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This chapter, which discusses the phenomenon of unstable plastic deformation in 
traditional, basically binary alloys, was prepared for a book devoted to multicom-
ponent high-entropy materials. As such modern materials are also prone to plastic 
instability, the objective of the chapter was to provide links between these two fields 
of investigation and allow for a systemic view of the studied phenomenon. The fol-
lowing “pre-preface” marked in italic is aimed at putting the chapter into a proper 
context.  
 
Pre-Preface 
 
Although the notion of “plastic flow” evokes a smooth process, agreeing with one’s 
everyday experience and, more specifically, with the common examples of smooth 
deformation curves shown to students during the lessons on mechanics, plastic de-
formation often proceeds in an intermittent manner. The serrated flow is one of the 
striking features of plastic flow in solids, which reveals a self-organized nature of 
the dynamics of crystal defects and unifies the problems of plasticity with diverse 
phenomena observed in complex systems of various nature.  

While such an instability of smooth plastic flow may be caused by different 
mechanisms and can occur in various materials, the most abundant examples of this 
phenomenon have been documented for a wide range of alloys, for which the dis-
covery of intermittent deformation will soon celebrate the 200-year anniversary. It 
is therefore not surprising that the serrated flow is also an essential feature of the 
deformation behavior exhibited by high-entropy alloys and has quickly attracted 
the attention of the researcher community.    
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To provide a comprehensive approach to this problem, the further manu-
script will present the serrated flow caused by the Portevin-Le Chatelier effect in 
conventional low-entropy alloys. It is caused by the interaction of dislocations with 
solute atoms, which is dynamic in the sense that the solutes do not simply represent 
immobile obstacles but diffuse and form clouds on the dislocations, so that the re-
spective pinning force depends on the dynamics of all actors. The attention to this 
effect in the present book is due to numerous proofs that although the subdivision 
into basic and solute elements is not evident for high-entropy materials, the 
Portevin-Le Chatelier instability seems to be the mechanism of serrated flow in such 
alloys in a wide range of experimental conditions. Moreover, this effect served as a 
model object for the elaboration of various mathematical approaches to testing the 
complexity of distinct behaviors of plastic deformation. Some of them will be pre-
sented in detail in the chapter. As the respective literature is huge, it will not be 
reviewed systematically. Instead, the authors put an accent on providing the reader 
with a qualitative knowledge of the basic dynamical regimes uncovered by virtue of 
the analysis of experimental data obtained on multiple scales.  
 
 
Introduction 
 
This chapter presents a review of investigations into the complexity of plastic flow 
associated with serrated deformation, or jerky flow, in traditional alloys that have 
basic elements determining the crystal lattice of the material. The phenomenon of 
serrated deformation has been known for more than a century [1-3]. This type of 
dynamical behavior was early understood as resulting from the collective motions 
of very large groups of crystal defects, notably dislocations [4]. However, approach-
ing the dynamical mechanisms of such processes has only become possible after the 
occurrence of the theory of nonlinear dissipative systems [5,6] and understanding 
that collective deformation processes are analogous to self-organization phenomena 
in dynamical systems abundant both in nature (physics, biology, chemistry…) and 
in human society (sociology, market, road traffic…) [7-10]. From the viewpoint of 
the theory of plasticity, the problem is yet larger than that of the macroscopically-
serrated deformation. Self-organization appears to be a generic property of plastic 
deformation on a mesoscopic scale even when deformation curves of bulk samples 
are smooth, be it the case of pure crystals or, in certain conditions, alloys. These 
collective phenomena were revealed by virtue of higher-resolution methods, such 
as acoustic emission or local extensometry [11-13]. Mesoscopic effects also inevi-
tably show up when the sample size is extremely reduced, e.g., in tensile tests on 
thin wires or compression tests on micropillars [14,15]. Vice versa, abrupt macro-
scopic stress/strain fluctuations may occur not only in alloys but also in pure mate-
rials, and may be caused by different mechanisms, e.g., twinning or catastrophic 
slip at low temperature [16-21]. Investigations of these phenomena in the spirit of 
nonlinear dynamical systems commenced in the 1980s and allowed for testing var-
ious approaches to the analysis of jerky flow. This experience will obviously be 
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useful for the progress in the understanding of similar phenomena in modern mate-
rials with complex microstructures. The field of research is vast and cannot be pre-
sented in a single chapter. The following review will cover some aspects of experi-
mental investigation of both macro- and mesoscopic scale effects in the conditions 
of jerky flow in alloys, well-known as the Portevin-Le Chatelier (PLC) effect 
[3,4,7,8] and occupying a particular place in the study of self-organization phenom-
ena in plasticity. Finally, a short insight into the mesoscopic-scale complexity will 
be provided in view of the future directions of research.   
 
Keywords: Portevin-Le Chatelier effect; Jerky flow; Serrated flow; Plastic instabil-
ity; Dynamical strain aging; Deformation bands; Strain localization; Strain locali-
zation waves; Avalanches; Self-organized criticality; Deterministic chaos; Synchro-
nization; Relaxation oscillations; Fluctuation scaling; Acoustic emission; High-
frequency local extensometry; Digital image correlation; Statistical distributions; 
Multifractal analysis; Self-similarity; Scale invariance; Power-law scaling.   
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1. Portevin-Le Chatelier effect 

The jerky flow manifests itself by recurring localizations of plastic strain in defor-
mation bands, so intense that even the total plastic strain rate, 𝜀̇, referring to the 
entire specimen significantly exceeds the applied strain rate, 𝜀̇, during the band’s 
lifetime. This plastic instability may occur in both interstitial and substitutional al-
loys including numerous industrial materials, such as steels or Al-based alloys. Its 
impact on practical application of alloys cannot be overestimated. It may lead to a 
reduced ductility and irremediable roughness of the rolled sheets, affect the work-
hardening behavior or change the fracture type from ductile to brittle; Inversely, it 
may improve the material strength [4,22,23].  

 
As there exists some discrepancy in the historical aspects, it is important to clarify 
that although various kinds of such instability are often called after A. Portevin et 
F. Le Chatelier, who published the first paper on jerky flow in constant strain-rate 
conditions [3], the very first observations of plastic instability were reported by F. 
Savart et M.A. Masson for creep tests at loads increased in incremental steps [1,2]. 
Accordingly, the jerky flow occurring in constant stress-rate tests is often referred 
to as the Savart-Masson effect. It is the PLC instability that has become a model 
object for the study of collective effects in plastic deformation. One of advantages 
of the PLC effect is to provide large amounts of data because the constant-𝜀̇ load-
ing mode allows for unloading due to the elastic reaction of the deformation ma-
chine to an abrupt change in the strain of the sample, thus leading to the cessation 
of the deformation band development. Such stress relaxation makes the instability 
less crucial and allows for the accumulation of hundreds and even thousands of 
instability events before fracture or, more precisely, before the onset of necking in 
the sample. Such a scenario thus provides a basis for analysis by various statistical 
methods allowing to assess signatures of collective dynamics. In contrast, the sus-
tained stress rate leads to huge strain bursts resulting in the sample failure after sev-
eral instability events. Typical serrated stress-strain dependences conditioned by the 
PLC effect are illustrated in Figure 1 for an Al3%Mg alloy [24]. Figure 2 presents 
an example of a photograph of traces of deformation bands on the surface of a ten-
sile specimen of an Al5%Mg alloy [25]. 
 
Moreover, as can be readily recognized in Figure 1, the manifestations of the PLC 
effect drastically depend on the deformation conditions, e.g., on 𝜀̇. As will be il-
lustrated in this Chapter, the PLC effect brings one of the richest examples of com-
plex behavior associated with transitions between distinct dynamical regimes char-
acteristic of nonlinear systems of various nature, such as deterministic chaos [26], 
self-organized criticality (SOC) [27], or synchronization [28]. This diversity gives 
a general and multidisciplinary scope to the problem of plastic instability, evoking 
the problems arising from various fields of research. 
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Figure 1. Portions of tensile curves of an AlMg alloy (room temperature), present-
ing three types of stress serrations commonly distinguished for the PLC effect: (1) 
type A, 𝜀̇= 2 × 10-3 s-1; (2) type B, 𝜀̇= 2 × 10-4 s-1; (3) type C, 𝜀̇= 6.7 × 10-5 s-1. 
Arrows indicate the critical strain 𝜀 for the onset of instability.   
 
 
 
 
 
 
 
 
 
Figure 2. Traces of PLC bands observed on the surface of an AlMg alloy deformed 
in the conditions of type B behavior at  𝜀̇= 10-3 s-1. The specimen width is 5 mm. 
The PLC bands can be seen with a naked eye on the specimen surface. Their typical 
width reported in the literature varies from several hundred μm to about ten mm 
(Figure from Ref. [25]).   
 
More specifically, the PLC effect has important advantages for the study of self-
organization in dislocation ensembles. First of all, since the relevant collective ef-
fects manifest themselves on a macroscopic scale, the combination of traditional 
mechanical tests with higher-resolution techniques allows for getting access to col-
lective processes in a wide range of resolution. Furthermore, the PLC effect only 
appears after a certain critical strain, 𝜀, as indicated by arrows in Figure 1. This 
delay makes it possible to compare fine-scale behaviors during a "homogeneous 
deformation” stage, then during the instability. Finally, apart from its own interest, 
the PLC effect serves as a model object for comparison with fine-scale plasticity in 
materials non-subject to macroscopic instability. 
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The microscopic mechanism of plastic instability is generally attributed to the so-
called dynamical strain ageing (DSA), i.e., additional pinning of mobile dislocations 
due to solute atoms diffusing in the dislocation elastic field [29-32]. It is noteworthy 
that non-diffusional models have also been suggested and may present an alterna-
tive explanation in a range of sufficiently high 𝜀̇ values [33]. Without a loss of 
generality, the interpretation of stress drops is based on the concept of negative 
strain-rate sensitivity of stress (SRS) in a certain strain-rate interval (cf. Figure 1), 
giving rise to an N-shaped 𝜎(𝜀̇) dependence [34-38]. The left chart in Figure 3 il-
lustrates the occurrence of this dependence. The early interpretation of dynamical 
behavior in this framework had a local character in the sense that the same stress 
value was considered to act over the entire gage length of the sample, i.e., the spatial 
heterogeneity was disregarded. Under this approximation, the nonlinear SRS leads 
to the so-called relaxation oscillations, a well-known type of instability, notably, in 
electronics [39].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Left: Scheme explaining transformation of a monotonously increasing 
𝜎(ln 𝜀̇) dependence obeying the Arrhenius law for thermally activated motion of 
dislocations (indicated by a dashed line) into an N-shaped dependence due to effi-
cient pinning of dislocations by solute atoms at low enough 𝜀̇. Arrows trace a cyclic 
motion for the case (b). Right: Schematic deformation curves corresponding to  𝜀̇ 
either outside the negative SRS region or within it, as indicated by the correspond-
ing letters. 
 
The resulting deformation curves are schematically (omitting any work hardening) 
presented on the right-hand part of Figure 3. Namely, if 𝜀̇ finds itself in the negative 
SRS region (case b in the figure), the evolution of the state of the deforming material 
in 𝜎 − 𝜀̇ coordinates will be presented by a cyclic motion between the left (slow) 
branch and the right (fast) branch of the N-curve, which will be translated into a 
serrated 𝜎(𝜀) curve shown in the right chart. A smooth deformation curve will be 
observed if 𝜀̇ is taken outside this interval (case a). It can be said in an approximate 



7 

manner that the properties of the SRS function determine the strain-rate domain of 
instability for a given temperature. 
 
