices on four rows. The three
matrices of the same row are of the same triangular form.



South-west triangular g-matrice§5" = {gin, Gsn. Jon}; Jow= {1, 5, 9} = {1+ 4kk =0, 1, 2}
_ |0 ifi <], _ o ifi <j, _ |0 ifi <],
[gl,n]ij = {(n+i1+j) if i > . [95,n]ij = {(Znntlj_i) if i > j. [gga”]ij - {(n+ii—i) if i> .
North-west triangular g-matrice§? = {Qzn, 96> J10n}; Low = {2, 6, 10} = {2+ 4klk =0, 1, 2}

[ ]_O ifi+j>n, [ ]_O ifi+j>n, [ ]_O ifi+j>n,
i T\ () it jan | T\ i jan | O T () iy jan
North-east triangular g-matrice§h® = {Gsn. Gz G110} ; Jne = {3, 7. 11} {3+ 4klk = 0, 1, 2

|0 ifi>], _ o ifi>], _]o ifi>],
R A s e R T i e R A
South-east triangular g-matrice8:® = {gan, Ggn, Gizn); Zse = {4, 8, 12} = {4+ 4kk = 0, 1, 2)

[ ]_0 ifi+j<n, [ ]_0 ifi+j<n, [ ]_0 ifi+j<n,
Bl TVE ) i | T ) i s | P T) s

Table 2: The g-matrix S&n: generic definition of members by triangular type<0, j < n).

Itis clear from Table 2 thag"®, G5, G3" andG"" are disjoint. Moreover,

n?»

gﬂe = ﬁe = ﬁw = QRW =3, 1 =1IneVUlIseUIgyU Iy,

Gn= GrUGTUGUG,

and|Z| = 3 for allk € {ng se sw, nw}.

Table SM1, in Appendix, presents the twelve4tg-matrix setif = 3). As can be seen, the twelve non-zero
sub-blocks are just matrix arrangements of the minor lowbrtsockLg of 3-GRSB. The stage is now set
for constructing the thirty-sixn(+ 1) x (n + 1) FP-matrices (X n € N).

3. The thirty-six FP-matrices: construction and generic defiitions

For the subsequent development, we need the following tefini

Definition 8. {G, g}-matrix pairing bijection S

S:IXI—>GnxGn With (p, q)€ T2+ Gpn Ugn). )

In general, the non-zero triangular sub-block&gf, andg,, overlap. So, in general, the cou&, n, gn}
is non-complementary. Inspection of Tables 1 and 2 shovighieacondition for complementarity is cap-
tured by the

Theorem 3.1. (Complementarity condition)
Let(p, g) € 72. Gy, and g, , are complementary=—> p = q (mod 4)

Corolary 3.1. If G, , and g,, are complementary then so are, & and g, .

Of the 144 ordered couples i only exactly 36 verify the complementarity condition, nayrthose of the
four Cartesian products in the set henceforward denBtadd defined as follows



Definition 9. Definition of B

B ={NE/sw, SE/nw, SWne NW/sg where (3)
NE/sw= Ine X Tow = Tog = 12, = {1, 5, 9)2, 4)
SE/NW= Tsex Iny = T2 = 12, = {2, 6, 10}, (5)
SWne= Iswx Ine = I3y, = I3, = {3, 6, 11)?, (6)
NW se= Tyw X Tee = T2y = 12, = {4, 8, 122 (7)

Definition 10. A complementary sub-block selectay;S
is a restriction of the pairing bijection S of EqQ. 2 to the domB/b € 8.

Thus for example, the selectBki/sw : NE/sw — G,"E x G5V selects the nine complementary pairs in

{(Gp,n, Ogn)l(p, Q) € {1, 5, 9}2}. In extensig that gives the set of nine ordered couples of complementary
G-/g-matrices

(Gl,n, gl,n) (Gl,n, gs,n) (Gl,n» g9,n)
(G5,n, gl,n) (GB,n, g5,n) (G5,n, 99,n) . (8)
(Gg,n’ gl,n) (Gg,n, gs,n) (Gg,n, gg,n)

To each of the nine selected pai@y,, Jyn} € GnVE x gSW we associate the FP-matrix defined as follows
Fr9=Gpn+0gn €0, Rt =Gin + Oin.
We denote their set by
FNE = (FP9 = Gpp + GqnlGpn € Gn"%. Ggn € G5}

The three remaining cases are summarized in Table 3 pregeh& generic definition of the individual 36
FP-matrices. Taking = 3 for instance, one will find in Table SM2 of the Appendix, theenFP-matrices
of the setF, 55" derived from the ordered complementary couples of Eq. 8.