Were the motion of all dislocations identical, serration patterns would be qualita-
tively similar to such periodic relaxation oscillations, albeit evolving with the work 
hardening of a material, as predicted by “local” models of the instability [4,34,35]. 
The inevitable inhomogeneity of plastic flow leads to complex behaviors in real 
materials (cf., Figure 1). Since the discovery of the PLC effect, several generic types 
of behavior in tension conditions have been determined experimentally [4,22-25, 
40-43]. Figure 1 illustrates three major types of stress fluctuations observed in pol-
ycrystalline alloys, showing a sequence of transitions from type A to B to C, taking 
place when 𝜀̇ is decreased from the upper to the lower boundary of instability. A 
similar sequence of serration types is observed when the temperature is increased at 
a given 𝜀̇. Besides the shapes of the serrations, the transitions between the different 
types of the jerky flow are characterized by qualitative changes in the PLC band 
kinematics. The signatures of type A serrations are the observation of periodic stress 
increases followed by backward drops to the nominal stress level, as well as a quasi-
continuous propagation of deformation bands along the specimen’s tensile axis 
(Figure 4) [44]. Each stress rise precedes the nucleation of a band that usually occurs 
near one specimen end. The subsequent propagation towards the opposite end pro-
ceeds at a lower stress and is usually accompanied by irregular stress fluctuations. 
When 𝜀̇ is reduced, more regular stress oscillations with an apparent characteristic 
scale are observed (type B). These are related to a chained nucleation of deformation 
bands in the neighboring sections of the specimen (Figure 5) [45]. Each stress drop 
can be put into correspondence with an individual band. Although type B bands 
either do not propagate or move over short distances, their correlated occurrence is 
reflected in the common terms of “relay-race” or “hopping” propagation. At the 
lowest strain rate, deep drops are observed below the nominal stress level (type C 
behavior). Each of these events is also caused by a separate deformation band. How-
ever, unlike the type B case, it is not clearly correlated with the previous bands [46]. 
The lower 𝜀̇ is, the more random the band nucleation becomes. 
 
The existence of a nomenclature of types is itself evidence of a nonrandom nature 
of the dislocation dynamics. However, phenomenological models based on the 
scheme of Figure 3 and not considering the intrinsic strain heterogeneity, explain 
neither the great variety of deformation curves nor the variation of the band kine-
matics with experimental conditions. Moreover, the complexity of irregular curves 
goes far beyond their classification into "types". In particular, additional D and E 
types are sometimes distinguished in order to include some specific patterns ob-
served in commercial alloys [22]. Various quantitative methods of characterization 
of the complexity of unstable plastic flow have been proposed lately. This Chapter 
will mostly present the progress provided by the statistical and multifractal ap-
proaches. For the reader’s convenience, references to papers developing other con-
cepts will be provided. 
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Figure 4. Top: Example of a stress-time curve displaying type A serrations in an 
Al5.5%Mg alloy with Al3Zr precipitates at 5 × 10-3 s-1[44]. Bottom: the correspond-
ing local strain-rate map 𝜀̇(𝑥, 𝑡) showing propagation of deformation bands. The 
color bar represents the local 𝜀̇ scale in s-1. The propagating strain-localization 
bands show up as bright oblique lines. Their vertical cross-section gives a rough 
estimate of the band width and the line inclination renders the band velocity. One 
can also discern a progressive transition to type B behavior at large strain (after 
roughly the 30th second of the test).  

Figure 5. Representation similar to Figure 4 for an Al3%Mg alloy deformed at 𝜀̇= 
2 × 10-4 s-1, illustrating hopping propagation of deformation bands [45].   
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The existence of a nomenclature of types is itself evidence of a nonrandom nature 
of the dislocation dynamics. However, phenomenological models based on the 
scheme of Figure 3 and not considering the intrinsic strain heterogeneity, explain 
neither the great variety of deformation curves nor the variation of the band kine-
matics with experimental conditions. Moreover, the complexity of irregular curves 
goes far beyond their classification into "types". In particular, additional D and E 
types are sometimes distinguished in order to include some specific patterns ob-
served in commercial alloys [22]. Various quantitative methods of characterization 
of the complexity of unstable plastic flow have been proposed lately. This Chapter 
will mostly present the progress provided by the statistical and multifractal ap-
proaches. For the reader’s convenience, references to papers developing other con-
cepts will be provided. 
 
2. Macroscopic scale 

2.1. Statistics of stress serrations 

Although the calculation of histograms of data distributions is straightforward, 
some common precautions need to be specified before presenting examples of re-
search. A general problem concerning any of the analyses presented in this Chapter 
arises from an increase in the deforming stress because of the material work hard-
ening (see Figure 1). The non-stationary character of the processed signal can lead 
to the wrong results of analysis [47]. Thus, the minimum required pretreatment of 
experimental data consists of subtracting the corresponding systematic trend evalu-
ated using either a running-average or a polynomial fit 𝜎(𝑡) [48]. Moreover, as can 
be seen in Figure 1, the size Δσ of stress drops may also increase on average during 
deformation, which would bias the corresponding statistical distributions. One way 
to avoid this pitfall is to perform calculations in time intervals where this trend can 
be neglected. As this approach restricts the statistical sample, a physically based 
normalization procedure is needed, which would allow one to deal with sufficiently 
long data series. In most cases, the slow trend can be removed by normalizing the 
deformation curve with respect to the average trend, 𝑠(𝑡) = 𝜎(𝑡)/𝜎(𝑡). The feasi-
bility of such a procedure means that the evolution of the stress-drop size is mainly 
due to work hardening. Despite this obvious mechanism, the relationship between 
𝜎and 𝛥𝜎 is sometimes less straightforward. However, reconstruction of a station-
ary signal is usually possible by virtue of slightly more complex procedures, e.g., 
using a normalization function, 𝛥𝜎(𝑡), found by fitting the evolution of stress drop 
amplitudes [48]. Examples of signals obtained after removal of the non-stationary 
course are illustrated in Figure 6 for three types of behavior of the PLC effect. Then, 
histograms of either normalized stress drops 𝛥𝑠 or peaks of the derivative of the 
normalized curve (right-hand column in Figure 6) may be calculated to character-
ize the statistics of the instability [49-51]. 
 



10  

To interpret the following analysis, it is also useful to clarify that the statistical 
graphs will present results of calculation for a dimensionless variable 𝑠 = 𝛥𝑠/<
𝛥𝑠 > rescaled by the average values of 𝛥𝑠 [52,53]. While such an additional pre-
processing does not affect the histogram shape, this reduction makes it possible not 
only to compare statistical distributions for the different parameters of the stress-
drops, e.g., amplitudes and durations, but also to include into this comparison phys-
ical quantities that characterize the deformation processes on distinct scales, e.g., 
the acoustic emission or bursts in local strain rates. Besides, such a process allows 
one to avoid arbitrariness in the choice of the bin size by using a unique bin in all 
cases. Examples of the so-constructed histograms for a binary Al3%Mg alloy are 
plotted in Figure 7 [49,54-58].   
 
  

 
 
Figure 6. Examples of time series obtained after removal of the non-stationary 
trend. Left: stress-time curves; Right: absolute value of the time derivative of stress. 
The strain rate value is increased from top to bottom: (a)-(b) 𝜀̇= 5.56 × 10-6 s-1, 
(c)-(d) 𝜀̇= 2.78 × 10-4 s-1, and (e)-(f) 𝜀̇= 5.56 × 10-3 s-1 (Figure from Ref. [51]). 
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Figure 7. Examples of histograms of the dimensionless stress drop amplitude 𝑠 for 
three types of behavior of the PLC effect in a polycrystalline Al3%Mg alloy [49,54-
58].  
 
Already these early attempts of analysis testified that the statistical distributions are 
qualitatively different for distinct types of behavior. The persistence of these fea-
tures found for single crystals and polycrystals with different grain sizes and differ-
ent chemical compositions indicated that statistical distributions may provide a 
quantitative characteristic distinguishing various behavior of the PLC effect. There-
with, while more or less complex-shaped peaks appearing for type C and B serra-
tions indicate the presence of intrinsic scales and, therefore, make one think of ran-
dom fluctuations about the ideal relaxation oscillations (it will become clear later 
how far it is from being true), a particular attention is attracted to a monotonously 
descending probability for type A behavior that does not reveal any characteristic 
scale. 
 
Let us first consider the latter case. To characterize the statistics quantitatively, the 
probability for an event to have an amplitude 𝑠 is calculated by counting the fraction 
𝑁(𝑠)/𝑁௧௧ of events within intervals 𝑠 ± 𝛿𝑠/2, where 𝑁௧௧ is the total number of 
events in the dataset and 𝛿𝑠 is the bin size. It is readily noticed that large events are 
quite rare and many bins are empty. For this reason, a variable bin size is used to 
calculate the probability density function (PDF). Namely, 𝛿𝑠 is taken constant in 
the intervals rich of events but increased in deprived regions until gathering a mean-
ingful number of events (at least, five). Accordingly, the PDF is calculated to con-
sider the bin variation [52,53]: 

 

𝑃𝐷𝐹(𝑠) =
ே(௦)

ேఋ௦
 .      (1) 

 
It occurs that type A serrations are often characterized by power-law statistics [49-
58]. This behavior was established with certainty for stress drop amplitudes that are 
usually measured in a large dynamic range. The same conclusion is less reliable for 

Type В Type C Type A 
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their durations because the time resolution of load cells is rarely better than several 
milliseconds, which is similar to the time of the deformation band development 
[42,59-64]. Besides, the data may be biased by the reaction time of the “machine-
sample” system (~ 0.1 s). Nevertheless, the data obtained testify that both ampli-
tudes and durations of stress drops obey power-law dependences, as illustrated in 
Figure 8.  
 
More exact methods based on the maximum-likelihood estimation with goodness-
of-fit tests have been developed during the last decade to better handle the poor 
statistics of rare large events and detect power-law distributions in empirical data 
[65,66]. Nevertheless, the comparison of power-law exponents estimated by differ-
ent methods showed that direct calculation with varied-bin correction renders satis-
factory results for the PLC effect, in the sense that deviations from the values ob-
tained by exact methods do not exceed the experimental uncertainty. Hereinafter, 
the above presentation of statistics will be used due to its intuitively clear interpre-
tation and the opportunity of visual comparison of results obtained for distinct quan-
tities. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. Examples of normalized PDF for dimensionless amplitudes s and dura-
tions τ of stress drops recorded at 2 × 10-3 s-1 in an Al3%Mg alloy.  
 
The observation of power-law dependences, which mathematically reflect the ab-
sence of a characteristic scale [indeed, (kx)a  ~ xa], led to a suggestion that type A 
behavior is governed by the mechanism of SOC. This concept was suggested to 
explain the abundance of scale-invariant behaviors in nature, including power spec-
tral density of the “1/f”-noise, power-law statistics of avalanche-like processes, of-
ten referred to as crackling noise, formation of self-similar spatial structures, e.g., 
in earthquakes, forest fires, road traffic, and so on [67-70]. According to the SOC 
theory, the mechanism of scale invariance stems from the property that large com-
plex systems naturally (without fine tuning of the order parameter) evolve to “a 
critical state in which minor events cause chain reactions of many sizes” [69]. The 
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relevance of this concept for many natural phenomena is still a matter of debate, 
while many other models generating power-laws have been proposed [71-73]. More 
specifically for plastic deformation, various theoretical approaches can be found in 
recent reviews and original papers [74,75]. 
 
In spite of these debates, the SOC concept remains the hypothesis most frequently 
used to explain power-law statistics of intermittent deformation processes (e.g., 
[11,12,15,50-58,76]. It is supported by several experimental findings, most of which 
have been provided when finer scales were assessed by virtue of higher-resolution 
techniques, as will be discussed in Sec. 3. The following evidence in favor of this 
hypothesis is brought about by the analysis of the deformation curves themselves. 
It was predicted theoretically that in the case of SOC, the power-law exponents de-
scribing the statistical distributions of amplitudes and durations and the correspond-
ing power-law relationship between these quantities have to be conform to power-
law behavior of the Fourier spectrum, S(f), of the deformation curve [77]. Using 
designations  

 
  𝑃𝐷𝐹(𝑠) ∝ 𝑠ିఉ ,   𝑃𝐷𝐹(𝜏) ∝ 𝜏ఊ,     

         (2) 
 𝑠 ∝ 𝜏ℎ,  𝑆(𝑓) ∝ 𝑓ିఠ , 
  

where the scaling laws for the amplitudes and durations impose a relationship h(β-
1) = γ-1, the following constraints are imposed on the spectral dependence: ω = 2 
for 2/h + β < 3, otherwise ω = h(3 - β). In spite of the above-mentioned deficiencies 
in the quantitative examination of temporal behaviors, these relationships have been 
confirmed experimentally (Figure 9) [58]. For example, the 1/f2 spectrum shown in 
Figure 9b was obtained for a deformation curve characterized by exponents β ≈ 
1.25, α ≈ 1.6, and h ≈ 1.5, verifying the condition 2/h + β ≈ 2.6 < 3. 
 
At the same time, the transition from scale invariance at fast loading to peaked dis-
tributions at slower deformation (Figure 1) contradicts the SOC hypothesis. 
Namely, SOC models require loading at a vanishing rate, in order to assure inde-
pendent nucleation of avalanches. On the one hand, this requirement seems to be 
satisfied for all 𝜀̇ used in experiments. Indeed, even the strain rate values about 
10-3 s-1 typical of type A behavior still correspond to the conditions of quasi-static 
tests and may be considered as slow driving with regard to the values of about 102 
s-1 - 103 s-1 on the right branch of the N-function (see Figure 3). On the other hand, 
the transition to peaked distributions with a decrease in 𝜀̇ raises serious concerns. 
For this reason, an alternative interpretation of scale-free statistics was proposed 
in terms of turbulent flow in dislocation ensembles [78,79]. Nevertheless, as will 
be discussed in Sec.3., investigations of deformation processes relevant to 
mesoscopic scales support the SOC hypothesis and, at the same time, provide a 
simple explanation of the transitions between distinct dynamics on the macroscale 
of stress serrations. 
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Figure 9. (a) Example of relationship between amplitudes and durations of type A 
stress serrations in an Al4.5%Mg alloy. The data are averaged for close τ values; 
(b) Fourier spectrum S(f) of the corresponding deformation curve. The dotted line 
traces the slope ω = 2.  
 

2.2. Multifractal analysis  

The understanding of scale transitions will however be incomplete without going 
deeper into analysis on the macroscopic level. As mentioned above, considering the 
transition to peaked histograms of stress drops and the degrading correlation be-
tween deformation bands with decreasing 𝜀̇, it is tempting to suggest that the dis-
location dynamics approaches the ideal conditions of relaxation oscillations sche-
matized in Figure 3. This limit would correspond to histograms in the form of the 
Dirac δ function, so that at first sight, random fluctuations about periodic behavior 
is a plausible explanation of the shape of real histograms. However, various anal-
yses testified that such a situation is never reached experimentally, and the stress 
serrations do not correspond to random behavior even at the lowest strain rate of 𝜀̇ 
~ 10-6 s-1 attained in the experiments [46]. The general character of this conclusion 
for all strain rates was proved by virtue of multifractal (MF) analysis. Furthermore, 
an abundant literature treats this mathematical method [80-83]. The notion of fractal 
dimension was introduced by B. Mandelbrot to characterize scaling properties of 
self-similar natural objects [84,85]. The concept was later extended to heterogene-
ous patterns and signals which description requires multiple fractal dimensions 
[86,87]. A comprehensive description of the application of the MF method to stress-
strain curves may be found in Ref. [48]. Below, only some basic notions that are 
necessary for the understanding of its practical application to the analysis of defor-
mation processes will be presented.  
 
Figure 10 explains the meaning of MF analysis by applying it to a self-similar (bot-
tom sequence of peaks) and noise (top curve) signals. The formulae presented below 
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consider discrete time series 𝜓 to mimic computer-assisted experiments (k enu-
merates the data points). In order to reveal scale invariance, the interval representing 
the test duration is covered by a grid with a step 𝛿𝑡. A local probabilistic measure 
𝜇(𝛿𝑡) is defined to characterize the local signal intensity in the ith interval. Its 
evident definition for discrete series is to calculate the summary signal within the 
box, normalized by the sum over all N boxes:  
 

𝜇(𝛿𝑡) =
∑ టೖ

∑ టೖಿ
.      (3) 

 
The next step is to construct partition functions, Zq(𝛿𝑡): 

 
  𝑍(𝛿𝑡) = ∑ 𝜇

ே
 (𝛿𝑡),     (4) 

 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 10. Scheme illustrating calculation of a probabilistic measure (see Eq. 3) 
for time series 𝜓 defined over a grid with step 𝛿𝑡. Two examples of time series 
(top: noise, bottom: sequence of peaks) are traced. 
 
 
where q is a real number. It is easy to notice that by varying q, one makes dominate 
different 𝜇-values, i.e., different subsets of the signal, the feature known as a 
“mathematical microscope”. Therewith, the subsets corresponding to a certain value 
of 𝜇 may have complex structure and be composed of boxes from different parts of 
the signal. The variation of 𝛿𝑡 allows to assess scaling properties of 𝑍 for a given 
q. Thus, the variation of both q and 𝛿𝑡 makes it possible to characterize scaling in a 
complex heterogeneous object. It is easy to calculate 𝑍(𝛿𝑡) for a uniform signal, 
e.g., for a constant function or a signal constant on average. The latter may be rep-
resented by periodic or random series, for 𝛿𝑡 large enough with regard to the char-
acteristic period of the signal variations. In this case, the local measure has the same 
value for all boxes (see Eq. 3), equal to 1/N ∝ 𝛿𝑡. Therefore,      

 
𝑍(𝛿𝑡) = 𝑁𝛿𝑡 ∝ 1/𝛿𝑡 × 𝛿𝑡 = 𝛿𝑡ିଵ.   (5) 
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Thus, for any q these dependences lie on a master linear curve with a unit slope in 
coordinates logZq/(q-1) vs logδt (see any of the cited works to include the particular 
case q = 1). Figure 11 illustrates such a trivial scale invariance for a random signal. 
 
The situation is qualitatively different for a fractal or multifractal object possessing 
the property of self-similarity. In the former case, the signal is characterized by a 
unique slope < 1, which defines its fractal dimension, D. In the latter case, 𝑍(𝛿𝑡) 
dependences exist as well, but the unique scaling law is replaced with  

 
  𝑍(𝛿𝑡) = 𝛿𝑡(ିଵ) ,     (6) 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 11. Results of calculation of partition functions (Eq. 4) for a random time 
series for two values of q.  
 
 
where 𝐷  values are called generalized fractal dimensions. Such a multifractal sig-
nal results in a fan of straight lines with different slopes, as illustrated in Figure 12 
for a real deformation curve of an AlMg alloy. More exactly, as the time derivative 
of 𝑠(t) highlights bursts of plastic activity, the analysis is applied to a time series 
obtained by taking the absolute value of its finite difference approximant [50,51]. 
The observation of non-trivial self-similar behavior reveals the presence of long-
term correlations between intermittent events. Moreover, the analysis of experi-
mental 𝑍(𝛿𝑡) dependences makes it possible to characterize these correlations 
quantitatively by a continuous function representing the spectrum of generalized 
dimensions D(q), also called multifractal spectrum (Figure 13).   
 
The interpretation of 𝐷  values is not straightforward. However, besides uncovering 
the bare fact of the presence of correlations, it brings significant quantitative infor-
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mation when one needs to assess the changes in the correlation strength upon mod-
ifications of the experimental conditions. Some 𝐷  values correspond to well-
known dimensions possessing a clear physical meaning [80]. For example, 𝐷 ren-
ders the box-counting dimension of the signal’s geometrical support (boxes with 
nonzero data values). Indeed, taking q = 0 will make all nonzero members of 𝑍 
equal to one in Eq. 4, so that 𝑍 will simply give the number of nonempty boxes. In 
other words, 𝐷 characterizes the filling of the time interval with data. 𝐷ଵ corre-
sponds to the so-called information dimension, and 𝐷ଶ gives the correlation dimen-
sion.   
 
It is also clear from the above description that the height of the “𝐷  spectrum” may 
characterize the signal heterogeneity. This quantity occurred to be quite sensitive to 
the transitions between different types of behavior of the PLC effect and provided 
a unique framework to characterize the changes taking place over a wide strain-rate 
interval [50,51]. In particular, the MF analysis allowed to prove that type C serra-
tions, considered for a long time as being caused by randomly occurring defor-
mation bands, also possess a correlated temporal structure [46]. A detailed descrip-
tion of the multifractality of jerky flow can be found in Ref. [48]. In the present 
Chapter, we shall be interested in extending it to fine scales assessed by virtue of 
the AE method and comparing the conclusions provided by the MF analysis on var-
ious scales, as will be presented in Sec. 3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 12. Partition functions (Eq. 4) for a deformation curve of an AlMg alloy. 
Different curves correspond to different q. Arrows indicate the scaling range.   
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Figure 13. Spectrum of generalized dimensions calculated for the data of Figure 
12. 
 

2.3. Phase space reconstruction and other approaches 

Besides the statistical and MF analyses, many other approaches to the investigation 
of serrated deformation curves have been suggested in the literature [88-99]. One 
result attracts a special attention in the scope of the Chapter, as it will assure conti-
nuity of the data interpretation. Let us notice that the transition from SOC to ideal 
relaxation oscillations means a crucial reduction of the number of degrees of free-
dom controlling the system dynamics. While the former characterizes systems with 
infinite dimensionality, the latter corresponds to a single degree of freedom, so that 
two observables, 𝜎 and 𝜀̇, are sufficient to describe the dynamical state. The real 
behavior observed at intermediate and even low strain rates is much more sophisti-
cated than this ideal situation. However, this complexity does not contradict the 
tendency to a reduction of the system dimensionality. Indeed, it is known that sys-
tems with a few degrees of freedom can perform very complex motions. This is the 
case of the deterministic, or dynamical, chaos that owes its name to an extremely 
high sensitivity of the phase trajectory, albeit deterministic, to initial conditions, so 
that the evolution of each variable makes one think of random processes [26]. Start-
ing from the pioneering works in meteorology [100], dynamical chaos was detected 
in various natural and artificial nonlinear systems [26]. The possibility of chaotic 
dynamics in the dislocation system was predicted in the early 1980s [101]. Experi-
mental investigations and numerical modeling started in the 1990s [50,51,88-
90,101-103], at the same period as the statistical investigations of SOC-like behav-
iors. This synchronicity evidences once again the timeliness of the evolution of the 
plasticity theory to the analysis of collective behaviors of defects. 
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The problem can be illustrated as follows. Ideally, behavior of a system with a few 
degrees of freedom may be fully described by its trajectory in a m-dimensional 
phase space, so that the evolution of any variable can be traced (Figure 14, a → b 
operation). In practice, the evolution of only one or two variables is recorded exper-
imentally in mechanical tests, e.g., the deforming stress and/or strain. It is therefore 
necessary to tackle the inverse problem (Figure 14, b → a) and reconstruct the phase 
space with the dimension unknown a priori. The solution is rather direct in the case 
of linear systems, for example, with the help of the Fourier analysis. In contrast, 
behavior of a chaotic system can be very sophisticated because of a specific geom-
etry of its attractor. A comprehensive description of the method of phase reconstruc-
tion, also referred to as dynamic analysis, goes beyond the scope of this Chapter 
and can be found in the literature [26,51,89,90]. It is important in the present context 
that the attractor is fractal: it appears the same on different scales and is therefore 
characterized by the property of self-similarity, hence its name "strange attractor". 
The considered approaches to nonlinear dynamics are thus fundamentally related 
[85].  
 