The symmetric FP-matri¥i>*? is one of the two most frequently encountered in recent ogveénts
in linear and multilinear algebra [3, 4, 9, 14] and in many legagpion fields [10, 11, 20], the remaining
FP-matrices are less frequently encountered.

The next section proposes a structured approach to theatlerivof the setf, based on the circulant
transformations introduced in [1]. The definitions of thiedaare briefly recalled. Their structuring actions
on the setg, andg, are then summarized by corresponding twelve-vertex oppésented side by side to
facilitate visual derivation of the associated three arpartition of7,.



The setFN¥*" generic entries of the nine members <0, j < n)

() ifi<i () if i < J, () i<,
FL1] - FL5] — FL9| —
[ n ]ij {(n+il+j) ifi> J [ : ]ij (an:'lj J) ifi> J [ N ]ij (n+ii—j) if i> j
() i<, () i< () ifi<i,
F5,1 — ] F5,5 — J F5,9 — J
[ n ]ij {€n+l+j)) ifi> ] [ n ]ij EznntlJ)l) if i > . [ . ]ij EM:—J; ifi> ]
i<, e if i<, i<,
R R A ) —{(m:,-) o
i : n—j : i '
The setF> ™ generic entries of the nine members<0, j < n)
() ifi+j=n, ()  fi+jzn, ifi+j>n,
[F%Z]ij {(:+1+]) if i+ [F%’G]ij - an_i—j e ; FZ 10 n+1+| . .
' j<n (n_j) ifi+j<n. ifi+]j<n.
Fe] - (") i+, F9] - () Wi+, Fem m'l ifi+j>n,
S| (M) i j<n D () i< () i<

[FlO,z] _ (ni—j) fi+tjzn, [F10,6] _ (ni—j) ifi+jzn, I:10 1o _ ifi+j>n,
o if i DU (&) isj<n. l (”;ﬂ“) it i+j<n.

The setr; ™™ generic entries of the nine members <0, j < n)

[F%S]ij ) {EMJN) if I - J [ng]” B {(mjj I)- el [FaH] = ("77) iz

() i< . (™M) ifi< .

n—I
)i,

- |
TR S N [T

(n_i) ifi<j. if i <.

(V) ifi+j<n, (W) ifi+j=<n,

_ Fl28] _ Fl212] _
(™) ifi+j>n. [” ]” {(Z"fli) ifi+j>n. [” ]” {(”.j) ifi+j>n.

[F%“] _ (; 1>, [F%N] _ (IJ) Tz [F%Lll] _ (IJ 1=,
ij (n+jj—i) if i < ] ij (Zn:‘-_li—j) if i < J ij (n+j1+i) if i < J
The setF""/*® generic entries of the nine members<0, j < n)
("~ ifi+j<n, (") ifi+j<n, (") ifi+j<n,
F4,4 — J F4,8 — ] F4,12 — J
[, ﬂmfviﬁ+j>n [+, () ifi+j>n [, (1) ifi+j>n
[,:rB]A]” ] (ni—J) | ifi+j<n, [FE’B] ] (ni—J) | ifi+j<n, [Fﬁ*lz],_ _ (nl—J) ifi+j<n,
() ifi+j>n DO ifi+j>n DoY) fi+i>n
[F%u]ij { () fi+i<n

Table 3: The thirthy-six FP-matrix s&f,: definition of the generic entries of individual members.




4. The circulant transformations and the twelve-vertex orbts of G, én and F,

We define the actions of the circulant transformations onman 1) x (n + 1) square matrix in terms of
transformations of the generic matrix subscript vecitof(0 < i, j < n).

Definition 11. The four circulant transformations

Thea-circulant operator: (i, j) —— (i,i+]) (modn + 1)
Thep-circulant operator: (i, | ) £, (-1+i-j.j) (modn+1)
They-circulant operator: (i,j) —— (i-j.]) (modn + 1)
Thes-circulant operator: (i, | ) 2, (i,1+i+]) (mod n + 1).