Such processing revealed that the dynamics reflected in jerky flow corresponds to 
deterministic chaos in the conditions of type B behavior, as illustrated in Figure 14. 
In particular, jerky flow in a Cu-Al single crystal was shown to correspond to the 
system dynamics resulting from non-linear interactions of only four modes [89]. A 
dimension of six of the reconstructed phase space was found for an AlMg polycrys-
tal [50,51]. 
 
 
 
 
 
 
 
 
 
 
 
Figure 14.  3D projection of a strange attractor corresponding to dimension m=6 
(a), which was reconstructed starting from a deformation curve shown in Chart (b). 
(for more detail on the coordinates in the phase space, see, e.g., [7]).   
 
The examples of the paragraphs 2.1 - 2.3 illustrate the need to explore various math-
ematical methods to characterize the entirety of experimental situations. For exam-
ple, in contrast to type A, the statistics of serrations corresponding to chaotic behav-
ior in type B conditions is described by complex-shaped histograms revealing 
inherent scales (cf. Figure 7), often bimodal, which do not provide by themselves 
an interpretation of the behavior observed. Among diverse approaches, one can 

? 
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mention random-walk analysis [91,92], recurrence analysis [93], nonstationary 
spectral analyses including time-frequency methods (Cohen representation [94,95], 
wavelets [96]), Tsallis statistics [97], entropy-based methods [99-100], and so on. 
Without going into details of these methods, it can be stated that all authors conclude 
on nonrandom behaviors in all conditions reached in real experiments. Therewith, 
various kinds of behaviors correspond to different dynamical regimes. Importantly, 
a common property of different observations is the existence of scaling laws. There-
fore, a more thorough comprehension of unstable plastic flow requires similar anal-
yses with resolutions higher than that of mechanical tests, which will be considered 
in Sec. 3. 

2.4. A possible dynamical mechanism  

The results obtained due to the analysis of deformation curves allow to put forward 
a hypothesis on a dynamic mechanism that controls the heterogeneity of defor-
mation during plastic instability. It suggests a dynamic equilibrium between the re-
current strain heterogeneity caused by the PLC bands and plastic relaxation of the 
resulting internal stresses during reloading after stress drops. This conjecture im-
plies different characteristic scales: on the one hand, intrinsic scales (the plastic re-
laxation time, 𝑡ோ, and a correlation length, 𝑙, over which the excess of internal 
stresses in the deforming region contributes to slip activation in other regions), and 
on the other hand, the reloading time, 𝑡, i.e., the scale imposed by the test condi-
tions. In the ideal case of very low 𝜀̇ (𝑡 ≫ 𝑡ோ  ), which makes possible an efficient 
homogenization of local strains during reloading, this mechanism would lead to re-
laxation oscillations associated with random nucleation of PLC bands (type C be-
havior). When 𝜀̇ is increased, 𝑡 becomes insufficient to fully relax local strain 
incompatibilities. Some spatial correlation of PLC bands sets up, and the periodicity 
of relaxation oscillations is disturbed. While 𝜀̇ is low enough, mechanical behavior 
has characteristic type C properties, but the correlations lead to self-similarities that 
are manifested in the corresponding MF spectra. At the same time, the data analysis 
for similar samples tested in the same experimental conditions showed a strong var-
iation in the resulting MF spectra, thus revealing a transient nature of this behavior 
[50,51,104,105]. When 𝜀̇ is increased, the gradual lessening of internal stress re-
laxation reinforces spatial correlation and leads to a relay-race propagation (type B), 
and then to quasi-continuous propagation (type A) of PLC bands. These changes in 
the spatial appearance are accompanied by changes in the shape of the deformation 
curves associated with particular dynamical regimes (deterministic chaos and SOC), 
as reflected by their statistical and multifractal properties. Such a qualitative con-
sideration is corroborated by the observations that the deformation curves recorded 
in the transitory conditions, C/B or B/A, correspond to large 𝐷  ranges revealing 
high heterogeneity levels, while pure types are characterized by relatively narrow 
MF spectra.    
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This scheme qualitatively explains the most studied case of tensile tests in a hard 
machine, but also the persistent propagation of deformation bands at any stress rate 
in a soft machine which does not allow for stress relaxation between instability 
events [106-109]. It may thus be expected that various experimental results could 
be described within the framework of models combining the microscopic property 
of negative SRS and mesoscopic aspects associated with the heterogeneity of plastic 
deformation and relaxation of internal stresses, controlled by the crystal structure 
and the defects microstructure. Although the need for consideration of the complex 
microstructures presents obvious difficulties, this approach has already provided a 
significant progress in the modelling of plastic instabilities [102,110,111].     

 
3. Mesoscopic scale. Acoustic emission. 

Investigations of plastic flow of solids with the help of the AE technique have a 
long history reported in numerous books and reviews [112-114]. The applications 
of this method are remarkably diverse. So, surveying average parameters for the 
acoustic activity and intensity, e.g., the average count rate or the cumulated ampli-
tude, provides valuable information on the work-hardening stages, the intermittent 
processes of dislocation multiplication, the overall growth of the dislocation den-
sity, and the activity of different slip systems (e.g., [115-117]). Fine frequency and 
amplitude analyses are applied to distinguish distinct deformation mechanisms, 
such as dislocation glide, twinning, micro-cracking, and phase transformations 
[112-114]. A large number of studies began in the late 1990s, and were devoted to 
the statistics of AE that is generated during smooth plastic flow in the absence of 
macroscopic instabilities [74,118-121]. It occurred that even at macroscopically sta-
ble flow, the AE is not solely represented by continuous noise, as is expected for 
the case of uncorrelated motions in the dynamical system comprising billions of 
dislocations per cm2. The AE also contains a discrete component manifested by 
short pulses with amplitudes that may exceed the continuous signal by orders of 
magnitude. An important conclusion of these works, realized on a great number of 
materials that ranged from ice to diverse metals and alloys, is that discrete pulses 
show ubiquitous power-law statistics. This finding led to a conjecture on an intrin-
sically avalanche-like nature of the dislocation dynamics on a mesoscopic scale, 
which is usually interpreted in terms of SOC as self-organization of dislocations 
towards a critical state. It is noteworthy that a similar conclusion was drawn from 
investigations of electric pulses caused by electron drag by mobile dislocations. Alt-
hough these signals were very weak, they could be measured during unstable plastic 
flow of metals at liquid helium temperatures [122]. The corresponding statistical 
distributions of amplitudes and durations of such pulses also displayed power-law 
dependences in some range of variables, thus agreeing with the SOC hypothesis 
[123].  
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The comparison of this suggestion with the statistics of macroscopic stress serra-
tions in ageing alloys puts forward several questions concerning the problem of mi-
cro-macro transition in plasticity. For example, can the above conclusion on the AE 
statistics be extended to include ageing alloys? In other words, does the AE obey 
power-law statistics in the conditions of the PLC effect or inherits the transitions 
from scale-free statistics to the distributions with a characteristic scale, as estab-
lished for jerky curves? In other words, if the intermittency of plastic deformation 
is confined to fine scales but smoothed out on deformation curves for most materi-
als, why does it develop into macroscopic jerkiness in the case of ageing alloys? 
These questions are addressed below with the aid of AE investigations of jerky flow. 

3.1. AE recording and application of statistical analysis 

The experimental methods used to obtain the results presented below were de-
scribed in detail in [124,125]. In typical statistical experiments, the acoustic re-
sponse to plastic flow is recorded using one piezoelectric transducer clamped to one 
surface of a flat tensile specimen near one of the grips. In the case of non-flat sam-
ples or compression tests, it is usually attached to a grip near the specimen end. 
Thus, the transducer gathers signals from various sources acting within the plas-
tically deforming specimen, similar to collecting earthquake statistics on a seismic 
station. This approach is well justified for laboratory size flat samples composed of 
metallic materials which have low coefficients of attenuation of acoustic waves 
guided by the sample boundaries [126]. A special grease is used to assure a good 
acoustic contact. The most used transducers have a flat response in a frequency band 
about 0.1-1 MHz. The signal is pre-amplified and registered with a typical sampling 
rate of 2 MHz or 4 MHz. The latter choice follows the Nyquist criterion requiring 
the sampling rate to be at least twice as high as the highest frequency in the signal 
[127]. Such fast data acquisition results in huge data files. Accordingly, when only 
the statistics of acoustic pulses and not their exact waveforms are of interest, a soft-
ware built in the acoustic systems allows for “real-time” extraction of meaningful 
acoustic events (hits) during the test. Figure 15 designates the parameters used for 
this purpose [24]. The event starting time, 𝑡, corresponds to the instant when the 
acoustic signal exceeds a threshold voltage 𝑈, set at a level depending on the noise 
measured in the free-running deformation machine (23 dB to 25 dB in the examples 
presented in this Chapter). The end of the event, 𝑡, is detected if the signal remains 
below 𝑈  longer than for a hit definition time (HDT). Afterwards, the system does 
not record hits during a hit lockout time (HLT), or a “dead time”. The HDT and 
HLT allow to avoid recording as separate hits the unwanted echo signals caused by 
sound reflections from the specimen surfaces. As the sound velocity is high in me-
tallic samples and their size is usually small, the echo return time is most often 
below 10 µs. For this reason, HDT is commonly taken large enough, e.g., 100 µs, 
to include all echoes into the event. Consequently, the HLT can be taken short, typ-
ically 20 µs – 50 µs, in order to avoid a significant loss of meaningful events. As a 
matter of fact, the amplitude AE statistics occurred to be quite robust regarding the 
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choice of HDT and HLT in the range from 10 µs to 600 µs [128]. On the contrary, 
it is obvious that the measured value of the duration depends on the HDT and may 
include both the main event and secondary echoes. It is thus important to be careful 
when considering the duration statistics [129,130]. The further illustrations will be 
based on the amplitude statistics. To complete the technical details, it should be 
added that the peak amplitude is determined using a peak definition time (PDT), as 
the local maximum that has not been exceeded during PDT. This parameter allows 
one to avoid false peaks that may be caused by short sound propagations. The PDT 
is often taken to be equal to half of the HDT. It should be specified that the device 
stores the logarithmic amplitudes, 𝐴, of the events. To avoid confusion, the no-
tation A will be used for the peak amplitude after the conversion from logarithmic 
to linear units. 
 

 
Figure 15. Definition of the parameters used to extract individual AE events (see 
text for the definitions of the variables). (Figure adapted from Ref. [24]). 

 
The statistical analysis followed the same directions as those described above for 
stress serrations. To compare the statistics of the stress serrations and AE, let us 
notice that the stress drop, 𝛥𝜎, reflects the mechanical work, 𝜎𝛥𝜀, dissipated during 
the respective deformation process. Indeed, considering that 𝛥𝜎 ≪ 𝜎, the applied 
stress 𝜎 may be taken to be approximately constant in this relationship. Further-
more, 𝛥𝜀 is proportional to 𝛥𝜎 because the latter is determined by the elastic reac-
tion of the mechanical system: 𝛥𝜎 = K 𝛥𝜀 (K designates the stiffness value). There-
fore, the statistics shown in Figures 7 and 8 represent the energy distribution of the 
plastic instability events. Accordingly, an adequate energy characteristic is 
searched for the AE analysis. However, the direct characteristic, i.e., the energy 
obtained by the integration of the acoustic event envelope (Figure 15), can suffer 
from the uncertainty caused by the possible joining of secondary echoes to the main 
hit. Moreover, it would be strongly sensitive to the ability of the recording system 



24  

to separate events corresponding to distinct deformation processes but forming a 
dense sequence, e.g., because of subsequent triggering of dislocation avalanches 
[128]. For these reasons, the variable analyzed below is the squared amplitude A² 
which was argued to be proportional to the energy dissipated by the viscoplastic 
deformation giving rise to the AE event [119,131]. Similar to the variable 𝑠, histo-
grams of normalized intensity, I = A²/< A²>, will be illustrated below.    

 
Like stress serrations, AE amplitudes may also evolve during the test. Suggesting a 
physically based normalization procedure is not obvious in this case. However, the 
number of AE events is usually rather large, so that it is possible to calculate distri-
butions over intervals where the AE is approximately stationary. Moreover, such a 
subdivision of the test interval allows for assessing the evolution of the distribution 
shapes over the course of the test.  

3.2. AE amplitude statistics 

Surprisingly, investigations using various Al-based alloys prone to PLC instability 
showed that the AE amplitude statistics obey power laws in all conditions, even for 
types B and C behaviors that are characterized by peaked histograms for the stress 
serrations [24,128-130]. For example, Figure 16 displays the PDF-dependences for 
AE collected before the onset of macroscopic instability in an AlMg alloy with two 
grain sizes differing by a factor of 2 (as-delivered and annealed conditions) [130]. 
Figure 17 presents similar dependences for AE recorded before and after 𝜀 in an 
AlMgScZr alloy [52]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 16. PDF functions for AE intensity in a polycrystalline AlMg alloy. (1) As 
delivered specimen, βAE ≈ 2.5; (2) Annealed specimen, βAE ≈ 2.9. The grain size in 
the annealed state has increased by a factor of 2. 𝜀̇= 2 × 10-4 s-1 (Figure adapted 
from Ref. [130]).  
 



25 

Thus, similar to stable plastic flow, dislocation processes appear to be avalanche-
like on the scales relevant to AE. These observations allow one to specify the ques-
tions asked at the beginning of this Section. For instance, how can persistent power-
law statistics of AE be compatible with peaked distributions found for type B and 
type C stress serrations? Furthermore, is type A behavior associated with a unique 
power law over a large-scale range including both the deformation curves and the 
accompanying AE or these scale levels are related to different statistics, which 
would be indicative of specific dynamical mechanisms? From the practical point of 
view, Figures 16 and 17 attract attention to a dependence of the power-law exponent 
βAE on the material microstructure. Calculations in different strain intervals show 
that it evolves over the course of the test [24,52]. Moreover, this evolution is not 
unique. The comparison of data for various materials reveals that its course may 
even change sign in alloys with different chemical compositions. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 17. PDF functions for AE intensity in a polycrystalline AlMgScZr alloy. (1) 
Before 𝜀, βAE ≈ 3.6; (2) After 𝜀, βAE ≈ 2.4. 𝜀̇= 10-3 s-1(Figure adapted from Ref. 
[52]).  
 
 
An answer to the first question can be found by surveying the AE generated at dif-
ferent instants of jerky flow. As the existence of a characteristic scale of stress drops 
is particularly pronounced for type-C behavior, Figure 18 shows a portion of a 
stress-time curve comprising two stress drops at a low strain rate, 𝜀̇  = 2 × 10-5 s-1, 
and the accompanying AE signal [132]. The continuous signal appears as a black 
horizontal band including both the experimental noise and a possible contribution 
from uncorrelated motions of individual dislocations and/or small dislocation 
groups, e.g., dislocation pile-ups. The signal exceeding this “noise” displays a dis-
crete series of individual AE hits seen as vertical bars on the time scale of the plot. 
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Figure 18. Example of AE signal in a time interval comprising two stress drops 
during tensile deformation of an Al3%Mg alloy at 𝜀̇ = 2 × 10-5 s-1 (Figure adapted 
from Ref. [132]). 

 
Quite unexpectedly, the amplitude of the hits recorded at the instants of stress drops 
has nothing extraordinary regarding those occurring during the smooth reloading 
intervals. This similarity is well seen using a plot of AE amplitudes (Figure 19b). 
Instead, the stress drops are accompanied by bursts in the AE event duration 𝜏ா  
(Figure 19c) [24].  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Figure 19. Portion of a serrated deformation curve of an AlMg alloy (a) and char-
acteristics of the accompanying AE events: Logarithmic amplitude 𝐴 (b) and du-
ration 𝜏ா  (c).  𝜀̇ = 2 × 10-5 s-1.  

 
The cause of such bursts is clarified in Figure 20 that compares typical waveforms 
of AE hits observed in different situations [130,133]. The intervals of smooth plastic 
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flow are mostly accompanied by short, isolated hits with a rise time of several mi-
croseconds and duration of several tens of microseconds (Figure 20a). As argued in 
[134], their waveform is mainly determined by the properties of sound propagation 
in the material. Such individual events are sometimes observed during stress drops. 
More often, however, stress drops are accompanied by AE hits with complex shapes 
and durations varying from hundreds of microseconds to tens or even hundreds of 
milliseconds (Figure 20b). The data of Figures 18 to 20 thus lead to a conjecture 
that avalanche-like deformation processes are essentially the same at smooth and 
jerky flow, and the stress drops are not caused by extremely powerful dislocation 
avalanches but rather by consecutive triggering, or chaining of many dislocation 
avalanches in the same intensity range as during smooth deformation. 
 

 
Figure 20. Example of a short, isolated AE burst recorded at reloading after a 
stress drop (a) and a complex event accompanying a stress burst (b).  
 
A direct confirmation of this conjecture is provided due to a particular feature of 
plastic flow in the conditions of type C behavior. Although deep serrations occur 
abruptly after reaching the critical strain, the preceding deformation is neither 
smooth but displays lower-amplitude stress drops which often start occurring as 
early as during the elastoplastic transition and do not completely disappear beyond 
εcr (Figure 21) [135]. These small drops were often attributed to sporadic fluctua-
tions and disregarded in the literature on the PLC effect [136], but detailed investi-
gations indicate that they are also caused by the DSA mechanism [135]. Their ob-
servation at the beginning of plastic flow allows for the visualization of clustering 
of AE hits, as can be seen in Figure 22 [24]. The difference between Figure 22 and 
Figure 19 can be easily observed. As the dislocation density is low during the early 
stages of work hardening, the chaining of deformation processes must be less pro-
nounced than during established jerky flow. Accordingly, such small drops are ac-
companied by hit clusters that constitute dense sequences but can be individualized.  
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Figure 21. Portion of a deformation curve 𝜎(𝑡) around εcr for an Al3%Mg alloy. 
Insets: (a) Global view of the deformation curve; (b) Amplitude of stress drops ver-
sus time. Arrows indicate the onset of type C stress serrations at εcr.  
 

 
Figure 22. Representation similar to Figure 19 for an early stage of deformation 
before the onset of the macroscopic instability in the same sample of an AlMg alloy. 
(a) – Stress-time curve; (b) – Logarithmic amplitude 𝐴 of AE events; (c) – Their 
duration  𝜏ா  .  It is shown on a linear scale in order to better mark the events 
clustering at the instants of low-amplitude stress drops (Adapted from Ref. [24]).  
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The clustering is progressively condensed when the material is work hardened so 
that groups of hits tend to degenerate into single events with very long duration, 
notably when the HDT is chosen relatively large (300 μs in Figures 19 and 21). This 
tendency also agrees with the obvious correlation of the frequency of hits with large 
stress drops: the activity is increased close to the stress-drop and reduced immedi-
ately after (Fig. 19, see also correlation analysis in [24]). 
 
It may be noticed that the amplitudes and durations of the most intense AE hits 
recorded at small stress serrations are higher than the average level (Figure 22). This 
is not surprising because the AE is usually strong at the beginning of the test due to 
intense multiplication and large free paths of dislocations in the unhardened mate-
rial [137,138]. Nevertheless, in this case either the maximum amplitudes are not 
higher than during perfectly smooth intervals. Finally, after some strain hardening, 
the stress drop events become completely indistinguishable with regard to the AE 
amplitudes that show a uniform scatter, while the respective duration bursts are re-
inforced (Figure 19). 
 
The overall pattern is illustrated by a cross-plot that displays the amplitudes and 
durations for the entire series of the AE events, as recorded during the test (Figure 
23) [132]. The cross-plot reveals that the events are split into two groups. The upper 
group corresponds to the long hits detected during stress drops events. The lower 
group, on the other hand, unifies the other (more numerous) events gathered after 
𝜀 with all the events recorded before 𝜀, thus confirming the conjecture of the 
same nature of dislocation avalanches during smooth and jerky flow. 

 
Figure 23. Examples of a τ-Alog cross-plot for the AE gathered before (circles) and 
after (dots) 𝜀. 𝜀̇= 2 × 10-5 s-1(Figure adapted from Ref. [132]). 
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In [132], the conjecture about the chaining of dislocation avalanches was refined 
through the separate statistical analysis of subsets of AE events corresponding to 
smooth flow and stress serrations. Such an analysis allowed the authors to quantify 
a possible overlapping of AE events during the stress drops. Moreover, since in the 
case of type C behavior the amplitudes of large and small stress drops are clearly 
separated by a gap of several MPa (see inset in Figure 21), it was also possible to 
separate such subsets. An example of this type of analysis is shown in Figure 24. It 
can be recognized that the PDF dependences closely coincide for smooth plastic 
flow, small serrations, and the entire dataset, and correspond to a power-law with 
𝛽ா  ≈ 3.0 ± 0.1. The events recorded during the serrations reveal a crossover to a 
power-law with a shallower slope, 𝛽ா  ≈ 2.4 ± 0.1, in a range of higher amplitudes. 
It can be concluded that the deep stress serrations are characterized by an increase 
in the relative probability of high-energy AE events. As it is natural to suppose that 
the hits accompanying a stress drop are generated by dislocation avalanches from 
the same region corresponding to the deformation band, this trend reveals a possible 
superposition of AE hits due to the (quasi)simultaneous breakthrough of several 
avalanches. A somewhat elevated probability of strong AE events may even be sug-
gested for other curves. This guess follows from the absence of a cut-off at relatively 
large energies, which is usually observed for various dynamical systems due to a 
finite system size which limits the avalanche size and also because of insufficient 
statistics of rare large events [74,75]. In any case, the fraction of overlapping events 
in the entire statistical sample is low and such a tendency does not noticeably bias 
the overall statistical behavior.  

Figure 24. Examples of PDF of normalized squared amplitudes I for different AE 
subsets: the entire set (dots), the hits recorded during smooth plastic flow (circles), 
during deep (triangles) and small (stars) stress serrations. Arrow indicates a cross-
over in the power-law dependence. The dashed-and-dot line has the slope 𝛽ா  ≈ 3.0 
± 0.1; the dashed (red) line corresponds to 𝛽ா  ≈ 2.4 ± 0.1, 𝜀̇= 2 × 10-5 s-1(Figure 
adapted from Ref. [132]). 
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Starting from the above description of the case of slow loading, the changes ob-
served when 𝜀̇ is increased can be easily depicted. The increase in the plastic strain 
rate obviously leads to a global growth of the AE activity [24,130]. As a result, the 
clustering of AE events is globally enhanced, giving rise to some increase in the 
average τ value. However, the correlation between stress serrations and τ bursts, 
which reflects the clustering of dislocation avalanches, degrades progressively and 
becomes indiscernible in the fastest tests. Figure 25 presents these changes in a 
quantitative way. The separation of two data sets, as illustrated in Figure 23, be-
comes less pronounced with increasing 𝜀̇ and vanishes at the highest 𝜀̇ (Figure 
25). At the same time, a clear power-law relationship occurs between 𝐴  and τ, 
similar to the relationship found for stress serrations (see Fig. 9). This regime of the 
PLC effect is characterized by ubiquitous power-law relationships for both AE 
events and stress serrations, in agreement with the application of the SOC concept 
to the high strain-rate dynamics. 