Cyclic actions of the®-compositions®,;, ©,, @3 and®, on the appropriate starting G-matrix (resp. g-
matrix) vertex, presents the orbits 6f andG,, as displayed on Figure SM2 in the Appendix. Thus for
example, takingk € {1, 5, 9} = Ine = lsw the Gn-oOrbit (resp. én-orbit) is obtained by unfoldingd;)3

on Gy, (resp. gkn) and exhibiting every intermediate vertex. This amountgutting end-to-end the
consecutive columns of the defining tablesgfand G, presented earlier on pages 4 and 6 respectively.
As Figure 2 on page 10 clearly shows, analogous actions ofdhgosite circulant transformations in
{(ayoB)3, (Bayd)?, (6Bay)3, (yoBa)3} partition the sefF, into the three twelve-vertex orbits:

7:1 1 = {FPP, 1<p<12, Tnl’s — {Fr?’(p+4)[12], 1<p< 12} andﬁl’g — {Fﬁ,(p+8)[12], 1<p< 12},

respective orbits oF* 1, F-> andF*? under the action ofafydp)*, where [12] abbreviates (mod 12).
Notice that the orbifF,>* derives from orbitgz, andG, simply by adding corresponding orbit vertices. It
takes little éfort to see how the remaining two orbits are obtained fégf.

The essential relations suggested by the cyclic actionseofdur®-compositions are summarized by the
following general theorem.

Theorem 4.1. For all (p, ) € N* x N* such that p= g (mod 4) the sets
FPa = {Fgmk) (12 @120 < k < 11}
verify the following properties:

() Fot=FPHAPE ype N (iv) FaPn ? =0 VYp#QeN
(“) 7_-n1,5 — Tnp[lz],(p+4) [12] vp c N* (V) 7_'n — n U 7_-[]1,5 U 7_~nl,9

(III) 7_~n1,9 — ‘7_~np[12],(p+8) [12] Vp c N*
where[12] abbreviates (mod 12)and every multiple of2is replaced byl 2 instead of.

Proof:

(i) It suffices to prove the cases pf {2, ..., 12}.
Fi'e FPP = 3Jke(0, .., 14 |r=(p+ k) [12]

It follows that 2< r < 11, and thus’" € F1
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(i) Foragivenp e {1, ..., 12}

7_~np,p+4[12] — Frﬁa+k[12],p+4+k[12], 0< kS 11} — {Fr;])’[lz],p’+4[12]’ 1< p, < 23}
= {FRP*8 1< p<12) = 78
(iii) Idem.
(iv) The proof follows directly from the fact thatr PN F =0 Y(p, ) €{1, 5 9 x{1, 5, 9 andp # q.
(v) One easily proves that-* U F-° U 719 = U FB/b n
B/be B

B 5 Y B
F%l Fr212 Fr313 Fﬁ‘l o Fr?s Fﬁ’ﬁ

o Is

F%2,12 y F%Lll F%O,lO Fg9 Fr?B y Frz,7

0 B @

(@) F11 orbit.
F%’S B Ffz},e 5 Fﬁ,? Y Fﬁ’s a Fﬁ’g B Fg,lo

] ]

F%2,4 - Fr11L3 Frl]0,2 Fg’l

B

(b) 7 orbit.
F%,g B Fﬁ,lo 5 Fg,ll Y Fg,,lz @ Fr‘?’l B Fg,z

o ls

12,8 117 10,6 9,5
Fa2l < —Fat "< Fh F

B

(c) 7-° orbit.

Figure 2: The three orbits partition &f, under the action of the circulant transformations.

The?2 x 2 Pascal matrix setg;, 1 and the two-order Langlet geniton matrix set

Referring to Table 4, it is clear that for the special case 6f1 and undei/2Z algebra, the corresponding
singleton sets of the three rows are equal sinceq@ulo2) = 0. The four matrix sets of row-one represent
the Langlet geniton matrix set [see Michael Zaus, Fig. 5.30P]. So undeiZ/2Z algebra,G, and #;
coincide with the set of Langlet’s geniton matrices. Thikwith the Langlet system opens up interesting
perspectives for solving problems in the fields of numbetsiaformation coding theories.
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11 10 11 01
GZ:{l 0} Ghzz{l 1} m:{o 1} Gdzz{l 1)}

11 10 11 01
NW _ SW _ NE _ SE _

11 1 2 11 2 1
NW/se _ SWne _ NE/sw _ SE/nw __

Table 4: The Langlet’s geniton, tig and thef; matrix sets.