 
Figure 25. The same plot as Figure 23 but for 𝜀̇= 6×10-3 s-1 (Figure adapted from 
Ref. [132]). 

 

3.3. Further steps to analyze the dynamical mechanism 

The data resulting from the statistical analysis of the AE that accompanies jerky 
flow connote several remarks:  

The similar AE amplitude range during smooth deformation and at the stress 
drop events revokes the early opinion that large stress serrations correspond to in-
tense discontinuous AE whereas smooth parts are accompanied by weak continuous 
AE. The questioned interpretation was based on the observation of AE count-rate 
bursts during stress drops [134]. However, as this discontinuity is a concomitant of 
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𝜏ா  bursts, they have the same origin in the clustering of AE hits with ordinary 
intensity.    

The deformation processes giving rise to long AE events at deep stress ser-
rations should not be interpreted as elementary events in the sense of individual 
dislocation avalanches with large durations, but rather as packets of dislocation av-
alanches of various size. From the qualitative point of view, this statement follows 
from the observation of a progressive increase in the clustering strength with strain 
hardening (Figures 19 and 22). Besides, the separation of hits composing long 
events may be partly improved by varying the parameters used to extract individual 
events, e.g., by reducing the HDT. More quantitatively, it should be recalled that 
the avalanche amplitude and duration are related to each other by a power-law (Eq. 
2), so that bursts in 𝜏ா  should be accompanied by amplitude bursts, which is not 
the case. This remark is also consistent with recent observations of the formation of 
deformation bands with the aid of high-speed optical methods, albeit even the fast-
est of these tests had a much coarser time resolution (up to 5,000 frames per second) 
than the AE technique [61,62]. 

In spite of the salient property of scale invariance found for both stress ser-
rations and AE, the apparent statistics and, therefore, the interpretation of the col-
lective dislocation dynamics may depend on the surveyed quantity and the observa-
tion scale. This ambiguity is obviously related to the limitations of scale-free 
behaviors. The interpretation of the research results on the property of scale invari-
ance in plasticity thus needs careful diligence. Although this warning is based on 
the above results for the PLC effect, it is particularly important for any investigation 
into the complexity of plastic flow in solids. As far as the PLC instability is con-
cerned, we have already noticed that power-law statistics that are universally ob-
served for AE are replaced with a progressive transition from power-law to peaked 
distributions of stress drop amplitudes. The separation between small and large 
scales may also occur for the same quantity, as demonstrated by the duration of 
acoustic hits for the type C conditions. It was found that individual hits obey power-
law statistics in a range of small durations (roughly, below 100 μs), in agreement 
with the SOC hypothesis, while bursts in 𝜏ா  display a peak at large scale (> 1 ms). 
Moreover, such scale separation also characterizes stress serrations in type C con-
ditions. Even if the early statistical studies dealt with sufficiently deep stress drops 
and only displayed peaked distributions (Fig. 7), later measurements with a higher 
resolution allowed one to distinguish two scale ranges for small and large stress 
drops, as can be seen in Fig. 21. In view of the present discussion, it is not surprising 
that the statistical analysis of the amplitudes for small serrations led to a conclusion 
on power-law behavior (Fig. 26) [24]. As a whole, the distribution of stress drop 
amplitudes is bimodal at low 𝜀̇, although it is difficult to illustrate such a shape on 
the same plot because of the drastic scale separation. It is interesting in this connec-
tion that the distinction between small and large scales was also envisioned in seis-
mology models. Even if the earthquakes are considered as a paradigm of SOC, de-
viations from the power-law in the form of a hump at large earthquake magnitudes 
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were predicted as a consequence of the triggering of avalanches sequences, provid-
ing that the triggering avalanche is powerful enough to store sufficient elastic en-
ergy [139]. It is noteworthy that in contrast to laboratory experiments on plastic 
instability, the similar effect in seismology is difficult to observe experimentally 
because large earthquakes rarely occur.  

It is also worth mentioning an additional argument in favor of the SOC 
associated with the PLC effect, which was obtained through analysis of the statistics 
of quiescent times between AE events [129]. Although the measurement of the wait-
ing times is usually more certain than the measurement of durations that may be 
very short and biased by the recording system (see Section 3.1), the waiting time 
statistics presented a puzzling question for many dynamical systems that are con-
sidered as candidates for SOC models. Since these models suggest a vanishing driv-
ing rate (see Section 2.1), the statistics of the intervals between successive ava-
lanches should obey a Poisson-like exponential law. However, power-law statistics 
of the waiting times were found experimentally for diverse systems including earth-
quakes, solar fluxes, and turbulent transport in magnetically confined plasma [139-
143]. Various concepts were advanced to reconcile these observations with the SOC 
models, e.g., by attributing power-law correlations to a correlated driving signal 
[144] or to temporal variations of the activity rate [145]. In contrast, experimental 
studies of the PLC effect showed close-to-exponential behavior for the intervals 
between AE hits [129]. At the same time, a transition to power-law statistics took 
place when the low-amplitude component was cut using a threshold. This result 
corroborates a hypothesis that the apparent power-law behavior may have a general 
cause that is related to the cutting off of the apparent experimental noise [146-148]. 

 

 
Figure 26. Example of a normalized PDF for dimensionless amplitudes, s, of low-
amplitude stress drops (𝛥𝜎 < 5 MPa) recorded at a low strain rate, 𝜀̇= 2 × 10-5 
s-1, in an Al3%Mg alloy. 

 
The observation of a persistent power-law character of the AE amplitude 

statistics in the case of the PLC effect, on the one hand, and for numerous materials 
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characterized by smooth plastic flow, on the other hand, allows for a unique ap-
proach to the question of intermittency of plastic deformation on a mesoscopic scale 
in such qualitatively different conditions. As a matter of fact, the problem of the 
meso-macro scale transition is even more vivid in the latter case because in view of 
the scale invariance established for dislocation avalanches, smooth deformation 
curves should not be observed. As discussed in [11], macroscopically stable defor-
mation implies the existence of inherent factors confining the size of dislocation 
avalanches. In particular, such constraints may be caused by the intrinsic lengths 
that are related to the microstructure and to the crystallography of the dislocation 
glide. The results presented in this Section bear evidence that similar limitations 
must also apply to the dislocation avalanches in the conditions of macroscopic plas-
tic instability.  

Figures 16 and 17 bear witness that the power-law index may be indicative 
of changes in the material microstructure. This sensitivity to the microstructure 
agrees with the suggested dynamical mechanism considering that the conditions of 
internal stress relaxation play a preponderant role in the correlation of deformation 
processes (Sec. 2.4). Therefore, it may be expected that the investigation of the AE 
statistics may bring quantitative information on the microstructure effect on the av-
alanche behavior of dislocations and, in particular, on the PLC instability. The lit-
erature data on 𝛽ா  vary from 1.4 to 2 for smoothly deforming materials [121]. The 
lower values were detected for crystals with hexagonal lattices (ice, Cu, Zn, and Cd) 
in which plastic deformation is mostly constrained to one slip system. Steeper de-
pendences obtained for cubic crystals (a value of  𝛽ா  = 2 was found for pure Al) 
were attributed to a stochastic factor caused by the multiple slip that led to forest 
hardening and the formation of dislocation structures. Indeed, being effective ob-
stacles to the dislocation motion, these features may reduce the probability of large 
avalanches. Moreover, the obstruction to the self-organization of dislocations may 
reinforce the continuous uncorrelated AE and globally reduce its discrete compo-
nent. The stochastic factor may be strengthened in alloys due to additional pinning 
of dislocations by impurity atoms in solid solution and also due to precipitates. For 
example, 𝛽ா  values ranged from 2 to 3 and evolved during the deformation of bi-
nary polycrystalline AlMg alloys [24,130]. Even higher power-law indices (some-
times up to 4) were observed in AlMg-based alloys with precipitates [52]. Both a 
decrease and an increase in 𝛽ா  were observed upon refinement of the grain struc-
ture. This uncertainty was attributed to possibly antipodal roles played by grain 
boundaries in different situations because they may serve both as sources and sinks 
of mobile dislocations, and also as obstacles to their motion [52,149].  

To complete the description, it is also useful to recall that lower 𝛽 values, 
typically from 1 to less than 2, characterize stress serrations. This reduction is likely 
due to a relatively low sampling rate of typical load cells in deformation machines 
(≥ 1 ms), so that dense sequences of avalanches resolved by the acoustic system 
may appear as a single stress drop. Its amplitude will then be determined by the 
summary effect of many avalanches, thus increasing the probability of larger events 
and diminishing 𝛽. Thus, it may be suggested that the power-law statistics which 
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characterize the dislocation avalanches that occur during DSA is correctly deter-
mined using the AE technique, whereas the exponents found for stress serrations 
may be underestimated.  
 
In conclusion of this section, let us consider the AE data to further examine the 
dynamical mechanism, as proposed in 2.4 on the basis of analysis of stress serra-
tions. It was argued above that the transitions between the different types of macro-
scopic behavior of the PLC effect can be explained in terms of the conditions gov-
erning the correlations between deformation bands. Let us now discuss if the 
suggested concept can also apply to correlations within individual deformation 
bands. We start again with the case of virtually uncorrelated bands of type C. For 
this case, it was conjectured that the effective homogenization of local strains during 
slow reloading after a stress drop destroys the memory about the previous strain 
localization, resulting in a loss of correlation between successive deformation 
bands. On the other hand, the same argument leads to the suggestion that there is a 
strong correlation between the deformation processes within one band. Indeed, as 
the material state becomes highly uniform prior to the next instability, various parts 
of the specimen reach the threshold stress (the maximum of the N-curve in Figure 
3) nearly simultaneously. As a result, nucleation of a dislocation avalanche at some 
site may trigger a dense sequence of avalanches. The development of such a cata-
strophic strain burst will be stopped due to elastic unloading and a return back to 
the slow branch of the N-curve. Thus, the strength and duration of the deformation 
bands and the concomitant stress drops will be determined by the elastic properties 
of the machine-specimen system and the shape of the SRS function. Therefore, large 
instability events will have a typical size in conformity with the scenario of relaxa-
tion oscillations. As far as low-amplitude serrations are concerned, such events will 
occur when the instability threshold is reached in a less uniform part of the speci-
men, thus giving rise to fewer avalanches, without triggering a “catastrophic” pro-
cess. It is also noteworthy that according to Figures 18, 19, and 22, the homogeni-
zation during macroscopically smooth loading takes place not only through the 
motion of individual dislocations and small dislocation pileups that generate con-
tinuous AE, but also through individual dislocation avalanches responsible for short 
discrete AE events. 

 
It is clear in this framework why large driving rates are associated with SOC-type 
behavior. When 𝑡 ≪ 𝑡ோ, the relaxation of internal stresses is insignificant. Besides, 
it is known that the N-curve is shallowed at high 𝜀̇ [4,34]. As a result, there con-
stantly exist material elements close to the threshold of instability, so that the dislo-
cation system finds itself in a globally critical state which allows for avalanches of 
any size. 

 
The AE behavior observed for type C and, albeit less pronounced, for type B is 
analogous to the well-known phenomenon of synchronization in complex dynam-
ical systems, which is manifested by the repetitive collective movements of either a 
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part or the whole system composed of a large number of coupled oscillators [26]. A 
famous example of synchronization is demonstrated by the synchronous lumines-
cence in firefly populations [150]. In the case of plastic deformation, the oscillatory 
character of the elementary processes is associated with the stick-slip character of 
the thermally activated motion of dislocations through obstacles. As far as the na-
ture of coupling is concerned, several mechanisms can be envisaged, among which 
the coupling via elastic waves is considered to be predominant [12,74]. It can be 
stated that elastic waves are at the same time responsible for the studied phenome-
non (i.e., the AE which carries information on the deformation processes) as well 
as important actors of the processes themselves. The analogy with the synchroniza-
tion phenomenon is more than speculative. Indeed, a transition between SOC and 
synchronization has been predicted in some generic models [151]. In particular, 
such transitions and the coexistence of two dynamical modes are characteristic of 
the models that are based on block-and-spring chains. These types of models were 
also adapted in computer simulations of the PLC effect [49,152]. Two basic param-
eters control this behavior: the coupling strength and the nonlinearity of the driving 
force. In this scheme, SOC corresponds to a weak nonlinearity and strong coupling. 
Synchronization is found in the opposite case. It is clear from the above discussion 
that these criteria qualitatively apply to the PLC effect. Indeed, the shallowing of 
the N-curve at high 𝜀̇ corresponds to the weakening of the nonlinearity, while the 
lack of relaxation of the internal stresses is responsible for the strong spatial cou-
pling. 

3.4. What can be learnt from multifractal analysis of AE? 

Similar to the case for the analysis of the jerky deformation curves, a further step to 
increase our understanding of collective dislocation dynamics may be provided by 
MF analysis. This type of analysis was conceived with the purpose of describing 
complex objects that can be characterized by the heterogeneous clustering of events 
or structures. Such investigations are rather sparse and are still at an incipient stage. 
Some results and questions raised by these studies are presented below.  

 
Since the previous Section revealed that the AE signals stem from the same elemen-
tary processes (dislocation avalanches) during smooth and jerky flow, it is of inter-
est to compare MF scaling for two kinds of time series, i.e., deformation curves and 
the accompanying AE signals. Examples of such a comparison for two strain rate 
values, which correspond to type C and type B behaviors, are shown in Figs. 27 and 
28 [153]. The figures present families of partition functions (see Eq. 6) for time 
series represented by the stress-time derivative and by the amplitudes of AE events.  
 
Without going into details, as discussed in [153], the following observations should 
be emphasized. Scaling in meaningful ranges that are spread over more than an or-
der of magnitude of 𝛿𝑡 are found in all cases, as shown by the straight lines traced 
in the plots. It is bounded from above by the length of the analyzed time interval 
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and, in the opposite limit, by the minimum waiting time between the respective 
events (stress drops or AE hits). Significantly, the scaling interval for the AE signal 
covers that for the deformation curve and spreads to smaller scales without changing 
the slope when 𝛿𝑡 becomes smaller than the minimum waiting time between stress 
drops, i.e., when it corresponds to the range pertaining to smooth deformation. It 
can thus be concluded that all AE events belong to the same MF ensemble, be they 
associated with either stress drops or smooth plastic flow. This result confirms the 
conjecture that AE events have the same nature over the entire deformation curve. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 27. Comparison of the partition functions 𝑍(𝛿𝑡) for AE time series (blue 
lines with symbols) and for stress-time series (red lines without symbols) for an 
AlMg specimen deformed at 𝜀̇= 2 × 10-5 s-1. The dependences for the stress-time 
data are shifted downwards to avoid superposition with their counterparts and fa-
cilitate the figure reading. The vertical dashed and dash-and-dotted lines indicate 
the lower scaling limit for AE and stress-time series, respectively. The straight line 
corresponding to the trivial scaling 𝐷  = 1 is shown for the maximum q value (Fig-
ure from Ref. [153]).   
 
Several refinements of this picture are worthwhile, namely: (i) In some cases, MF 
scaling is only found after the truncation of the smallest events using a threshold. 
This experience agrees with an intuitive suggestion that the least-intensive defor-
mation events may not be a part of collective processes but occur at random. (ii) 
The scaling dependences may not have the same slope for the AE and the corre-
sponding stress-time series. While the data of Fig. 27 present an example with sim-
ilar 𝐷  values, as visualized in Fig. 29 with the aid of a MF spectrum, Fig. 28 
demonstrates clear deflections at large enough q values. These observations con-
firm the above statement that the apparent behavior may depend on the scale of 
observation, so that quantitative comparisons should be made with precaution. (iii) 
Reliable MF spectra were not obtained for series of AE hits at the highest strain 
rates (type A behavior), although the treatment showed clear tendencies of fractal 
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scaling. This difficulty in detecting multifractality could be caused by the decreas-
ing capacity of the AE technique to resolve individual AE events when the overall 
AE activity increases strongly. Nevertheless, this problem could be overcome by 
applying the analysis to as-recorded AE signals. Besides, this approach allowed for 
the examination of smaller-scale behavior at all strain rates, as presented in the fol-
lowing paragraphs. 
 
      

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 28. The same as Figure 27, but for 𝜀̇= 2 × 10-4 s-1(Figure from Ref. [153]). 
 

 
Figure 29. Spectra of the generalized dimensions for the data from Figure 27. (1) 
stress-time series; (2) AE signal.  
 
The examples of Figures 27–29 dealt with MF analysis over long time intervals that 
contain many stress serrations. In such cases it was practical, at not very high strain 
rates, to extract discrete AE hits and process their series. However, this means that 
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each hit is considered as reflecting an “elementary” deformation process and is re-
duced to one point in the time series, while the correlations characterizing behavior 
within a single stress drop and even over one period of “relaxation oscillations” 
escape from such treatment. For this reason, attempts at analyzing the continuously 
recorded AE signals, also known as the so-called datastreaming [154], were under-
taken. Performing such treatment in intervals of different length allowed one to ex-
amine the spread of the scale invariance that characterizes the deformation pro-
cesses occurring under various deformation conditions. 
 
In the following examples, an alternative representation of multifractal behavior 
was applied in terms of the singularity spectra, f(). Such spectra can be obtained 
via the Legendre transformation of the function D(q): τ(q) = (q-1)D(q); f(α) = 
qα-τ(q); α = dτ(q)/dq [80]. The practical method for calculating f() can be found 
in [86]. Although both representations are equivalent, the use of singularity spectra 
is useful because of its clear physical meaning. Namely, the singularity strength, , 
of the local measure describes its scaling with regard to the box size: 𝜇(𝛿𝑡)~𝛿𝑡ఈ . 
The value of f() can be qualitatively defined as the fractal dimension of the subset 
of boxes corresponding to the singularity strength in a small interval around .   

 
Figure 31 presents an example of such calculations for an AE signal recorded at 𝜀̇ 
= 2 × 10-4 s-1, which corresponds to type B behavior (Fig. 30) [125]. Results of the 
analysis for two intervals illustrate that a smooth MF spectrum is detected over an 
interval including one reloading/serration sequence, with a scaling range 𝛿𝑡 ≈ [40 
ms; 0.6 s], and over an interval covering many stress serrations, with a scaling range 
𝛿𝑡 ≈ [10 s; 100 s].  
 
As can be observed, the two spectra are quite similar to each other. At the same 
time, the respective 𝛿𝑡 ranges where scaling was found are not adjacent. Analysis 
of the time intervals with intermediate lengths showed a tendency to form a fan of 
partition functions, which allows one to expect that the break in scaling may be due 
to the truncation of the smallest events. In other words, it may be assumed that the 
same mechanism of correlation operates in a wide time scale range, from millisec-
onds to seconds. On the other hand, the break in scaling might also be related to the 
low AE activity after deep stress drops. It may be mentioned that in this context the 
MF analysis fails at large strains where the AE activity is strongly reduced, most 
probably because of the accumulation of obstacles to the dislocation motion. There-
fore, the question regarding the spread of the correlations which give rise to mul-
tifractality needs further verification. 
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Figure 30. Positive half of the AE signal (black color) accompanying type B serra-
tions (blue color) in an AlMg polycrystal deformed at 𝜀̇ = 2 × 10-4 s-1. (a) – Time 
interval covering a large number of serrations. The vertical arrow indicates the 
location of the short interval (b) that corresponds to one period of “relaxation os-
cillations”, or one reloading/serration sequence.  

 
 
 

 
  
 
 
 
 
 
 
 
 
 
 

Figure 31. Singularity spectra for the AE signal of Figure 30 calculated in the re-
spective time intervals.  
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Figures 32 and 33 extend this analysis to the scale of individual AE hits. Examples 
of single waveforms observed at 𝜀̇ = 2 × 10-5 s-1 are shown in Fig. 32. As discussed 
above, deep stress drops are accompanied by complex signals with a millisecond 
duration (Figure 32a). The smooth reloading parts usually display unstructured 
short bursts with a short front that is followed by exponentially damped oscillations 
[130,133]. However, sequences of events were also observed that present interest 
for the analysis (Figure 32b). Smooth singularity spectra were found in both cases 
(Figure 33), with a scaling range from 1 ms down to several microseconds 
[125,133]. It is worth highlighting that thanks to the MF formalism, the existence 
of a fine structure within “elementary” instability events has been detected for the 
first time. Nevertheless, as the AE activity is relatively small at a low strain rate, the 
structured events are followed by significant periods which contain only short bursts 
or continuous noise. Consequently, an increase in the duration of the analyzed in-
terval deteriorated and destroyed scaling behavior. Scaling was found again for long 
enough intervals containing many AE hits. Taking into account the above-said con-
cerning the break in scaling on a time scale of seconds, it may be concluded that the 
AE may not be globally multifractal in the conditions of type C. Singularity spectra 
were found either for individual events (or their clusters) or for long enough series 
of events. Similar features were also observed at intermediate strain rates corre-
sponding to type B deformation curves. Such a break of multifractality agrees with 
the hypothesis of synchronization at low and intermediate strain rates, which im-
plies a tendency to periodic behaviors.  

 
A qualitatively different situation occurred under the conditions of type A behavior 
at 𝜀̇ = 6 × 10-3 s-1. As already specified above, AE signals fill the time axis quite 
densely at this strain rate due to a globally increased acoustic activity. In contrast to 
lower strain rates, multifractality was found for all time scales in this case. Such 
universality may indicate the formation of globally correlated behavior, as con-
sistent with the conjecture of SOC at high strain rates.  

 
Figure 32. Examples of AE events observed during deformation of an AlMg sample 
at 𝜀̇ = 2 × 10-5 s-1. (a) Typical signal accompanying a stress drop; (b) Sequence of 
signals sometimes observed during smooth deformation between stress serrations.  
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Figure 33.  Singularity spectra of AE events that are shown in Figure 32. The max-
imum f value, which corresponds to the fractal dimension of the support of the entire 
signal, is close to 1. Such a globally non-fractal geometry means that the AE com-
pletely fills the time interval. 

 
However, the results of this Section need a careful verification. Although scaling 
features were detected with certainty in the above examples, reliable quantitative 
determination of MF spectra and their comparison for different strain rates and dif-
ferent scale ranges was not possible systematically. Further investigations, perhaps, 
which use different methods of analysis are needed to better understand this phe-
nomenon.      
 
4. Conclusions and perspectives. Wave-intermittence duality. 

4.1. Intermittence of plastic flow on multiple scales   

The phenomenon of macroscopic plastic instability in dynamically strain ageing 
alloys presents various manifestations of the self-organization of crystal defects. In 
particular, the intermittent nature of AE allows for a conclusion on an inherently 
avalanche nature of deformation processes in a range of small scales. Taking into 
account the cited literature, this conclusion can be extended to all materials where 
the plasticity is governed by the motion of conventional crystal defects, par excel-
lence, dislocations. The repartition between avalanches and uncorrelated move-
ments of dislocations depends on the crystal structure, chemical composition, defect 
microstructure, and experimental conditions, e.g., strain rate, temperature, and sam-
ple geometry.  
 