5. Orbit diagrams of #,, under four ¥, groups

5.1. The two orbits of"¥/*" under(Tg, ©;)
By abuse of notation, we writ€l'¢, ®;) to denote the group

<T6a ®1> = {Id’ ®l, @is T67 pSe KNW} (9)

whereid is the identity transformatior®, = aydp, the T-group elements is the reflection of a square ma-
trix in its anti-diagonal denoted hyye in @ NE/sw bipartition, byos,, in a SWne bipartition. Furthermore

pse= 01Tg = Te®F, (10)
knw = Te®1 = @3T. (11)
The D3 group(Ts, ©1) bipartitions#,'=*" into two orbits, a six-vertex orbit and a degenerate orbthwi

three distinct verticesFEt, F>° andF2°. It is readily verified thaf>° andF2* form a T image pair.
Both orbits are respectively depicted in Figure SM3 (a) andnthe Appendix to this paper.

5.2. The two orbits of > ¥™ under(T,, ©,)
Again by abuse of notation, we writ&4, ®,) to denote the group

<T4a ®2> = {Ida ®29 G%’ T47 PNe KSW} (12)

where®, = Bayd, the T-group elementk, is the classic matrix transposition and

PNe = T4®2 = ®§T4, (13)
Ksw= ®2T4 = T4®% (14)
Also, one can verify that th®; group(T,4, ®,) bipartitions SEMW into two orbits, a six-vertex orbit (@)

and a degenerate orbit (b) with three duplicated vertites F&° andFi%1°. Both orbits are respectively
depicted in Figure SM4 (a) and (b) in the Appendix.

5.3. The two orbits of;> V" under(Ts, O3)
Again by abuse of notation, we writds, ©3) to denote the group

(Te. @3) = {id, O3, @3, Ts, pru. K¢ (15)
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whereid is the identity transformatior®; = 6Bavy, the T-group elements is the reflection of a square ma-
trix in its anti-diagonal denoted hyye in @ NE/sw bipartition, byos,, in a SWne bipartition. Furthermore

pnw = O3Tg = T603, (16)

Kse= Te@g = @%Te (17)
Again, one finds the two orbits of;> V" under the action ofTs, ®3) in Figure SM5 (a) and (b) of the
Appendix. The orbit (a) is a full six-vertex orbit while otlfb) is a degenerate orbit with three duplicated
vertices7>3, " andFit .

5.4. The two orbits of1' /*®under(T,, ©4)
Again by abuse of notation, we writ&4, ®,) to denote the group

(T4, Og) = {id, 04, O3, T4, Pswe KNe} (18)
where@®, = yépa, the T-group elementk, is the classic matrix transposition and

Psw= T4®4 = ®421T4, (19)
KNe = ®4T4 = T4®421 (20)

Here also, the action of the grogp,, ®,) highlights, as can be seen in Figure SM6 of the Appendix, two
orbits of 7 V*°, a six-vertex orbit (a) and a degenerate orbit (b) with thteplicated verticesr*, F&8

andF:% 2. All foregoing partitions er the potential for applications in several domains.

Conclusion

This paper presents for the first time the thirty-six full maforms of the so-calledh-greatest rhomboid
sub-block of the Pascal Triangle expanded to levgi?> 2). To our knowledge, no investigation has so far
focused on these matrices as mathematical objects in twairight. The circulant transformations were
applied to highlight the partition of the thirty-six full mr& forms into three twelve-vertex orbits, which
can also serve to structure the set’s derivation.

The new matrix forms of the Pascal triangle presented heea @pwide range of applications in fields
such as linear algebra, combinatorics, machine-learrdng, numerical analysis. In addition,numerical
analysis their relations to Fibonacci numbers, fractatb@gptography suggest further exciting directions
of investigation. Furthermore, the link established with t.anglet system opens up exciting perspectives
for solving problems in the fields of applied science and eeejing.

The derived matrix forms, the related matrix transformadjoand the software development underway
contribute to the knowledgebase building. The apprommatf this knowledgebase by higher education
institutions and research centres in Africiens potential innovative solutions to practical problems i
science (e.g. chemistry, fractal-based modelling), egying (e.g. robotic, distributed systems, urban
planning, machine-learning, communication and inforovgti and the fine arts (e.g. textile design, etc.)

To limit the scope of the paper, we left out other inherentnkd@rix group relations, particularly those
induced by the actions of the T-group and the median symntetnsformations introduced in [1]. For
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example, it can be shown that the action of the T-group pamsStthe FP-matrix set into four eight-vertex
and one four-vertex orbits.
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