Although the well-known known manifestations of the PLC instability pertain to 
the macroscale, it involves the same elementary deformation processes as in the 
case of smooth plastic flow of any material. The basic elements of the collective 
dislocation motion on the mesoscopic scale are dislocation avalanches. The similar 
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range of AE events during abrupt stress drops and smooth reloading intervals testi-
fies that similar limitations of the avalanche size operate in both cases. At the same 
time, high 𝛽ா  values, as compared with those reported for pure materials, indicate 
that DSA has an influence on the avalanche size over a significant portion of the 
deformation curve. Moreover, the macroscopic instability caused by the DSA en-
gages additional dynamical mechanisms due to the nonlinearity of the SRS function. 
The occurrence of distinct kinds of macroscopic strain localizations and stress ser-
rations is controlled by the conditions of correlation between dislocation ava-
lanches. Although the avalanches themselves predetermine the ubiquity of scaling 
behaviors associated with the PLC effect, the variation of the conditions of their 
correlation is responsible for the diversity of manifestations of self-organization on 
the macroscale, such as SOC, chaos, and synchronization. In this context, the PLC 
effect attests itself as a unique object for laboratory investigation pertaining to the 
physically different realizations of complex dynamics on different scales for the 
same nonlinear system.  
 
First attempts to extend the analysis of complexity to individual avalanches have 
brought evidence that such “elementary” events can also manifest self-similarity 
revealed by virtue of the MF formalism. This research deserves special attention 
because additional mechanisms of spatial coupling may acquire importance when 
the scale range approaches that of the individual dislocations, e.g., the mechanism 
of double cross-slip of dislocations. In particular, a crossover in the scaling depend-
ences of the partition functions was observed at such scales in [125]. Theoretical 
arguments in favor of an important role of this mechanism in collective effects dur-
ing smooth plastic flow were advanced in [12]. However, further studies are needed 
to elucidate whether the same mechanism of spatial coupling by elastic stresses can 
control the collective dislocation dynamics in a scale range spreading from the mo-
tion of individual dislocations to the formation of large deformation bands.   
 
Another challenge concerns the choice between the dynamical mechanisms put for-
ward to explain the diversity of the statistics of stress serrations. The framework 
presented in this Chapter interprets it in terms of SOC and synchronization phenom-
ena. According to the power-law statistics for the amplitudes and durations of AE 
events and Poisson statistics of interevent intervals, SOC is manifested on 
mesoscopic scales at all strain rates. This mechanism also controls scale-free be-
havior of type A stress serrations at high 𝜀̇. The synchronization of dislocation av-
alanches implies the occurrence of characteristic scales of stress serrations when 
𝜀̇ is decreased. An alternative interpretation of scale-free statistics of type A serra-
tions was proposed on the basis of a model of the PLC effect, which considers a 
coupled evolution of several dislocation subsystems, including mobile and forest 
dislocations, but also mobile dislocations dragging solute atoms [78,79]. The anal-
ysis of the Lyapunov exponents [26], which characterize the convergence (or diver-
gence) of close phase trajectories of a dynamical system, revealed behavior similar 
to turbulent flow [155,156]. This model is able to predict, by implementing a unique 
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framework, the transitions from stress serrations with a characteristic scale to scale-
invariant behavior. However, this model does not seem to predict a distinction be-
tween small and large scales at low strain rates. In view of these alternative hypoth-
eses, the definite answer as to the mechanism governing scale-free behavior related 
to the PLC effect needs further investigation. 
 
An approach which is new and old at the same time has been proposed recently 
[157,158]. This method recalls that complex systems of various nature display a 
generic feature known as fluctuation scaling or Taylor’s law (after investigations in 
ecology [159]), which relates the average and the variance of fluctuations in com-
plex systems by a power-law. It has been argued that although numerous system-
specific dynamical models were proposed with more or less success to explain the 
emergence of power-laws in various fields of research, SOC and (multi)fractal be-
havior naturally derive from this general phenomenon and are related to the conver-
gence of a wide range of statistical processes to the so-called Tweedie distributions 
[160]. The first attempt to verify the fluctuation scaling in the case of the PLC effect 
was reported in a very recent paper which examined the statistics of type A stress 
serrations and of the accompanying local strain-rate bursts recorded by an optical 
technique at a frequency of 1,000 Hz [53]. This method occupies an intermediate 
place between the measurements of the AE and deformation curves, with regard to 
the sensitivity and temporal resolution. Without going into detail, it should be men-
tioned that the statistical distributions of the local strain rate demonstrated power-
law dependences, in agreement with the scaling behaviors in the outermost scale 
ranges corresponding to AE and deformation curves. As far as the discussed concept 
of fluctuation scaling is concerned, the results of analysis showed that both time 
series, 𝜎(𝑡) and 𝜀̇(t), obey a similar power-law with the exponent value typical 
of sandpile models considered as a paradigm of SOC [157,158]. More generally, 
this scaling behavior conforms to a certain class of complex dynamical systems 
characterized by compound Poisson–gamma distributions. As a matter of analogy, 
such statistics are particularly used to mimic the process of capturing clusters in 
ecological data such as biomasses [161].  

4.2. Wave-intermittence duality on small scales   

Besides completing investigations regarding the intermittency of plastic flow in an 
intermediate scale range, the use of a local extensometry technique in [53] has high-
lighted a qualitatively different aspect of self-organization of plastic flow. To pre-
sent this novel facet, it should first be recalled that, as illustrated in Section 3.3 using 
the example of the statistical analysis of intermittency, the apparent behavior may 
depend on the observed quantity and on the scale of observation. The application of 
optical methods to investigate the local strain field on the specimen surface, e.g., 
digital image correlation [162] or speckle interferometry [163], has given yet a 
wider meaning to this statement. Such experiments revealed waves of strain locali-
zation, another ubiquitous feature of plastic flow which neither requires specific 
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mechanisms of macroscopic instability [13,164-167]. In comparison with the inter-
mittency revealed by the AE technique, this phenomenon corresponds to a distinct 
frequency region implied by the typical sampling rate of 10 frames per second. The 
observed waves have a wavelength about 1 to 10 mm and a low propagation veloc-
ity, usually in a range of 10-2-10-1 mm/s, which correspond to characteristic frequen-
cies below 0.1 Hz. It can be assumed that each of the two aspects of spatiotemporal 
behavior may or may not manifest, depending on the experimental technique used. 
The statistical analysis of the EA is usually carried out for global time series and 
does not consider the spatial structuring of plastic deformation. At the same time, 
local strain measurements most often have a fairly coarse temporal resolution and 
neglect the intermittent nature of the propagation of deformation. The current situ-
ation in this field of investigation is that two groups of studies are mostly isolated 
from each other, each giving priority to one or another aspect.  
  
A few recent works reported on a duality between these two behaviors. Figure 34 
presents a local strain-rate map, similar to Figures 4 and 5, for an early stage of 
plastic deformation of a Cu single crystal [12]. Despite a perfectly smooth character 
of its deformation curve, the 𝜀̇(𝑥, 𝑡) diagram obtained using a high-frequency 
(1,000 Hz) local extensometry reveals both the intermittence and the propagation of 
plastic flow. The intermittence is manifested by bright spots reflecting 𝜀̇ bursts, 
as confirmed by statistical analysis that revealed a power-law character of the dis-
tributions of the burst amplitudes. At the same time, such bursts are arranged along 
oblique straight lines that reflect the propagation of local strain heterogeneities.  
 
 
 
 
 
 

 
 
 
 
 
 

 
Figure 34. Spatiotemporal map illustrating longitudinal fluctuations about the im-
posed strain rate (𝜀̇= 5 × 10-4 s-1) during the elastoplastic transition. Similar to 
Figure 4, the color bar represents the local 𝜀̇ scale. Fluctuations can be as high as 
2.5 × 10-3 s-1. Dotted characteristic lines run from the left and right of the gauge 
length, reflecting intermittency and propagation of strain localization (Figure 
adapted from Ref. [12]).  
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The coexistence of two dynamical modes was interpreted in the framework of a 
dislocation field theory which considered both the transport of dislocations involv-
ing short-range interactions of dislocations with obstacles and the spatial coupling 
between dislocations due to their internal stress field (Figure 35). 
 

 
Figure 35. Model predictions of axial strain-rate fluctuations. The sample is a 13 
× 13 mm2 square in a glide plane subjected to equal shear rates of 5 × 10−4 s−1 on 
both sides.   
   
Such maps were later observed in several materials with different crystal structure 
and defect microstructure, e.g., in α-titanium [117,168] and TWIP steel [169]. It is 
of interest in the context of the Chapter that the corresponding scale presents similar 
patterns in the conditions of the PLC effect. A hint to the presence of such patterns 
during jerky flow was provided by Figure 5 where weak 𝜀̇ heterogeneities could 
be discerned in the regions between the PLC bands dominating the contrast of the 
colored map. A clearer view is given by Figure 36, which displays portions of a 
strain-rate map during “quiescent” intervals, i.e., before 𝜀 or during reloading after 
a stress drop [45,124]. 
 
It can be conjectured from the examples of Figures 34-36 that the coexistence of the 
intermittence and waves is a common property of various materials on a certain 
scale of deformation processes, which occurs during both smooth and jerky plastic 
flow. At the same time, the compliance between the two aspects evolves over the 
course of deformation and may alternate and even be substituted by disordered pat-
terns (see Figure 36). The similarity between Figures 34 and 36 advances a hypoth-
esis of a general mechanism determining self-organization of deformation processes 
in various materials on mesoscopic scales, in consistence with the common power-
law character of statistical distributions of acoustic emission which reflects yet finer 
scales of plastic flow. Although the study of this mechanism is at an initial stage, it 
can be conjectured that the relevant behaviors are of a purely dynamical nature. The 
wave-intermittence duality, very little explored so far, presents a great interest for 
the understanding of correlations between temporal instabilities and spatial hetero-
geneities in the system of crystal defects. On the other hand, macroscopic instabili-
ties, such as the PLC effect, are controlled by specific mechanisms and manifest 
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diverse patterns. These mechanisms may have an influence on the behavior at small 
scales. For example, it was discussed in Section 3.3 that the power-law statistical 
distributions of AE are characterized by higher exponents in the case of dynamically 
strain ageing alloys. Developing a model combining the DSA mechanism with that 
of the dislocation transport and understanding the interaction between two mecha-
nisms represents a challenge for future research in this area.   
   

 
Figure 36. Examples of low-amplitude fluctuations of local strain rates for an AlMg 
sample. (a) Time interval before 𝜀; (b) Between stress serrations. 𝜀̇= 2 × 10-4 s-1. 
 
 
In summary, the present Chapter considered several approaches to experimental in-
vestigation and quantitative analysis of complex behaviors emerging on different 
scales during the PLC effect in conventional alloys. Some aspects of the observed 
patterns are also common for the macroscopically smooth deformation of various 
crystal materials. Moreover, the approaches developed for these investigations have 
a general character and may be useful for investigation of a multiscale complexity 
of plasticity in diverse novel materials, be it related to either conventional crystal 
defects or to specific mechanisms of deformation. It is useful to recall in this context 
small-scale behaviors that were discussed in this Chapter. While macroscopic insta-
bilities in such materials as high-entropy alloys or metallic glasses have already 
received much attention of researches, as presented in this book, fine behaviors that 
can be revealed by the AE or local strain field measurements remain largely un-
known. In our opinion, this is an indispensable step to the understanding of the 
properties of novel materials.   
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